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Abstract

In this paper we compute and continue meromorphically to the entire
complex plane the zeta function of twisted modular curves. The twist
of the modular curves is done by a mod p representation of the absolute
Galois group.

2000 Mathematics subject classification: primary 11G18, 11R42, 11R65.

1 Introduction

In chapter 7 of his book [SH], Shimura computed the zeta function of modular
curves and modular abelian varieties by relating the Frobenius morphism with
the Hecke operators using some congruence relations. We use some of his ideas
to compute the zeta function of the curves that we define below. When the mod
p representation is associated to a rational elliptic curve, such a twisted modular
curve was defined and used in a paper by A. Wiles [W] (see the end of §2 below).
Let X (p)/Q be the modular curve of the principal congruence subgroup I'(p)
of SLy(Z) for a prime p > 7 (we do not consider 5 > p, since for these values,
the modular curve has genus 0), which is a geometrically disconnected curve
whose connected components are p — 1 copies of the half upper plane quotient
out by I'(p). Let X (p) be the smooth compactification of X (p). The curve X (p)
has an action of GLo(Z/pZ) as specified below (see §2.1). For a number field F'
we denote by G the Galois group Gal(Q/F). We consider a continuous Galois
representation p : Gg — GL2(Z/pZ), and let X'(p)/Q be the curve obtained
from X (p)/Q via twisting by p composed with the action of G Ly (Z/pZ) on X (p)
(see §1.2 for the definition of X’(p)).

Let f(p) be the adelic principal congruence subgroup of level p in GLa(Ay),
where Ay is the finite part of the adele ring Ag of Q. Let 7 = 7y ® 7
be a cuspidal automorphic representation of GL2(Ag), where m¢ and 7 are
representations of GL2(A ) and GL2(R), respectively. If K is an open compact
subgroup of GL2(Ay), let 7715 denote the space of K-fixed vectors of m;. One




can associate to a representation 7 an L-function L(s,n) which has an analytic
continuation to the entire complex plane as an entire function and satisfies a
functional equation: s <> 1 — s (see theorems 6.15 and 6.16 of [G]).

We fix an isomorphism j : Q; — C. Let pr; : Gg — GL2(Q), | prime,
[ # p be the two dimensional continuous Galois representation associated to the
cuspidal automorphic representation 7. Define L(s, pr 1) := [[, Lq(s), where

Ly(s) = det(1 — j(pr1(Frobg))lyraq=*) ",

and Frob, is a Frobenius element at ¢, I, is an inertia group at ¢ and V is the
space corresponding to p, ;. Then L(s, pr,;) has an analytic continuation to the
entire complex plane as an entire function and satisfies a functional equation
§ > 2 —s.

As Shimura proved, we have L(s — 1/2,m) = L(s, p,;). From the work of
Shimura and others (see theorems 7.11 and 7.13 of [SH]), we know that the

H'-part of the Hasse-Weil zeta functions of X (p) is given by:

L(s, X(p)) = [ L(s - 1/2,m) ™

where the cuspidal automorphic representations 7 which appear in the product

are of weight 2, satisfy W;(p ) # {0} and are cohomological, which means that
H(glh(R), SO5(R); 7o) # 0. Here, H'(gl2(R),SO2(R); ) is the Lie alge-
bra cohomology group with respect to gla(R) relative to the maximal compact
subgroup SO5(R). -

The group GLo(Z/pZ) acts on the modular curve X (p). The composition of
this action with p gives us an action of Gg on X (p). Taking complex points of
X (p) we get that G acts on X (p)(C) through this geometric action on X (p).
Thus Gg acts on H'(X(p),C). Using this commutativity of this action and of
the Hecke operators outside p, we obtain the representation ¢, o p of Gg on
L (@) (

see the beginning of §2.6 for the definition of @, ).
Let L(s, pr1 @ (¢r 0 p)) := [], L(s), where we denote

Ly (s) = det(1 — j(pa.1(Frobg)|y1, ® (¢ © p)(Froby)|yr,)g™) "

and U is the space corresponding to ¢, o p.

