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Introduction

In this paper we enhance upon a result obtained by Dixmier and Malliavin in
their paper [1]. There they prove the following result (with notation modified
from the original for better clarity in what follows):

Theorem 1 (Factorization) Let G be a Lie group, V a neighbourhood of the
identity in G, and uw € D(G). Then u is a finite sum of functions of the form
vy * Vg, where v1,v9 € D(G), supp(vi) CV, supp(ve) C supp(u).

The theorem we prove is

Theorem 2 (Continuous Factorization) Let G be a Lie group, V a neigh-
bourhood of the identity in G, and u € D(G). Then u is a finite sum of functions
of the form vy * vy, where vy, v € D(G), supp(vy) C V', supp(vs) C supp(u), and
where vy and vy depend continuously on w in the space D(G).

This result can be translated to a useful result concerning a continuous rep-
resentation of G on a complete metrizable space (see [1]). A different, weaker
statement with a similar purpose has been recently used in [2]. For the origins
of the related Theoreml the reader can also consult [3] and [4]. A reference
for notation and standard facts from functional analysis is [5]. I wish to thank
Prof. Jacquet who suggested the problem and whose remarks and advice I greatly
appreciate.

To recall, the space D(R) consists of the infinitely differentiable functions with
compact support and with bounded derivatives of all orders. We note that con-
vergence in D(R) means the following: the sequence of functions ¢, ¢o, ..., ¢y, . ..
converges to a function ¢ iff all the ¢; have support inside a fixed compact set and



for any k, given € > 0, there exits L, such that for [ > L we have | D¥¢;— D*¢| < €
(here D* denotes the k-th derrivative). Thus continuous dependence D(R) can
be determined by this concept for convergence. More generally one considers the
space D(G) for any differentiable manifold G.

The construction in [1] is such that the number of terms in the factorization
is bounded by a constant depending only on the dimension of G.

Preliminary construction

As in [1] consider a real function ¢(z) where
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o) =[J(+53), (1)
k=0 k
and \g, A1, ... are a subsequence of (1,2,...,2% ...). This function can be ex-

tended to an entire function on C, and if we denote 1/¢ by x(z), then x is a
meromorphic function with simple poles which decreases faster than 1 over any
polynomial. Calculations in [1] show that the Fourier transform
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Y = / e ""ydx (2)

is a Schwartz function, ¢ € S(R), and thus x € S(R). Furthermore the following
estimate is obtained for € > 0 independently of the sequence \
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Now we give a new, stronger, version of the key Lemma 1 used in [1]:
Lemma 1 Let (By, 31, .., ) be a sequence of positive numbers. Then there exists

a sequence of positive numbers (Yo, V1, - . .) and functions g € D(R), h € D(R) of
support inside [e, —e| for any given € > 0 such that:

(i) Y < B forn >1

(i) 38 _o(=1)" 6% % g — d+ h in E'(R) as p — +00

(iii) The sequences v so produced satisfy the following additional condition.
Say that for the sequence 3 = (B, B1,...) we have a sequence of sequences (3':

(' = (3. 81,0, = (F.0..)...)

which converge pointwise to (3, i.e. given N € Z and given € > 0 there exists L
such that for | > L we have

18— B;| < € foralli <N and all | > L.
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Then if we denote by ~' the sequence corresponding to 3' produced by (i) and (ii)
the sequences 7' converge pointwise to v in the above sense.

(iv) If the sequences (3° converge to 3 as in (iii) and hy, g, correspond to (3
while g, h correspond to 3, then the sequences h; and g; converge to h and g
respectively in D(R).

Proof of Lemma This is modelled after the proof in [1]; however a number
of additional constructions have been made in order to achieve the last two con-
ditions. Fix a function w € D(R) which is even, equal to 1 on [—2,2], and with
support contained in [—3, 3], and denote g = Yw where 1) is as in (2). (Note that
for any € > 0 by an appropriate alternative choice of w we can assure that g has
support in [—e€, €]; the choice of support will not affect further statements.) From
(3) there exists a sequence (P, Py,...) of positive numbers such that indepen-
dently of the sequence A (as in (1)) we have

d"w

SUPy21|d_yn’ < P (4)

We will inductively and explicitly construct numbers yg' in the following man-
ner. Let 74 = 1. Then consider the finite product

(4 5) (4 o) = o of
)\% c. )\i_l Tn

n>0

Denote
1 1 1

- 1 5)
P2n’ n2P2n+17 ’ n2P2n+n’ ) ( )
Suppose that a choice of (A, A, ..., A\r_1) has been made such that for all n <
k — 1 we have in the above finite sum

Cn = an(ﬁna n2

Yl < O, foralln <k —1.

