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ABSTRACT

Monopole Floer Homology, Link Surgery, and Odd
Khovanov Homology

Jonathan Michael Bloom

We construct a link surgery spectral sequence for all versions of monopole Floer homology
with mod 2 coefficients, generalizing the exact triangle. The spectral sequence begins with
the monopole Floer homology of a hypercube of surgeries on a 3-manifold Y, and converges
to the monopole Floer homology of Y itself. This allows one to realize the latter group as
the homology of a complex over a combinatorial set of generators. Our construction relates
the topology of link surgeries to the combinatorics of graph associahedra, leading to new
inductive realizations of the latter.

As an application, given a link L in the 3-sphere, we prove that the monopole Floer
homology of the branched double-cover arises via a filtered perturbation of the differential
on the reduced Khovanov complex of a diagram of L. The associated spectral sequence
carries a filtration grading, as well as a mod 2 grading which interpolates between the delta
grading on Khovanov homology and the mod 2 grading on Floer homology. Furthermore,
the bigraded isomorphism class of the higher pages depends only on the Conway-mutation
equivalence class of L. We constrain the existence of an integer bigrading by considering
versions of the spectral sequence with non-trivial U; action, and determine all monopole
Floer groups of branched double-covers of links with thin Khovanov homology.

Motivated by this perspective, we show that odd Khovanov homology with integer coef-
ficients is mutation invariant. The proof uses only elementary algebraic topology and leads

to a new formula for link signature that is well-adapted to Khovanov homology.
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Chapter 1

Introduction

Monopole Floer homology is a gauge-theoretic invariant defined via Morse theory on the
Chern-Simons-Dirac functional. As such, the underlying chain complex is generated by
Seiberg-Witten monopoles over a 3-manifold, and the differential counts monopoles over
the product of the 3-manifold with R. We review this construction in Section

In [27], a surgery exact triangle is associated to a triple of surgeries on a knot in a
3-manifold (for a precursor in instanton Floer homology, see [11], [18]). In Chapter [2| we
construct a link surgery spectral sequence in monopole Floer homology, generalizing the
exact triangle. This is a spectral sequence which starts at the monopole Floer homology of
a hypercube of surgeries on Y along L, and converges to the monopole Floer homology of Y
itself. The differentials count monopoles on 2-handle cobordisms equipped with families of
metrics parameterized by polytopes called permutohedra. Those metrics parameterized by
the boundary of the permutohedra are stretched to infinity along collections of hypersur-
faces representing surgered 3-manifolds. The monopole counts satisfy identities obtained
by viewing the map associated to each polytope as a null-homotopy for the map associ-
ated to its boundary. Note that this can be seen as analogue of Ozsvath and Szabd’s link
surgery spectral sequence for Heegaard Floer homology [36]. There, the differentials count
pseudo-holomorphic polygons in Heegaard multi-diagrams, and they satisfy A, relations
which encode degenerations of conformal structures on polygons.

Our construction introduces a number of techniques that we hope will be of more gen-

eral use. In Sections and we couple the topology of 2-handle cobordisms arising



CHAPTER 1. INTRODUCTION 2

from link surgeries to the combinatorics of polytopes called graph associahedra [12]. For
the chain-level Floer maps induced by 2-handle cobordisms, these polytopes encode a mix-
ture of commutativity and associativity up to homotopy. We hope this coupling, and its
relationship to finite product lattices, will be of independent interest to algebraists and
combinatorialists. As one application, in Chapter [3| we obtain a simple, recursive construc-
tion of realizations of certain graph associahedra (Theorem . This specializes to give
realizations of permutohedra as refinements of associahedra, which in turn refine hyper-
cubes (see Figures through . Curiously, these realizations are predicted by the
“sliding-the-point” proof of the naturality of the U; action in Floer theory.

Our construction of polytopes of metrics was inspired by the pentagon of metrics in the
proof of the surgery exact triangle [27]. However, to make use of more general polytopes,
we must effectively organize the mix of irreducible and reducible moduli spaces in monopole
Floer theory. To this end, we systematize the construction of maps associated to cobordisms
equipped with certain polytopes of metrics, as well as the identities which count ends of
1-dimensional moduli spaces. This includes the construction of the usual monopole Floer
differentials, cobordism maps, and homotopies as special cases, as well as the operators
used in the proof of the surgery exact triangle, which we reorganize in Section We also
prove that the filtered homotopy type of the link surgery spectral sequence is independent
of analytic choices, which may be viewed as a gauge-theoretic analogue of the invariance
of As homotopy type in symplectic geometry [40]. In particular, the higher pages are
themselves invariants of a framed link in a 3-manifold.

In addition, we equip the spectral sequence with an absolute mod 2 grading, which coin-
cides with the absolute mod 2 grading on monopole Floer homology on the E*° page. Fur-
thermore, the spectral sequence is defined for all three of the primary versions of monopole
Floer homology, to be reviewed momentarily. In Section [2.6] we introduce a fourth version
If-l\]\/i., analogous to I;ﬁ’, before extending the spectral sequence to this version as well.

We now briefly describe the remaining chapters, referring the reader to the start of
each for detailed background and precise statements of theorems. Chapters [4] and [5] are
concerned with Khovanov homology, a bigraded invariant of links in the 3-sphere which

categorifies the Jones polynomial. In Chapter [4 we give an elementary proof that odd
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Khovanov homology is invariant under Conway mutation. In Chapter |5, we derive a new
formula for link signature that is well-adapted to Khovanov homology, and use it to recover
a simple formula for the signature of an alternating link. We also give a new proof that the
homological width of a k-almost alternating link is bounded above by k + 1.

In Chapter [6] we apply the link surgery spectral sequence to relate the Khovanov ho-
mology of a link L C S? to the monopole Floer homology of the branched-double cover with
reversed orientation, —X(L). In particular, we prove that HM.(—(L)) arises via a filtered
perturbation of the differential on the reduced Khovanov complex of a diagram of L. The
associated spectral sequence carries a filtration grading, as well as a mod 2 grading which
interpolates between the § grading on Khovanov homology and the mod 2 grading on Floer
homology. Furthermore, the bigraded isomorphism class of the higher pages depends only
on the Conway-mutation equivalence class of L.

In Chapter [7|, we discuss the relationship between Donaldson’s TQFT, Khovanov ho-
mology, and monopole Floer homology, from both an algebraic and geometric point of view.
By relating the module structure on Donaldson’s TQFT to that on monopole Floer homol-
ogy, we pin down the monopole maps associated to certain O-framed 2-handle cobordisms
between positive scalar curvature 3-manifolds. These cobordisms include those arising in
the context of the spectral sequence from Khovanov homology to monopole Floer homology.

In Chapter[8] we use these maps to relate Khovanov homology to the other three versions
of monopole Floer homology with non-trivial U: action. This relationship is shown to
constrains the existence of an integer bigrading and determine all monopole Floer groups of
branched double-covers of links with thin Khovanov homology. We also reuse our proof of a
bound on homological width to show that, in a sense, the differentials on the IEI\]\/L spectral
sequence decrease the § grading. In the final section, we explain how the link surgery
spectral sequence allows one to realize the monopole Floer homology of any 3-manifold Y
as the homology of a complex over a combinatorial set of generators.

In Chapter[d] which serves as an Appendix, we review the model case of Morse homology
on a manifold with boundary. In particular, we introduce a path algebra formalism to
organize the contributions of interior and boundary trajectories. This formalism carries

over to monopole Floer theory and motivates many of the constructions in Chapter
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Earlier versions of parts of this work appeared in [8] and [9].

1.1 Background on monopole Floer homology

In this section, we review those aspects most relevant to the construction and intuition in
subsequent chapters. We refer the reader to [24] for the full construction of the monopole
Floer groups (see also [27]) for an efficient survey). We will always work over the 2-element
field Fs.

Formal structure. Let COB be the category whose objects are compact, connected,
oriented 3-manifolds and whose morphisms are isomorphism classes of connected cobor-
disms. Then the monopole Floer homology groups define covariant functors from the ori-
ented cobordism category COB to the category MOD; of modules over F5[[U;]], the ring of

power series in a formal variable Us:

HM, : COB — MOD;

—

HM, : COB — MOD;

HM, : COB — MOD; .

The module structure may be extended over the ring A*(H;(Y")/torsion) ® Fa[[U;]]. These
modules fit into a long exact sequence

—

I EM(Y) B HML(Y) s BM (V) 2 (1.1)

which is natural with respect to the maps induced by cobordisms. For Y = 3, the map j,

is zero and the resulting short exact sequence of Fo[[U;]]-modules is isomorphic to:
0 — Fo[[U4]] — Fao[[U, U] — Fao[[Uy, U] /Fa[[Uy]] — 0. (1.2)

The monopole equations. We now describe the monopole equations underlying the
construction of these groups, following [24]. Let Y be a closed, oriented Riemannian 3-
manifold. A spin® structure s on Y is a pair (S, p) consisting of a unitary rank-2 vector

bundle S — Y and a Clifford multiplication:

p:TY — Hom(S,S).



CHAPTER 1. INTRODUCTION )

This map p identifies TY isometrically with the subbundle su(S) of traceless, skew-adjoint

endomorphisms equipped with the inner product %tr(a*b)7 and satisfies

pe1)p(ez)p(es) =1

whenever the e; form an oriented basis. The action of p extends to cotangent vectors using

the metric, and to real (and complex) forms using the rule:

pla A B) = %(P(Q)P(ﬂ) + (~1)tesl@deEs D () p(a)).

The set of isomorphism classes of spin¢ structures on Y admits a free, transitive action of
H2(Y;7Z).

A unitary connection B on S is a spin® connection if p is parallel. The space of spin®
connections is an affine space over Q!(Y;iR). In particular, the difference between two
spin® connections, regarded as 1-forms with values in the endomorphisms of S, has the form

a® lg with a € QY(Y;iR). A section ¥ € T'(S) = C*(Y; 9) is called a spinor. Let
C(Y,s) ={(B, V) | Bis a spin® connection and ¥ € I'(S)}.
The gauge gauge group G = C*(Y; S') acts on this space by conjugation and multiplication:
u-(B,¥) = (B—utdu®lg, ul).
Given a spin® connection B, let Dp : I'(S) — I'(S) denote the associated Dirac operator:
T(S) Y2 T(T*Y ® S) 2 T(S).

Let B! denote the associated connection on the complex line bundle A2S, with curvature
Fpt regarded as an imaginary-valued 2-form. In particular, p(Fpg¢) represents a trace-free
Hermitian endomorphism. Fix a reference connection By € A. The Chern-Simons-Dirac
functional £ : C(Y,s) — R is defined by
1 ' ' 1
L(B,V)=- [ (B"'=By) AN (Fpt+ Fgt)+ = | (Dp¥,W¥)dvol.
8 Jy 0 2 Jy

The domain of £ is an affine space over the vector space

T(5.2)C(Y,5) = C™(V;iT*Y @ S).
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The formal gradient of £ with respect to the L? inner product vanishes precisely when the

following equations are satisfied:

SP(Fe) — (W07)y =0

DpV¥ =0

Here (UW*)y € I'(isu(S)) denotes the trace-free part of the Hermitian endomorphism W¥*.
These are the 3-dimensional monopole equations, or Seiberg- Witten equations, on Y for the
spin® structure s. The solutions, regarded as critical points of £, are called monopoles, and
the action of the gauge group sends monopoles to monopoles.

Reducibles and the blow-up. A configuration (B, V) is reducible if ¥ is zero. If (B, 0)
is a solution to the monopole equations, then B! is flat and c;(s) is torsion. Conversely, if
c1(s) is torsion then there exists a reducible solution (B, 0), and all others are of the form
(B,0) with B = B; +b® 1g and b a closed element of Q!(Y;iR). The action of the gauge
group changes b by representatives of elements of 2riH'(Y;Z). In particular, the quotient
of the set of reducible solutions by the action of the gauge group is identified with the torus
T = HYY;iR)/(2miH'(Y;Z)), and consists of a single point when b;(Y) = 0.

The constant elements of the gauge group fix the reducible configurations. To obtain a

free action, we blow-up the configuration space C(Y,s) along the reducible locus to obtain
C°(Y,s) = {(B,r,¢) | Bis a spin® connection, r > 0, and ||¢||;2 =1}

where blow-down sends (B, r,v) to (B,rv). Here r is a real number and 1) is a spinor. As
discussed in Section 9 of [24], the completion (which we suppress) of C7(Y,s) with respect
to suitable Sobolev norms L% has the structure of a Hilbert manifold with boundary. The

same is true of the quotient

B7(Y,s) =C?(Y,s)/G(Y).

with the boundary consisting of (equivalence classes of ) configurations of the form (B, 0, ).
This quotient has the homotopy type of T x CIP*°, and there is a canonical identification of
cohomology rings

H*(B%(Y,5)) = H™(T) ®@ F2[U].
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giving rise to the module structure on monopole Floer homology, as we describe in Section
(.2

The Chern-Simons-Dirac functional £ is invariant under the identity component of the
gauge group (and the full gauge group when c¢;(s) is torsion). Its gradient gives rise to a
vector field (grad £)? on B?(Y,s). The configuration (B, r,1)) is a critical point of (grad £)”

if and only if one of the following conditions holds:
(i) r # 0 and (B, ) is a critical point of grad £; or
(ii) r =0, the point (B,0) is a critical point of grad £, and ¢ is an eigenvector or Dp.

Critical points of type (i) are called irreducible, while those of type (ii) are called reducible.
A reducible critical point is boundary stable (resp., boundary unstable) if the corresponding
eigenvalue is positive (resp., negative).

