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1 Introduction

In this article we consider the moduli problem of a ”twist” of some simple
Shimura varieties of PEL-type that appear in Kottwitz’s papers [K1] and [K2]
(these varieties have a hyperspecial level subgroup at some prime p). The twist
of the Shimura varieties is done by a mod ¢ (for some prime g # p) representation
of the absolute Galois group of the reflex field of the Shimura varieties. Then
we consider the Newton polygon stratification of the special fiber at p of twisted
Shimura varieties and show that each Newton polygon stratum can be described
in terms of the products of the reduced fibers of the corresponding PEL-type
Rapoport-Zink spaces with certain smooth twisted Igusa varieties and of the
action on them of a p-adic group that depends on the stratum. Then we extend
our results to characteristic 0, and if [ # p is a prime number, we describe
the [-adic cohomology of proper twisted Shimura varieties of not necessarily
hyperspecial level at p, in terms of the [-adic cohomology with compact supports
of the twisted Igusa varieties and of the Rapoport-Zink spaces. These results
generalize Mantovan’s paper [M].

More exactly, we consider a simple Q-algebra B and * a positive involution
on B. Let V be a non-degenerate skew-Hermitian B-module and let G be
the algebraic group over Q of similitudes of the skew-Hermitian B-module V'
(other conditions are imposed on B and V to insure that G is unramified at
some given rational prime p; see §2 for details). Let h : C — Endg(Vk) be
an R-algebra homomorphism such that h(Z) = h(z)* and the symmentric real-
valued bilinear form (v, h(i)w) on Vg is positive definite, where we have written
* for the involution on Endg (V') obtained from the alternating form on V. By
restricting A to C* we obtain a homomorphism h : C* — Gpg of algebraic
group over R. For ¢ a rational prime distinct from p, such that G is unramified
at ¢, let Sk be the Shimura variety associated to (G,h~!) and to an open
compact subgroup K := K, x H of G(Ay), where K, is a normal subgroup
of a hyperspecial maximal compact subgroup H, of G(Q,), H is a sufficiently



small open compact subgroup of G(A?), and Ay and A?- are the finite part of
the ring of adeles Ag of Q and the finite part of the ring of adeles of Q away
from ¢, respectively. Then Sk is a smooth quasi-projective variety defined over
a number field F called the reflex field.

Consider the following moduli problem over O ®z Z,. If S is a locally
noetherian scheme over Og ®z Z,), then S-valued points on the moduli prob-
lem are the isomorphism classes of quadruples (A, \,i,7?) where: A — S is
a projective abelian scheme over S up to prime-to-p isogeny, A : A — Ais a
polarization of A4, i : Op — End(A) is a x-homomorphism for * on Op and the
Rosati involution on End(A) obtained from A, and 7P is a level structure of type
KP on A and we require that (A, A, 4,7P) satisfy some ”determinant condition”
(see §3 below), which depends on h.

For KP sufficiently small our moduli problem is representable by a quasi-
projective scheme Sk» over Op ®z Lp)- The variety over E obtained from Sk»
is a disjoint union of |ker'(Q, G)| copies of Sk, where our K defined above has a
decomposition of the form K = K?K,,, where K,, C G(Q,,) is some hyperspecial
maximal compact (see §2 below for details).

The varieties Sk» and Sk have natural actions of H,/K,. For H sufficiently
small these actions are free. We fix such a small group H and consider a contin-
uous Galois representation p : Gal(Q/E) — H,/K, unramified at p and let S%.,
be the variety defined over E obtained from Sk» via twisting by p composed
with the natural action of H,/K, on Skr (see §2 for details). We show that
each Newton polygon stratum at p of S, or Sk can be described in terms of
the products of the reduced fibers of the corresponding PEL-type Rapoport-
Zink spaces with certain smooth twisted Igusa varieties and the action on them
of a p-adic group that depends on the stratum (see theorems 9.4 and 9.5 and
corollary 9.6 for details). Then we show (see theorem 9.7) that if [ # p is a
prime number, the [-adic cohomology of proper twisted Shimura varieties S}
or Si, of level not necessarily hyperspecial at p, can be described in terms of
the l-adic cohomology with compact supports of the twisted Igusa varieties and
of the Rapoport-Zink spaces.

2 Shimura varieties of PEL type

Let p be a prime number. We are interested in certain Shimura varieties of PEL
type that appear in [K2] having good reduction at all places of the reflex field
lying above the prime p (in the next few sections we are following very closely
[K2]).

We consider the PEL data (B,*,V,(, )), where:

1) B is a finite-dimensional simple algebra over Q,

2) x is a positive involution on B over Q,

3) V is a nonzero finitely generated left B-module,

4) (, ) is a nondegenerate Q-valued *-Hermitian alternating pairing on V,
that satisfy the following conditions:



a) there exists a Z)-order Op on B whose p-adic completion is a maximal
order in Bg, and which is preserved by x;

b) there exists a lattice A in Vg, which is self-dual for (, ) and is preserved
by Op;

c) By, is a product of matrix algebras over unramified extensions of Q,.

