
UNIQUENESS OF CPn

VALENTINO TOSATTI

Abstract. We give an exposition of some results of Hirzebruch, Ko-
daira and Yau about the uniqueness of the Kähler structure of complex
projective space. No originality is claimed.

Theorem 1 (Hirzebruch, Kodaira [HK], Yau [Y1]). If a Kähler manifold
M is homeomorphic to CPn then M is biholomorphic to it.

Theorem 2 (Yau [Y1]). If a compact complex surface M is homotopy equiv-
alent to CP2 then it is biholomorphic to it.

Proof of Theorem 1. The fact that M is Kähler gives us the Hodge decom-
position on cohomology, which we will use repeatedly. From the hypothesis
we see that

H2(M,Z) ∼= Z, H1(M,C) ∼= 0 ∼= H0,1(M),

H2(M,C) ∼= C ∼= H2,0(M)⊕H1,1(M)⊕H0,2(M),

and since H2,0(M) ∼= H0,2(M), we see that they are both zero, while
H1,1(M) ∼= C. Then the exponential exact sequence gives that the map

c1 : Pic(M) → H2(M,Z) ∼= Z,
the first Chern class, is an isomorphism. Pick a Kähler form ω̃. Its coho-
mology class [ω̃] lies in H2(M,R) ∼= R so we can rescale ω̃ to get another
Kähler form ω whose cohomology class generates H2(M,Z) ∼= Z. On CPn a
generator α of H2(M,Z) satisfies 〈α^n, [CPn]〉 = ±1, and since ω is Kähler
we have that

∫
M ωn = 1. Since c1 is an isomorphism, there exists L → M

a holomorphic line bundle whose first Chern class is [ω] and L admits a
Hermitian metric whose curvature is ω. So L is positive and hence ample,
and M is projective. Moreover the classes [ωk] ∈ Hk,k(M) are nonzero for
1 ≤ k ≤ n, and as above the Hodge decomposition implies that Hp,q(M) = 0
if p 6= q. This gives that χ(M,O) = 1. Recall the following definition: if
F → M is a real vector bundle, then its Pontrjagin classes are defined to
be pi(F ) = (−1)ic2i(F ⊗ C) ∈ H4i(M,Z). If F = TM we just write pi(M).
Now we need the following theorem.

Theorem 3 (Novikov [N]). The rational Pontrjagin classes of a closed
smooth manifold are invariant under homeomorphism.

In particular if f : M → CPn is the given homeomorphism, and if pi(M) ∈
H4i(M,R) are the real Pontrjagin classes, then f∗pi(CPn) = pi(M) for all i.
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(notice that if f is assumed to be a diffeomorphism then this is obvious, so
we don’t need Novikov’s Theorem in that case). IfH denotes the hyperplane
class on CPn then it is well-known ([MS]) that

pi(CPn) =
(
n+ 1

i

)
H2i.

Moreover the fact that f is a homeomorphism implies that f∗H is a gener-
ator of H2(M,Z) and so f∗H = ±[ω]. Putting these together we get

(1) pi(M) =

(
n+ 1

i

)
[ω2i].

The Hirzebruch-Riemann-Roch theorem gives

χ(M,O) =

∫

M
e

c1(M)
2 Â(M) =

∫

M
e

c1(M)
2

(
ω/2

sinh(ω/2)

)n+1

,

where the second equality follows from the fact that Â(M) can be written
in terms of the Pontrjagin classes of M , which are given by (1). We need
to determine c1(M). The reduction mod 2 of c1(M) is the second Stiefel-
Whitney class w2(M) ∈ H2(M,Z2), which is a topological invariant. Hence
it is equal to w2(CPn) which is c1(CPn) mod 2, that is n+1 mod 2. On the
other hand we have c1(M) = λ[ω] for some λ ∈ Z, and so λ = n+1+2s for
some s ∈ Z. We get

χ(M,O) =

∫

M
e

n+1+2s
2

ω

(
ω/2

sinh(ω/2)

)n+1

=

∫

M
esω

(
ω

1− e−ω

)n+1

.

It is easily seen that the coefficient of ωn in the power series inside the
integral is

(
n+s
n

)
, with the usual meaning when s < 0. Since χ(M,O) = 1,

we get (
n+ s

n

)
= 1,

which can be rewritten as

n! = (s+ 1) · · · (s+ n).