In finite-dimensional Morse homology, one may achieve the transversality needed to
apply Sard’s theorem by perturbing the Morse function. In the monopole setting, one may
similarly achieve the transversality necessary for Sard-Smale by perturbing the functional
L by a function ¢ : C?(Y,s) — R which is invariant under the full gauge group. Kronheimer
and Mrowka define a Banach space of perturbations g, a residual subset of which force all
critical points and moduli spaces of gradient trajectories between them to be regular in an
appropriate sense. Such perturbations are called admissible. In particular, for an admissible
perturbation, zero does not arise as the eigenvalue of a reducible critical point.

Monopole Floer complex. The construction of monopole Floer homology is modeled
on that of Morse homology for a manifold with boundary. The latter is described in the
Appendix and in Section 2 of [24]. In place of the downward gradient flow of a Morse
function on finite-dimensional manifold with boundary, we have the downward gradient flow
of the perturbed Chern-Simons-Dirac functional on the configuration space B?(Y,s) whose
boundary consists of reducible configurations. Having chosen an admissible perturbation,
let €(Y,s) denote the set of critical points in B7(Y,s). We may express this set as a disjoint
union

C(Y,s) =C°(Y,s) UC*(Y,s) UC“(Y,s)

where €°(Y,s) is the set of irreducible critical points, and €*(Y,s) and €%(Y,s) are the sets
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of boundary-stable and boundary-unstable critical points, respectively. We set

C(Y,s) = €°(Y,s5) UC*(Y,s)

(Y, 5) = €°(V,5) U €LY, s)

(Y, s) = €5(Y,s) U €“(Y, )
The monopole Floer complex C(Y,s) is the Fo-vector space over the basis e, indexed by
(irreducible or boundary-stable) monopole a € ¢(Y,s). Given two such critical points a
and b, we may consider the moduli space M, (a, b) of unparameterized (downward) gradient
trajectories (mod gauge) from a to b in the relative homotopy class z of path from a to b in
B?(Y,s). The differential 0 is defined to count isolated trajectories in such moduli spaces.
In particular, when a is irreducible, the coefficient of ey in é(ea) is the number of trajectories
in M. (a,b), summed over all z such that M.(a,b) is O-dimensional. When M., (a,b) is 1-
dimensional, it has a compactification M T(a,b) formed by considering broken trajectories
as well. The composition 9% then counts the (even) number of boundary points, proving
that 9 is a differential. The full construction of 9, which is complicated by the presence
of reducible critical points, is given in Section as the simplest case of a more general
construction.
We now set

HM.(Y.s) = H.(C(Y;5),0)

and

HVM*(Y) = @EM*(Y75)

where the sum is over all spin® structures on Y. The group HM «(Y) is graded by the set
of homotopy classes of oriented 2-plane fields on Y. This set admits a natural action of
Z, the orbits of which correspond to the different spin® structures. The group HM oY) is
defined as the completion of HM «(Y) with respect to a decreasing filtration defined using
this Z action (see Definition 3.1.3 in [24] for details). The groups @.(Y) and HM,(Y)

'n [24], the notation [a] is used to denote the gauge equivalence class of the configuration a € C?(Y,5).
We will always consider critical points on the level of the quotient 57 (Y, s) and have dropped the brackets

to simplify notation.
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are defined similarly using € and €. Of the three versions, the group HM,(Y) is both the
simplest to define and the best understood (see Section 35 of [24], especially Proposition
35.1.5). As all critical points and trajectories for C(Y,s) are taken to be reducible — that
is, in 9B (Y, s) — the model case reduces to Morse homology on a closed manifold (namely,
the boundary of a manifold with boundary).

Chain maps. There is a fundamental correspondence between gradient trajectories of
functional £ in B (Y, s) and solutions (mod gauge) to the 4-dimensional monopole equations
on Y X R for the corresponding spin® structure. The latter 4-dimensional interpretation of
trajectories underlies the construction of the chain map (W) : C(Yy) — C(Y7) associated
to a general cobordism W. Having chosen a metric on W which is cylindrical near the
boundary, we denote by W* the Riemannian manifold built by attaching the half-infinite
cylinders (—o0,0] x Yy and [0,00) x Y7 to the ends of W. For monopoles a € &(Yp) and
b € (Y1), and a relative homotopy class z from a to b in the configuration space B (W),
we consider the moduli space M, (a, W*,b) of trajectories (mod gauge) on W* asymptotic
to a and b and in the class z. The map m(W) is defined to count isolated trajectories in
such moduli spaces. In particular, when a is irreducible, the coefficient of ep in m(WW)(eq)
is the number of trajectories in M, (a, W*,b), summed over all z such that M,(a, W*,b) is
0-dimensional. When M, (a, W*, b) is 1-dimensional, it has a compactification M (a, W*,b)
formed by considering broken trajectories as well. The composite maps 9 (W) and 7m(W)0

then count the (even) number of boundary points, so

om(W) +m(W)d = 0,
and we conclude that (W) is a chain map.

Families of metrics. More generally, suppose we have a family of metrics on W,
smoothly parameterized by a closed, oriente manifold P. The map m(W)p : C(Yy) —

C(Y1) is defined to count isolated trajectories in the union

M(a, W*,b)p = M.(a, W, b)p (1.3)

2The orientation is irrelevant when working over Fa.
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of fiber products

Mz(aa W*) b)P = U MZ(av W(p)*’ b)? (14)
peEP

where W (p) denotes W with the metric over p. The compact fiber product M} (a, W*,b)p

is defined similarly. By counting boundary points of M, (a, W*,b)p, we again conclude

Om(W)p + m(W)pd = 0.
On the other hand, if P is a compact manifold with boundary @, then m(W)p is no
longer a chain map, because the boundary of M, (a, W* b)p now includes the fibers over Q.

Including these contributions, we have

Imn(W)p +m(W)pd = m(W)g. (1.5)

Thus, m(W)q is null-homotopic and (W) p provides the chain homotopy. That HM,(Y)
is independent of the choice of metric and perturbation follows by letting P be the interval
[0, 1] parameterizing a path between two such choices.

Composing cobordisms. If W : Yy — Y5 is the composition of cobordisms Wi : Yy —

Y1 and W5 : Y7 — Y5, then the corresponding maps satisfy the composition law
HM (W) = HM ,(Ws) o HM o(W}). (1.6)

Indeed, this is part of what it means for HM, to be a functor. The composition law follows
from a “stretching the neck” argument, as do many of the results in this paper, so we
now take a moment to review the proof (see Proposition 4.16 of [27] for details over Fq,
and Proposition 26.1.2 of [24] for details over Z). Keep in mind that the full argument is
complicated by the presence of reducibles. We deal with this issue in Section

Returning to the composite cobordism
W YO &) Yl & YQ,

fix a metric on W which is cylindrical near each Y;. For each T' > 0, we construct a new
Riemannian cobordism W (T') by cutting W along Y] and splicing in the cylinder [T, 7| x Y]
with the cylindrical metric. We also define W (c0) as the disjoint union Wi [[ Wa. In this
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way, P = [0,00] parameterizes a family of metrics on W, where the metric degenerates
on Y7 at infinity. In other words, as T increases, the cylindrical neck stretches, and when
T = oo, it breaks.

We again define i (W) p to count isolated trajectories in the fiber products M, (a, W*,b)p

of (1.3, where now

M.(a,W(0)*,0) = | |J Ma(a, WF,¢) x M, (¢, W5, b), (1.7)
ccC(Y) #1572

and the inner union is taken over homotopy classes 21 and z3 which concatenate to give
2. The compact fiber product M T (a, W*, b)p is defined similarly. By counting boundary

points, we conclude
om(W)p + m(W)p0d = m(W) + m(Wa)m(W). (1.8)

Here m(W) and m(W2)m(W1) count trajectories in the fibers over 0 and oo, respectively.
Viewing m(W)p as a chain homotopy, the composition law now follows. Note that, while
formally similar, does not imply because the latter involves a degenerate metric.
The key analytic machinery behind this generalization consists of compactness and gluing
theorems for moduli spaces on cobordisms with cylindrical ends, as developed in [24] and
[27]. Our workhorse version of this machinery is Lemma in Section

Canonical gradings. Recall that the group HM «(Y) is naturally graded by the set
of homotopy classes of oriented 2-plane fields. We will make use of two numerical gradings
which factor through this set. The first is an absolute mod 2 grading gr(?, as explained in
Sections 22.4 and 25.4 of [24]. If W is a cobordism from Y to Y, then the degree of the
map HM (W) with respect to gr(® is given b

X(W) +o(W) —bi(Y1) + b1(¥)
2

(W) = (1.9)

3This agrees with [27], but in [24] the signs on b1 (Yo) and b1(Y1) are switched. The value of —u(W)
should be the index of the operator d* @ dt acting on weighted Sobolev spaces (see Section 25.4 of [24]).
The two formulas for ¢ correspond to the two choices for the sign of this weight §. Different conventions
lead to mirror theories. We believe the formula corresponds to the choice of a small, positive weight.

In any case, we take whichever convention is consistent with (1.9) and use it consistently throughout.
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where x is the Euler characteristic and o is the signature of the intersection form on
I*(W) = Im (H*(W,0W) — H*(W)).

If P parameterizes an n-dimensional family of metrics on W, then the map m(W)p shifts
gr® by (W) + n.

The second numerical grading is only defined if ¢;(s) € H?(Y;Z) is torsion. In this case
HM «(Y,s) is also endowed with an absolute grading gr? which takes values in a Z coset
of Q. If (W,¢) : (Yo, tly,) — (Y1,ty;) is a spin® cobordism with ¢;(t)|s torsion, then the
degree of HM (W, t) with respect to gr is given by

i) —o(W)

AW, t) = 2 y — o(W).

By (1.9) we may also express this degree as

Here the rational number ci(t) is defined by
ci(t) = (€U e)[W, oW

where ¢ is any class in H?(W, W ; Q) whose image in H2(W;Q) is the same as the image of
c1(t). If P parameterizes an n-dimensional family of metrics on W, then the map m(W, t)p
shifts gr? by d(W,t) + n.

The gradings gr(® and gr? are also defined on @.(Y, s), and there are modified versions
gr® and grQ defined on HM,(Y,s). In each case, the degree of a cobordism map is given
by the above formulas. With respect to gr® and gr@ (when the latter is defined), the
monopole Floer groups are graded modules over the graded ring Fa[[U}]], with U; in degree
—2. In the exact sequence , the maps i, and j, have degree 0, while p, has degree —1.

For $3, the associated short exact sequence of grl-graded Fo[[U]]-modules is isomorphic to
0 — F[[U]]{~1} — Fa([U, Uy {2} — Fal[Uy, U] /Fo [UH{ -2} — 0

where {—Fk} shifts the degree of each generator down by k. In particular, the “top” generator
of I/{]\\4.(S3), represented by 1, lies in degree —1, while the “bottom” generator of HM o(S%),

represented by UT_ ! lies in degree 0.
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Chapter 2

The link surgery spectral sequence

In order to motivate the statement of the link surgery spectral sequence, we first recall the
surgery exact triangle. Let Y be a closed, oriented 3-manifold, equipped with a knot K with
framing A and meridian p. Orient A and p as simple closed curves on the torus boundary
of the complement of a neighborhood of K, so that the algebraic intersection numbers of

the triple (A, A 4 p, 1) satisfy

A O+ ) = (A +p) ) = (- A) = —1.

Let Y(0) and Y (1) denote the result of surgery on K with respect to A and A+p, respectively.

In [27], Kronheimer, Mrowka, Ozsvéth, and Szabé prove that the mapping cone

o (o) 2 ey (1)
is quasi-isomorphic to the monopole Floer complex C(Y'), where 772(W (01)) is the chain map
induced by the elementary 2-handle cobordism W (01) from Y (0) to Y (1). The associated
long exact sequence on homology is known as the surgery exact triangle. However, we can
also frame the result in another way. As in [36], if we filter by the index I in Y'(I), then

the mapping cone induces a spectral sequence with
B = AN (Y (0)) @ AV (Y (1))

and

d' = HM ,(W(01)),
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which converges by the E2 page to HM(Y).

The link surgery spectral sequence generalizes this interpretation of the exact triangle to
the case of an [-component framed link L C Y. For each I = (mq,...,m;) in the hypercube
{0,1}!, let Y(I) denote the result of performing m;-surgery on the component K;. For
I < J,let W(IJ) denote the associated cobordism, composed of (w(J) — w(I)) 2-handles.
The (iterated) mapping cone now takes the form of a hypercube complex

X= @ )
Ie{o,1}!
with differential D given by the sum of components D} : C(Y (1)) — C(Y(J)) for all
I < J. We filter X by vertex weight w([), defined as the sum of the coordinates of I. The
component D} is the usual differential on C(Y (1)), whereas for I < .J, the component D§
counts monopoles on W (I.J) over a family of metrics parametrized by the permutohedron
of dimension w(.J) —w(I) — 1. We define this family in Section [2.1|and construct (X, D) in
Section In Section [2.5] we complete the proof of:

Theorem 2.0.1. The filtered complex (X, D) induces a spectral sequence with E' page given
by
E'= P HM.Y(I))
Ie{0,1}!
and d* differential given by
d'= > HM(W(J)).

I<Je{o,1}!

w(J)—w(I)=1
The spectral sequence converges by the E'1 page to ITM.(Y) and comes equipped with an
absolute mod 2 grading 0 which coincides on E*° with that of ]?M.(Y). In addition, each
page has an integer grading t induced by the filtration. The differential d* shifts by one

and increases t by k.

The complex (X, D) depends on a family of metrics and an admissible family of pertur-
bations on the full cobordism from Y ({0}!) to Y ({1}}). For any two such choices, we produce

a homotopy equivalence which induces a graded isomorphism between the associated E!

pages.
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Theorem 2.0.2. For each i > 1, the (£, 5)—gmded vector space E' is an invariant of the
framed link L C Y.