Let F' be the be the center of B. Then c¢) implies that F' is a number
field unramified at p. Let D be the Q-algebra Endp(V); it is a simple Q-
algebra with center F' and has an involution * (the adjoint map for (-,-)). Let
G be the algebraic group over Q of the B-linear automorphisms of V', which
preserve the pairing ( , ) up to a scalar multiple; then for any Q-algebra R
we have G(R) = {z € D ®q R|zaz* € R*}. Let h : C — Dy be an R-algebra
homomorphism such that hA(zZ) = h(z)* and the symmetric real-valued bilinear
form (v, h(i)w) on Vg is positive definite, i.e (v, h(#)v) > 0 for all nonzero v € V.

The homomorphism h determines a decomposition of the Be-module V' ®q
C = V1 ® Vs, where V; (respectively, V) is the subspace of V ®qC on which h(z)
acts by z (respectively, by z). The field of definition of the isomorphism class of
the complex representation V; of B is a number field E called the reflex field,
whose ring of integers we denote by Op.

We denote also by h the restriction of h to C*, regarded as a homomorphism
of real algebraic groups C* — G. Then from Lemma 4.1 of [K2], we know that
the pair (G, h™!) satisfies the conditions (1.5.1), (1.5.2), (1.5.3) of [D]. Therefore
the set X, of conjugates of h=! under G(R) is a finite union of copies of the
symmetric space for the identity component of G(R) and this symmetric space
is of Hermitian type. Let KP? be a sufficiently small open compact subgroup
of G(A’}), where A]]”c denotes the ring of finite adeles of Q with trivial p-adic
component. The stabilizer K, of A in G(Q,) is a hyperspecial maximal compact
subgroup of G(Q,). We define K := KPK,,. We denote by Sk the Shimura
variety associated to (G,h~!) and K. Then Sk is a smooth quasi-projective
variety and has a canonical model defined over O ®z Z,)-

For any compact open subgroup K? of K? there is an etale covering Sk, —
Sk, where K; := KVK, and this covering map is Galois with Galois group
K/K; = K?/K7 if K7 is normal in K?. For g € G(A}) there is a natural
isomorphism Sk — S -1kg-

3 Moduli problem

In this section we formulate the PEL moduli problem having good reduction
at all places of the reflex field lying over a given rational prime p (in the case
D of [K2], page 375, we assume that p > 2). For an open compact subgroup
KP C G(A}), we consider the set-valued contravariant functor from the category
of locally noetherian schemes S over Op ®z Z,) that associates to a connected
scheme S and to a geometric point s on S the set of isomorphism classes of
quadruples (A4, A, i,7P), where
1) A is a projective abelian scheme over S;



Q)N A— Aisa prime-to-p polarization;

3) i : Op — End(A) ®z Z,) is a morphism of Z,-algebras such that
Aoi(b*) =i(b) o A and det(b, Lie(A)) = det(b, V1) for all b € Op;

4) 7P is a 71 (S, s)-invariant KP-orbit of isomorphisms of skew-Hermitian B-
modules n” : V ®qg A} — Hi(As, A%), where Hi(As, A}) is the Tate A’-module
of the abelian variety As.

We remark that the level structure 7P of type KP? is independent of the choice
of the geometric point s of S and thus our functor is independent of s. For K?
sufficiently small this functor is representable by a quasi-projective scheme Sk»
over O ®yz Z(p)-

Two quadruples (A4, \,i,77) and (A’, N, i, n'") are said to be isomorphic if
there is a prime- to -p isogeny ¢ : A — A’, commuting with the action of Op,
carrying 777 into 7’", and carrying X into a scalar multiple of X (a scalar in Z( ))
ie. *N = ¢\ for some ¢ € Z(Xp), where p*X = poXN oy and ¢: A’ — A is the
dual of .

For any compact open subgroup K? of K? there is an etale covering S kP —
Sk, sending (A4, \, 14, (7)}) to (A, \,i,77), where (77)] denotes the K¥-orbit of
nP, and this covering map is Galois with Galois group K? /K7 if KV is normal in
KP. Forg € G(A’}) there is an isomorphism Sg»r — Sy-1 k0, sending (4, A, 4, 7)
(A, N\, i,mPg).

4 Complex points

We want to describe the set of complex points of Sk»(C) relative to the map
Of ®z Zp) — C induced by the inclusion E C C. Hence we are interested
in quadruples (A4, A,,7P), where this time A is an abelian variety over C up
to prime-to-p isogeny. Then the homology group H := H;(A4,Q) is a skew-
Hermitian B-module, with the B-action coming from 4 and the alternating form
coming from .

