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1 Introduction
Let X be a smooth projective variety defined over a number field F' and let
X =X XF @

For a prime number [, let H,(X,Q;) be the l-adic cohomology of X. If K is
a number field, we denote 'y := Gal(Q/K). The Galois group I'r acts on
H:,(X,Q,) by a representation p; ;. For any j € Z, let H.,(X,Q;)(j) denote the
representation of I'r on HE,(X,Q;) defined by p;; ® {lj, where & is the [-adic
cyclotomic character. The elements of V(X E) := (H%(X,Q;)(i))"'# are called
Tate classes on X defined over E. The union

ViX):=UgVi(X,E)

is the space of all T'ate classes on X.

To each algebraic subvariety Y of X of codimension ¢ defined over a finite ex-
tension E of F, one can associate a cohomology class ¢(Y) € (H%(X,Q,)(i))'®
by Poincaré duality. A cohomology class obtained in this way is called algebraic.
The first part of the Tate’s conjecture states that every Tate class is algebraic.

The L-function L? (s, X,r) (more exactly the Euler product) attached to
the representation pg;; converges for Re(s) > i + 1. The second part of the
Tate conjecture [TA] states that the L-function L? (s, X, ) has a meromorphic
continuation to the complex plane and has a pole at s = ¢ + 1 of order equal to

dimg, V/(X, E).

In their work [HLR], Harder, Langlands and Rapoport had proved the
first part of the Tate conjecture for Hilbert modular surfaces for non-CM sub-
motives. In [K] and [MR] it was proved the first part of the Tate conjecture for



Hilbert modular surfaces for CM sub-motives and thus using the two results,
one gets the full first part of the Tate conjecture asserting the algebraicity of
all the Tate classes of Hilbert modular surfaces over an arbitrary number field.
The first part of the Tate’s conjecture for Picard modular surfaces was proved
in [BR]. This problem was studied in [MP] and [K1] where it was computed the
space of Tate classes on the product of two Hilbert modular surfaces and on
the product of two Picard modular surfaces in terms of automorphic represen-
tations including the exact determination of their fields of definition, but it was
not proved that all these Tate classes are algebraic.

In this paper we consider a totally real field F' and a quaternion algebra
D over F' which is unramified at exactly 2 infinite places of F. Let G be the
algebraic group over F' defined by the multiplicative group D* of D and let
G = Resp)g(G). Let Sk := Sg i be the canonical model of the quaternionic
Shimura surface associated to an open compact subgroup K of G(Ay), where
Ay is the finite part of the ring of adeles of Q. Then Sk is a quasi-projective
surface defined over a totally real finite extension E/Q called the canonical field
of definition.

Let L be a quadratic imaginary extension of Q and fix a Hermitian inner
product on L3 of signature (2,1). Let GU be the associated quasi-split unitary
similitude group over Q. For each open compact subgroup of K C GU(Ay) let
Sk := Squ k be the associated compactified Picard modular surface (see §5 for
details). Then Sk is defined over L.

As we mentioned above the first part of the Tate conjecture is known for
Hilbert modular surfaces [HLR], [K], [MR] and for Picard modular surfaces
[BR]. Also the first part of the Tate conjecture is known in the non-CM case for
the quaternionic Shimura surfaces treated in [L], corresponding to a quadratic
real field ' and to a quaternion algebra D = B ®q F, where B is a quaternion
algebra over Q, such that D splits at the real places and F splits over the places
where B ramifies.

The second part of the Tate conjecture for Hilbert modular surfaces was
proved in [HLR], [K] and [MR] for solvable number fields. This result was
generalized in [V1] for Tate classes of quaternionic Shimura surfaces defined
over an arbitrary solvable extension of a totally real field that contains the
canonical field of definition of that variety. Also the second part of the Tate
conjecture for the Picard modular modular surfaces Sk was proved in [BR] for
solvable extensions of the field L.

In this article we want to compute the space of Tate classes on a product
of a quaternionic Shimura surface and a Picard modular surface in terms of
automorphic representations (or more exactly in terms of Galois representations
associated to automorphic representations) including the determination of their
fields of definition (see Theorems 6.2 and 6.3 for details). The algebraicity of
some of these Tate classes is obtained from the fact that they are a product
of Tate classes of the two factors, which are known to be algebraic in some
cases (see above). More precisely, we compute the Tate classes on the product
Sk v % Sk /m (see above), where M := EL. We also prove in some special
cases (see Theorem 7.1 for details), that the function L*(s, Sk, X Sk /i) has a



pole at s = 3 of order equal to
dim@l VQ(SK/k X SK/k» k),

where k is a finite extension of M (the same result could be obtained for the
Li-part of the L-function, where i # 4, but the proof is easier (for details see
the beginning of §6)) .

2 Quaternionic Shimura surfaces

Let F be a totally real field of degree d over Q and O := Op be its the ring of
integers. Let Ag = R x Af be the adeles ring of Q and Ay the adeles ring of F'.
We denote by Ip and Iy the ideles groups of Q and F, respectively.

We consider a quaternion algebra D over F' which is unramified at exactly
2 infinite places of F. We denote by S, the set of infinite places of F' and we
identify Sy as a I'g-set with 'y \ I'g. Let S/OO be the subset of S, at which D
is ramified. Thus the cardinal of S — S;o is equal to 2.