Remark 2.0.3. While the preceding theorems are stated for HM », they hold for ﬁ]Téf. and
HM, as well, just like the underlying surgery exact triangle. In the case of HM,, we must

also replace gr(® with gr(® and similarly ¢ with its analogue 6 defined using gr(?).

In Section we introduce another version of monopole Floer homology, pronounced
“H-M-tilde” and denoted HM,. By analogy with HF in Heegaard Floer homology, we define
ﬁ]\//[.(Y) as the homology of the mapping cone of U; : C(Y) — C(Y)[1], where U; is the
even endomorphism on HM,(Y) given by the module structure. It follows that HM,(Y)
inherits a mod 2 grading, and we prove a version of Theorem for HM, as well.

In fact, the group E]\/L(Y, s) agrees with the sutured monopole Floer homology group
SFH(Y — B3,s) relative to the equatorial suture. The latter is defined in [25] as

HVM.(Y#(SI X F)75#50)7

where F' is an orientable surface of genus ¢ > 2 and s. is the canonical spin®-structure
with (c1(s¢), [F]) = 2¢g — 2. This equivalence follows from a Kiinneth formula for connected
sum in monopole Floer homology, to appear in joint work with Tomasz Mrowka and Peter

Ozsvath [10].

2.1 Hypercubes and permutohedra

This section involves no Floer homology whatsoever, but rather surgery theory and Kirby
calculus as described in Part 2 of [19]. In particular, with respect to a 2-handle D? x D2
the terms core, cocore, and attaching region will refer to the subsets D? x {0}, {0} x D?,
and 0D? x D?, respectively.

Let Y be a closed, oriented 3-manifold, equipped with an l-component, framed link
L = K;U-- UK}, and let Y’ denote the result of (integral) surgery on L. There is a standard
oriented cobordism W : Y — Y”| built by thickening Y to [0,1] x Y and attaching 2-handles
hi to {1} xY by identifying the attaching region of h; with a tubular neighborhood v(K;) in

accordance with the framing. The diffeomorphism type of W is insensitive to whether the
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handles are attached simultaneously as above, or instead in a succession of batches which
express W as a composite cobordism. Our goal in this section is to construct a family
of metrics on W, parameterized by the permutohedron F;, which smoothly interpolates
between all ways of expressing W as a composite cobordism.

In order to keep track of the I! ways to build up W one handle at a time, we introduce the
hypercube poset {0, 1}, with I = (my,...,m;) < J = (m},...,m}) if and only if m; < m/
for all 1 <i <. J is called an immediate successor of I if there is a k such that m; = 0,
my = 1, and m; = m/ for all i # k. We define a path of length k from I to J to be a
sequence of immediate successors I = Iy < [y < --- < I = J. The weight of a vertex [
is given by w(I) = Z£:1 m;. We use 0 and I as shorthand for the initial and terminal
vertices of {0,1}!, which we call external. The other 2! — 2 vertices will be called internal.
A totally ordered subset of a poset is called a chain. A chain is mazimal if it is not properly
contained in any other chain. In {0,1}!, the maximal chains are precisely the paths from 0
to 1, with each such path determined by its internal vertices.

To each vertex I, we associate the 3-manifold Y; obtained by surgery on the framed

sublink
Ln= |y ®

{i|mi=1}

in Y. Note that the remaining components of L constitute a framed link in Y7.

Remark 2.1.1. The 3-manifold denoted Y (I) in the introduction and in [36] is obtained
from Y7 by shifting forward one frame in the surgery exact triangle for each component of

L. We will use Y7 throughout and address this discrepancy in Remark [2.2.12

We regard {Y7|I € {0,1}'} as a poset isomorphic to {0,1}!, with Y, and Y; external
and the rest internal. To a pair of vertices (I,J) with I < J, we associate the 2-handle
cobordism

Wiy =Yr x[0,1]U U hi

{i|m;=0,m}=1}
from Y7 to Y;. In particular, if J is an immediate successor of I, then Wy is an elementary
cobordism, given by a single 2-handle addition. More generally, W;; will be the composition

of w(J) —w([I) elementary cobordisms.
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In order to quantify how far two vertices are from being ordered, we define a symmetric

function p on pairs of vertices by
p(I,J) = min{’{i|mi > m;}| , }{z|m; > mz}‘} .
Note that p(I,J) = 0 if and only if I and J are ordered. In this case, Y7 and Y are disjoint:

Lemma 2.1.2. The full set of 2\ — 2 internal hypersurfaces Yi can be simultaneously em-

bedded in the interior of the cobordism W so that the following conditions hold:

(i) the hypersurfaces in any subset are pairwise disjoint if and only if they form a chain.

In this case, cutting on Yy, <Yy, < ... <Yy, breaks W into the disjoint union
Wor, I Wi, 11 -+ I Wit
(ii) distinct hypersurfaces Y1 and Yy intersect in exactly p(1,J) disjoint tori.

Remark 2.1.3. The reader who is convinced by Figure may safely skip the proof.

110 -

101

011 - -
100
010
001
000

Figure 2.1: Half-dimensional diagram of the cobordism W for the hypercube {0, 1}3.

Proof. We list all of the vertices as Iy, I1, ..., [s1_q, first in order of increasing weight and

then numerically within each weight class. We express the full cobordism as

l
W=10,2-1xYul]J h
=1
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and embed Yy and Y; as the boundary. We then embed the interior hypersurfaces as follows.
For 1 < g < 2! — 2, define a slimmer 2-handle h! as the image of D? x Dg in h;, where Dg
is the disk of radius %. Let v4(K;) be the region to which h] is attached, considered as a

subset of Y. Then we may regard

Al = [q,2" — 1] x v (K;) U U hd

{281} v (Ki)

as a longer 2-handle which tunnels through [g,2' — 1] x Y in order to attach to [0,¢] x Y’
along {q} x vg(K;). In this way, we embed Wy, in W as

Wor, =[0,g) xYU | &

{ilmi=1}

and Y7, as a component of the boundary.

Now consider two vertices I, = (my,...,my) and Iy = (mf,...,m;) and assume without
loss of generality that ¢ < ¢’. By construction, Y7, N qu, is confined to the union of the
thickened attaching regions (¢, ¢'] X v(K;) in [¢,¢'] x Y with m; = 1. If m} = 1 as well,
then IN"L;] is contained in the interior of Wy, . On the other hand, if m; > m/ then fzf and
Wy intersect in the solid torus {q'} X v4(k;). It follows that Y7, and Y , intersect in one
torus for each i such that m; > m}. With ¢ < ¢/, the number of such 7 is exactly p(I,, Ié),
verifying (ii). The first part of (i) immediately follows, since a subset of {0, 1}! forms a chain

if and only if p vanishes on every pair of vertices in the subset. In this case, W decomposes

as claimed by construction. O

We are now ready to build a special family of Reimannian metrics on the cobordism
W. We first construct an initial metric go on W that is cylindrical near every Y7 simulta-
neously (for a less restrictive approach, allowing one to define metrics on each hypersurface
independently, see Remark . We build gg inductively on strata, starting with an ar-
bitrary metric on each (transverse) intersection Y7 N'Y;. We then use a partition of unity
to piece together a metric on the union of the Y7 that is locally cylindrical near each in-
tersection Y7 NY;. Finally, we build a metric gy on W that is cylindrical near each Y;. In
particular, a neighborhood v(T?) C W of a torus T? C Y7 NY; is metrically modeled on
T?x(—¢e,e)x(—¢,¢), with Y;Nv(T?) = T? x (—¢,&) x {0} and Y;Nv(T?) = T? x {0} x (¢, €).
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Now fix a path v from 0 to 1. By Lemma ~ corresponds to a maximal sub-
set of disjoint internal hypersurfaces Y7, < Yy, < ... < Y7, in W. So for each point

(Th,...,T1—1) €0, oo)lfl7 we may insert necks to express W as the Riemannian cobordism

Wy (Th,...,Tj—1) given by

Yn Yn Yi, Y, Y,

(2.1)

We then extend this family to the cube [0, 00]'"! by degenerating the metric on Y; when
Tj = oo. As in the proof of the composition law in Seiberg-Witten theory (see Section
below), when T} grows, the Y7,-neck stretches, and when T = oo, it breaks. In particular,
W,(0,...,0) has the metric gg, while W, (o0,...,00) is the disjoint union of ! elementary
cobordisms which compose to give W with the metric gg.

In this way, we obtain /! families of metrics on W, each parameterized by a cube C,.
The facets of each cube fall evenly into two types. A facet is interior if it is specified
by fixing a coordinate at 0, and exterior if it is specified by fixing a coordinate at oc.
Note that each almost-maximal chain Y7, < --- < 1//1: < --- <Yy, can be completed to
a maximal chain in exactly two ways. It follows that each internal facet has a twin on
another cube, in the sense that the twins parameterize identical families of metrics on W.
By gluing the cubes together along twin facets, we can build a single family of metrics
which interpolates between the various ways of expressing W as a composite cobordism. In
fact, this construction realizes the cubical subdivision of the following ubiquitous convex
polytope (see [50] for more background).

The permutohedron P, of order [ arises as the convex hull of all points in R! whose
coordinates are a permutation of (1,2,3,...,1). These points lie in general position in the

hyperplane 2y + -+ - 4+ 2; = l(lgl), so P, has dimension [ — 1. The first four permutohedra

are the point, interval, hexagon, and truncated octahedron (see Figure . The 1-skeleton

of P, is the Cayley graph of the standard presentation of the symmetric group on [ letters:
Sl = <0’1,- e ,01-1 ’012 = 1, 0i0i4+10; = 0i4104041, 0;05 = 0504 for ‘Z —j’ > 1>.

More generally, the (I — d)-dimensional faces of P, correspond to partitions of the set
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{1,...,1} into an ordered d-tuple of subsets (Ai,...,Aq). Inclusion of faces corresponds
to merging of neighboring A;.

The connection between the permutohedron and the hypercube rests on a simple ob-
servation: the face poset of P, is dual to the poset of chains of internal vertices in the
hypercube {0,1}!. Namely, to each face (Ay,...,Ay), we assign the chain I} < - < I;_,
where I; has ith coordinate 1 if and only if i € Ay U---U Aj_1. For example, in the case of

the edges of the hexagon Pj3, the correspondence is given by:

{35 {121 ({2,35{1}) ({2h{13}) ({12}, {3) ({1}1,{23}) ({13}, {2})
001 011 010 110 100 101

In particular, each path v from 0 to 1 corresponds to a vertex V, of Fj.

Now in the cubical subdivision of P;, we may identify the cube containing V, with the
cube of metrics C so that twin interior facets are identified (see Figures and . In
this way, the interior of P, parameterizes a family of non-degenerate metrics on W, while
the boundary parameterizes a family of degenerate metrics. The parameterization can be
made smooth on the interior by a slight adjustment of the rate of stretching. We summarize

these observations in the following proposition.

Proposition 2.1.4. The face poset of the permutohedron P, is dual to the poset of chains
of internal hypersurfaces in W. In particular, the facets of P, correspond to the ways of
breaking W into a composite cobordism along a single internal hypersurface. The interior of
P, smoothly parameterizes a family of non-degenerate metrics on W, which extends naturally
to the boundary in such a way that the interior of each face parameterizes those metrics

which are degenerate on precisely the corresponding chain.

Remark 2.1.5. We describe an alternative view of the above construction which is not
essential, but will be helpful in Section [2.3] when we consider more general lattices than the
hypercube. Recall that a directed graph I is transitive if the existence of edges from I to
J and from J to K implies the existence of an edge from I to K. The transitive closure of
I" is the directed graph obtained from I' by adding the fewest number of edges necessary to
achieve transitivity. A clique in an undirected graph is a subset of nodes with the property

that every two nodes in the subset is connected by an edge.
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30
0 o0 -Ja, 110 _—

[X] 010y, X1

100

Too [ Cad o0

Th1o

oo\ Xa0

O I -

Figure 2.2: At left, we consider the path v given by 000 < 010 < 110 < 111 in {0,1}3. The

corresponding square C,, with coordinates (To10,Tp11) parameterizes a family of metrics on
the cobordism W* which stretches at Ypig and Yi19. We have one square for each non-
intersecting pair of hypersurfaces in Figure [2.1] These six squares fit together to form
the hexagon P; at right. The small figures at the vertices and edges illustrate the metric

degenerations on W, read as composite cobordisms from left to right.

Figure 2.3: The cubical subdivision of the permutohedron P, consists of 24 cubes, corre-
sponding to the 4! paths from 0000 to 1111 in {0,1}*. Above, the cube corresponding to
the path 0000 < 0001 < 0011 < 0111 < 1111 is shown with its exterior faces in translucent

color. Each cube shares one vertex with Py and has one vertex at the center.
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Consider the directed graph I" associated to {0, 1}l, with an edge from I to J whenever
J is an immediate successor of I. Let T' be the transitive closure of I' — {0, 1}. The nodes
of T correspond to internal hypersurfaces, and by Lemma two nodes are joined by
an edge if and only if the corresponding internal hypersurfaces are disjoint. In fact, I is
the 1-skeleton of a simplicial complex C;, whose face poset is isomorphic to the poset of
non-empty cliques in T' (as an undirected graph) under inclusion. The complex C; is dual

to the boundary of P.

2.2 The link surgery spectral sequence: construction

Let W be the cobordism associated to surgery on a framed link L C Y. In Section 2.1] we
constructed a family of metrics on W, parameterized by a permutohedron P, and degenerate
on the boundary @;. We now use such families to define maps between summands in a
hypercube complex X associated to the framed link. That these maps define a differential
will follow from a generalization of similar in spirit to . The link surgery spectral
sequence is then induced by the filtration on the hypercube complex given by vertex weight.