From §8 of [K2], we know that for every place v of Q the skew-Hermitian
Bg,-modules Hg, and Vg, are isomorphic.

The isomorphism classes of skew-Hermitian B-modules of the same dimen-
sion as V are classified by H'(Q,G), and thus we get there are finitely many
isomorphic classes of skew-Hermitian B-modules (V’, (-,-)') such that Vg ~and
Vg, are isomorphic for all places v of Q. Let v, V(™) he some representa-
tives in these isomorphism classes. We fix local 1somorph1sms VQ = = T, for all
places v of Q and let G denote the group of automorphisms of V(9 and thus
we have G((QQ) = Gq, for all p. We obtain that the set Sk»(C) is a disjoint union
[T, Sk(C)®, where Sk (C)® consists of quadruples (A, \,i,77) such that H
is isomorphic to V() and hence it is enough to study each set Sk (C)(’).

Assume that V(l) is V and we start studying Sk (C)™M). Let (A4, \,4,77) be
a point of Sk (C) and choose an isomorphism between H and V. Choosing
a level stucture 777 is equivalent to choosing an element of G(A%})/K?. The



complex structure on Hg = Lie(A) determines a complex structure on Vg and
yields a homomorphism A’ : C — Dgr. From Lemma 4.2 of [K2], we get that
h’ belongs to the set X, of G(R)-conjugates of h. The self-dual Op-lattice
N':= Hi(A,Z,) in Hg, becomes an Op-lattice in Vg, that it is self-dual up to
a scalar. The group K, is the stabilizer of the self-dual Op-lattice A in G(Q,).
From Corollary 7.3 of [K2]|, we know that there exists g € G(Q,) such that
N = gA, and g determines a well-defined element of G(Q,)/K,. The choice of
isomorphism between H and V' gives us a well-defined element of (G(Af)/K) x
Xoo. Two isomorphisms between H and V differ by an automorphism of V', thus
by an element of G(Q) and the corresponding elements of (G(Ay)/K) x X, are
in the same G(Q)-orbit. Hence (A, A,,7P) gives rise to a well-defined element
of the quotient G(Q) \ (G(Ay)/K) x Xo,). We get a bijection from Sk (C)™) to
G(Q)\ ((G(Ay)/K) x X..). Replacing V by V) we obtain a bijection from
Sk(C)™ to G(Q)W\ ((G(A)/K) x Xu). Then Sk (C)@ is the set of complex
points of a variety S%? over E, which is isomorphic to Sk.

Hence, we get (see §8 of [K2]) that variety Skr over E is a disjoint union of
[ker! (Q, G)|-copies of Sk.

5 Twisted Shimura varieties

Let ¢ # p be a rational prime such that G is unramified at ¢, i.e. G is quasi-
split over @, and split over an unramified extension of ;. Consider now our
K of the form K := K, x H, where K, is a normal subgroup of a hyperspecial
maximal compact subgroup H, of G(Qg). Then it is well known (see for example
Corollary 1.4.1.3 of [CA]) that for H sufficiently small, the group H,/K, acts
freely on Sgi». The action of H,/K, on Skr(C) can be described in the following
way: the set Sx»(C) is a disjoint union J[7", Sx(C)® (a disjoint union of

lker' (Q, G)| copies of Sk (C)) and H,/K, acts on each

Sk(C) = G(Q)W\ (G(Af)/K) x Xo)

where H; — G(Ag) by a — (1,...,a,1,...,1), a at the g-component, and the
action of an element o € H, is given by the right multiplication at the g-
component.

We fix a continuous representation

p: Gal(Q/E) — Hy/K,,

unramified at p. Let L be the finite Galois extension of E defined by L :=

Q) Ker(p)
Let

X = Skr Xgpec(r) Spec(L).

The group H,/K, acts on Sk». Since p : Gal(L/E) — Hy/K,, the group
Gal(L/E) acts on Skgr. We denote this action of Gal(L/E) on Sk» by p'. The



Galois group Gal(L/FE) has a natural action on Spec(L) and we can descend via
the quotient process X to S%,/Spec(E) using the diagonal action

Gal(L/E) >0 — p(o)®0o

on X. Thus, we obtain a quasi-projective variety Sk, /Spec(E) having the same
dimension as Sk». This is the twisted Shimura variety that we mentioned in
the title.

Now we describe the PEL moduli problem for S%,. We consider again
quadruples as in §3 above, only 1P will be replaced by n'*. Thus, with the same
notations as above, for the twisted Shimura variety S, a level structure of
type KP on A is a KP-orbit /" of isomorphisms 7'* : V ®q Afc — H (AS,AIJZ)
of skew-Hermitian B-modules such that 1’” is fixed by the action p(r) x 7 for
all 7 € m1(S, s) , where p(7) acts on the left using the natural action of H,/K,
and 7 acts on the right using the natural action of 7 € 71(5, s) on As.