At the next k™ step we want to choose \; so that for the new finite sum we

similarly have
vk < C, forall n < k. (6)

Since we have 1
Yo =371 T
k

the above requirement means

1

F’yﬁj < C, —~*1 or since by induction C,, > "1,
k
s ol <k 7
P> G it oralln <k. (7)



Make the following explicit choice for A\g: it is the smallest number in the se-
quence (1,2,...,2% ...) which satisfies (7) and is greater than A\;_;. This choice
can clearly can be made and it constitutes our explicit inductive construction.
Visually we obtain the following diagram.

1
N

1 o
NN

1 o4 V3
NN LN

1 v 73 73

If we now consider the limit

k
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from the uniform convergence of the left hand and the Taylor expansion we
conclude that the numbers in the n® column of the diagram tend to a limit and
this limit is precisely the coefficient +,, on the left hand side of (8). So our diagram
has the form:

1
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1 N
NN
1 041 v3
NN N
1 01 V3 73 fig. 1
[ R
1 T Yoo

(i) The condition is satisfied by construction because (5) and taking limit in
(6) imply that
1 1 1

B LD R B )
n P2n n P2n+1 n P2n+n

1) 9)

Yn < inf (B,

(ii) To construct the function h we consider the functions
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n=0




with support in [—3,3]. We show these functions converge in &'(R) to a distri-
bution d + h where h € D(R). It is sufficient to look at the restrictions of 6, on
(—2,2),(1,4), (3, +00). First 6, = 0 in (3, 400).

We show that in (—2,2)

Opi(—22) = O _(=1)" 1 onE *1)|(~2,2),

converges to 0 in D'(R). This is because in (—2,2) g = ¢ and by construction in
(1) for all x € R one has

p
0< () ma™)x(x) <1, and
n=0

(D e x(z) =1.
n=0
Therefore (3°7_ vn2**)x(z) — 1 in §'(R) for p — oo, so
- n 2n 6(2n) : /
(Z(—l) Yn )(27)% * 1) — ¢ in §'(R) when p — +o0.

n=0

Finally considering (1,4) we see that for y > 1 due to (9), (4), and (3)

5(2n+k) 1
h/nW *x gl < VnPonyr < 2 for n > k, (11)
so the sum
> . §52n)
J— n TL— *
;( )" Gy * 9

converges to the desired limit h in £((1,4)) because (11) ensures that termwise
differentiation preserves absolute convergence.

Before we proceed note that by this construction the support of h will be
included in that of ¢ (so it will also be arbitrarily small).

(iii) Consider the sequences ' from the condition: for each of these our con-
struction produces an inductive diagram as the one in fig.1 in which we denote
the dependence on [ by an upper left index:
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We will now need two facts: first the table stabilizes as [ increases (Claim 1),
and second the columns converge uniformly in [ (Claim 2).

Claim 1 With the above notation for a fixred n and a given K we can choose L
such that for | > L we have

lvﬁ = vﬁ forall k < K.

Proof We proceed inductively. Suppose we achieved this for K-1 with some L'
forn =0,1,..., K —1. Then the tables for 8 and 3%’ coincide up to the (K —1)*
row. But then notice that choosing the K row is equivalent to choosing A\,
and that choice will be different for 8 and 3 (I > L) only due to the difference
between C,, and 'C,, which is in turn either zero or equal to difference between
B3, and !3,. That last difference by our assumption can be made arbitrarily small
if we choose L big enough, so clearly since our choice of A\i is discrete we can
arrange L big enough so that A\x =' A\ for { > L. This proves the claim. [J

Claim 2 With the above notation for a given n and given € > 0 we can choose
K, so that for all | we have

Iy — 4| < € fori> K.