Fix a metric and admissible perturbation on the cobordism W which are cylindrical
near every hypersurface Y. Let X be the direct sum of the monopole Floer complexes of

the hypersurfaces, considered as a vector space over Fo:

X= P )

Ie{0,1}

We will define a differential D : X — X as the sum of maps D : C(Y7) — C(Y}) over all
I < J, with Df the differential on the monopole Floer complex C(Y;). We now construct
the maps Dg when I < J.

Fix vertices I < J and let k = w(J) —w(I). Regarding W7 as the cobordism arising by
surgery on a k-component, framed link in Y7, with initial metric induced by W, we apply
Proposition [2.1.4] to obtain a family of metrics on W parameterized by the permutohedron
Pry of dimension k — 1. Consider a pair of critical points a € €(Y7) and b € €(Y), and a
relative homotopy class z from a to b in the configuration space B (W7ry). As in , we

must extend the definition of M (a, W ;(p)*, b) to the degenerate metrics over the boundary
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of Pry. If p is in the interior of the face Iy < Iy < --- < I;_1, then an element = of
M (a, Wi, (p)*,b) is a g-tuple

(Yo1,712, -+, Vg—14q)

where

Vij+1 € M(aj, Wi, (p),aj41)
ap=a

ag=2>b

and the homotopy classes of these elements compose to give z. Here, the metric on
Wi,1,,,(p) is the restriction of the metric on W(p). We then define M. (a, Wy,,b)p,, as
the fiber product

Mz(av WI*J7b)PIJ = U{p} X Mz(a’ WIJ(p)*7 b)
peP

This space has a reducible analogue M4 (a, W, b)p,, which is defined by replacing each
moduli space of the form M, (a, W*, b) with its reducible locus M*(a, W*,b).
In order to count the points in these moduli spaces, we define two elements of Fo by
|M.(a, W[;,b)p,,| mod 2, if dim M, (a, W};,b)p,, =0

my(a, Wr;,b) = (2.2)
0, otherwise,

Mred(a, W3, b mod 2,  if dim M (a, W}, b =0
mz(a’ Wj*Jy [J) _ | ( I1J )PIJ| ( 1J )PIJ (2_3)
0, otherwise.

Remark 2.2.1. When I = J, we replace M. (a, W;;,b)p,, in (2.2) by the moduli space

M, (a,b) of unparameterized trajectories on the cylinder R x Y (see the definition below).

We similarly replace MI®d(a, W;;,b)p,, in (2.3) by M4 (a,b).

Recall that C°(Y), C5(Y), and C*(Y") are vector spaces over [y, with bases e, indexed
by the monopoles a in €°(Y), €%(Y), and €“(Y), respectively. We use the above counts
to construct eight linear maps D(}), DZ(5), Dg(}), Di()), Di(}). D5(h), Di(h), Di(h),
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where for example,

Dy(5) : Co(Yr) — CI(Yy) Di(Dea= D > ma(a, Wiy, b)ew;

beCu(Yy) = (24)
DY(y) : €3 (YD) — CIUY) Di(fea= D > ma(a, Wy, b)es.

beCu(Yy) =

matrix

D3(5) Yrer<s DD ()
D) D) + X<y DY (G)D5(K)

with respect to the decomposition C(Y) = C°(Y)@ C*(Y). The motivation behind this

, (2.5)

definition is explained in the Appendix. Finally, as promised, we let D : X — X be the
sum
=YD
<J

We now turn to proving that D is a differential. As in the proof of the composition law,
the argument proceeds by constructing an appropriate compactification of M, (a, W};,b)p,,
and counting boundary points. We first consider the compactification of the space of un-
parameterized trajectories on Y, repeating nearly verbatim the definitions given in Section
16.1 of [24]. A trajectory v belonging to M, (a,b) is non-trivial if it is not invariant under
the action of R by translation on the cylinder R x Y. An unparameterized trajectory is an
equivalence class of non-trivial trajectories in M, (a,b). We write M, (a,b) for the space of
unparameterized trajectories. An unparameterized broken trajectory joining a to b consists

of the following data:
e an integer n > 0, the number of components;
e an (n + 1)-tuple of critical points ag, ..., a, with ag = a and a,, = b, the restpoints;

e for each 7 with 1 < ¢ < n, an unparameterized trajectory *; in Mz(ai_l, a;), the ith

component of the broken trajectory.

The homotopy class of the broken trajectory is the class of the path obtained by concatenat-

ing representatives of the classes z;, or the constant path at a if n = 0. We write M T(a,b)
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for the space of unparameterized broken trajectories in the homotopy class z, and denote
a typical element by 4 = (74,...,7,). This space is compact for the appropriate topology
(see [24], Section 24.6). Note that if z is the class of the constant path at a, then M., (a,a)
is empty, while Mj (a,a) is a single point, a broken trajectory with no components.

We are now ready to define the compactification M (a, Wy (p)*, b). If p is in the interior

of the face Iy < I < --+ < I,_1, then an element 4 of M} (a, Wy;(p)*,b) is a (2¢ + 1)-tuple

(’\707 7017’3’17’712’ cee a'\?qflvryqfl Q> X/q)

where
v; € M (aj, a;)
Vjj+1 € M(aj, Wr ., (p),aj+1)
ap=a

ag=">b
and 4 is in the homotopy class z. The fiber product

Mz—i_(aa WFJ? b)P[J = U {p} X M;_(Cl, WIJ(p)*a b)
peP

is compact for the appropriate topology (see [24], Section 26.1). We also write M. (a, W};,b)q,,
for the restriction of M (a, W},,b)p,, to the fibers over the boundary Qr; . We can sim-
ilarly define a compactification M2 (a, W7 ,,b)p,, of M (a, W};,b)p,, by only consid-
ering reducible trajectories. Recall that an unbroken trajectory from a to b is boundary-
obstructed if a is boundary-stable and b is boundary-unstable. Fix a regular choice of metric

and perturbation.

Remark 2.2.2. The intuition behind the following classification of ends comes from the
model case of Morse homology for manifolds with boundary. We encourage the interested

reader to see the Appendix at this time.

Lemma 2.2.3. If M, (a, W}, b)p,, is 0-dimensional, then it is compact. If M,(a, W};,b)p,,
is 1-dimensional and contains irreducibles, then M} (a, Wi, b)p,, is a compact, 1-dimensional

space stratified by manifolds. The 1-dimensional stratum is the irreducible part of M, (a, W;;,b)p,,,
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while the 0-dimensional stratum (the boundary) has an even number of points and consists

of:

(A) trajectories with two or three components. In the case of three components, the middle

one s boundary-obstructed.

(B) the reducibles locus M1 (a,W};,b)p,, in the case that the moduli space contains re-

ducibles as well (which requires a to be boundary-unstable and b to be boundary-stable).

If MI*a,W};,b)p,, is O-dimensional, then it is compact. If MI*(a,W};,b)p,, is 1-
dimensional, then M (a, W;;,b)p,, is a compact, 1-dimensional C°-manifold with bound-

ary. The boundary has an even number of points and consists of:
(C) trajectories with exactly two components.

Proof. This is essentially Lemma 4.15 of [27], which in turn is a generalization of the gluing
theorems in [24] leading up to the proof of the composition law (see Corollary 21.3.2,

Theorem 24.7.2, and Propositions 24.6.10, 25.1.1, and 26.1.6). [

Remark 2.2.4. When I = J, Lemma2.2.3/holds with M (a, W},,b)p,,, M} (a, W}, b)p,,,
Mrd(a, W, 0)p,,, and M4 (a, W7, b)p,, replaced by M, (a,b), M (a,b), M(a,b),

and M!F (q, b), respectively.

We obtain a number of identities from the fact that these moduli spaces have an even
number of boundary points. We now bundle these identities into a single operator Ag,
constructed by analogy with D%. Fix a pair of critical points a € €(Y7) and b € €(Yy), and
a relative homotopy class z from a to b in the configuration space B (W7r;). We define two

elements of Fy by

. |{trajectories in (A) or (B)}| mod 2, if dim M,(a, W}, b)p,, =1
nz(a, Wry,b)p, =

0, otherwise,
- . |{trajectories in (C)}| mod 2, if dim M (a, W}, b)p,, =1
niz(a, Wry,b)p, =

0, otherwise.

Remark 2.2.5. When I = J, we again replace M,(a, W};,b)p,, and M4(a,W};,b)p,,
by M, (a,b) and M (a, b), respectively.
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Remark 2.2.6. Trajectories of type (A) necessarily have at least one irreducible compo-
nent. It follows that if M, (a, W};,b)p,, is 1-dimensional and does not contain irreducibles,
then it can only have boundary points in strata of type (C). So the condition “if dim
M.(a,W};,b)p,, = 17 is equivalent to the usual condition “if dim M,(a, W}, b)p,, =1

b

and M, (a,W};,b)p,, contains irreducibles.” A similar remark holds for the definition of

m.(a, W}, b).

By Lemma and the above remark, n.(a, W}, b)p,, counts the boundary points of
M. (a,W;;,b)p,, when it is 1-dimensional and contains irreducibles, and is zero otherwise.
Similarly, n.(a, W};,b)p,, counts the boundary points of Mred(a, Wi;,b)p,, when it is
1-dimensional, and is zero otherwise. Since the number of boundary points is even, we

conclude:
nz(a,Wi;,0)p,, and n (a,Wj;,b)p,, vanish for all choices of a,b, and z. (2.6)

We proceed by analogy with Dﬁ, using n.(a, W;;,b)p,, to define linear maps A2(%),
Ac(h), Au(L), and A%(%), and n.(a, W}, b)p,, to define linear maps A3(%) and A3 (%) (we
will not need A%(%) or A%(%)). Again, these maps all vanish identically by (2.6). Each of
these maps can be expressed as a sum of terms which are themselves compositions of the

component maps of Eﬂ. Finally, we define the map /15 : C(Y7) — C(Yy) by the matrix

A3(5) Yrer<s (A5 Di(k) + D () An(k))

AL =
Tl Ay A 4 iy (AR D) + DEE) A5(L)

(2.7)

It follows that flﬂ vanishes identically as well. The motivation behind the definition of flﬂ

is explained in the Appendix.

Lemma 2.2.7. A% is equal to the component of D? from C(Yr) to C(Yy):

A= S PEDL.
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Proof. We must show that corresponding matrix entries are equal, that is

)= 3 DyDak)
I<K<J
Y prdhDyDeh)
ISK<M<J
Aty =3 pHpe)
I<K<J
+ Y DiHDec)
I<K<J
Y DDy Deh)
ISK<M<J
S o@Dyt +piHAG)) = Y peHpudoDi)
ISK<J ISKL<K<J
Y DrHDL D)
I<K<M<ZJ
Y prHDLDi D)
IKL<K<M<J
L)+ 3 (D) + DAL = S DHDER)DLG)
I<K<J I<LL<K<J
+ Y DD
I<K<J
+ Y DHDERDG)
I<KL<K<J
Y DDy D)
ISK<M<J
Y prHDLID D).
I<LL<K<M<ZJ

After expanding out the A} and distributing, all terms on the right appear exactly once on
the left by Lemma (the terms with four components appear only once since DS D“D?
is not a term of A%). All other terms on the left are of the form DYD%D:, D“D“D;,
or DYD:. 1In the first case, Dg(?Z)DZ([Ig)DZ(%I) is a term of both Ag(f](l)[?fb(%l) and
Dg(f]@)fli(éﬁ). Similarly, D*D¥D; occurs in A“D$ and D*A$, and D*D$ occurs in AYD?

and AS. Therefore, each of the extra terms occurs twice and we have equality over Fo. [
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Remark 2.2.8. An internal restpoint of ¥ is called a break. A break is good if the cor-
responding monopole is irreducible or boundary-stable. A trajectory 4 € M (ag, W*, bg)
occurs in the extended boundary of a 1-dimensional stratum if v can be obtained by ap-
pending (possibly zero) additional components to either end of a boundary point of a
1-dimensinal moduli space M, (a, W;;,b)p,, or M*d(a,W;;,b)p,,. In these terms, we have
shown that among the trajectories counted by flﬂ, those with no good break each occur
in the extended boundary of exactly two 1-dimensional strata. The remaining trajectories
each have one good break and occur in the extended boundary of exactly one 1-dimensional
stratum. In particular, Df,( lv?f( counts those isolated trajectories which break well on Y.
This remark may also be understood from the perspective of path algebras, as explained in

the Appendix.

Remark 2.2.9. A break of ¥ = (¥9,701,---,7,) 18 central if it is not a restpoint of ¥, or
v, Note that 4 has a central break if and only if it lies over a boundary fiber. We can
express /1{, as the sum of similarly defined maps Q{, and B, which count boundary points

with and without a central, good break, respectively. It follows from Remark that

Bl = D}D! + DD},
Q= ) DiDg.
I<K<J

B§ may be thought of (imprecisely) as an operator associated to the interior of Py, while
) % is (precisely) the operator associated to the boundary Qs (in the case [ = 3 in Figure
Q(l)(l)(l) is the sum of six composite operators, one for each edge of the hexagon). We can

then express AL =0 as

which has the form
PIDI 4 DIDT = OF
This is the sense in which Lemma should be viewed as a generalization of (1.5). As

in that case, QS is null-homotopic and D§ provides the chain homotopy.

‘We now conclude:
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Proposition 2.2.10. (X, D, F) is a filtered chain complex, where F is the filtration induced
by weight, namely
FixX= & ¢w).