We have two curves X (p)/Q and the twisted one X’(p)/Q. Their jacobians
J and J' are identical over Q, but the Galois actions on .J and .J’ are different.
The difference is described by the representation ¢, o p. Then we go through
Shimura’s computation of the zeta function of X (p) modifying the Galois ac-
tion by ¢, o p and we obtain the first part of the following theorem (which
is a consequence of proposition 2.2 and multiplicity one for GL3) (see §2.6 for
details):

Theorem 1.1. We have L(s, X'(p)) =[], L(s, pr,1 @ (P 0 p)), where the cus-
pidal automorphic representations m's which appear in the product are of weight



2, satisfy wﬁ(”) # {0} and are cohomological. If the representation p factors
through the Galois group of a solvable extension of a totally real field (i.e. the
field K := (Q)*(®) is a solvable extension of a totally real field), then the
L-function L(s, X'(p)) has a meromorphic continuation to the entire complex
plane and satisfies a functional equation.

In this theorem L(s, X’(p)) represents the H!-part of the zeta function of
X'(p). The meromorphic continuation is done by combining the technique of
Artin-Brauer with a recent result of Taylor [T] and the GLy-base change for
cyclic extensions proven by Langlands [L]. We shall compute the L-function in

the following section and prove the meromorphic continuation in §3.

2 Computation of the zeta function

2.1 Known facts

Let us recall some known facts (see [H1] or [KM]) which will be used in the
proof of theorem 1.1. Let N be a positive integer with N > 2, S a scheme,
and E/S an elliptic curve over S. If N : E — E is the multiplication by
N, then the kernel of this morphism E[N]/S = ker[N] is a locally free group
scheme of rank N2 over S. A level N-structure is by definition a group scheme
isomorphism ¢ : (Z/NZ)?/S — E[N]/S. Let SCH be the category of schemes
and SETS be the category of sets. We consider the following functor ey :
SCH/Spec(Z[1/N]) — SETS:

en(S) =[(E,9)/S|E/S an elliptic curve, ¢ a level N structure],

where “[-]” means the set of isomorphism classes of the objects in the brackets.
Two structures (E,¢) and (E’,¢’) are isomorphic by ¢ : E — E’ if ¢ is an
isomorphism and po¢ = ¢’'. It is known that the functor € is representable over
Spec(Z[1/N]) by an affine curve X (N). There is a natural action of GLy(Z/NZ)
on ey which is given by (E,¢) — (E,¢og), if g € GL2(Z/NZ). The action
of =1 € GLy(Z/NZ) is trivial because —1 : E — E induces an isomorphism
(E,¢) = (E,¢o(—1)). Since ey is representable by X (N) over Spec(Z[1/N]),
the group GLy(Z/NZ) acts on X (N)/Spec(Z[1/N]).
It is known also that (see [KM], lemma 10.3.2):

Proposition 2.1. The group GLo(Z/NZ) acts on the compactified modular
curve X (N).

2.2 The twisted curve

We fix a continuous representation
p: Gog — GLy(Z/pZ)

where p is a prime number. Let K be the finite Galois extension of Q defined
by K = (Q)<0).



Suppose that a group G acts on an affine scheme X = Spec(R). Then G
determines an action on R. If we consider RY = {r € R|gr = r,Vg € G}, then
RY is a ring. We have that Spec(R%) = Spec(R)/G as a geometric quotient if
R/RY is étale (see proposition 1.8.4 of [H1]). If X is not affine and we can cover
X by affine schemes which are stable under G, we similarly obtain a geometric
quotient X/G.