Let G be the algebraic group over F' defined by the multiplicative group D*.
By restricting the scalars, we obtain the algebraic group G = Res 7/0(G) over
Q defined by the property: G(A) = G(A ®q F) for all Q-algebras A. It is easy
to see that G(R) is isomorphic to GLy(R)? x H**~%) where H is the algebra
of quaternions over R.

For v € S, — S._, we fix an isomorphism of G(F,) with GLy(R). We have
G(R) = [Tyes.. G(F). Let J = (J,) € G(R), where

1 for v e S, ;
1/vV2( 1) forve Se - 5.
Let K., be the centralizer of J in G(R). Set
X =GR)/Kw.

Jy =

It is well known that X is complex analytically isomorphic to (9+)? where
$H+ = C —R. For each open compact subgroup K C G(Ay) set

Sk (C) = G\ X x G(ay)/K.

For K sufficiently small, Sk (C) is a complex manifold which is the set of complex
points of a quasi projective variety. The canonical field of definition of Sk is by
definition the subfield E of Q such that I'g is the stabilizer of Sloo CTp\Tg.

It is known (see [D]) that Sk has a canonical model over E which is denoted
by Sk. The dimension of Sk is equal to 2.

3 Cohomology for quaternionic Shimura
surfaces

From now on, if 7 is an automorphic representation of G(Ag), we denote the
automorphic representation of GLs(Af), obtained from 7 by Jacquet-Langlands



correspondence (usually denoted JL(w)) by the same symbol .

If [ is a prime number, we fix an isomorphism 7 : Q, — C, and from now on
we identify these two fields. If 7 is an cuspidal automorphic representation of
weight 2 of GL(2)/F, then there exists ([T]) a A-adic representation for A { n
(n is the level of 7)

prx T — GL2(Q)),

which satisfies L,(s,m) = Ly(s, pr,x) for almost all finite places v of F and is
unramified outside the primes dividing nl. Here A (with A|l) is a prime ideal of
the ring of coefficients O of 7 and if p, ) is unramified at v, then

Ly(8, prx) = det(1 — i(pyrx(Frob,))Nv= %)~ 1

where Frob, is a geometric Frobenius. In order to simplify the notations we
denote by p, the representation pr ».

We assume that K = II,<. K, where K, is open compact in G(F,) and
K, = GL3(0,) for almost all v, where O, is the ring of integers of F,. Let Hg
be the Hecke algebra of complex valued of bi-K-invariant compactly supported
functions on G(Ay). If 7 = mo, @7y is an automorphic representation of G(Ag),

we denote by ﬂff the space of K invariants in m¢. The Hecke algebra Hy acts
on wf .

We have an action of the Hecke algebra Hy and an action of the Galois
group I'p on the étale cohomology HZ(Sk,Q;) and these two actions commute
(we remark that when D = My(F'), the Shimura variety Sk is not compact
and in this case, one should replace the étale cohomology by the intersection
cohomology of the Baily-Borel compactification of Sk ). We say that the repre-
sentation 7 is cohomological if H?(g, Koo, Too) # 0, where g is the Lie algebra
of Ko (the cohomology is taken with respect to (g, K )-module associated to
Too). Then we know (see for example [RT], Proposition 1.8):

Proposition 3.1. The representation of I'r X Hg on the étale cohomology
HZ2,(Sk,Q;)(1) is isomorphic to

GBWfp(ﬂ-f) ®ﬂ-;{7

where p(my) is a representation of the Galois group I'g. The above sum is over
cohomological automorphic representations 7 of G(Ag) and the Hc -representationd]
77;( are irreductble and mutually inequivalent, i.e. the decomposition s isotypic

with respect to the action of Hy .

The irreducible unitary automorphic representations that appear in Propo-
sition 3.1 are one-dimensional or cuspidal of weight 2 and infinite-dimensional.
If 7 is one-dimensional then p(m;) has dimension two and if « is infinite-
dimensional, then p(ms) has dimension four. Let H(ns)(1) = V(7my) ® WJ{( be

the space corresponding to p(7;) ® ﬂ]If in the above decomposition.



We assume for simplicity that Soo — S, = {1,7}, where 1 is the trivial
embedding of F'in Q. We denote by the same symbol 7 an extension of 7 to Q.
Consider

S=TrUlpT.

The stabilizer of S is I'g. It is easy to check that the stabilizer of S is equal to
(Trpr N7 TE)U(CFr N7 T p7). Thus we get

I'g = (FFT ﬂ’l'il].—‘p) U (FF ﬂ’rill—‘p’r).

Now we describe the representation p(my) which is semisimple (the proof
of the semisimplicity of p(my) is the same as in the case of Hilbert modular
surfaces, see [HLR], §4 or [G], Corollary 3.8).

We distinguish two cases:

i) Tr7 N7 1 Tr =@. Then, 'y = Tr N7 T'p7. Thus,

FCEc F9

where 9% is the Galois closure of F.
If 7 is an infinite-dimensional cuspidal automorphic representation, we de-
note for simplicity pr := pr . Then we have (see for example [V] 4.3):

p(ﬂ-f) = p7T|FE ®p7\'|FEv

where
prlfn (1) = prl(Tym™h).

If 7 is one-dimensional, then 7(g) = pr(N(g)), where N is the reduced norm
map and p, is a Hecke character. We denote also by p, the A-adic representation
associated to p,. Then

p(ﬂ—f) = p7r|FE ®p7r|;‘E'

11) FFTﬂTilI‘F #QS. Let I'g, := FFﬁTflrpT. Thus
F C E, C F9,

Since it is obvious now that I'y, C I'g, ['g : I'p,] =2 and I'g € T'p, we get
[E1:E]=2and F ¢ E. If F; := ENF, then [F : F}] = 2 and we can easily see
that 7 when restricted to Fj is the trivial embedding. Hence 7 is the nontrivial
automorphism of F over F; and we get that 'y, = I'pr N7 "7 = ', which
means that £y = F and F = F; and therefore we have [F : E] = 2 and 7 is the
nontrivial automorphism of F' over E.