Ie{0,1}¢
w(l)>i

Proof. The equation D? = 0 holds by Lemma and the fact that the operators /15
all vanish identically. The differential D respects the filtration, as I < J implies w(I) <
w(J). O

In order to describe H, (X, D), we recall some topology. Let Yy be a closed, oriented 3-
manifold, equipped with an oriented, framed knot Ky, and let Y] be the result of surgery on
K (this surgery is insensitive to the orientation of K). Y7 comes equipped with a canonical
oriented, framed knot K7, obtained as the boundary of the cocore of the 2-handle in the
associated elementary cobordism, and given the —1 framing with respect to the cocore (see
Section 42.1 of [24] for details). So we may iterate this surgery process, yielding a sequence
of pairs {(Y,, Ky)}n>o0. It is well-known that this sequence is 3-periodic, in the sense that

for each ¢ > 0, there is an orientation-preserving diffeomorphism
(Yits, Kivs) — (Y3, K;)

which carries the oriented, framed knot K;13 to K;. Applying this construction to each
component of the link L C Y, we may extend our collection of surgered 3-manifolds Y7
from the hypercube {0, 1}! to the lattice {0,1, co}!. We may now state the 2-handle version

of the link surgery spectral sequence, which computes H, (X, D) in stages.

Theorem 2.2.11. Let Y be a closed, oriented 3-manifold, equipped with an [-component
framed link L. Then the filtered complex (X, D, F) induces a spectral sequence with E-term

given by
E'= P HM.(v7)
I1€{0,1}}
and d* differential given by
d= P HM (V).
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The link surgery spectral sequence collapses by stage | + 1 to I—TM(YOO). Fach page has an

integer grading t induced by vertex weight, which the differential d* increases by k.

Remark 2.2.12. The above statement uses different notation than that given in Theorem
in the introduction and in Theorem 4.1 of [36], emphasizing 2-handle addition over
surgery. To reconcile the two forms, we describe the 3-periodicity above in the case of a
knot Ko C Y from the surgery perspective (see Section 42.1 of [24]). The complements
Y — v(K,) are all diffecomorphic, so we may view each of the surgered manifolds Y, as
obtained by gluing a solid torus to the fixed complement Yy — v(Kp). If we denote the
meridian and framing of K, by u, and \,, respectively, thought of as curves on the torus

Ov(K71), then we have the relations

Hn+1 = An

>\n+1 = —Hn — An

which correspond to the matrix

of order 3. Since the framing is insensitive to the orientation of the curve, we can regard
Ky, K1, and K9 = K, as having the framings A9, Ag + o, and pg, respectively. Therefore,
Y7 is shifted one step from Y (1), i.e. Y1 =Y(0), Yoo =Y (1), and Yy = Y (00). So Theorem
2.0.1] is simply Theorem [2.2.11] applied to Ky C Y;7. In the case of a link, the same shift in

the 3-periodic sequence occurs in each component.

The first claim of Theorem follows immediately from the usual construction of
the spectral sequence associated to a filtered complex. The ¢ grading is well-defined since
each differential d* is homogenous with respect to vertex weight. We complete the proof
in two stages. First, in Section we define a complex ()? ,D), modeled on the lattice
{0,1,00}!, in which (X, D) sits as a quotient complex. Then, in Section we use the
surgery exact triangle to conclude that X is null-homotopic. The identity of the E*° term

quickly follows.
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2.3 Product lattices and graph associahedra

Consider the lattice {0, 1, 0o}, with the product order induced by the convention 0 < 1 < oo.
An oo digit contributes two to the weight. We will sometimes also use co to denote the final
vertex {oo}, with the meaning clear from context. Consider the full cobordism W from Y,
to Y, the result of attaching two rounds of [ 2-handles:
l l
W= ([0,1] xYUUhZ) ulJ g
i=1 j=1
Here h; is attached to the component K; of L C Y, and g; is attached to KJ’ C Y;, where
K j’ denotes the boundary of the co-core of h; with —1 framing. A valid order of attachment

corresponds to a maximal chain in {0, 1, oo}l, or equivalently to a path in I' from 0 to oo,

(20)!

5+ For each vertex I = (my,...,my), we have the hypersurface Y7,

of which there are
diffeomorphic to a boundary component of
Wor=[01xYu |J mu (J @
{ilmi=1} {ilmi=oo}

An oo digit corresponds to attaching a stack of two 2-handles to a component of L C Y.

As in Section we will construct a polytope of metrics Pr; on the cobordism Wy for
all pairs of vertices I < J. The simplest new case occurs when [ =1, I = 0, and J = oo.
Since w(oo0)—w(0) = 2, the polytope Py should be a closed interval with degenerate metrics
over the two boundary points. However, we now have only one internal hypersurface, Y7,
on which to degenerate the metric. The solution, as in [27], is to construct an auxiliary
hypersurface S; as follows. Let Fy be the 2-sphere formed by gluing the cocore of h; to
the core of g; along their common boundary Kj. Due to the -1-framing on K/, v(E;) is a

D?-bundle of Euler class -1, with E; embedded as the zero-section. It follows that
=52 . 4
v(E;) = CP” —int(D?)

and we define the hypersurface S; to be the bounding 3-sphere v (K;). Py is then iden-
tified with the interval [—oo, o0], with the metric degenerating on S; at —oo and Y7 at
0.

For the lattice {0,1,00}!, we will embed [ auxiliary 3-spheres Si,...,S; in addition

to the 3! — 2 internal hypersurfaces. We must then construct a family of metrics which
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) (20—i)!

interpolates between the 22:1 (l 5= ways to decompose W along 2] —1 pairwise-disjoint

hypersurfaces. As a first step, we generalize Lemma [2.1.2] The following proposition is

motivated by a half-dimensional diagram in the spirit of Figures and Figure

Proposition 2.3.1. The full set of 3! — 2 internal hypersurfaces Y; and | spheres S; can be

simultaneously embedded in the interior of W so that the following conditions hold:

(i) The internal hypersurfaces in any subset are pairwise disjoint as submanifolds of W if
and only if they form a chain. In this case, cutting along Y7, <Yy, < .. <Yy, breaks

W into the disjoint union
WUIl H WIIIQ H H W[kOO‘

(ii) Distinct Y1 and Y intersect in exactly p(I,J) disjoint tori.

(i1i) Y1 and S; intersect if and only if m; = 1, where I = (mq,...,my). In this case, they

intersect in a torus.
(iv) The S; are pairwise disjoint.

Proof. List the vertices as Iy, I1, ..., I3, first in order of increasing weight and then numeri-

cally within each weight class. We express the full cobordism as

l l
wW=1003]xyulJ mul] g
=1 =1

and embed Yy and Y, as the boundary. As in the proof of Lemma for each 1 <
q < 3" — 1, we have slimmer 2-handles h! and g as the images of D? x D2 in h; and g;,

respectively, where Dg is the disk of radius z5. Again, we think of

{3} xvq(Ki)

h = [q,3'] x v (K;) U U hd

as a longer 2-handle which tunnels through [g,3'] x Y in order to attach to [0,¢] x Y along
{q} x vg(K;). Let K] be the boundary of the cocore of h;, so that v,4(K]) = Dz x dD? is the
region of h; to which g attaches. Let Afl be the annulus given in polar coordinates (r, )

by [%, 1] x S1, thought of as sitting in the cocore of h;. The boundary of Dg x A consists
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of v4(K/) and a radial contraction of v4(K/) into the interior of h;, denoted 7y (K]). So we
may regard

gf:Dng;?u U g!
Vq(Kl{)

as a longer 2-handle which tunnels through D? x Aé C h; in order to attach to iL‘Z along
7y(K!) C 9hY. In this way, we embed Wor, in W as

Wor, =Y x[0,qu ) »u [J 4
{ilmi>1}  {i|mi=oo}

and Y7, as a component of its boundary. Here I, = (m1,...,m;). Next, let the 2-sphere E;
be the result of gluing the cocore of h; and the core of g; along their common boundary
K|, and let v(E;) be the result of gluing together the corresponding trivial D%-bundles of
radius %31 Then v(E;) is a D?-bundle of Euler class -1, and we embed the 3-sphere S; as
its boundary.

Conditions (i) and (ii) now follow from a straightforward generalization of the proof
of Lemma [2.1.2] For (iii), note that if m; = 1, then the intersection of Y; and S; is the
boundary of the restriction of the D?*-bundle v(E;) to K!. Finally, the S; are pairwise

disjoint because they live in different pairs of handles. ]

For fixed I < J, the interval {K | I < K < J} takes the form {0,1,00}™ x {0, 1}* for
some pair of non-negative integers (m, k) with m + k = [. In order to define the maps D§
in general, we need to construct a polytope P, of dimension 2m + k — 1 for each pair
(m, k). We define P,, ) abstractly to have a face of co-dimension d for every subset of d
mutually disjoint hypersurfaces in the interior of W, with inclusion of faces dual to inclusion
of subsets. Our definition is justified by Theorem which realizes P, ; concretely as a
convex polytope.

In order to motivate this theorem, we first construct those P, of dimension three
or less by hand. The polytopes Py 1, Poz2, Fo3, and Fy4 are the first few permutohedra
of Proposition [2.1.4] namely a point, an interval, a hexagon, and a truncated octahedron
(recall Figure . We saw that Pj is an interval, and it is easy to see that P is the
associahedron K}, otherwise known as the pentagon. P is more interesting. In Figure

we use a trick to establish that it is K5, also known as Stasheff’s polytope [42]. See
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[13] for an enjoyable, informal introduction to associahedra. Note that K, has dimension

n — 2 while P, has dimension n — 1.

01 Ooo Sl ool
Sa
o000 ool oooo oo S,
A A A /000
10 11] 1oo 00 0009 .
A A A 01 ......... OOJ 10
ool
00 01 Oco
10 000 11 Sy loo 11

Figure 2.4: Consider the full cobordism W corresponding to the lattice {0,1,00}? at left.
The seven interior hypersurfaces and two auxiliary 3-spheres are embedded in W in such a
way that the diagram at center accurately depicts which pairs intersect (although the triple
intersection point is an artifact). The nine internal arcs in the diagram are arranged so that
by stretching normal to disjoint subsets, we obtain a parameterization of the space of con-
formal structures on the hexagon, which is known to compactify to the associahedron K5 at
right. In fact, we can exploit this connection between associahedra and conformal structures
on polygons to construct monopole Floer analogues of maps counting psuedoholomorphic

polygons in Heegaard Floer homology. We will return to this in a future paper.

At this stage, it may be tempting to conjecture that all the P, ; are permutohedra or
associahedra. We check this against the only remaining 3-dimensional case, namely P o.
To build this polyhedron, it is useful to return to the viewpoint of Remark Let
I' be the oriented graph corresponding to the lattice {0,1,00}™ x {0,1}*. Let T' be the
unoriented graph obtained as the transitive closure of I' with its initial and final nodes
removed. We now add [ additional nodes I/ (representing the S;) to T’ and connect each I/
to the others and to those I = (my,...,m;) € T with m; # 1. By Proposition the
nodes of the resulting graph I/ are in bijection with the full set of hypersurfaces, with two
nodes connected by an edge if and only if the corresponding hypersurfaces are disjoint. The
graph I is the 1-skeleton of a simplical complex Cpm.. whose face poset is isomorphic to the
poset of non-empty cliques in IV under inclusion. That is, the d-dimensional faces of Con i

are in bijection with the d-cliques of I (the fact that this poset defines a simplicial complex
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will follow from Theorem [2.3.3). The simple polytope dual to Cy,j, is then, by definition,
the boundary of P, ;. In Figure we illustrate this process for P; o, concluding that it

is indeed something new.

Figure 2.5: We construct the boundary of the polyhedron P o as the dual of the simplicial
complex Cq o. First, at left, we remove the initial and final nodes from the lattice {0, 1, 0o} x
{0,1}2. We then flatten the shaded region and take the transitive closure to obtain T,
represented by the shaded rectangle and compact dotted line segments at center. Next we
add the vertex I at infinity (not shown) and connect it by dotted lines to the six nodes
for which m; # 1. At this stage, we have constructed I, the 1-skeleton of C1,2. The faces
of Cy o are the 3-cliques (triangles). Drawing the dual with thin red lines, we obtain the
boundary of P;2. At right, we have redrawn P; 2. The face S corresponds to the large
hexagonal base under the colorful tortoise shell. The 12 vertices away from S correspond

to the 12 paths through the lattice.

The right hand side of Figure illustrates P; 2 as a convex polytope in R3. However,
our dual-graph perspective does not provide such an explicit realization of P, ; in higher
dimensions. While searching for an alternative construction of Pj 2, the author discovered
beautiful illustrations of similar polyhedra in [12] and [15]. Given a connected graph G
with n vertices, Carr and Devadoss construct a convex polytope Pg of dimension n — 1, the
graph-associahedron of G, using the following notions.

A tube of G is a proper, non-empty set of nodes of G whose induced graph is a connected
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subgraph of G. There are three ways in which tubes ¢; and to can interact:
(1) Tubes are nested if t1 C tg or to C ty;
(2) Tubes intersect if t1 Nty # () and 1 ¢ to and to & t1;
(3) Tubes are adjacent if t1 Nte = () and ¢; Uty is a tube in G.

Tubes are compatible if they do not intersect and they are not adjacent. A tubing T of G is
a set of tubes of G such that every pair of tubes in T' is compatible.