Let

X' = X(p) Xspec(z(1 /pd)) SPec(Ox [1/pd]),
where Ok is the ring of integers of K, d is the discriminant of K/Q, and
Ok [1/pd] is the sub-ring of K in which pd is inverted. The group GLy(Z/pZ)
acts on X (p). Since p : Gal(K/Q) — GLs(Z/pZ), the group Gal(K/Q) acts
on X (p). The Galois group Gal(K/Q) has a natural action on Spec(Og[1/pd])
and we can descend via the quotient process X’ to X'(p)/Spec(Z[1/pd]) using
the diagonal action

Gal(K/Q) >0 — plo)®0c

on X’. Thus, we obtain a smooth projective curve X’(p)/Spec(Z[1/pd]). This is
the twisted curve that we mentioned in the title. If we do descend as above the
jacobian of X (p)/Spec(Z[1/pd]), we obtain the jacobian of X’ (p)/Spec(Z[1/pd]).

2.3 The zeta function for curves

We recall briefly the definition of the H'-part of the Hasse-Weil zeta function
of a smooth projective curve X over S = Spec(Z[1/N]) where N is a positive
integer. We hereafter call the H'-part, the zeta function of X for simplicity.
First let us consider F, the finite field of cardinality p and J/F, an abelian
variety. Let J[I"] := J[I"](F,) be the ["-torsion points for a prime number
[ # p. The Galois group Gal(F,/F,) acts on J[I"] for all natural numbers n and
taking the limit
Ti(J) = lim {17,

we get the Gal(F,/F,)-module T;(J). We write
o1+ Gal(Fy/F,) — GL(Ti(J))

for the resulting representation. Let L, (1) = det(1 — pi(¢,)T), where ¢, is the
Frobenius element o
Gal(F,/F,) 5 (x — aP).

The polynomial L,(T") € Z[T] does not depend on I.
Now, let X be a smooth proper curve over S = Spec(Z[1/N]), and J be the
jacobian of X. Then J is an abelian scheme over S = Spec(Z[1/N]). We denote

J(l) =J XSpeC(Z[l/N]) Spec(ﬂ?l),

for | prime, [ N. We define the zeta function of X over S = Spec(Z[1/N]) as
the product

L(s,X/S) = [[ L)~

N



Here the definition of the zeta function is given up to the factors at I|N.

2.4 The twisted Galois action on J

To simplify the notations we regard our curves X (p) and X'(p) as curves over
Spec(Q). Let J and J’ be the jacobians of X (p) and X’(p) respectively.

We obtained X’(p) from X (p) first tensoring by Spec(Ok[1/pd]) and then
making the diagonal quotient. The difference of the action of G on the Tate
modules T;(J) and T;(J') can be described in the following way: as Z;-modules,
we have T;(J) = T;(J'), but the Galois action is different. We write the Galois
action of o € Gg on T;(J) as x — x7. We want to describe the action of Gg on
T;(J') in terms of the action of Gg on T;(J) and

p: Gg — GLy(Z/pZ).
The Galois representation p composed with the action of GLo(Z/pZ) on X (p)
induces a representation

P Gg — Aut(Ty(J)).

Proposition 2.2. The action of o € Gg on Ti(J') is given by

z— p(0)z”.

Proof: Denote by p' : Gg — Aut(X(p)) be the composition of p : Gg —
GLo(Z/pZ) and of the action of GLo(Z/pZ) on X(p). Let W = X (p) Xspec(@)

Spec(Q). We have

W(Q) = Homgpee(g) (Spec(@), X (p)) x Homg(Q, Q).
An element 7 € Gg acts on W(Q) by

m(z,9) = (' (7)(x), g7 ),

where (z,¢9) € W(Q). This is the diagonal action on W(Q) that we use to do
descent. In this circumstance, we can realize the descent as a geometric quotient
of W by the action of Gg.

Since X'(p) is obtained from mxspec(@_)) Spec(K) by a twist of Gal(K/Q)-

action, we have

X(p) X Spec(Q) Spec(K) = X/(p) X Spec(Q) Spec(K).