6 The Newton polygon stratification

For a place v of E above p, we denote by F, the completion of E at v. From
the condition ¢) of §2, we get that E,/Q, is an unramified extension. Let k/F),
be the residue field of Op,, |k| = ¢ = p/, and let o : F, — F, be the Frobenius
map = — .

For KP C G (A?) a sufficiently small open compact open subgroup, we write
S = Sk» and S = Sg» /k for its reduction. If A is the universal abelian va-
riety over S, we define G = A[p>°]. Then G is a Barsotti-Tate group endowed
with a quasi-polarization and a compatible action (i.e it satisfies the determi-
nant condition as in [K2]) of Op,  of a polarized Barsotti-completion of Op in
Bg,. We call a Barsotti-Tate group endowed with a quasi-polarization and of a
compatible action of OB@p a Barsotti-Tate group with additional structures.

We denote by B(G) the set of o-conjugacy classes in G(L), where L = Q" D
E,. Hence, B(G) is the set of isogeny classes over F,, D k of polarized Barsotti-
Tate groups, which are endowed with a compatible action of OB@p' If Gis a
Barsotti-Tate group with additional structures, we denote by b(G) € B(G) the
corresponding isogeny class.

For any element b € B(G) define the strata

S® = {z € §|b(Gz) = b} C S.

Then S® c S is a reduced subscheme, and as the level K? varies, these
strata are preserved by the natural projection S'Kf — Sk» (for K C KP) and
also by the morphism g : Sx» — Sygs,-1 for all g € G(AI;).

We know (proposition 1 of [M]):

Proposition 6.1. Let X/F, D k be a polarized Barsotti-Tate group endowed
with a compatible action of OBQP , and denote by b € B(G) its isogeny class. We



define B B -
Cs = {x € 5|0z =~ S5} € S x4 B

This is a closed subset of the stratum S® ; and as a subscheme of S® x, IF‘p
endowed with the induced reduced structure, it is smooth.

Then Cy is called a leaf. As the level KP varies, the leaves are preserved
by both the natural projection S’Kf — Sg» (for K C KP) and also by the
morphism g : Sgr — Syxr,-1 for all g € G(AY).

The universal Barsotti-Tate group G admits a slope filtration when restricted
to the leaves (see page 239 of [Z]).

If 32/F, is a completely slope-divisible Barsotti-Tate group with additional
structures, we write b € B(G) for its isogeny class and 1 > Ay > A9 > -+ >
Ar > 0 for the slopes of its Newton polygon. Then ¥ = @;%¢, where for each i,
1 < i <k, ¥ is the slope-divisible isoclinic Barsotti-Tate group of the slope A;.

For C' = Cy, a leaf contained in S(*) associated to a completely slope-divisible
Barsotti-Tate group ¥ with additional structures, we denote by G the universal
Barsotti-Tate group over C. Then G is a completely slope-divisible Barsotti-Tate
group with slope filtration

0CcGC---CGr=0,

where the subquotients G' = G;/G;_1 are isoclinic slope-divisible Barsotti-Tate
groups of slope \;. Then G; and G* inherit an action of (’)B@p.

7 Igusa varieties

For a completely slope-divisible Barsotti-Tate group ¥ as above, we denote by
b = b(¥) € B(G) the corresponding isogeny class, by C, = Cx C S® the
corresponding leaf and by G the universal Barsotti-Tate group over Cp.

Definition 7.1. For any m > 1, the Igusa variety of level m, Jy y, — C is the
universal space for the existence of isomorphisms
Jm.i : D™ = G ™)

of finite flat group schemes over Cy such that

(1) they extend étale locally to any level m > m;

(2) they are Op, -equivariant;

(8) they commute up to (Z/p™) -multiple with the isomorphisms induced by
the quasi-polarizations on G and X.

The group T, = Aut(X) = [, Aut(X?) acts on Jy . If v = @iy' € T =
Aut(Z) = [, Aut(Z?), then v acts on Jp ,, by

(Av A, gy ﬁp;jm,la T a.j’fmk) = (A7 A, 4y ﬁp;jm,l © V™) 7jm,k © 7\[;0""])7



where a point of Jp ., is represented by the data (A, X, 4,77; jm.1,"** » Jm.k), &S
in the definition 7.1. This action factors through the quotient I'y ,,, of I'y by the
subgroup of automorphisms of ¥ which restrict to the identity on X[p™].

We know (see proposition 4 of [M]):

Proposition 7.2. For any m > 1, the Igusa variety Jy ,, — Cy is finite étale
and Galois with Galois group 'y ,. In particular, the Igusa varieties are smooth.

We have natural projections
db = qb,m/,m : Jb,m’ . Jb,nu Vm > m,

which correspond to restricting the isomorphisms j,,/ ; to the p™-torsion sub-
groups for all . The projections ¢, are invariant under the action of I'y, on the
Igusa varieties.