We now define the graph-associahedron of a connected graph G with n nodes. Labelling
each facet of the n — 1 simplex Ag by a node of GG, we have a bijection between the faces
of A¢ and the proper subsets of nodes of G. By definition, Py is sculpted from Ag by
truncating those faces which correspond to a connected, induced subgraph of G (see Figure

. We therefore have a bijection
{facets of Pg} «— {tubes of G}. (2.8)

More generally, Carr and Devadoss prove that Pg is a simple, convex polytope whose face
poset is isomorphic to the set of valid tubings of G, ordered such that T' < T" if T' is obtained
from 7" by adding tubes. Moreover, in [15], Devadoss derives a simple, recursive formula

for a set of points with integral coordinates in R", whose convex hull realizes Pg.

Remark 2.3.2. Carr and Devadoss trace their construction back to the Deligne-Knudsen-
Mumford compactification My, (R) of the real moduli space of curves. In this context, the
sculpting of Py is thought of as a sequence of real blow-ups. When G is a Coxeter graph, Pg
tiles the compactification of the hyperplane arrangement associated to the corresponding
Coxeter system. The n-clique, path, and cycle yield the (n—1)-dimensional permutohedron,
associahedron, and cyclohedron, respectively. By the n-clique, we mean the complete graph

on n nodes.

Comparing Figures [2.5 and we see that P o is precisely the graph-associahedron of

the 3-clique with one leaf. In fact, all of the polytopes P, are graph-associahedra:
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Figure 2.6: We have modified Figure 6 in [15] to illustrate the sculpting of Py for the graph
G given by the 3-clique with one leaf. Each node of G slices out a half-space in R?, leaving
the 3-simplex A¢g at left. Next, we shave down those vertices of /Ag which correspond to
the connected, induced subgraphs of size three. Finally, at right, we shave down those edges

of A which correspond to the edges of G. This figure also illustrates the bijection (2.8)).

Theorem 2.3.3. The polytope P, associated to the lattice {0,1,00}™ x {0,1}% is the
graph-associahedron of the (m + k)-clique with m leaves. More generally, the polytope nat-
urally associated to the lattice {0,...,n1} x -+ x {0,...,ny}, with all n; > 1, is the graph-
associahedron of the l-clique with paths of length ny — 1,...,n; — 1 attached.

Proof. An example is given in Figure . We first consider the lattice {0,1,00}™ x {0, 1}*.
In addition to the 3™2F — 2 internal hypersurfaces Y7, we have m auxialliary hypersurfaces
S;. Let G be the complete graph on nodes vi,. .., U1, with a leaf v] attached to v; for

each i = 1,...,m. The bijection (2.8) is given by
Y — {v;|m; > 1} U {v)|m; = 0o}

and extends to an isomorphism of posets.

Next, consider the lattice {0,1,...,n}. The cobordism W is then built by attaching a
single stack of handles hyU- - -Uhy, to [0,1] x Y (the n = 3 case is shown in Figure[2.8] though
with different notation). In addition to the internal hypersurfaces Yi,...,Y,,_1, we include
an auxiliary hypersurface Si between each pair of handles (hj, hy) with 1 < j < k < n,
embedded as the boundary of a tubular neighborhood of the union of the intervening 2-

spheres E;. In fact, if K — j = 2 (mod 3), then S,i is diffeomorphic to S! x S2. Otherwise,
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Si is diffeomorphic to S3. By a straightforward variation on the theme of Lemma and
Proposition these n — 1 + (72‘) hypersurfaces can all be embedded in W so that

(i) the Y; are all disjoint;
(ii) Y; and S]z intersect if and only if j <4 < k. In this case, they intersect in a torus.

(iii) S,ﬁ and Sﬁ intersect if and only if the intervals {j1,...,k1} and {j2,..., ka} overlap

but are not nested. In this case, they intersect in a torus.

Now let the graph G be the path with nodes {vy,...,v,}. The bijection ({2.8) is given by

Y — {vo, ..., vi}

SZ — {vj, ..., v}

and extends to an isomorphism of posets. As remarked above, Pg is then the (n — 1)-
dimensional associahedron K, 1. The result for a lattice consisting of an arbitrary product
of chains follows from a straightforward, subscript-heavy amalgamation of the arguments

in the above two cases. O

Now consider the lattice A = {0,...,n1} x -+ x {0, ...,n;} with the corresponding graph
G given by Theorem m Using a formula in [15], we can realize Pg concretely as the
convex hull of vertices in general position in R?, where d = ny---n; — 1. Now Pg has one
vertex V,, for every maximal collection «y of disjoint hypersurfaces in the cobordism W with
initial metric ggo. As in Section we associate to the vertex V, a cube of metrics C,
which stretches on the hypersurfaces in v. We can then use Py to parameterize a family of
metrics on W by identifying each C, with the cube containing the vertex V, in the cubical

subdivision of Py. In particular, P, j consists of Y ;" (m)M

; sm——— cubes.

Remark 2.3.4. Using these polytopes of metrics, we can define maps D§ associated to
any lattice formed as a product of chains of arbitrary length, where {0,...,n} has length
n. However, we will see that this gives rise to a differential if and only if all the chains have
length one or two. When there is a chain of length three or more, additional terms arise
from breaks on auxiliary hypersurfaces. We will see this phenomenon explicitly for a single

chain of length three in the proof of the surgery exact triangle (see Theorem [2.4.2)).
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Q {0,1,2,3,4} x {0,1,2} x {0,1} x {0,1,2,3}
PN PN /&’/\
K K5

Ks Ky

L

Figure 2.7: The figure at left represents a Kirby diagram arising from the 3-periodic surgery
sequence applied to each component of a framed link with four components. The corre-
sponding lattice is the product of four chains, while the graph is obtained by appending
paths to the complete graph on four vertices. The pentagon at right represents the corre-
sponding 9-dimensional graph associahedron. The above assignment of a polytope Pg to

a finite product lattice generalizes the assignment of the permutohedron to the hypercube

described in Section 211

Having constructed polytopes of metrics for all intervals in the lattice {0,1,00}!, we
proceed to define the complex ()Z' , D). Fix a metric on the cobordism W which is cylindrical
near every hypersurface Y; and auxiliary hypersurface S;, where each S; has been equipped
with the round metric. We let

X= & <)
I€{0,1,00}
and define the maps DY : C(Y7) — C(Yy) by ezactly the same construction and matrix
as before, with D : X — X their sum.

We now prove that D is a differential by an argument which parallels that in Section
We first expand our definition of M} (a, Wr;(p)*, b) to intervals of the form {0,1,00}™ x
{0,1}*. Let V; denote the copy of CP — int(D?) cut out by S;. For each I < J, let
Siyey S

() be the spheres completely contained in W;;. We denote the corresponding

cobordism with n(1, J) + 2 boundary components by

n(I,J)
Uy =Wy — |J int(V5,).

s=1
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If p is in the interior of the face (I} < Iy < --- < I;—1,51,...,.S;), then an element 4 of
M (a, Wrs(p)*,b) is a (2¢ + 2r + 1)-tuple

v

(;)//07701"\?177127 s 7;5/(1—177(1*1117;5/(177717 611 sy My 67‘) (29)

where

'ﬁ'j € M+(aj7aj)

*
Vit € M(ag,¢irs s G p 0 ULy () 8541)

j+1)’
8 € M (ci,¢)

ni € M(Vi*(p), ¢;)

ap=a

aG=>

a; € ¢(Yy;)

¢ € Q:(SZ')

and ¥ is in the homotopy class z (and similarly when p is in the interior of a face which
includes a subset of the S; other than the first r). The fiber product

M (a, Wiy, 0)p, = | J{p} x M (a,Wis(p)*,b)
peEP

is compact. We then define AL : C(Y;) — C(Yy) by ezactly the same construction and
matrix (2.7) as before.

We will also need the following lemma, consolidated from [27] (see Lemma 5.3 there
and the preceding discussion). The essential point is that there is a diffeomorphism of
TP - int(D*) which restricts to the identity on the boundary and induces a fixed-point-

free involution on the set of spin® structures.

Lemma 2.3.5. Fiz a sufficiently small perturbation on S;. Then for each ¢,¢ € €(S;),

M(c, ¢/) =0 and the trajectories in the zero-dimensional strata of M (V*,¢) occur in pairs.

When M, (a, W};,b)p,, or M (a, W;,b)p,, is I-dimensional, the number of boundary

points in the corresponding compactification is still even (technically, using a generalization
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of Lemma to the case of cobordisms with three boundary components, as done in [24]
by introducing doubly boundary obstructed trajectories). By Lemma the number
of boundary points which break on precisely some non-empty, fixed collection {S;,,...S;.}
of the auxiliary hypersurfaces is a multiple of 2", via the pairing of 7;; and ngj in .
Therefore, by inclusion-exclusion, the number of boundary points which do not break on
any of the .S; is even as well. Since these are precisely the boundary points counted by the
matrix , /15 still vanishes and the proof of Lemma goes through without change.

We conclude:

Proposition 2.3.6. ()~(, D, F) is a filtered chain complex, where F is the filtration induced
by weight, namely
FFX= B <.
I1€{0,1,00}!
w(I)>i
Remark 2.3.7. While we were compelled to introduce auxiliary hypersurfaces S; in order

to obtain polytopes, the corresponding facets contribute vanishing terms to Qg by Lemma
We thereby recover

Q= ), DiDi.
I<K<J

2.4 The surgery exact triangle

We will identify the E°° page of the link surgery spectral sequence by applying the surgery
exact triangle to the complex of Proposition [2.3.6] Before stating the surgery exact triangle,
we first recall the algebraic framework underlying its derivation in both monopole and

Heegard Floer homology (see [27] and [36], respectively).

Lemma 2.4.1. Let {A;}5°, be a collection of chain complezes and let
{fitAi = Aia 20
be a collection of chain maps satisfying the following two properties:

(i) fi+1 0 fi is chain homotopically trivial, by a chain homotopy

Hi : Az — Ai+2
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(ii) the map

Vi = fix1oHy + Hipq0 fi : A — Aigs

18 a quasi-isomorphism.

Then the induced sequence on homology is exact. Furthermore, the mapping cone of fi is

quasi-isomorphic to As via the map with components Hy and fs.

Let Yj be a closed, oriented 3-manifold, equipped with a framed knot K. Applying the

functor HM, to the associated 3-periodic sequence of elementary cobordisms

W Yo = Yo tnezsszs
we obtain the surgery exact triangle:

Theorem 2.4.2. With coefficients in Fo, the sequence

—_—

e HL (Y ) S R () P T (Vi) —

18 exact.

Proof. We reorganize the proof in [27] to fit it within our general framework of polytopes
Py and identities Ag. We use the notation {0, 1, 00,0’} for the lattice {1,2, 3,4} considered
in [27]. The corresponding graph (in the sense of both I' and ) is the path of length three,
yielding a pentagon of metrics Pg whose sides correspond to Y7, Yoo, S1 = SL, Soo = o
and Ry = S}, (where the left-hand notation is shorthand for the right-hand notation in
the proof of Theorem . The auxiliary hypersurface R; is diffeomorphic to S x S?
and cuts out V; = TP - int(D%) from W, leaving the cobordism U; with three boundary
components.

Keeping the 3-periodicity in mind, we prove exactness by applying Lemma with

Ay = C(Yp) fi=DY Hy = DY Wy = DY,
Azysj = C(V1) fa =D, Hy = D},
Azysj = C(Yeo) fs=Dg

where we have yet to define Dgl. The first condition of Lemma is then satisfied by

Proposition [2.3.6| with [ = 1.
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Figure 2.8: At left, the half-dimensional diagram of the cobordism W for the lattice
{0,1,00,0"}. Note that Sj is represented by two concentric curves, arising as the boundary
of the tubular neighborhood of a circle representing the sphere E; (and similarly for S.).

At right, the pentagon K, of metrics, analogous to the hexagon P3 in Figure

Let R denote the edge of the pentagon corresponding to R, considered as a one-
parameter family of metrics on V; stretching from S7 to So. Viewing Vi as a cobordism

from the empty set to R, with the family of metrics R, we have components
n, € Cg(Ry) ns € CJ(R1) ns € CJ(Ry) Ny € CY(R1)

In other words, these elements count isolated trajectories in moduli spaces of the form
M,(V{,¢)gr and MMV ¢)g. In fact, by Lemma 5.4 of , when the perturbation on
Ry is sufficiently small, there are no irreducible critical points and all components of the
differential on C (R;) vanish, as do n, and 7ns.

We define the maps Dj({),) exactly as before. We similarly define maps D3(J,) and

Dz5(8,) which count isolated trajectories in MX*(a, ¢, UT, b):

D3 (3) : C3(R1) ® C5(Yo) — C3(Yy) DF@)(ec®ed) = > > ma(a,c,Uf,b)es;
bees(Yy) 2
D (i) : C3(Ry) ® C3(Yp) — Cd(Yy) Dy@)ec®ea) = D D ma(a,c,Uf,b)ep.

beeu(Yy) =
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We combine these components to define the map DY, : C(Yy) — C(Yy) by

[ o) Socrceo DA DiR)
o — _
DY) Di@)+ D 0<K <0 D(E) D5 (%)
0 D’U,O;DSSOI Ne ® -
o GorGImee) | o0
0 D) (ns @) + D)D) (ns © -

The terms in (2.10]) break on a boundary-stable critical point in C(Ry). Of these, the term
D (5,)(ns®-) is singly boundary-obstructed, while the other two are compositions of a non-
boundary obstructed operator and a doubly boundary-obstructed operator (see Definition
24.4.4 in [24]). Finally, we introduce the chain map L : C(Yy) — C(Yy) defined by

LS LyD;(8) + Dy ()L

0
0
L L3+ LUD(3) + DY)

L= (2.11)
where L = D% (7, ® -) and L¥ = D% (72, ®-). So the coefficient of b in L(eq) is a count of
the zero-dimensional stratum of M (a, ¢, Uf, b), over all ¢ such that e, is a summand of 7,,.