Thus, we get X(p)(Q) = X'(p)(Q). Let u = [(z,1)] € X'(p)(Q) = X(p)(Q) be

a class of the quotient of W(Q), determined by the above action. The group

Gq acts through its arithmetic action on X (p)(Q) sending

u—u® =[(x,1)].



Then we describe the action of Gg on X’(p)(Q) in terms of the action of Gg on
X(p)(Q):

w— = [z, )] =

(@7, 0)] = [0 (' (0)27, D] = [(¢'(0)27, 1)] = p(0)[(27, 1)] = p/ (o),

where we attach a ’ to o to indicate when we refer to the action of Gg on

X'(p)(Q). _
Thus 0 € Gg acts on X/(p)(Q) by sending u — p'(0)u’. We explained

above the action of Gg on X'(p)(Q) in terms of the action of Gg on X (p)(Q).
We obtain the same result if we replace X (p) and X’(p) by their jacobians and
by their Tate modules. B

2.5 Complex points on the modular curve

‘We have:
X (p)(C) = GL2(Q)\GLa(Ag)/T'(p)SO2(R)R*

where Ag is the adele ring of Q and

[(p) = {x € GLy(Z)|x = 1(p)}

with Z = 11, Z,.

The group GLy(Z/pZ) acts on X (p)(C). This action can be described as
follows: GL2(Zy) — GL2(Ag) by ao— (1,...,a,1,...,1) (v is the p-component).
Using the isomorphism GLy(Z/pZ) = GLa(Z,)/T (), where

L(p)y = {z € GLa2(Zy)|z = 1(p)},
we get the action of g € GL2(Z,) on X(p)(C) which is given by the right

multiplication at the p-component.

2.6 The zeta function of the twisted curve

Let m = 7y ® T be a cuspidal automorphic representation of GL2(Ag), where
my and T are representations of GLo(Ay) and GLy(R), respectively. Let

Pr,l - GQ - GLQ(@I)?

| prime, | # p be the two dimensional continuous Galois representation associ-
ated to 7. If K is an open compact subgroup of GLy(Af), let wff denote the
space of K-fixed vectors of my.

By the work of Shimura and others we know that

LX(®).s) = [[ L(s - 1/2,m) ™



where the 7’s which appear in the product are of weight 2, satisfy 7r]1:(p ) # {0}
and are cohomological i.e. H!(gla(R), SO3(R); 7o) # 0.
_ We consider the decomposition of the cohomology with compact support of
X(p): )

HY(X(p),C) = & H"(gla(R), SO2(R); 7o) @ 1, 7,

where the 7’s which appear in the product are of weight 2, satisfy W;(p ) # {0}
and are cohomological. The space H'(gl2(R), SO3(R); T ) is a 2-dimensional
complex vector space. On each of the above summands, GLy(Z/pZ) acts throughlj
a representation of the form 1 ®' ¢!, where ¢, is the natural representation

of GLy(Z/pZ) on lej(p). The space H)(X(p),Q,) has a decomposition of the
same form as H!(X(p), C):

Helt(mv@l):@ﬂ'U ( )®Q ~F(P)’

where the 7’s which appear in the product are of weight 2, satisfy 7T]1:(p ) =+

0} and are cohomological, U= () is the Q;-space of dimension 2 and wr(p )
Q a f

is a Q-space. The group Gg acts on each summand of HL(X(p),Q,) by a
representation of the form tp;j ® 1. We denote by ¢, the representation on
ﬁjlﬁ(p) which corresponds to ¢r. Since HL(X(p),Q,) = T;(J)Y @z, Q, (here
T;(J)V is the dual space of Tj(J)) we obtain a decomposition of the same form
as above for V = T)(J) ®z, Q, and write V[r] (see the above decomposition) for
the m component. By the result of Shimura and the irreducibility of p,; (the
irreducibility of p,; is proved in §3.2) and multiplicity one of 7 combined, V]
is isomorphic to pr; ® ¢ as (Gg, GL2(Z/pZ))-module. For the twist J' of J
we put V' = Tj(J') ®z, Q;. Then by proposition 2.2 , the action of Gg on V'[r]
is given by pr; ® (Pr o p). Thus, we get