If 7 is infinite-dimensional cuspidal automorphic, then we know that (see for
example [V] 4.3) p(m¢) is a subrepresentation of

Indf? (pr ® p7),

which verifies
p(Tf)lre = pr @ pr.



If 7 is one-dimensional, then 7(g) = pr(N(g)) and we have (see for example
[G], Proposition 2.7)

p(ﬂ-f) = pT"‘IE EBpTrle *WF/E,

where wp/p is the quadratic character corresponding to F//E.

4 Known results

It is known that (see for example [HLR] Proposition 4.5.4):

Proposition 4.1. If 7w is a cuspidal automorphic representation of weight 2 of
GL(2)/F, where F is a totally real field, then one of the following two statements
holds:

(i) px|r, is irreducible for each finite extension L/F.

(ii) There exists a quadratic extension L/F and an algebraic Hecke character
¥ of L such that p, = IndE ().

We say that a representation p of a group G is dihedral if there exists a
normal subgroup N of index 2 in G and a character xy : N — C* such that
p= Indgx.

We say that an automorphic representation m of GL(2)/L for some number
field L is of CM type if there exists some quadratic Galois character ) : I,/L* —

~

@IX, with n # 1 such that 7 2 7 ® . If 7 is an automorphic representation
of weight 2 of GL(2)/L, then 7 is of CM type if and only if p, is a dihedral
representation.

We know the following result (Theorem 2.1 of [MP]):

Proposition 4.2. The tensor product of two 2 dimensional irreducible complex
representations of a group is reducible only if either both representations are
dihedral or they are the twist of each other by a character.

We know (Proposition 4.1 of [MP)):

Proposition 4.3. Suppose that w is a cuspidal, non-CM automorphic repre-
sentation of GL(2)/K for some finite extension K/Q. Suppose that K is a
quadratic extension of k and T is the automorphism of K over k. If 77 2 1 ® x
for a Hecke character x of K, then x is trivial when restricted to the ideles of
k.

We know (Corollary 2.6 of [MP]):

Proposition 4.4. Let p be a 2-dimensional irreducible representation of a group
G. Then Sym?(p) is reducible if and only if p is dihedral.

It is known ([RA], Theorem M) that:

Proposition 4.5. If m; and mo are two cuspidal unitary automorphic represen-
tations of GL(2)/L, where L is a number field, then w; X ma is an automorphic
(isobaric) representation of GL(4)/L.



We know ([JPSS)):

Proposition 4.6. If w1 and mo are two cuspidal unitary automorphic represen-
tations of GL(n)/L and GL(m)/L, where L is a number field, then the function
L(s,m X ma) verifies a functional equation and is meromorphic with possible
poles only at s =0 and 1. The function L(s,m1 X 72) is holomorphic iff 71 % w5
and if my = 75, then it has a pole of order 1 at s =1.

We know (Theorem 1.1 of [V]):

Proposition 4.7. If F is a totally real field, © is a cuspidal automorphic rep-
resentation of weight 2 of GL(2)/F and Fy is a solvable extension of a totally
real field containing F', then there exists a Galois extension Fs of Q containing
F1, such that pﬂ-7)\|1"F2 is modular i.e. there exists a cuspidal automorphic rep-
resentation w1 of GL(2)/Fy and a prime ( of the field of coefficients of w1 such
that P, Tr, = Pry,6-

5 Picard modular surfaces

Consider a quadratic imaginary extension L of Q and a Hermitian inner product
on L? of signature (2,1). Let GU be the associated quasi-split unitary similitude
group over Q. Then GU,, = GU(R) is isomorphic to the real Lie group GU(2, 1).
Set

B = GU(R)/ Ko Zoo,

where K is the maximal compact subgroup of GU(R) and Z is the center of
GU. Then B is complex analytically isomorphic to the unit ball in C2. For
sufficiently small open compact subgroup of K C GU(Ay) let Sk := Squ k be
the associated compactified Shimura variety. Then Sk is defined over L, has
dimension 2 and Sk (C) is the compactification of

GU(Q)\ B x GU(A;)/K

which is a disjoint union of arithmetic quotients of B.

We have an action of the Hecke algebra Hyk and an action of the Ga-
lois group I';, on the étale cohomology HZ(Sk,Q;) and these two actions
commute. We say that the representation II of GU(Ag) is cohomological if
H?(Lie(GUy), K., TIs) # 0, where K__ is the centralizer of the center of Ko
in GUq.

Proposition 5.1. The representation of I'y, X Hk on the étale cohomology
HZ2(Sk,Q;)(1) is isomorphic to

@Hfd)(nf) & Hf;a

where ¢p(I1y) is a representation of the Galois group I'r,. The above sum is over
I such that II is a cohomological automorphic representation of GU(Aq) that



occur in the discrete spectrum of GU(Aqg) and the Hg -representations Hgf are
irreducible and mutually inequivalent, i.e. the decomposition is isotypic with
respect to the action of Hk.