If n is odd this implies that s = 0, while if n is even, s is either 0 or
−n− 1. But we saw that c1(M) = (n+ 1+ 2s)[ω] and so if n is odd we get
c1(M) = (n+1)[ω], while if n is even, c1(M) is either (n+1)[ω] or−(n+1)[ω].
If c1(M) = (n + 1)[ω] then c1(KM ) = −c1(M) = −(n + 1)c1(L) and so
KM = −(n+1)L. Then Serre duality gives Hk(M,L) ∼= Hn−k(M,KM −L)
and KM −L = −(n+2)L is negative, so Hk(M,L) = 0 if k > 0 by Kodaira
vanishing. Hence

dimH0(M,L) = χ(M,L) =

∫

M
ec1(L)+

c1(M)
2

(
ω/2

sinh(ω/2)

)n+1

=

∫

M
eω

(
ω

1− e−ω

)n+1

= n+ 1.
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Then the following lemma, whose proof is postponed, gives that M is bi-
holomorphic to CPn.

Lemma 1 (Theorem 1.1 in [KO]). If L is a positive line bundle on M with∫
M cn1 (L) = 1 and dimH0(M,L) = n+ 1 then M is biholomorphic to CPn.

We can then assume that n is even (so n ≥ 2) and that c1(M) = −(n +
1)[ω], which says that KM is positive. By the Aubin-Yau’s Theorem [A, Y2]
we know that M then admits a unique Kähler-Einstein metric with constant
Ricci curvature equal to −1, that is a Kähler metric ωKE such that

Ric(ωKE) = −ωKE .

We have the following

Lemma 2. If (M,ω) is a Kähler-Einstein manifold of complex dimension
n ≥ 2, so that Ric(ω) = λω for some λ ∈ R, then we have

(2)

(
2(n+ 1)

n
c2(M)− c21(M)

)
· [ω]n−2 ≥ 0,

with equality iff ω has constant holomorphic sectional curvature.

Proof. The tensor

R0
ijk`

= Rijk` −
λ

n+ 1
(gijgk` + gi`gkj)

vanishes iff ω has constant holomorphic sectional curvature. Its norm square
is easily computed as

|Rm0|2 = |Rm|2 + λ2

(n+ 1)2
(2n2 + 2n)− 4λ

n+ 1
R.

The assumption Rij = λgij gives R = λn and |Ric|2 = λ2n. Then

|Rm0|2 = |Rm|2 − 2λ2n

n+ 1
.

On the other hand if Ωj
i =

√−1Rj

ik`
dzk ∧ dz` denote the curvature forms,

then Chern-Weil theory says that 1
2πRic(ω) =

1
2π

∑
iΩ

i
i =

√−1
2π Rk`dz

k ∧ dz`

is a closed form that represents c1(M), while the form 1
4π2 tr(Ω ∧ Ω) =

1
4π2

∑
k,iΩ

k
i ∧Ωi

k = (
√−1)2

4π2 Rk
ipqR

i
krsdz

p ∧ dzq ∧ dzr ∧ dzs represents c21(M)−
2c2(M). Then we can compute that

n(n− 1)tr(Ω ∧ Ω) ∧ ωn−2 =
∑

p6=r

(Rk
ippR

i
krr −Rk

iprR
i
krp)ω

n

=
∑
p,r

(Rk
ippR

i
krr −Rk

iprR
i
krp)ω

n

= (|Ric|2 − |Rm|2)ωn = (λ2n− |Rm|2)ωn.
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Hence

|Rm0|2 ωn

n(n− 1)
= −tr(Ω ∧ Ω) ∧ ωn−2 + λ2

(
1

n− 1
− 2

(n+ 1)(n− 1)

)

= −tr(Ω ∧ Ω) ∧ ωn−2 +
λ2

n+ 1
.

Now notice that

1

4π2

∫

M
λ2ωn =

1

4π2

∫

M
(λω)2 ∧ ωn−2 = c21(M) · [ω]n−2,

and so

1

n(n− 1)4π2

∫

M
|Rm0|2ωn =

(
2c2(M)−

(
1− 1

n+ 1

)
c21(M)

)
· [ω]n−2,

which is what we want. ¤

We claim that equality does in fact hold in our case. This will finish the
proof, since then M would have constant negative holomorphic sectional
curvature, and so it would be biholomorphic to the unit ball in Cn (see e.g.
Theorem IX.7.9 in [KN]), which is impossible.

We already know that c21(M) = (n + 1)2[ω2]. To compute c2(M) we
notice that by definition p1(M) = p1(TM) = −c2(TM⊗C). But TM⊗C ∼=
TM ⊕ TM and the Chern classes satisfy ck(TM) = (−1)kck(TM), so

p1(M) = −c2(TM ⊕ TM) = −c2(TM)− c2(TM)− c1(TM) · c1(TM)

= −2c2(M) + c21(M).
(3)

Putting this together with (1) we get

2c2(M) = (n+ 1)2[ω2]− (n+ 1)[ω2] = n(n+ 1)[ω2],

and thus equality holds in (2). ¤

Proof of Theorem 2. Let’s denote by τ(M) the index of M , which is a topo-
logical invariant (up to sign). Then τ(M) = ±τ(CP2) = ±1. Recall Hirze-
bruch’s Signature Theorem:

τ(M) =
1

3

∫

M
p1(M).