Proof Notice that by construction

1! 1
L.k k—1 kl l lkl I k—1
Tn = )\2 Tn— l+ <ﬁc -1t " 22k + M

since '/C,,_; < 1. So at each step going down a column the next term is bigger
at most by 53 (and notice that the sequence in the column is increasing). Then
choose K so that

o0

1
Zﬁ<€

1=K



This guarantees that
'y, =t i < efori > K,

which is proves the calim. [J
Suppose now that as in the condition (iii) we are given a positive N € Z, and
a real € > 0. We combine the results of Claim 1 and Claim 2. From Claim 2 it
follows that for a fixed [ we can choose K large enough so that
'y, — '] < €/2 for i > K and for all n < N.
Now with this choice of K, from Claim 1 we can choose L large enough so that

for [ > L we have
byf = Ak for all k < K.

This implies that now we have a statement independent of [, i.e.
'y =i < €e/2fori>K,n<N, andall | > L
and so
'Y = Ynl = 'y — l’yff +l7ff — Tl <€/2+€/2=€eforn <N, and all |l > L,

which completes the proof of (iii).

(iv) Consider first the function g. By construction ¢ = wi where w is a
fixed function. So the problem is reduced to showing that the sequence {u,;}
corresponding to {3} converges to ¢ (which corresponds to 3). As in (1) and
(2) we also have corresponding sequences {¢;} and {x;} which are needed in the
construction of the {;}.

Say we are given a number ¢ > 0, and a number ¢ > 0. On the interval [—a, a]
we consider the difference

6(z) — i) = [ D ™ =Y yaa™.
n=0 n=0

Since it is bounded independently of [ by an uniformly convergent sequence on
[-a,a] we can choose N so that

| Z(%x% —ly®™)| < €/2 for x € [—a,a] and all [.
n>N

Because the {7} satisfy condition (iii) of the Lemma we can also choose L such
that

N
|Z(%x2” —ly ™) < €/2 for ¥ € [~a,a] and all [ > L.
n=0



These two observations imply that for [ > L we have
|o(z) — ¢i(z)| < € when z € [—a,al.

Now we observe that

o L1 6@ =)
x@) - x@) =155~ 55! = e

since for all  ¢(x) > 1 and ¢;(x) > 1. This allows us to conclude that with the
same choice of L we get

| < [o(x) — du(2)]

Ix(z) — xu(z)| < eforl > L and = € [—a,al. (12)

Now fix k and given € > 0 consider the difference ( here D* is the k' deriva-
tive)

+oo
D) = DRyl = 1D* [ (o) ~ (e
e k_2mi e k
=1 [ emnemina) < ata)dal < [ I(ma) (x(a) = ula) e
Notice that for z > 1
1 1
— < d
x() L+ a2+ .oy t2 40 a2t a
1 1
xi(r) = < .
T+ Iya? + . by a2k t2 0 Ly 2k 2
Then
1 1 1 1 1 1 1
x) — T)| < + < + -
x(@) = (@) w2k +2 ( Vk+1 | MYt ) $2k+2< ‘7k+1 | Vel Ve

1 1

Vi1 l’wc+1‘ < liorl>1I,
because v,11 > 0 is fixed and the function 1/vy is continuous for y > 0). This
Vk+ Yy Yy

implies that because of absolute convergence of the integral we can choose a > 0
such that for [ > L, (with C' independent of [)

But now by the Lemma we can choose L so that |

[ rnf e < sl < [ lenftetpoia = (3)

|z|>a lz|>a

e
:/| |(27) xk+2|dx<(—:/2
x|>a



Now making use of (12) we can choose Lo such that for [ > Ly and z € [—a,
we have |x(z) — xi(x)] < €, where ¢ < (/ ¢ which will imply that

+a
| / (2m2) e (y () — xa(x))dz| < /2 for | > Ly, (14)
Thus (13) and (14) imply that for [ > max(Lq, Lo)

[D*3(y) — D*a(y)] = | /_ ) (2m2)* e (x(2) — xa())dz| < ¢/2+¢/2 =,

which is what we wanted to prove.
Lastly we consider the function h. From the results obtained for (10) we have
that by construction h is

o0

h(x) = Z(—w"%@%wg(m)

n=0 7T> "

and the sum can be differentiated any number of times by (11). So if we fix k,
and let € > 0 then we will have

[e.9]

1

[D*h — D] = | D Z anDQ"g DED (1) (g D0l =
= n=0
_ | Z (27T - (%DM%Q . l,YnDQnJrkgl)l
n=0

1) Since by (11) the above sum is bounded by an absolutely convergent series
uniformly in [, we can choose N such that for all [

D2n+kg _ l’YnDZHkgz)! < 6/2

n>N

2) We now need to consider the front end of the series which is less than:

N
‘ Z(VnD2n+k9 . l’ynDZ"+kgl)\.