The irreducible automorphic representations II that appear in Proposition
4.1 are one-dimensional or cuspidal and infinite-dimensional and ¢(II;) has
dimension d(IIf) < 3. The representation II is cohomological if and only if
M € {triv, DT, D, D™}, where triv is the trivial representation and D%, D, D~
are the lowest holomorphic, non-holomorphic and anti-holomorphic discrete se-
ries representations of GU,, with trivial central character.

Fix an embedding i : Q; — C. Then ¢(II) is unramified at almost all places
v of L and the local L-factor at at such unramified place v is defined by

Ly(s,¢(I14)) = det(1 — i(¢(I1f)(Frob,)) Nv™*) "1,

where Frob, is a geometric Frobenius.
There exists an automorphic representation oy of GLg1 f)(AL) such that
for almost all finite places v of L we have

Ly(s,¢(Il¢)) = Ly(s, om).

We say that I is Al if oqy is automorphically induced from a Hecke character
of some field L; of degree d(IIy) over L.
We know (see [BR], Theorem 2.2.1):

Proposition 5.2. IfII and ¢(I1y) are as above, then one of the following two
statements holds:

(i) o(ILy)|r,, is irreducible for each finite extension Ly/L.

(i1) There exists an extension Li/L of degree d(Ily) and an algebraic Hecke
character U of Ly such that ¢(Ily) = Ind} (V). If d(Ily) > 2, then the infinity
type of W is not trivial.

The second case occurs iff 1T is Al
Let H(IIf)(1) = V(my) ®ch< denote the space corresponding to ¢(II¢) ®H§c{
in the decomposition of Proposition 5.1. We know (see [BR], Proposition 3.2.1):

Proposition 5.3. If HT(Hf) denotes the space of Tate classes in H(IIy)(1),
then
HT(11y) = H(IL)(1) i d(Tly) =1 and Hee = D or triv,
{0} otherwise.

All these Tate classes are defined over abelian extensions of L.

We remark that in the case of quaternionic Shimura surfaces the space of
Tate classes H” (7¢) is defined over abelian extensions of E if 7 is cuspidal non-
CM or one-dimensional and not necessarily over abelian extensions of E if 7 is
cuspidal CM. This could be seen easily from §6 below.



6 Tate classes

Let M := EL and S; := Sk, be a quaternionic Shimura surface over M
associated to some sufficiently small open compact subgroup K of G(As) and
So := Sk be a Picard modular surface over M associated to some sufficiently
small open compact subgroup K of GU(Ay). By the Kiinneth formula we have

HZ,(S1 % S2,Q1)(2) = @i j=a Hiy (51, Q) © HL (S5, @) (2).
The essential part of this decomposition is
HE(S1,Qp)(1) @ HE(S2, Qu)(D),

because HY(S1,Q;) = {0} and H2(S1,Q;) = {0} and on HY, and H2 the
Galois representations are abelian. More exactly we have HZ2{(S1,Q;)(1) =
S, p(y) ®7rj§<, for i = 0 or 2, where the Galois representation p'(my) is trivial
if 7 is infinite-dimensional, and is one-dimensional and equal to p,| |~¢, where
| | is the ideles norm, if 7(g) = pr(N(g)) and we have a similar decomposi-
tion for H%(S2,Q;)(1), where i = 0 or 2. Thus the computation of the Tate
classes is trivial for the remaining parts i.e. HZ(S1,Q;)(1)® H%(S2,Q;)(1), and
HZ(S1,Q)(1) ® H%(S2,Q,)(1). For the same reason the computations of the
Tate classes are trivial for H2 (S, x S2,Q;) (i), where i # 2.
From the Propositions 3.1 and 5.1 we obtain

HZ,(S1,Q))(1) @ HZ,(S2,Q,)(1)
= (&, V(mp) @ 7f) @ (&, V(ry) @ IIF)
= ®r,1, (V(my) @ V(Iy)) @ (nfF @ IIF),

where m and I run over a finite set of automorphic representations of G(Ag)
and GU(Aq) respectively. The group I'as acts on each summand above by

p(mp) @ p(Ilp) ® 1.
For an extension k of M we must compute the I'p-invariant subspace of
V(my) ® V(II) which is isomorphic to

Homg 1, ,(V(m¢), V(ILf)")
which is isomorphic (see the computation of p(7y) from §3) to
Hom@’[rk](v(wf)7 V(I1})).
For notational convenience we replace IT* by II and thus we have to determine
Homg, r,(V (1), V(IT))).
We know (see [K1], Lemma 2):

Proposition 6.1. Let o and 7 two n-dimensional representations of a group
G over Q; and assume that H is an open normal subgroup of G and T|g is
irreducible. Then olg = 7|y iff o 2 7 Q¢ for some ¢ : G — @;, which is trivial
on H.



6.1 Non-AI case

Let k/M Dbe a finite extension. In this section we assume that the representa-
tion IT is non-AI. Then from Proposition 5.2, we know that ¢(IIf)|r, is irre-
ducible of dimension 2 or 3. By Shur’s lemma the dimension of the Q;-space
Homg, (., (V(7¢), V(Ilf)) is equal to the multiplicity of ¢(Ilf)|r, in (7 f)|ry -
But for m not one-dimensional, p(7s)|r, has dimension 4. Thus if 7 is not one-
dimensional and the multiplicity is not 0, then we get that p(m¢)|r, is reducible.