L(s, X’ HLsp,rl®(<p,rop))

™

Hence, we proved the following result, which is the first part of the theorem 1.1
in the introduction:

Proposition 2.3. The zeta function of the curve X'(p) which is obtained from
the compactified modular curve X (p) via twisting by a continuous Galois repre-
sentation p : Go — GL2(Z/pZ) composed with the natural action of GLy(Z/pZ)
on X(p) is equal to:

L(s,X"(p)) = [[ L(5, prit @ (@ © p))

T

where the ©’'s which appear in the product are of weight 2, with 71';(1’) # {0} and
are cohomological.



Remark 2.4. We computed the zeta function of X'(p) only up to Euler factors
at the prime numbers l|pd, where d is the discriminant of K/Q.

Remark 2.5. We can replace p and X (p) in the proof of the theorem 1.1 by an
arbitrary positive integer N and X(N) and obtain essentially the same result.

Actually we studied the twisted curves slightly different from those used in
[W] in order to treat the general p. The Galois representation p that Wiles used
in [W] comes from an elliptic curve over Q. Thus its action on Q((,) is given by
det p composed with the cyclotomic character (Z/pZ)* = Gal(Q(({,)/Q). Hence
the action coincides with the action of GLo(Z/pZ) C Aut(X (p)) on Q((p); so, we
can actually make quotient of X (p) ®spec(q(c,)) SPec(K) by the diagonal action.
The new curve thus obtained, slightly different from the one we studied, is the
curve Wiles used whose zeta function can be computed in the same manner as
we described.

3 Meromorphic continuation

In this section we prove that the zeta function L(s, X'(p)) can be continued
meromorphically to the entire complex plane and satisfies a functional equation.
Since

L<S7X/(p)) = HL(Svpfr,l Y (9571' © p))a

it is sufficient to continue meromorphically the function L(s, p; ® w), where p,
is the Galois representation

pr: Gg — GL2(Q;) = GL2(C),

[ prime, | # p associated to a cuspidal automorphic representation m of weight
2, with wJE(p) # {0} and w : Gg — GLy(C) is an Artin representation.

Let Q5 := Q(a(q)|g prime, ¢ t Ip), where a(q) := Tr(p;(Froby)) if g { Ip, and
Frob, is the Frobenius element at ¢ (p; is unramified outside lp). If we change
the prime [, then we obtain also the value of a(l). It is known that Q; is a finite
extension of Q. The field @ is the minimal field of rationality of 7. Let O be
the integer ring of @ and Oy the [ completion of Oy for a prime factor [ of [ in
Q. Then, p; : Gg — GL2(0y) is continuous, unramified outside Ip and satisfies
Tr(pi(Froby)) = a(q) and det(p;(Frob,)) = €(g)q for ¢ prime , g { Ip, where €
is a Dirichlet character. Strictly speaking, we should have written p instead of
p1, but we keep the symbol p; to simplify our notation. We say that m is of CM
type if the associated representation p; is an induced from a Galois character of
G for a quadratic imaginary extension M/Q.

Define K := QKer(w),

3.1 CM case

First we consider the case when 7 is of CM type. By the work of Langlands
and Jacquet (see theorem 7.4 of [G]) for any number field F, one can find an



automorphic representation ¢ of GLy(Ag) and a place A of the minimal field of
rationality of ¢ above I such that p, \ = pi|e,. We take the number field E to
be a Galois extension of Q which contains K.