Thus, as the level m varies, the Igusa varieties J ,,, form a projective system
under the morphisms g, which is endowed with an action of I',. In §4 of [M]
it is shown that this action naturally extends to a submonoid S, D I'y of the
group T} of the quasi-self-isogenies of X, preserving its additional structures.

Now we define S,. Any p € T}, can be written as p = @;p’, where p’ is the
quasi-self-isogeny of %’ obtained by restricting p to X¢. If p~! is an isogeny,
then, for each ¢ = 1,--- ,k, define two integers e; = e;(p) > fi = fi(p) > 0 to
be, respectively, the minimal and maximal integers such that

ker[p’i] C ker[pi_l] C ker[p“].
Define
Sy ={p € Ty|lp~" is an isogeny, f;_1(p) > ei(p), Vi > 2}.

Then Sy is a submonoid of T}, and p~ !, B = ®;p~MPB € Sy, where the
integer B > 1 is defined such that for all i = 1,--- .k, FBp~ B . 5 _ 5i®"”
are well defined isogenies, where F : ¥ — () is the Frobenius element. Also
we know that T, =< Sy, p, i >, where fr=8 := @;p~ 8 € S} (see lemma 2.11
of [M1]).

The action of T', on the system of Igusa varieties extends to S, C T}, (lemma
5 of [M]):

Lemma 7.3. Let (A, N, 6,7 jm1, - »Jmk) denote the universal object over
the Igusa variety Jy m, let p= @;p; € Sy, and assume m > e = e1(p).

There exists a unique finite flat subgroup K, C G[p°| such that the corre-
sponding subgroups inside the isoclinic subquotients G* of G are jm_,i(ker(pzfl))
for all .

Moreover, the quotient abelian variety A/IC, inherits the additional struc-
tures of A/Jy.m and thus gives rise to a morphism between the Igusa varieties:

p: Jb,m - Jb,mfe~



For all p € Sp, the morphisms p : Jp ,, — Jpm—e are compatible with the
projections among Igusa varieties of different levels m > e = e;(p) and they
give rise to an action of the monoid S, on the system of Igusa varieties which
extends the action of I'y.

One can to define a o-semilinear action of Frobenius on the varieries as
arising from the Frobenius morphism of the Barsotti-Tate group X, F' : ¥ —
() that is, to define

Frob : Jb,m — Jb,m—l

to be the o-semilinear morphism corresponding to the quotient abelian variety
A®) = A/Alp] endowed with the induced additional structures. Then Frob is
the absolute Frobenius of J, ,,, followed by the projection gp m,m—1-

By reintroducing in our notation the level K?, we write

Jb,KTJ,m - Cb,Kp C S_'E(bz, - S_'Kp

for the Igusa varieties of level K? and level m at p. For any b € B(G) and
m > 1, we the group G(A’}) acts on the Igusa varieties

Vg € G(AY) : Jpxrm — Jog-1Krg.m

(A7>\7i777p;jm,17 T 7jm,k) = (Au )‘77;7,’717 Og;jm,lf o aj'm,k)-

This action is compatible under the projection map with the action of G(A?)
on the leaves C} x», commutes with the natural projections among the Igusa
varieties as the level m at p varies, and also commutes with the action of S
defined above.

Thus, for [ # p be a prime number, the direct limit of cohomologies with
compact support

Hé(Jb,Ql) = lim Hz(Jb,KP,m7Ql)7 Vi,
— KP,m
is endowed with an action of the submonoid Sy x G(A%) C T, x G(A%). This
action cannot be extended to an action of T3 x G(N;) on the varieties, but
it is possible to extend it on the cohomology groups. Because of the equality
T, =< Sy, p, r? >, it suffice to prove that the action of p=*, fr=B € S, on the

cohomology groups of Igusa varieties is invertible.
We know (lemma 6 of [M]):

Lemma 7.4. Maintaining the above notation, we have the following:

(1) for any m > 1, (p~1,1) € S, x G(A%) acts on the Igusa varieties as
(p7 1) S qbm,m—1;

(2) for anym > M\ B, (fr=B,1) € S x G(A?) acts on the Igusa varieties as
Gb.m,m—x B © Frob.

Thus we get the first part of the following proposition:



Proposition 7.5. The action of the submonoid Sy X G(Alf’-) on the cohomology
groups of the Igusa varieties extends uniquely to an action of the group Ty X
G(Afc).

Moreover, as representations of Ty, x G(A}), the Hi(Jy, Q) are admissible
for alli > 0.

The second part regarding the admissibility of the representations follows
from

H(Jp, Q)oK = H( Ty k0 m, Q1)

where I' ,,, is the subgroup of T} consisting of the isomorphisms of X which
restrict to the identity on X[p™].