‘We consider three cases:

A) The representation 7 is cuspidal non-CM.
In the case i) of §3, we know that

p(ﬂ-f)‘Fk = p‘ﬂ'|Fk ®p‘ﬂ'|71;k'

Since 7 is non-CM, from Proposition 4.1 we deduce that p,|r, is irreducible
and non-dihedral. Assume that p(7/)|r, is reducible. Applying Propositions
4.2 and 6.1, we get that pZ|r, = prlrp ® x for some Hecke character y of E.
Therefore:

P(7f)|r. = prlr, @ prlr, ® X = Sym*(pxlr,) - X & A% (prlr,) - x-

Since pr|pr, is irreducible and non-dihedral, from Proposition 4.5, we know
that Sym?(p|r,) is irreducible. We obtain that the dimension of the space
Homg ., (V(7y), V(IIf)) could be 0 or 1, and it is equal to 1 exactly when

¢(ILf)|r, = Sym*(prlr,) - x- If ¢(ILf)|r, = Sym*(prlr,) - x and k is a Ga-
lois over M (or one can replace k by l;, the Galois closure of k over M in
this argument), then from Proposition 6.1, we deduce that d(IIy) = 3 and
(T f)|r,, = Sym?(px|r,,) - ¢ for some finite order character ¢ of T'ps which
satisfies ¢|r, = x|r,- In this case the Tate classes obtained are defined, by class
field theory, over the finite abelian extension of M defined by ¢x~! (i.e over
@kor(sox’l)).

In the case ii) of §3, we know that [F : E] = 2, 7 is the nontrivial automor-
phism of F' over E and p(7y) is a subrepresentation of

Indp” (px © py),

which verifies
p(Tf)lIre = pr @ pr.

Since 7 is non-CM, from Proposition 4.1, we deduce that pr|r,, is irre-
ducible and non-dihedral. Assume that p(7s)|r, is reducible. Thus, in partic-
ular p(7¢)[rpy = prlrp, ® pxlf,, is reducible. Applying Propositions 4.1 and
4.2, we get that pI = p, ® o for some Hecke character o of F. Hence, from
Proposition 4.3, we know that « is a Hecke character of Ir which is trivial on

10



Ig. Therefore o can be written as o = x7/x for some Hecke character x of Ir.
Hence
(mox H=reox
So m = my/p ® X, where m,p is the base change to F' of some automorphic
representation mo of GL(2)/E.
Then from the properties of p(7¢) (see for example [MP]), we have:

p(7s) & (Sym®pr, ® wr, - wr/E) @ Xlis,

where wr, is the central character of mp and wp g is the quadratic character
that corresponds to F/E.
Thus we get
~ 2
p(mp)lr, = (Sym”pm; |ry, @ Xliglr,) & (Wrolry - wryk - Xl1zIr))-

Since 7 is non-CM, the representation 7y is non-CM, from Proposition 4.1,
we know that the representation p,,|r, is irreducible and non-dihedral and
from Proposition 4.4, we deduce that Sym?*(ps,|r,) is irreducible. We ob-
tain that the dimension of Homg p,(V(7s),V(Ilf)) could be 0 or 1, and it

~

is equal to 1 precisely when ¢(I1f)|r, = Sym?(pr,|ry) - X1 e If 6(I1f)|r, =
Sym?(pr,|ry.) - X|1s|r,, and k is Galois over M, then from Proposition 6.1, we
deduce that ¢(ITs)|r,, = Sym®(pr,|r,,) - ¢, for some character ¢ of T'y which
verifies ¢|r, = X|1z|r,- In this case the Tate classes obtained are defined, by
class field theory, over the finite abelian extension of M defined by ¢ - x|, |1?A11

B) The representation 7 is cuspidal CM. Thus there exists a Hecke character
x of some quadratic CM-extension NV of F' such that p, = Indll:flx. Then from
the proprieties of p(7y) described in §3, we deduce that

PEp)lrinn- = (X®X) @ (X" & XT)
=xx" e xxXT XX @ xx’,
where Y is the complex conjugate of x. But II is non-Al, and from Proposition

5.2, we know that ¢(IIf)|r, - is irreducible of dimension 2 or 3. By Shur’s
lemma we obtain that Homg ., . (V(7y), V(Il;)) has dimension 0 and thus

in particular our space Homg i, ,(V/(7y), V(Ilf)) has dimension 0.

C) The representation 7 is one-dimensional. Then from §3, we know that
p(my) is a direct sum of one-dimensional representations and as in case B), we
obtain that our space Homg ., ,(V(my), V(Ilf)) has dimension 0.

From A), B) and C) we get the following result:

Theorem 6.2. Assume that I1 is cuspidal non-Al. Then:
1) If m is one-dimensional or cuspidal CM, then H(m;)(1) @ H(II;)(1) con-
tains no Tate classes.

11



2) Assume that w is cuspidal non-CM and that we are in the case i) of
§3, then the space H(m¢)(1) ® H(II¢)(1) contains a Tate class if and only if

~

Prlre = pxlry ® X for some finite order character x of I'p and ¢(I1})|r,, =

Sym®(pr|ry,) - @, for some finite order character ¢ of Tar. In this case, the

subspace of Tate classes has the same dimension as F;{ ®H}<, and all such Tate

classes are defined over the abelian extension of M defined by ¢ - x 1.