By Lemma below, these maps are related by
DYDY + DYDY = DL DY + DD, + L. (2.12)

Furthermore, by Proposition 5.6 of [27], L is a quasi-isomorphism. We conclude that
D(l),D(l) + DS?DgO is a quasi-isomorphism as well. This is precisely the second condition

of Lemma which then implies the theorem. ]

Remark 2.4.3. In fact, the authors of |27] show that the map induced by L on I—T]V[.(Yo)

is given by multiplication by the power series
k(k+1)/2
> Ui :
k>0
The proof is related to that of the blow-up formula, Theorem 39.3.1 of [24].
Equation (2.12)) is proved by counting ends. The maps A%(J,) and A%(J) are defined

using the vanishing elements n.(a, W*,b)p,, and n.(a, W*,b)p,, exactly as before. By

analogy with the maps D$* above, we also define vanishing maps A%%(,) and A3*(3,) which
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count boundary points of M4+ (a, ¢, U;, b). Finally, we define /18, :

AO/ ==

_.|_

A5(6) So<r<o (A5 D
A2Q) AL + D 0<K <0 (A¥(

ALG)DE (B (s ® -

0 A5()(ns @)+ AUS)DE () (ns @)

O

(Yo) — C(Yy) by

46

(2.13)

which therefore vanishes as well. The form of Ag, follows from the model case of Morse

theory for manifolds with boundary, as described in Appendix I. Note that all the terms in
(213)) break on a boundary-stable critical point in C'(R1). The term A%%(8,)(ns®-) is singly

boundary-obstructed, while the other four are compositions of a non-boundary-obstructed

operator and a doubly-boundary-obstructed operator.

Lemma 2.4.4. The map Ag, + L is equal to the component of D from C(Yy) to C(Yy):

Ay +L= Y DEDY.

0<K <0/

Proof. As in the proof of Lemma [2.2.7] all terms on the right appear exactly once on the

left, with the additional terms on the left being those which do not have a good break on

any Y7. We divide these extra terms into those with

(i) no break on Ry;

(ii) a boundary-stable break on Ry;

(iii) a boundary-unstable break on R;.

Terms of type (i) can be enumerated just as in the proof of Lemma so each occurs

twice in Ag/. Dropping indices where it causes no ambiguity, the terms of type (ii) occur in

six pairs:

DDt (n, @

DUDUD3%(ns @ -

Dy (ns ® Dy ("))
DyD;3(ns ® )

()
DyDyD;e (ns @ -

in

in

AD;,
AGD (ns @)
ALD;,

and
and
and
and
and

and
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Finally, the terms of type (iii) occur in five pairs:

DUD¥(f, ®-) in DUAS and DULS;
D% (i, ® D:(-)) in AYD: and LYD3;

o u
DUD¥(n, ®-) in DYAS and DULS;
D¥(n, ® D(-)) in AYD: and LU“D3;
D¥$ (i, ® ) in A$ and L:.

We conclude that terms of types (i) and (ii) are double counted by A9, while those of type

(iii) are counted once each by /lg, and L. We therefore have equality over Fs. O

Remark 2.4.5. If we consider a boundary-unstable break on R; to be a good break as well,
then Remark goes through exactly as before. Furthermore, L counts those trajectories

which break well on Ry (see also the discussion following Proposition 5.5 in [27]).

Remark 2.4.6. For the lattice {0, 1, 00,0}, we introduced the auxiliary hypersurfaces St,
So, and R; in order to build the pentagon of metrics. The S; edges contribute vanishing
terms to Qﬂ by Lemma m whereas the Ry edge contributes the term L. Thus,

QY =D{ D)+ DYDY, + L

and once more we can view (2.12)) as a “generalization” of (|1.5)).

2.5 The link surgery spectral sequence: convergence

We are now positioned to identify the limit of the link surgery spectral sequence.

Proof of Theorem [2.2.11 For 1 < k <[, define the map
Fy, - EB C(Y7) — @ C(Y7)
Ie{oo}—kx{0,1}x{0,1}k-1 Ie{oo}—kx{oo}x{0,1}k—1
as the sum of all compatible components of the differential D on the subcomplex
b C(v1)
Ie{oo} =k x{0,1,00}x{0,1}k-1

of X. Then D? =0 implies that F} is a chain map. Consider the filtration given by the
weight of the last k — 1 digits of I. By applying the final assertion of Lemma to the
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surgery exact triangles arising from the component K;_j11, we conclude that Fj induces
an isomorphism between the E' pages of the associated spectral sequences. Therefore, Fj,

is a quasi-isomorphism, as is the composition
F=FoFo - oF:X —(C(Ysy). (2.14)
O
Remark 2.5.1. The proof of Theorem hinges on two facts:
(i) lattices of the form {0,1}* and {0, 1,00} x {0, 1}* give rise to filtered complexes;
(ii) the lattice {0,1, 00,0’} gives rise to an exact sequence.

We considered more general lattices in Theorem [2.3.3]and Proposition [2.3.6]in part to make
clear how both these facts arise as special cases of the same polytope constructions. The

lattice {0, 1, 00,0} x {0,1} will arise naturally in Section

2.5.1 Grading

We now introduce an absolute mod 2 grading & on the hypercube complex (X, D) which
reduces to gr® in the case I = 0. In fact, it will be useful to define 6 on the larger complex
(X, D) associated to the lattice {0,1,00}.. Let 2 € C(Y7) be homogeneous with respect to
the gr® grading. Then we define

5(x) = gr@ (@) + ((Wyr) —w(I)) — (t(Wpeo) — 21) =1 mod 2
= gr® () — (L(Wise) + w(I)) +1 mod 2. (2.15)
Here the subscripts 0 and oo are shorthand for the initial and final vertices of {0, 1, co}'.

Lemma 2.5.2. The differential D on X and X lowers § by 1.

Proof. Since D§ is defined using a family of metrics of dimension w(J) —w(I) —1 on Wy,

it shifts gr® by
—(Wiy) + (w(J) —w(I) = 1) = (t(Wjso) + w(J)) = (t(Wreo) + w([)) — 1.

The claim now follows from (2.15)). O
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We now complete the proof of Theorem [2.0.1

Proposition 2.5.3. The gradings 6 and gr'® coincide under the quasi-isomorphism

F:X — CY)

defined in (2.14)).

Proof. The weight of the vertex {oo}! is 2I. Therefore, given 2 € C(Ys), by (2.15) we have
5(z) = gr@(x) =1 mod 2.

So it suffices to show that the quasi-isomorphism F : X — C(Ya,) lowers 0 by I. But F is
a composition of [ maps F},, each of which is a sum of components of D. So we are done by

the Lemma 2.5.2 O

2.5.2 Invariance

The construction of the hypercube complex
X(g7q) = @ C(Y[(Q|],Q|[))
Ie{0,1}t
depends on a choice of metric g and admissible perturbation ¢ on the full cobordism W,

where the metric is cylindrical near each of the hypersurfaces Y. Let (go,q0) and (g1,41)

be two such choices.

Theorem 2.5.4. There exists a i-filtered, -graded chain homotopy equivalence

¢ : X(90,9) — X(g91,q1),

which induces a (£, 5)—gmded isomorphism between the associated E* pages for all i > 1.

Proof. We start by embedding a second copy of each Y7 in W as follows (see Figure for
the case [ = 2). First, relabel the incoming end Yy as Y, {0y and every other Y7 as Y7, (13-
Then embed a second copy of Yy oy, labeled Yy, (1}, just above the original. Finally,

embed a second copy of each Y7, (1}, labeled Y7, 0y, just below the original. We now have
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an embedded hypersurface Y7, ; for each I x {i} in the hupercube {0, 1} x {0,1}, with
diffeomorphisms
Wiioy,rxq1y = Y1 x [0,1] (2.16)
Wrsgir,oxty = Wi (2.17)

where in (2.17) we assume I < J. Furthermore, Y7,y and Y, 5 are disjoint if I x {i}
and J x {j} are ordered.

X ]

110

101
100

001 011 101 111

011
010

001
000

Figure 2.9: At left, we have the half-dimensional diagram of the cobordism W used to
prove analytic invariance in the case [ = 2. For each I € {0,1}?, the hypersurfaces Y7 {0}
(in blue) and Y7,y (in red) bound a cylindrical cobordism. At right, we can fix the blue
metric go on Wopo,110 (top), or the red metric g; on Woo1,111 (bottom). The green metric on
the middle rectangle represents an intermediate state. To construct the homotopy, we slide
the metric from that on the top rectangle to that on the bottom rectangle in a controlled

manner, as explained in Figure 2.10]

Our strategy is as follows. We define a complex

X = @ C(YIX{Z})7

1e{0,1}1,ie{0,1}

where the differential D is defined as a sum of components

vI i % -~
QJXX{{]'}} s CO(Yrxgy) = C(Yyxgiy)-
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Those components of the form Qﬂiiﬁ are inherited from X (g;, ¢;). So we may view X (go, qo)
as the complex over {0, 1} x {0} obtained from quotienting X by the subcomplex X (g1, q1)
over {0,1} x {1}. The component Q{I]i{{q}} is induced by the cobordism Wy, g3 7«5} over
a family of metrics and perturbations parameterized by a permutohedron P, {0},7x{1}> tO
be defined momentarily. Then 22 = 0 implies that

Ix{0
¢ = ZDJXX{U}} X(90,90) — X(g1,q1)
<J

is a chain map. If we extend the 0 grading verbatim to X, then ¢ is odd as a map on
X by Proposition and thus even as a map from X(go,qo) and X (g1,q1). Thus, ¢ is
b-graded, and it is clearly -filtered. By (2.16)), the map

Ix{0
Dliili C(YIX{O}) - C(YIX{I})

induces an isomorphism on homology. Thus, filtering by the horizontal weight w defined
by w(I x {i}) = w(I), ¢ induces a (£,d)-graded isomorphism between the E! pages of the
corresponding spectral sequences. By Theorem 3.5 of [31], we conclude that ¢ induces
a (1, 5)—graded isomorphism between the E° pages for each i > 1. Thus, ¢ is a quasi-
isomorphism, and therefore (since we are working over a field) a homotopy equivalence.

It remains to construct the family parameterized by each B[X{O}’ Jx{1} and to prove
that 22 = 0. We start by fixing a metric g} on each cylindrical cobordism Wy, 10y rx{1}
for which g}(YIX{O}) = go(Y7) and g}(YIX{l}) = ¢1(Y7) (we proceed similarly with regard
to the perturbations, though we will suppress this). Here the notation g(Y') denotes the
restriction of g to Y. The point B[X{O},Ix{l} is defined to correspond to the metric gf. Now

for each I € {0,1}!, we specify a metric g; on W by its restriction to each of three pieces:

91(Woxioy,1x401) = 90(Wor)
91(Wrxqoy,rx{1}y) = 91
Ir(Wixqiy,1xq1y) = 1(Wrp).

We will use these metrics to construct the family parameterized by P, {0},1x{1} in several

stages. The case [ = 2 is illustrated in Figure [2.10]
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] WAl

BN [Bd (P4

Figure 2.10: The hexagon B?(l)(l) is drawn so that increasing the vertical coordinate is sug-
gestive of moving from the red metrics to the blue metrics. Gray represents the cylindrical

metrics g{ , while green represents an intermediate mixture of red, blue, and gray.
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We first describe a family F of non-degerate metrics on W, parameterized by the per-
mutohedron Pjy;. Let () denote the facet of P, corresponding to the internal vertex I.
P11 may be obtained from P, x [0,1] by subdividing each facet Q; x [0,1] by the ridge
Qr x {w(I)}. (In the [ = 2 case, this amounts to adding a vertex at the midpoint of each
vertical edge in a square. In the [ = 3 case, shown at right in Figure [3.2] we cross the
hexagon with an interval and add an edge to each lateral face. The general case is estab-
lished in Theorem [3.0.7) We next label the facets Q x [0, w(I)] and Q x [w(I),] by I x {1}
and I x {0}, respectively. Furthermore, we label P, x {0} and P, x {l} by 0 x {1} and
1 x {0}, respectively.

We then associate the metric g; to each vertex of P4y lying on Qr x {w(I)}. The
remaining vertices of P11 lie on P x {0} or P, x {l}. We associate to these vertices the
metrics g and gy, respectively (note that w(0) =0 and w(1) =1). At this stage, we have
defined F on the 0-skeleton of P1;. We proceed inductively: having extended F to the
boundary OF of a k-dimensional face F' of P11, we extend F to the interior of F', subject

to the following constraint:
If F|sp is constant over some hypersurface or component of W, then so is F|p. (2.18)

In particular, the family F is constant when restricted to each of the facets P, x {0} and
P, x {l} and each of the ridges Q7 x {w(I)}. Note that the existence of such extensions
appeals to the contractibility of the space of metrics on W (or more precisely, the space of
metrics on W which extend a fixed metric on a submanifold of W).

The family F over Ppy; slides the metric (and perturbation) on W in stages (in Figure
Pyy1 is the inner hexagon). We now extend F to a family G which incorporates
stretching. To each facet Qs of Piy1, we glue the polytope Qi X [0,00] along the
facet @iy X {0} (in Figure m these are the six lightly shaded rectangles). We extend G
over Qry iy X [0, 00] by stretching on Y7, ;) in accordance with the latter coordinate (recall
that the metric on Y7, ;) is constant over QIX{Z}). Next, along each ridge Qry{iy<sxj} in
Piy1, we glue on the polytope Qr, fi}< sx{;} X [0, 00] X [0, 00] in the obvious manner (in Figure
these are the six heavily shaded squares). The first interval parameterizes stretching

on Y7, ;) while the second interval parameterizes stretching on Y, ;1. We continue this
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process until the last stage, when we glue one cube [0, oo}l at each vertex of Py, over which
G stretches on the corresponding maximal chain of internal hypersurfaces.