8 Twisted leaves and twisted Igusa varieties

Let ¢ # p be the rational prime, and let K; C G(Qq) be the open compact
subgroup considered in §5. Let K C G (A?) be a sufficiently small open compact
subgroup of the form K? = K, x KP4, where K?? is an open compact subgroup
of G(A}"), and we write S" = S}, for the twisted variety defined in §5 and
S = S,k for its reduction.

Using the same notations as in §6, one can define for any element b € B(G)
the twisted strata

S = {2 e §'|b(Gz) =b} € §'.

Then 5'® < § is a reduced subscheme, and as the level K? = K, q X KP9 varies,
these twisted strata are preserved by the natural projection S’}(f — S, (for
K{ = K, x K/ C K? = K, x K?7) and also by the morphism g : )
S g1 forall g € G(AR).

If ¥/F, D k is a polarized Barsotti-Tate group endowed with a compatible
action of Op, , and b € B (G) is its isogeny class, we define the twisted leaf

Cp=Cg ={z € 8'Gs = S5} € 5 x, .

This is a closed subset of the stratum S'(*), and as a subscheme of S’®) x,, F,
endowed with the induced reduced structure, it is smooth. As the level KP =
K, x KP? varies, these twisted leaves are preserved by the natural projection
5}(;’ — Shep (for K = K, x K} € KP = K, x KP?) and also by the morphism
g:Shey — S’;Kpg,l for all g € G(AT).

In the same way, one can define the twisted Igusa varieties J; ,, — C}, where
a point of .J; . is represented by the data (4, A, i, ﬁ/p;jmyl, o imk)- Asin §7,
we have that the group I'y acts on Jém17 and this action factors through I'y .
From proposition 7.2, we know that the map Jg,m — C} is finite étale and Galois
with Galois group I'y ,,,, and the twisted Igusa varieties Jll),m are smooth.

As in §8, we have natural projections

’ 7 / 4
qb = qb,m/,m . Jb,ml — Jb,m? V m 2 m,

10



which correspond to restricting the isomorphisms j,,/ ; to the p™-torsion sub-
groups for all i. The projections ¢ are invariant under the action of I', on the
Igusa varieties.

Thus, as the level m varies, the twisted Igusa varieties J,;’m form a projective
system under the morphism ¢, which is endowed with an action of I'y. As in §7,
this action naturally extends to the submonoid S, D I'y of the group T of the
quasi-self-isogenies of ¥, preserving its additional structures.

By reintroducing in our notation the level K? = K, x KP4, we write

— (b _
Jl;,Kp,m — Cl/)’Kp C Sl%)p C S/KIJ

for the twisted Igusa varieties of level K? = K, x KP? and level m at p. For any
b € B(G) and m > 1, we define an action of the group G(A}’) on the twisted
Igusa varieties of level m at p (as the level K? = K, x KP? away from p varies)
as

Vg € G(AY) : Ty ko m = Ty g1 Kp g

(Aa )‘7 i7 n/p;jm,la e ajm,k) . (Aa /\7 iv 77'p © g;jm,la e 7jm,k)-
This action is clearly compatible under the projection map with the action of
G(Afcq) on the twisted leaves Cj y,, commutes with the natural projections
among the Igusa varieties as the level at p varies, and also commutes with the
action of Sj.
Thus, for [ 1 pg be a prime number, the direct limit of cohomologies with
compact support

Hé(Jé,vaQl)zliLnKp % Fpa Hé(JI;,KP,val)v Vi,
=K xKP4,m

is endowed with an action of the submonoid S, x G(A}') C Tj, x G(A}T). Asin
§7, this action cannot be extended to an action of T, x G (A?q) on the varieties,
but it is possible to extend it on the cohomology groups.

We have the identities

HZ(Jzﬁ,Kq,Qz)F”’mXKM = H(J} kv m> Q)

where K? = K, x KP1.

9 The geometry of the twisted Newton polygon
strata

In this section, following closely §5 of [M], we construct a system of finite mor-
phisms

n

- nd = (b
iyt Ty x MpY = 90 T,

indexed by positive integers m, n, d, N (m > dand N > d/d0f, where § € Q de-
pends only on b € B(G)), which are compatible under the projections among the
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twisted Igusa varieties and the inclusion among the twisted truncated Rapoport-
Zink spaces M’ n’d, and which are also Tp-invariant and Wg, -invariant, where

W, is the Weil group. Also for any geometric closed point z € S’ (b), the fibers
of 7y at  form a Tj-principal homogeneous space.

Now we recall the definition of the Rapoport-Zink space My ). An
isogeny class b € B(G) (corresponding to Sk») is called descent if it contains a
Barsotti-Tate group defined over a finite field. In [OZ], it was proved that this
is equivalent to containing a completely slope-divisible Barsotti-Tate group. We
choose a completely slope-divisible Barsotti-Tate group ¥ = 3, in the isogeny
class b.