Choose a number €; < ;5. Because (iii) is satisfied we can choose L; such that
|l% —Yu| =< €/2 for n < N, and all [ > L;.

Also choose €3 < m for n < N; from the just proved convergence of the

{g:} it follows that we can choose L > L; such that for n < N

|D?tkg — D g | < e for | > L.
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With these choices we have

Y = Y + 01 where |61] < €1,

D2n+kg = D2n+kgl + 52 where |52| < €9.

This then means that for [ > L

N
1> (D> g — 1y, D))
n=0

N
_ |Z(7nD2n+kg _ ,ynDQn—i-kg o 51D2n+kg _ 52771 o 5152” <
n=0

N N N
1> 0D [+ 1 byl 1D 610a] <
n=0 n=0 n=0

€ € € €
< N——=4+N_—+N—<—
- 6N+ 6N+ 6N — 2

From 1) and 2) it follows that for [ > L

IN

= 1
D*h — D*Iy| =
’ l| Z (27’(’)2”

n=0

(’ynDZ"Jrkg—l”ynDQ"Mgz)! < 6/2+€/2:€,

which is what we wanted to prove.
This completes the proof of the Lemma 2. [J

Proof of Continuous Factorization

For convenience we restate the result:

Theorem 3 (Continuous Factorization) Let G be a Lie group, V a neigh-
bourhood of the identity in G, and uw € D(G). Then u is a finite sum of functions
of the form vy * vy, where vy, v € D(G), supp(v1) C V', supp(vs) C supp(u), and
where vy and ve depend continuously on u in the space D(G).

Proof We first consider the special case when G = R. The desired choice is
achieved by choosing a sequence 3 = (0, 51, - - ., Bn, - - .) in the following manner:

1 1 1 1

=i L 1 15
& mf(Q” 2" Moy, 2" Moy iy 2" Mop i, ) (15)

where M), denotes supg|D*u| (and D¥ is the k' derivative). From the Lemma we
get a corresponding choice of a sequence v the members of which satisfy v, < 3,,

and
p

Z(—l)”yné(%) xg— 0+ hin & (R) when p — oo, or

n=0
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p
g * Z(—l)”7n5(2") *xu — u~+ h*uin &(R) when p — oo. (16)
n=0

Now notice that by the choice (15)

< n n - n > 1 > 1
A= 1Mo (1 D )| < 3 Dl < 3 Lo Mol < 3 5 < oo
n=0 n=0 n—=0 n =0

Therefore f € D(R), and from (16) we obtain the decomposition
u=gxf—hxu.

Now suppose that u; are a sequnce of functions converging to u. With the
choice (15) it is easy to see that the sequences 3' converge pointwise to the
sequence (3 (in the sense of (iii) in the Lemma). In turn (iii) of the Lemma
implies pointwise convergence of the corresponding sequences +!. Finally, (iv)
implies that g and h depend continuously on u in D(R).

So it remains to consider f. But from the expression for f it follows that the
argument which we used for ¢ in the proof of the Lemma can be used in this case,
too. Namely:

1) Using (15) we see that independently of

| Z;X:z-i-k<3n (%D%Jrku - I%D%Jrkul” <

[e.9] o0

2n+k l 2n+k
< Z | D*" | + Z "y D* Ry | <
2n+k<3n 2n+k<3n
= 1 =~ 1
< oy Lty L
2n+k<3n 2n+k<3n

so we can choose N such that

[ D (D =y, Do) < e/2.

n>N

2) We now need to consider the front end

N
| Z(,YHDQn-i-ku o l’YnD2n+kU1)|-
n=0

Here exactly as for g we get that for [ > L
N
1> (D> =y, D )| < €/2.
n=0
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Combining 1) and 2) we get the desired result, i.e. that f depends continu-
ously on u.
This completes the argument for G = R.