By Brauer’s theorem (see theorems 16 and 19 of [SE]), we can find some fields
F; C E such that Gal(E/F;) are solvable and some characters x; : Gal(E/F;) —
C* and some integers m; such that the representation

w: Gal(E/Q) — Gal(K/Q) — GLn(C),
can be written as -
w= ZmiIndggv Xis
i=1

as a virtual sum. We denote also by x; the corresponding character of Afﬂi JES
by class field theory. We know (see [L], lemma 11.6) that there is a cuspidal
automorphic representation ¢; of GLy(Af,) and a prime A; above [ such that
pilGr, = Po; .- Then we have

i=k
L(s.pp@w) = [ ] Lis, @ Indgd xa)™ =
i=1
i=k i=k
G e -
11 L(s,Indg (pilar, © xi))™ T1ZGs—1/2,0: ® xi o det)™

=1 i=1

which is a product of L-functions that have a meromorphic continuation to the
entire complex plane and satisfy a functional equation. Thus L(s, p; ®w) can be
meromorphically continued to the entire complex plane when 7 is of CM type.

3.2 Solvable extension of a totally real field and non-CM
case

We consider the case when K/Q is a solvable extension of a totally real field
F and 7 is not of CM type. We prove in this case that L(s,p; ® w) has a
meromorphic continuation and satisfies a functional equation. Let ¢; be the I-
adic cyclotomic character: ¢ : Gy — Z; for [ a prime number and M a number
field. We want to use the following theorem of R. Taylor (this statement is a
combination of theorem 1.6 and Corollary 1.7 of [T]):

Theorem 3.1 (R.Taylor). Suppose that | is an odd prime and that k/F; is a
finite extension. Let F be a totally real field and p’ : G — GLy(k) a continuous
representation. Suppose that the following conditions hold:

1. the representation p’ is irreducible,

2. for every place v of F' above | we have

’ ~ €1Xv,1 *
P |G'U = < 0 Xv,2>



where G, is the decomposition group above v,
3. for every complex conjugation ¢, we have detp’(c) = —1.
Then there exists a finite Galois totally real extension E/F in which every
prime of F' above | splits completely, a cuspidal automorphic representation ¢
of GLa(Ag) and a place X' of the minimal field of rationality of ¢ above I such
that py ' = p'lGy, where pyx : Gg — GLa(My) is the continuous irreducible
representation associated to ¢, the field M is the minimal field of rationality of
@ and py x is the reduction of py x» modulo N'.

Moreover, if p'(I,/) does not consist of scalar matrices for every place v’ of E
above 1 (I, is the inertia group at v'), then the representation ¢ can be chosen

such that
~ Mo’ 1 *
P, A |G,U/ - < 0 Uv',2>

where G is the decomposition group above v' and the characters piy 1 and i,y 2
are the lifts of €;xy1 and Xy 2 respectively, if v’ divides v.

One can prove that the field F which appears in the above theorem can be
taken to be Galois over Q by the following argument. By a M-HBAV over a
field E we mean a triple (A, 1, j), where
1. A/E is an abelian variety of dimension [M : Q],

2. 9: Oy — End(A/E) (algebra homomorphism which takes 1 to identity),
3. j is an isomorphism of ordered invertible Op-modules (see the page 133 of
[T] for details).

In his paper (see the page 136 of [T]), Taylor finds a prime p, a totally real
field M, a totally real extension E/F in which p splits completely, a quadratic ex-
tension L/F in which every place above [ and p splits and a M-HBAV (4,4, j)/E
such that the representation of Gg on A[)] is equivalent to p’|g,,, and the repre-
sentation of G on A[p] is equivalent to Indgf |G for some character ¢ of G.
Here A and p are primes of M over [ and p (then he uses theorem 5.1 of [SW],
i.e. theorem 3.6 below, to prove theorem 3.1). Taking the Galois closure E9%
of E, the prime p also splits completely in E9% and the above proprieties are
satisfied for M-HBAV (A, i, j)/E9. Thus we obtain the result that we wanted.