To any descent class b € B(G), Rapoport-Zink associated a formal scheme
My, over W(F,) D Op, as follows: for any scheme S/W (F,), where p is locally
nilpotent, My (.S) is the set of isomorphisms classes of Barsotti-Tate groups with
additional structures H/S together with a quasi-isogeny (3 : ¥ XF, S — HxgS
defined over S = Z(p) C S.

The group T} acts on the Rapoport-Zink space M, by

VpeTy: (H,B)— (H,Bop).

One can define also a o-semilinear isomorphism of M, arising from the Frobe-
nius of X,

Frob : My — M,,
(H,B) — (H,F~'op),

which obviously commutes with the action of T}.

Because the formal scheme M, is only locally of finite type, it is conve-
nient to define certain subspaces of My, which are called truncated Rapoport —
Zink spaces, which are of finite type and which form a cover of M. If n, d
are positive integers, define Mg’d C M,y as the locus classifying pairs (H, ()
such that the quasi-isogenies p" 3 and p¢~"3~! are isogenies (or, equivalently,
such that p"/3 is an isogeny whose kernel is killed by p?). Then M?’d are closed
subspaces of M} and, as n, d vary, they form a direct system under the natural

inclusions 4, = z'Z}d 7 with M, as a limit. The truncated Rapoport-Zink spaces

Mg’d are not preserved by the actions of 7T}, and Frob, but one can think of the
action of T and Frob on M as arising from the action on the direct system.
More exactly, if p € Ty, let n(p) and d(p) be the smallest integer such that p™(¥)p
and p¥P)=(P) =1 are isogenies. Then the morhism p : M;, — M, induces by
restriction some morphisms

pr Mt Mt Ao g g,

which obviously commute with the natural inclusions. Also by restricting Frob
to Mg’d C My, we obtain a o-linear morphism

Frob : Mp? — My v, d.

12



We denote by M, (resp. /\;l;,“d) over [, the reduced fiber of M, (resp.,
./\/ll?’d for any n, d). Then M, uniformizes the isogeny classes of the abelian
varieties classified by S(®).

In the same way, starting with an isogeny class b € B(G) corresponding to
S», one can define the twisted Rapoport-Zink space Mj and the truncated
Rapoport-Zink spaces M’ Z’d, verifying the same proprieties as above.

We write Fr:Frg}(p for the absolute Frobenius. Then Frf is the morphism

Step — S, which sends the quadruple (A, A, i,7") to (A, )\(‘Z),i(‘Z),n7P(q)).
From proposition 9 of [M], and the description of S’ in §5, and of J; , in §7,
we obtain the following result:

Proposition 9.1. For any positive integers m,n,d,N,m > d and N > d/éf,
there exists some morphisms

TN Ty X Mt g sy,

such that

(1) Thysy = (Frf x 1) oy

(2) wy 0 @ =

(3) w0y =Ty

(4) T o p x p =7l for any p € Sy, provided that m > d + d(p) + e(p) and
N> (d+ d(p))/5f;

(5) who(Frob! x Frobf) = (1xal)orly for allm > d+1 and N > (d+1)/5f.

We now describe the fibers on the morphisms 7. If z is a point of 51 ® (Fp),
then for any N > Ny > d/df, we consider the fibers over x of the maps

Tyt g X M’Z’d —g® Xy Fp.
Using proposition 9.1 (1), we can identify
'y FNe) = 7l (B Nog),

As m varies, the sets 7'y (Fr/V z) form an inverse system under the projections
Q», and the corresponding limits are a direct system under the inclusions i, as
n, d vary. We define the fiber above x to be the set

' '(z) =lim  lim '3 (Fr/Va),
—nd* m
which is endowed with the topology of the direct limit of inverse limits of discrete
sets. Then from proposition 9.1 (4), we get that I’ _1(33) is also endowed with
continous action of Sy, and because of proposition 9.1 (5) and lemma 7.4, this
action extends uniquely to a continous action of the group T, =< S, p, fr® >.
We obtain (see propositions 10 and 11 of [M]):

Proposition 9.2. For any x € 51® (Fp), its fiber I'=Y(x) is a principle homo-
geneous space for the continuous action of T.

13



Proposition 9.3. For any positive integers m, n, d, N, m > d and N > d/df,
the morphism iy = J), 4, X M’Z’d 5™ F, is finite.

Let U’Z’d be the maximal open subspaces of M’} contained in M’Z’d, and

let U’Z’d be their reduced fibers. Then the sets U’g’d are an open cover of M/,
and thus for any sheaf F/ My, we have

H{(My, F) =lim  H(U},F), t>o0.