3) Assume that 7 is cuspidal non-CM and that we are in the case i) of §3,
then the space H(ms)(1) @ H(Ilf)(1) contains a Tate class if and only if m =
To/r@X, where my,p is the base change to F' of some automorphic representation
mo of GL(2)/E and x is a finite order Hecke character of F' and ¢(I1})|r,, =

Sym®(prolray) - @, for some finite order character o of Tar. In this case, the
subspace of Tate classes has the same dimension as ﬂ'f Q¥ and all such Tate

classes are defined over the abelian extension of M defined by ¢ - XIIE|FI\1/['
All these Tate classes of H(my)(1) ® H(II;)(1) do not come as a product of
Tate classes from individual factors.

6.2 Al case

In this section we assume that the representation ITis Al Then ¢(II;) = Ind%1 n

for some extension Ly of L, with [L; : L] < 3 and some Hecke character

n of I'r,. As at the beginning of section 6.1, we deduce that if the space

Homg r, (V(7¢), V(IIf)) has dimension bigger than 0, and 7 is not one dimen-
Q,[Tx] I f

sional, then p(7¢)|r, is reducible.
Again, we consider three cases:

A) The representation 7 is cuspidal non-CM.
With the same notations as in section 6.1, in the case i), we get

p(mp)Ir, = Sym*(pxlr,) - X @ A% (pxlr,) - X

The representation Sym?(px|r, ) is irreducible. If k contains the Galois clo-
sure Ly of Ly over L, then we have

o(I1)lr, = {"@"6 Ly : L =2,

7769776@7762 if [L1: L] =3.
where 7(0) = n(e"*o€) and € € T, —T',. We cannot_have Sym?(px|r,) =
¢(IIf)|r, because for an extension k of k that contains L;, the representation

Sme(pﬂ\pk/) is irreducible and the representation ¢(Hf)|pk, is one-dimensional
or is reducible. Thus if Homg, . ,(V(7s), V(Ilf)) has dimension bigger than
0, then we must have /\Q(pﬂ|pkil) X 2nornorns. If d(IIf) > 2, this is
impossible because in this case the infinity type of A2(p, ‘r‘kil )-x is trivial, while

from Proposition 5.2, we know that the infinity type of n or n° or 7762 is not trivial.

12



We obtain that if d(Ily) > 2, then the dimension of Homg . ,(V(7y), V(IIy)) is
0. If d(II;) = 1, then 7 has trivial infinity type and thus 7 and A?(p,)-x become
isomorphic, by class field theory, after restriction to the absolute Galois group
of the abelian extension of M defined by 7% - A%(p,) - X, and hence contribute
to Tate classes defined over that field.

Keeping the same notations as in the section 6.1, in the case ii), we get

p(mf)|r, = (Sym®pm, |1, ® X|150,) @ (Wrolry - Wrk/k - X1o|D00)-

Using the same argument as in case i) above, we deduce that if the space
Homg (., (V(7f), V(Ily)) has dime;nsion bigger than 0, then we must have
Wy *WE/E* X1 |pki1 = por n° or n° . But this is again impossible if d(Ily) > 2,
because in this case the infinity type of wr, - wp/g - X|15 |1~M:1 is trivial, while the
infinity type of 5 or n° or 1752 is not trivial. Thus if d(IIy) > 2, then the dimension
of Homg -, ,(V(my), V(Ilf)) is 0. For d(Ily) = 1, the characters wr, -wr/ 5 X|1p
and n have trivial infinity type and thus they become isomorphic, by class field
theory, after restriction to the absolute Galois group of the abelian extension of

M defined by ™1 wy, -wp /£ X1z, and hence contribute to Tate classes defined
over that field.

B) The representation 7 is cuspidal CM. Thus there exists a Hecke character
x of some quadratic CM-extension NV of F' such that p, = Ind?i X- Then from
the proprieties of p(my) described in §3, we deduce that

PRI ynrz, = XEX) O KX ®XT)

=xx"exx” exx” @xx’,
where Y is the complex conjugate of .
As above, we have

()| _)nen if [L;:L] =2,
f KNNTLq n e 776 D 7762 if [Ll . L] = 3.

Thus if the dimension of Homg  (V(7), V(Ily)) is bigger than 0, we must

have that xx™ or xx” or xx” or xx” is isomorphic to n or n or 1752 as characters
of I'yynrf,- If two of these characters have infinity types equal, then they
become isomorphic, by class field theory, after restriction to the absolute Galois
group of some extension of M, and hence contribute to Tate classes defined over
that field. This extension of M is not necessarily abelian over M, but is abelian
over MNNTL;.

C) The representation 7 is one-dimensional.
In case i), from §3, we know that

p(mf)lr, = prlry, @ prlr,

13



where p, is a Hecke character of I’ and has dimension 1. The infinity type of
prlr, and pr|f, is trivial and as in A) above, we obtain that if d(Il;) > 2, then
the dimension of Homg i, ,(V(7y), V(Ily)) is 0. If d(I1;) = 1, the infinity type
of the characters n and p, or p7. is trivial, and thus they become isomorphic after
restriction to the absolute Galois group of the abelian extension of M defined
by n=1 - pr or n71 - pT, and hence contribute to Tate classes defined over that
fields.
In case ii), from §3, we know that [F': E] = 2 and

p(ﬂf) = pﬂ"IE @pﬂ'le *WF/E>

where p; is a Hecke character of F' of dimension 1 and wp/p is the quadratic
character corresponding to F/E. The infinity type of px|ry|r, or px|rs|f, is
trivial and as above, we get that if d(IIy) > 2, then the dimension of the space
Homg ., (V(my), V(Ily)) is 0. If d(Ily) = 1 the characters n and pr|s, or
pr|15 - wp/p become isomorphic after restriction to the absolute Galois group
of the abelian extension of M defined by 7" - prlr, or n= ' prlr, - wr/ g, and
hence contribute to Tate classes defined over that fields.