We shall now verify the conditions of theorem 3.1 for some prime number [
and p’ := pi|g,. We remark that in order to find a M-HBAV (A, 1, j) as above,
in [T] it was assumed that the image of the representation p’ is not solvable,
but using proposition 3.5 below, we can assume this fact.

For [ rational prime we say that 7 is l-ordinary if a(l) is a unit in O;. We
have the following result (see proposition 2.2 of [F]):

Proposition 3.2 (Serre). Any cuspidal automorphic representation m of weight
2 as above is l-ordinary for a set of primes of density 1.

Using the same notations as above, we know by the work of Deligne, Mazur
and Wiles the following result (see theorem 3.26 of [H2]):

10



Theorem 3.3 (Deligne, Mazur-Wiles). If a(l) is a unit in Oy for a prime factor

[ of I, then
| ~ 6152 *
PG, = 0 51

where Gy is the decomposition group at l, 6o and 61 are finite order characters,
and the character 01 is unramified.

We remark that we can use proposition 3.2 to find a prime [ and a prime
ideal [, such that a(l) is a unit in O;. Thus, the conditions of theorem 3.3 are
satisfied and we can choose I such that pj|g, satisfies the condition 2 of the
theorem 3.1. Also, it is known that detp;(c) = —1, so we have detp;|c,(c) = —1
for all the complex conjugations c, thus the condition 3 of the theorem 3.1 is
satisfied.

We now verify the condition 1 of theorem 3.1 i.e. the irreducibility of p;|c .

Let F;» be the residue field of Oy mod the maximal ideal and p; be the
reduction of p; : Gg — GL2(Oy). By a nice result of Ribet (see §4 of [R]) we
have:

Proposition 3.4 (K. Ribet). For all but finite I, the representation p; is full if
7 is not of CM type, i.e. SLa(F;) C pi(Go).-

Actually Ribet proved a slightly stronger result concerning SLs(F;s) for an
explicit 0 < s < r. Thus we can choose an odd prime [ such that SLy(F;) C
p1(Gg). We prove the following result:

Proposition 3.5. For all but finite I, the representation p;|c, s full and hence
irreducible for any totally real extension E/F.

Proof: By using proposition 3.4 we may assume that [ is odd and that
SLy(F)) C pi(Gg). For any = € Gg, wcx™! fixes E, because F is totally real.
Since im(p;) contains SLy(F;), we have that im(p;|g,) contains all the SLq(F;)
conjugates of p;(c). We can choose a basis for p; such that p;(c) is the diagonal

a b

matrix with diagonal entries 1 and —1. Let <c d) € SLy(F;). Then we

-1
a b 1 0 a b a b 1 0 d b

have that <c d) <O —1><c d) (c d> (0 —1) (—c a>
ad + bc —2ab

2cd —bc — da

1 2 . 1 —2b 1 0 1 -2b
(O 1) € im(p|g ). Thus, we have (O 1) (O 1) = (O 1 > €

im(p;|lg,). Since 2 is invertible in F; and b is an arbitrary element of Fy,

€ im(pi|lgy). For a = d =1 and ¢ = 0 we get that

we get that im(p;|¢,) contains all the elements of the form (01 _61) with

e € F. Fora=d=1andb =0 we get (21: _01> € im(pi|g,). Thus,

11



1 0 1 0 1 0 . . L
(20 _1> (0 _1> = (20 1) € im(pilg,) and we obtain that im(p;|¢,)

contains all the elements of the form (; (1)) for f € F;. But the elements

0 1 1

pilg is irreducible. W

So we proved that we can find [ such that p;|g, is irreducible and satisfies
the conditions 2 and 3 of the theorem 3.1. We fix an [ which satisfies these
proprieties. Thus, we can conclude using theorem 3.1, that there exists a Galois
totally real extension E of @, which contains F', a cuspidal automorphic repre-
sentation ¢’ of GLy(Ag) and a place X of the field of coefficients of ¢’ above [
such that pur v = pila -