— n,d

Let 7y be the restrictions of the morphisms 7y to the subschemes Jé’m X
U’Z’d C Jpm X M’Z’d and let pr: Jy ,, X U_"Z’d — M}, be the projections to the
second factor. B

We denote by 7+ 7 = (¢7)"(") the projection Wg, — Gal(F,/k). If £ is a
torsion étale over §/(” x ]F‘p7 we define an action of the Weil group Wg, on £
to be the data of isomorphisms

T:(IxT)*L~=L, V7€eEWg,

such that 7ot = 7 7. Also, we call an action of the Weil group Wg, on a shea f
G over M’ the data of isomorphisms 7 : (Frob!)"(""G ~ G for all 7 € Wg
(1) > 0, such that 7o =7 7.

We obtain (see theorems 12 and 13 and corollary 14 of [M]):

v

Theorem 9.4. For any b € B(G) and KP = K, x K?1 C G(A}), let L be an

abelian torsion étale sheaf over S’(b) with torsion orders prime to p and endowed
with an action of the Weil group Wg,. Then there exists a Wg, -equivalent
spectral sequence

Eg’q = Hq(Tb,lim Hc(Jl;,m X U_v/g’d>ﬂ:’j\l£)) = H£)+q(s_/§2’ X FP"C)'

- m,n,d

For | # p a prime and an integer r > 1, we denote by H,(7}) the Hecke
algebra of T, with coefficients in Z/I"Z.

Theorem 9.5. For any b € B(G) and K? = Ky x K C G(AY), let L (resp. G)

be an étale sheaf of Z/pZ-modules over AR F, (resp. M) which is endowed
with an action of the Weil group Wg, .

Suppose there exists a system of Wg, -equivariant isomorphisms of étale
sheaves

. ~
{m'NL =~ PT*g}m,n,d,N,mzd,NZd/gf

which are compatible under the natural transaction maps induced by qp, iy, and
pESh.
Then there exists a Wg, -equivariant spectral sequence of 7 /1" Z-modules:

S{ A/ . r gy (b i
ErramgTOry ) (M, G). i HU(T, o Z/1E)) = HEV(S'i0) x By, L).
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If £ (resp. G) is the constant étale sheaf over 5 (resp., over M) associated
to Z/1"Z, then the hypothesis of theorem 9.5 is satisfies and thus we get:

Corollary 9.6. For any b € B(G) and K? = K, x K C G(A}), there exists
a Wg, -equivariant spectral sequence of Z/1" Z-modules:

rramgTorr(ry) (HL M ZIIL), HAT, v B/UZ)) = HEY(S'iy < By 21T,
where we write HY(Jy gp, Z/I"Z) = Tm_, ., HX(J} 1y 0 Z/I"Z) for all t > 0.

We remark that all the above results are proved for the varieties Sg» =
SKP(O)/OE“’ corresponding to K7(0) = KPK,,, where K, is a hyperspecial max-
imal compact of G(Q,) (more exactly K, is the stabilizer of the lattice A). For
any m > 0, one can define (see §6 of [M]) also the varieties Sk»(m) — Skr(0),
where K?(m) = KPK,,, and K,,, C K, is a congruence subgroup of level m
(i.e. K, is the stabilizer of the lattice A modulo p™, see [M] for details).
Also for any m > 0, one can define the Rapoport-Zink spaces of level m,
Mpm — My = Mpo. Moreover, this construction could be extended (see
86 of [M]), and for any

geG@y)" ={ge G(Qp”gil(A) C A} CG(Qy),

and for any m > e(g), where e(g) is some number which depends on g, one
can define the varieties Sgr(m)y — Skr(m) and the Rapoport-Zink spaces
My m,g — Mpm (for g € Kp, we have Sgr(m) g = Skrm) and My, =
Mp.m)-

As above for K? of the form K? = K, x KP4, one can define the twisted
varieties S }(p(mL 9 and the twisted Rapoport-Zink spaces M’y ,,, 4, and following
§6, 7 and 8 of [M], we obtain (see theorem 22 of [M]):

Theorem 9.7. There is an equality of virtual representations of the group
G(A}) x 1 x Wg

v

> (~1)"lim

q
= — KICG(A%)

= > Y ()" HMim

beB(G) 4,5,k>0 T UeE@)

where for all b € B(G) and i,j,k > 0, we write

Ht(s;(qxl{q X E, E’Ua@l)

1,5,k
gb,U )

ik _ _ . _ L
51;?] = El‘tlTb—smooth(Hg (Mlg,ll% XEnr E,, Ql(_D))v Hc (JI;,KQ ) @l))7
where D is the dimension of the Shimura varieties.

We remark that from §4, we know that variety Sk» is a disjoint union of
[ker!' (Q, G)|-copies of Sk. Also we have that the variety Jy fr . is a disjoint
union of [ker'(Q, G)|-copies of the corresponding varieties Jj K m, and thus all
the above results remain true if we replace St by Sk and Jj s, by Jp, ks
etc.
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