From A), B) and C) we get the following result (replacing IT by II* is equiv-
alent to replacing n by n71):

Theorem 6.3. Assume that II is cuspidal AI and that ¢(IIy) = [ndg’;ln for

some algebraic Hecke character n of the field L1 of degree d(I1¢) over L. Then:

1) Assume that 7 is cuspidal non-CM and that we are in the case i) of
83, then the space H(my)(1) ® H(II;)(1) contains a Tate class if and only if
Prlre = prlry ® X for some finite order character x of I'g and d(Ily) = 1. In
this case, the subspace of Tate classes has the same dimension as 7% @ II¥,
and all such Tate classes are defined over the abelian extension of M defined by
1N (pr) - X-

2) Assume that 7 is cuspidal non-CM and that we are in the case ii) of §3,
then the space H(ms)(1) @ H(IIy)(1) contains a Tate class if and only if m =
To/F@X, where my,p is the base change to F' of some automorphic representation
mo of GL(2)/E and x is a finite order Hecke character of F' and d(Ily) = 1.
In this case, the subspace of Tate classes has the same dimension as w;( ® H?,
and all such Tate classes are defined over the abelian extension of M defined by
N Wno " WF/E - Xlrs-

3) Assume that 7 is cuspidal CM and p, = Indll:ix, where N 1is some
quadratic CM-extension of F and x is an algebraic Hecke character of N, then
the dimension of the subspace of Tate classes is equal to a - dim@l (ﬂ'ff ® H}(),
where a is equal to the number of pairs between the set {xx™, XX, XX, XX}
and {n,n¢,n}, where ¢ € T'y, — T'p,, that have characters whose product has
trivial infinity type and all such Tate classes are defined over an extension of
M that is abelian over MNNqu, where I~/1 is the Galois closure of Ly over L.

4) Assume that  is one-dimensional and that we are in the case i) of §3, then
the space H(m)(1)QH (ILf)(1) contains a Tate class if and only if d(I1;) = 1. In
this case, the dimension of the subspace of Tate classes is equal to 2-dim@l (71'?@
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Hgf), and all such Tate classes are defined over the abelian extension of M equal
to the composition field of the abelian extensions of M defined by n-pr and n-pl.

5) Assume that 7 is one-dimensional and that we are in the case ) of
§3, then the space H(my)(1) ® H(IIf)(1) contains a Tate class if and only if
d(Ily) = 1. In this case, the dimension of the subspace of Tate classes is equal
to 2 - dim@l (ﬂ]}f ® H}i), and all such Tate classes are defined over the abelian
extension of M defined by 0« px|1s-

In 1), 2), 4) and 5) all these Tate classes of H(my)(1) @ H(IIf)(1) come as a
product of Tate classes from individual factors and in 3) this is not necessarily
true.

7 Poles of L-functions

For k a finite extension of M, define:

Vi(rg, Oy, k) = {z € V(II;)(1)@V () (1)|p(rs)@6(If)(a)x = z, foralla € Ty} ]
In this section we prove the following result:

Theorem 7.1. Let k be a finite extension of M. Then:

1) If k is a solvable extension of Q and in the case i) of §3, k contains the
field F', then the order of the pole at s =1 of L(s, (p(my) ® ¢(I1f))|r,) is equal
to dimg V(my, Iy, k).

2) If w is cuspidal CM or one-dimensional and 11 is AI, then the order of
the pole at s =1 of L(s, (p(mf) ® ¢(Il¢))|r,) is equal to dimg V (7, Iy, k).

3) If L is AI and k is a solvable extension of a totally real field, then the order
of the pole at s =1 of L(s, (p(my) ® ¢(Ily))|r,) is equal to dimg V(my, Iy, k).

4) If m is cuspidal CM or one dimensional, d(Ily) = 2 and k is a solvable
extension of a totally real field, then the order of the pole at s = 1 of L(s, (p(mf)®
o(Iy))lr,) is equal to dimg V(mys, IIf, k).

5) If ™ is cuspidal CM or one-dimensional, d(Il¢) = 3 and k is a solvable
extension of Q, then the order of the pole at s =1 of L(s, (p(ny) @ ¢(ILf))|r,)
is equal to dimg V(ms, Iy, k).

Proof:
1) Assume that k is a solvable extension of Q and that & contains F'. Then
from §3, we obtain

p(y) ® ¢(Hf)Iry = prlry @ prlr, @ oI,

Since k is solvable, from the base change for solvable extensions [L],[AC], we
get that pq|r,, px|f, and é(Ilf)|r, are automorphic. But from Proposition
4.5, we deduce that the Galois representation p.|r, ® p,r|§k is automorphic i.e.
corresponds to an automorphic representation of GL(4)/k, and from Proposition
4.6 and the results of §6, one could prove easily the part 1) of Theorem 7.1 (as
usually the order of the pole at s = 1 of L(s, (p(7) ® ¢(Ilf))|r, ) will be equal to
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the multiplicity of the trivial representation of I'y in (p(7f) ® ¢(Ilf))|r, because
one could decompose p(7¢)|r, and ¢(Ilf)|r, as sums of automorphic irreducible
representations and from Proposition 4.6, Theorem 6.2 and Theorem 6.3 the
result follows).