Now consider the case of any lie group G. The construction generalizes the
one for G = R. If z1,x9,...,2,, is a basis for the Lie algebra of G' then the map
¢

(t1,t2, ..y tm) — (exptizy)(exptaxa) . .. (eXP lynTm)

when restriced to (—1,1)™ in R™ is a diffeomorphism to an open neighbourhood
Q) of G. Let o be a left Haar measure on G and ogq its restriction to €. If
(w1, wy, ...) is a basis for the enveloping algebra W of the Lie algebra of G then
if w e W, wxu defines a differential operator D,,(u). Now denote

SUD e Wi * 73" x u(s)| = Map,;.
As before choose positive ([, (1, .. .) such that

1 1 1 1
ﬁn:inf(_7 ) PR a]-)
202" Moy 1" 2" Moy, o 2" Moy, 1,

(17)

Then the Lemma as before produces a corresponding sequence (fo, (1, .. .).
As for R we obtain functions g and h such that

p
Z(—l)"%é(%) xg— 0+ hin &(R) when p — oo.

n=0

The map t; — exptiz; transforms the measures g(¢;)dtq, h(t1)dt; on R into
measures 1, on G and

p

p
o Yy (1) " =Y (1) gt k= G+ v
n=0

n=0

in £'(G) when p — 4o00. Therefore
P
U * Z(—l)"%x%n *U— U+ V*U
n=0

in £'(G) when p — +o0. But due to (17)

o0

(=) padtku = f (18)

n=0

where f is in D(G). Thus
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u=pxf—v*u (19)

Now let u; be a sequence converging to u in D(G). Then the sequences (3
converge to  pointwise and by the Lemma as before the fucntions g; and My
converge to g and h in D(R) or g and h depend continuously on u. We also
notice that exactly as in the case G = R for any ¢ > 0 for [ large enough

| Do [ — Dy, fil = | Z((—l)"%wk * 2" Hw) — (= 1) pwy * 23"k wy)| < e
n=0

This establishes that f depends continuously on u in D(G). Now from
(19) it follows that u is a sum of two functions of the form & x n where 1 €
D(G) with supp(n) € supp(u) and £ is the image of a measure s(t1)dt; on R
with s € D(R) and supp(s) € [—¢, €] where the functions s(¢) and n depend
continuously on w.

Applying iteratively this argument for all the m elements of the Lie algebra
we obtain that u is a finite sum of functions of the form & x& % ... % &, xn where
n € D(G) with supp(n) € supp(u) and &; is the image of a measure s;(t1)dt; on
R with s; € D(R) and supp(s;) € [—¢,¢€|. Also s; and n depend continuously on
u.

Now & % &+ ... x &y, is the image of { ® & ® ... ® &, under the product map
G xGxG...x G — G and therefore & x & x ... % &, is the image under ( of
the measure

51(t1>52(t2) e Sm(tm)dtldtg Ce dtm

on R™. The function s;(t1)s2(t2) . . . Sm(tm) is in D(R) with support in [—e, €] and
depends continuously on u as a product of functions which depend continuously
on u. Since the image of the restriction dt,dt, . .. dt,,|x,1y= is the product of oq
and a function in () & x & * ... x &, is the product of o and function in D(G)
continuously depending on u. For € sufficiently small this finction has support in

V.

References

[1] Dixmier, J. Malliavin, P. (1978). Factorisations de Fonctions et de Vecteurs
Indefiniment Differentiables Bull. Des Sciences Math. 2e serie, tome 102
p. 305-330.

[2] Cogdell J. W. Piatetski-Schapiro, I.I. (2001/2) Remarks on Rankin-Selberg
Convolutions, to appear

13



[3] Ehrenpries L. (1960) Solutions of Some Problems of Division. Part IV. Amer-
wcan Journal of Mathemaics Vol 82, Issue 3, 522-588.

[4] Rubel L.A., Squires W.A., Taylor B.A. Irreducibility of Certain Entire Func-
tions with Applications to Harmonic Analysis. The Annals of Mathematics,
Second Series, Vol 108, Issue 2, 553-567.

[5] Dunford N., Schwartz J. Linear Operators

14