Now we use the following result (this is theorem 5.1 of [SW]):

Theorem 3.6. Let F be a totally real number field and let p : Gal(F/F) —
GL2(Q)) be a representation satisfying:

. p is continuous and irreducible,

. p is unramified at all but a finite number of finite places,

. det p(c) = —1 for all complex conjugations c,

. det p = e, where 1 is a character of finite order,

~J wz * ;-
pDi:(Ol wé fwlth’(/}Q
are decomposition groups at the places vy,...,vs of F dividing I, and I; C D;
are inertia groups,

i
6. p is irreducible and p|p, = ()61 ;2), i =1,....t, with xi # x5 and

< L e> and (; 0> with e, f € F; generate SLy(F)), so pi|c, is full. Thus,

> B WO DO~

1, having finite order, where D;, fori=1,...,t

X5 =14 mod A,
7. there exists an automorphic representation wy of GLa(Ar) and a prime Ao
of the field of coefficients of my above | such that pry.x, = p and pry r
7

<¢1 *i>,i—1,...,t, and x4 = ¢% mod .

0 ¢
Then we have p = pr , for some automorphic representation ™ and some prime
A1 of the field of coefficients of m above .

~
D; —

Now we show that the representation p;|g, satisfies all the conditions of
the theorem 3.6: the representation p;|g, is irreducible, since we have chosen
I so that pj|g, is irreducible; the conditions 1, 2, 3, 4 are satisfied (see the
beginning of §2); the condition 5 is proved by theorem 3.3 out of our choice of
I; the condition 6 is satisfied also (for a big [), since we proved that pj|g, is
irreducible by our choice of I and (using the notations of the theorem 3.3) we
have €02 mod X\ # §; mod A for [ sufficiently large, since d5 is a finite character
independent of  and ¢;(I;) increases linearly with I, while ¢; is unramified; the
condition 7 is satisfied by theorem 3.1 by our choice of [. Thus we can choose [
such that all the conditions of theorem 3.6 are satisfied.

Hence we can apply theorem 3.6 to find an automorphic representation ¢ of
GLy(Ag) and a place X of the field of coefficients of ¢ above [ such that p, ) =
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pilgs- The field K is a solvable extension of F, so the field K'F is a solvable
extension of E. By Langlands base change for Galois cyclic extensions (see
proposition 11.5 of [L]), we get an automorphic representation ¢” of GLa(Axg)
and a place A" of the field of the coefficients of ¢ above A such that p,» yv =
pl|GKE'

Thus we proved the following theorem, which is a combination of the above
discussion and the beginning of §3.1:

Theorem 3.7. If 7 is a cuspidal automorphic representation of GL2(Ag), of
weight 2 and K 1is a solvable extension of a totally real field, then there is a
solvable extension of a totally real field K' which contains K, and K’ is Galois
over Q, and an automorphic representation " of GLy(Ak/) and a prime A" of
the field of coefficients of ¢" above I such that pr |, = por .

In order to prove the meromorphic continuation of L(s, p; ® w) we can use
the same method as in §3.1. To find ¢; as in §3.1 out of ¢” (in §3.1 the
representation was ¢), we use the result of Langlands (see lemma 11.6 of [L])
that ¢” descends to ¢;, because K E/F; is a solvable extension. We deduce that
L(s,p; ®w) can be meromorphically continued to the entire complex plane and
satisfies a functional equation when K is solvable extension of a totally real field
and 7 is not of CM type.

Combining this section where we treated the non-CM type case and §3.1,
where we treated the CM type case, we can conclude in particular that when
the field K is a solvable extension of a totally real field, the function L(s, X'(p))
has a meromorphic continuation to the entire complex plane and satisfies a
functional equation. Thus, we proved the second part of theorem 1.1.
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