2) We assume first that 7 is cuspidal CM and II is AIL. Thus there exists a
quadratic extension N/F and an algebraic Hecke character x of N such that
Pr = Indll:f] X-

In the case i) of §3 we know that:

p(ﬂ-f) = 107T|FE ®p7Tr|FE'

In the case ii) of §3, from the proprieties of p(7s), we have that (see for
example [MR] 6.3):

A*(Indp® x) 2 p(my) & Indp® (wr),

where w, is the central character of 7.

From these identities, we get that p(7s)|r, is a virtual sum of monomial
representations of I'y. Here a monomial representation of I'y is a representation
which is induced from a one-dimensional representation of an open subgroup.

Since p(7¢)|r, and ¢(II¢)|r, are sums of monomial representations (because
IT is AI), we obtain that p(7;) ® ¢(Ilf)|r, is a sum of monomial representations
and it is obvious that the order of the pole at s =1 of L(s, (p(77) @ ¢(I15))|r,)
is equal to the dimension of the space of Tate classes V (s, Iy, k).

The same argument works when 7 is one-dimensional and IT is Al, since in
this case, we know from §3 that p(7f) is a sum of one-dimensional representa-
tions.

3) Assume that IT is Al and k is a solvable extension of a totally real field.
Then ¢(Ily) = Indll:iln for some algebraic Hecke character n of the field L,

of degree d(IIy) over L. From Proposition 4.7, we deduce that there exists a
Galois extension F5 of Q containing F'k and an automorphic representation 7y
of GL(2)/F, and a prime 3 of the field of coefficients of m; such that pr |r,, =

Pr1,8-
By Brauer’s Theorem (see [SE|, Theorems 16 and 19), we can find some

subfields F; C Fy such that Gal(Fy/F;) are solvable, some characters x; :
Gal(Fy/F;) — Q" and some integers m;, such that the trivial representation

1lr, : Gal(Fy/k) — @ZX,

can be written as 1|, = Z;ZL miIndII:’; Xi (a virtual sum). Then

(s, () @ 6T, @ 11r,) = [T Lo, (oes) @ 6(T1) I, @ T o)™
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= [ Ls,Indgt, ((p(rg) @ G(IL) Iy, © xi)™

=

i=n

=TT 265 (otns) © ST, © 3™

Since ¢(Ily) = Indll:i n, we deduce that ¢(Ilf)|r, = Z;jln Ind?F"_ ©! (direct
1 K FJ
sum), where [Ff : F;] <3, and cpg is the restriction of n, n° or 7762 to I';, where
ecl'y —Tr,. We get that

i=nj=m

L(s7 (p(Wf) & ¢(HJ‘))|F)€ & 1|Fk H H L ®S01 ®X1|F J))

i=1 j=1

Since py, ,\|1~F2 is automorphic and F5 is a solvable extension of F;, if F' C F;

we obtain that pr x|ry, is automorphic and because [FZJ : F;] < 3 and the base
change for GL(2) is known for cubic extensions not necessarily normal (see
[JPSS1]), we get that if FF C F;, then pr x|r . is automorphic. Then one could

FJ
k2

check easily that the pole at s = 1 of L(s, (p(f)r, ® ¢l ® Xilr ;) is equal
&
o ® xi|er) (for details see [V1] §6, or one could use the fact proved in [RA1],

to the space of Tate classes corresponding to the relpresentation (;(ﬂf)|ppj

Theorem D that p(7rf)|ij is automorphic, being the Asai representation asso-

ciated to an automorphic representation or a tensor product of 2 automorphic
representations of dimension 2).

4) We assume that 7 is cuspidal CM or one-dimensional, d(Il;) = 2 and k
is a solvable extension of a totally real field.

From [BR], Lemma 1.12.2, we know that oy = og ® 1, where o is a base
change to GL(2) g of some cuspidal representation of GL(2),q and 7 is a Hecke
character of E. Thus, from Proposition 4.7, we deduce that there exists a Galois
extension Fy of Q containing F'k and a cuspidal automorphic representation m;
of GL(2)/F; and a prime (3 of the field of coefficients of 71 such that ¢(Ily)|r, =
pr.,3- From 2), we know that p(7s) is a sum of monomial representations that
are induced from representatlons of Hecke characters of solvable extensions of
E. Thus p(mf)|r, = >y szndF Xi for some subfields F; C F» such that

Gal(Fy/F;) are solvable, some characters Xi : Gal(Fy/F;) — Q" and some
integers m;. Then

L(s, (p(my) @ ¢(Ilg))|r,) = HL (I f)|rp, @ xi)™

Since ¢(I1)|ry, is automorphic and F} is a solvable extension of F;, we obtain
that ¢(Il)|rp, is automorphic and hence we deduce the part 4) of Theorem 7.1.
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5) We assume that 7 is cuspidal CM or one-dimensional and d(IIy) = 3 and
that k is a solvable extension of Q. From 2), we know that p(r;) is a sum
of monomial representations that are induced from representations of Hecke
characters of solvable extensions of . Thus there exists a solvable extension Fy

of k, some subfields F; C F5, some characters x; : Gal(Fy/F;) — @X and some
integers m; such that p(ms)|r, = D] milndll:’;xi. Then

L(s, (p(ms) ® ¢(I1¢))|r,) = HL (I y)|rp, @ xi)™

Since F5 is a solvable extension of @, from base change for GL(n) for solvable
extensions [AC], we deduce that ¢(Ily)|r, is automorphic and thus because Fy
is a solvable extension of I, we get that ¢(Ily)|r,. is automorhic and we deduce
the part 5) of Theorem 7.1.
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