But from (3) we get

1

3

∫

M
(c21(M)− 2c2(M)) = ±1,

and Chern-Gauss-Bonnet’s Theorem gives∫

M
c2(M) = χ(M) = χ(CP2) = 3,

and so ∫

M
c21(M) = 3(2± 1) > 0.
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A theorem of Kodaira [Ko] then says that M is projective. As before we see
that χ(M,O) = 1 and then Riemann-Roch gives

χ(M,O) =
K2

M + χ(M)

12
=

K2
M + 3

12
,

which gives
∫
M c21(M) = K2

M = 9 (so in fact τ(M) = 1). Let ω be as before,
then c1(M) = λ[ω] for some λ ∈ Z. Then we have that λ = ±3, and these
are exactly the same cases as in Theorem 1. If λ = 3, we need to check that
dimH0(M,L) = 3. But we have KM = −3L and KM · L = −3 so Riemann
Roch gives

χ(M,L) = 1 +
L2 −KM · L

2
= 3.

Serre duality and Kodaira vanishing give

H1(M,L) ∼= H1(M,KM − L) = 0,

because KM − L = −4L is negative, and also

H2(M,L) ∼= H0(M,KM − L) = 0.

So χ(M,L) = dimH0(M,L) = 3. Then the proof continues as in Theorem
1. ¤

Proof of Lemma 1. Let (ϕ1, . . . , ϕn+1) be a basis of H0(M,L) and let Dj =
{ϕj = 0} be the corresponding divisors (they are nonempty, because other-
wise L would be trivial, and so it would have dimH0(M,L) = 1). Define
Vn = M and

Vn−k = D1 ∩ · · · ∩Dk

for 1 ≤ k ≤ n.

Lemma 3. For each 0 ≤ r ≤ n we have that
1. Vn−r is irreducible, of dimension n− r and Poincaré dual to cr1(L)
2. The sequence

0 → Span(ϕ1, . . . , ϕr) → H0(M,L) → H0(Vn−r, L)

is exact, where the last map is given by restriction.

Proof. The proof is by induction on r, the case r = 0 being obvious. Assum-
ing that 1 and 2 hold for r−1, we see that Vn−r+1 is irreducible and that ϕr

is not identically zero on it. Hence Vn−r = {x ∈ Vn−r+1 | ϕr(x) = 0} is an
effective divisor on Vn−r+1 and so it can be expressed as a sum of irreducible
subvarieties of dimension n− r. Since cr−1

1 (L) is dual to Vn−r+1 and c1(L)
is dual to Dr we see that c

r
1(L) is dual to Vn−r. If Vn−r were reducible, then

Vn−r = V ′ + V ′′ and so

1 =

∫

M
cn1 (L) =

∫

M
cr1(L) · cn−r

1 (L) =

∫

Vn−r

cn−r
1 (L)

=

∫

V ′
cn−r
1 (L) +

∫

V ′′
cn−r
1 (L).
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But since L is positive, the last two term are both positive integers, and this
is a contradiction. Thus 1 is proved. As for 2, the restriction exact sequence

0 → OVn−r+1 → OVn−r+1(L) → OVn−r(L) → 0,

gives
0 → H0(Vn−r+1,O) → H0(Vn−r+1, L) → H0(Vn−r, L),

where the first map is given by multiplication by ϕr. This means that the
kernel of the restriction map H0(Vn−r+1, L) → H0(Vn−r, L) is spanned by
ϕr. This together with the statement in 2 for r − 1 proves 2 for r. ¤

Now we apply Lemma 3 with r = n and see that V0 is a single point and
that ϕn+1 doesn’t vanish there. So given any point of M there is a section of
L that doesn’t vanish there (i.e. L is base-point-free). Then we can define a
holomorphic map f : M → CPn by sending x to {ϕ ∈ H0(M,L) | ϕ(x) = 0}.
This is a hyperplane in H0(M,L) ∼= Cn+1 and so gives a point in CPn. If
y ∈ CPn corresponds to a hyperplane, which is spanned by some sections
(ϕ1, . . . , ϕn), then f(x) = y iff ϕ1(x) = · · · = ϕn(x) = 0. Again Lemma 3
with r = n says that x = V0 exists and is unique, and so f is a bijection. ¤
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