In the end, we have simply thickened the boundary of P,y to describe a family G
of metrics on W parameterized by the permutohedron P, {0},1x{1} (the full hexagon in
Figure . This family is degenerate over the boundary of B()x {0},1x{1} brecisely as
described by Proposition Now, for each I < J, we construct a family of metrics Gy
over BIX{O}VJX{H by restricting the family G to Wi, o}, 7x{1} over an appropriate face of
B()x{o},z «{1} (here the constraint is essential).

The proof that Qz = 0 now lifts directly from the original proof that D? = 0, with
one new point that we now explain. The component of 22 from C’(YOX{O}) to C’(le{l})

vanishes if and only if

PO} pox {0} | pIx{1) pOx{0} _ 5 1x{0} 50x{0} | pox{1} 50x{0}

=1x{1}0x{0} Ix {1321 x{1} = Z1x{1}* 1 x{0} 1x{1}E0x{1}
= Ix{0} =0x{0} | ~Ix{1} ~0x{0}
+ D Dy my Doy + DLy - (2.19)
o<iI<1

Consider the composite map corresponding to the family G over the facet 1 x {0} of
P, {0},1x{1}- Since the family F over the corresponding facet of Pj1; is constant, the
only sections of the facet 7 x {0} which contributes non-trivially to this map are those of
the form {oo} x [0,00]"" in the boundary of the cubes [0,00]' (in Figure these are
the two segments of the top edge of the hexagon which lie in the boundary of the heavily
shaded squares). The other sections cannot give rise to 0-dimensional moduli spaces, since

they involve at least one parameter which does not change the metric. We can therefore

identify the map associated to the facet 1 x {0} with D;i?ﬁf)ox{o} (in Figure [2.10

1x{0} y We

are contracting out the middle segment of the top edge). Similarly, the map associated
to the facet 0 x {1} coincides with Q;i}?{f)f:%gi, and the sum on line coincides
with the map associated to the remaining lateral facets of P, (0},1x{1}- Thus, the full
equation expresses the fact that the map D?i?g associated to the full permutohedron is a
null-homotopy for the map associated to its boundary. The other components of D? vanish

by a completely analogous argument. O

Remark 2.5.5. Recall the top and bottom rectangles at right in Figure 2.9} Suppose

that the red and blue metrics agree where they overlap, so that the family F on P, can
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be made completely constant. Then only the cubes [0, oo]l contribute non-trivially to the
map Q?i?ﬁ Discarding the rest of BOX {0},1x{1} and gluing these cubes together, we build
a permutohedron giving rise to the same map. This viewpoint highlights the connection
between the permutohedra B[x{o},Jx {1y and the permutohedra Py that we first constructed

in Section [2.1} using only cubes which stretch the metric along maximal chains of internal

hypersurfaces.

Remark 2.5.6. The construction in Section [2.1] starts with an initial metric go which is
required be cylindrical near all hypersurfaces Y7 simultaneously. In fact, by proceeding
as in Figure [2.10] we can instead start with a finite collection of initial metrics for which
each metric need only be cylindrical near a subset of pairwise disjoint hypersurfaces. More
precisely, we first fix a cylindrical metric on a neighborhood of each hypersurface Y7 in
W (these metrics need not be mutually compatible). Then, for each pair of immediate
successors I < J, we fix a metric on Wr; which extends the corresponding metric near each
boundary component. Each vertex of the permutohedron P; expresses W as a composition
of [ elementary cobordisms Wy ; and therefore determines a metric on W. Inducting up from
the 0-skeleton, we define a family of metrics parameterized by all of P;, imposing condition

(2.18) as before. Finally, we enlarge P, to a family P; which incorporates stretching as well.

Remark 2.5.7. Note that any two filtered chain maps

¢1, 02 : X(90,90) — X(91,q1)

constructed using the recipe in the proof of invariance are related by a filtered chain ho-
motopy, and thus induce the same maps on E* for k > 1. The filtered chain homotopy is
constructed just as in the proof, by building in yet another factor of {0, 1} into the lattice
(so there are four copies of each hypersurface Y; embedded in W). In this way, from a
framed link L C Y, we obtain a spectral sequence whose pages E° for i > 1 are “groups
up to canonical isomorphism”, with the later category admitting a functor to GROUP by
taking “cross-sections” (see Section 23.1 of [24]). We may therefore regard the pages E’ for
i > 1 as actual groups associated to a framed link L in Y, rather than just isomorphism

classes of groups.
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2.6 The U; map and EJTZ[.(Y)

Given a cobordism W : Yy — Y7, Kronheimer and Mrowka construct a map U; = HM o (u|W) :
f?]\?.(YO) — }TM.(Yl) In [24], this map is defined by pairing each moduli space M, (a, W*, b)
with a representative u of the first Chern class of the natural complex line bundle on B ().
A dual description of the map is given in [27]. We will use the notation 7 (u|W) for this
map on the chain level.

We will employ a third description which fits in neatly with our previous constructions.
We first recall some facts about the monopole Floer homology of the 3-sphere (see Sections
22.7 and 25.6 of [24]). With round metric and small perturbation, the monopoles on the
3-sphere consist of a single bi-infinite tower {¢; };c7z of reducibles, with ¢; boundary-stable if
and only if i > 0. As shown in Lemma 27.4.2 of [24], the moduli space M ((D*)*, ¢;) is empty
for 4 > 0 and has dimension —2i — 2 for i < 0. In particular, M ((D*)*,¢_1) consists of a
single point. Furthermore, Us sends ¢_1 to c_o, so the pairing (u, M ((D?)*,c_3)) evaluates
to 1. This motivates the following reformulation.

Given a cobordism W : Yy — Y7, let W** denote the manifold obtained by removing a
ball from the interior of W and attaching cylindrical ends to all three boundary components,
with the new S® x [0,00) end regarded as incoming. Choose the metric and perturbation
on W so that we return to the situation described in the last paragraph over S®. We define
the map m(U;|W) : C(Yy) — C(Y1) by replacing each moduli space M, (a, W*,b) in the
definition of (W) with the moduli space M,(a,c_o, W** b). In other words,

my°(c_2 ® ) my(c—2 @ 05(-)) + Oymi (c2 ® )

m(U|W) = _
mg(c—2 ®-) mE(c_2 ®-) +m(c—2 @ 95(")) + Ifmy*(c—2 ® )

One sees that m(U;|W) is a chain map and well-defined up to homotopy equivalence by the
same argument used for 7 (W), together with the fact that there are no isolated trajectories

from ¢_o to any other ¢; € €(S93).
Proposition 2.6.1. The map m(U;|W) is homotopy equivalent to the map m(u|W).

Proof. Given a cobordism W, we may assume the cochain u is supported over the con-

figuration space of a small ball. Now the homotopy which stretches the metric nor-
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mal to the 3-sphere bounding this ball reduces the claim to the local computation that

{(u, M((D*)*,a_5)) = 1. O

Remark 2.6.2. We could instead allow for a generic choice of metric and perturbation on
the S3 end, replacing a_y by any chain in C/(S3) representing the same class in fI]T/[.(S:g).
Such an approach would invoke our recent development of monopole Floer maps for cobor-

disms with multiple ends, as described at end of the Appendix.

We now define a fourth version of monopole Floer homology, denoted I?M.(Y) and
analogous to the group f[.\F(Y) in Heegaard Floer homology. Here we encounter a subtle
“point”, which arises for }/ﬁ’(Y) as well. Namely, it seems necessary to equip Y with
a basepoint y in order to define an actual group ff\]\/i.(Y, y). To a 3-manifold Y without
basepoint, we only have an isomorphism class of (graded) group HM, (Y'). We will elaborate
on this point at the end of the section in Remark

We now proceed to define the (isomorphism class of ) group HM,(Y). Fix an (open) ball
D*in Y and equip the cobordism (Y x [0,1]) — D* with a metric and perturbation which
restrict to the S3 boundary component as above. We use the shorthand U; for the map
m(Us|Y x [0,1]) : C(Y) — C(Y) induced by this cobordism.

The complex C(Y) is defined to be the mapping cone of Us:

d 0

Uy 9

CY)=CY)®C(Y){1} d=

Since Uy is an even map, the differential d is odd, and therefore gr® naturally extends to
C(Y) (as does gr@ for torsion spin® structures). We then define HM,(Y) as the (negative
completio of the homology H,(C(Y),d). By construction, there is an exact sequence

S HMW(Y) R @Gy D By B (2.20)

of F5[[U;]] modules where U; acts by zero on HM,(Y). Here the maps ki, U;, and I, have
degrees 0, —2, and 1, respectively.
The construction of a chain map m(W) : C(Yy) — C(Y7) from a cobordism W is similar

to the [ = 1 case of the HM, spectral sequence. We first relabel the ends of W as Y{y

'As with HM «, this completion has no real effect here, but we keep the bullet for notational consistency.
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and Y71 and embed a second copy of each in the interior of W as follows (see Figure .
Let v be a path in W from a point yo in Yy to a point y; in Y;. Fix a small ball inside
a tubular neighborhood v(v) of 7. The 3-manifold Yp; is obtained by taking a parallel
copy of Ypp just inside the boundary and pushing the region in v () past the ball, so that
cutting along Yp; leaves the ball in the first component Wy 01 = Yy x [0, 1]. Similarly, Y7o is
obtained by taking a parallel copy of Y71 near the boundary and pushing the region inside
v(y) inward past the ball, so that cutting along Yj( leaves the ball in the second component

Wio11 = Y7 x [0,1]. Note that both Wy 19 and Wy 11 are diffeomorphic to W.

Woo.10

Figure 2.11: The surface above represents the cobordism used to construct the chain map

m(W) : C(Yy) — C(Y1). The path ~ is depicted as a dotted line.

The intersection of Yp; and Yjg is modeled on S? x {0} x {0} C S? x (—¢,€) x (—¢,€),
so we can choose the metric on W to be cylindrical near both internal hypersurfaces (or we
may choose the metrics independently as in Remark . Consider the interval of metrics
Poo,n = [—00, 00] which expands a cylindrical neck along Yj; as the parameter decreases
from 0 and expands a cylindrical neck along Y19 as the parameter increases from 0. As in
Section [2.1] at +0o0 we have not metrics but disjoint unions. We use this interval to define

eight operators H*(¢_2 ® -) which count isolated trajectories in the moduli space

M(Cl, W*’b)lsoo,ll = U UMz(aa C—ZaW**(p)a b)

pGPOO,ll z
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where

M (a, W(—00)",b) = U U M, (a, C—Q7W(>)'Bk,01vc) X M., (e, ng,llvb)ﬂ
ceC(Yoy) #1:22

and

M (a, W(o0)",b) = U U M:, (a, WJO,IOac) X MZQ(Cvc*Qva(T,H?b)'
ceC(Y10) #1,%2

We then define H(U;|Wgo,11) by the same expression as DY in (25)), except that if I ends
in 0 and J ends in 1, then D7 (%) is replaced by D¥*()(c_2 ® -). So in full, we have

U

HUO(C_z R )

. 0 H¥(¢c_o®05(-)) + 0 H (¢ 2 ® )
H(Ut|Woo,11) = e

co®05(1) + O HY (c_2 ® )

E
—~ o~

From this perspective, the differentials on C(Yp) and C(Y;) are

é(Yo) _ a(YOO) ) 0 and é(Yl) _ a(YIO) ) 0 7
m(Us|[Woo,01)  9(Yor) m(Us[Wio11)  9(Y11)

respectively. Finally, the map m(W) : C(Yy) — C(Y7) is defined by

(W) = (Woo,10) 0 . (2.21)

H(Ui|Woo11)  m(Wor11)
The fact that m(W) is a chain map is a special case of the construction of the total complex
underlying the HM, version of the link surgery spectral sequence, as explained in Remark
We now turn to constructing this total complex, which we will denote here by (X, D)
with pages E?, though in other sections we may return to the notation (X, D) and E* when
it is clear from context which version is intended.

Given an [-component framed link L C Y and a point y in the link complement, we
embed a small ball D* in the interior of a neighborhood v(y) of a path v with image
{y} x[0,1] € (Y —v(L)) x [0,1] C W. Next we relabel the incoming end Yyou as Yoy {0y
and every other Y7 as Y7, (). We then embed a second copy of Yi0yix 0y labeled Yoy, (13,
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just above the first, modified so that it now passes above the ball. Finally, we embed a
second copy of each Y71y, labeled Y7, 10y, just below the first, modified so that it now
passes below the ball, using the path v as a guide. See Figure for the case | = 2. We
now have an embedded hypersurface Y; for each I € {0, 1}'*1. Furthermore, the intersection
data is precisely what we expect for this hypercube, namely that Y; intersects Y if and
only if I and J are not ordered. Therefore, given any I < J we may construct a family of

metrics on W parameterized by a permutohedron P’ of dimension w(J) — w(I) — 1.

O O N

111 @ @ — 110010 =

110 w/a

101
180 g0 | O
010 001l 011 B

001 [[T1eTT] o2 I I

000

Figure 2.12: At left, we have the half-dimensional diagram of the cobordism W with a small
ball removed in the case | = 2. For each I € {0,1}2, the pair Y7xq0y and Y7, 41y bound
a cylindrical cobordism containing the ball. At right, we have drawn the corresponding
hexagon P so that increasing the vertical coordinate is suggestive of translating the sphere
through W. The small figures at the vertices and edges illustrate the metric degenerations,

read as composite cobordisms from left to right. In each, the component containing the

sphere is more heavily shaded.

Now fix a metric on the cobordism W which is cylindrical near every hypersurface Y7
and round near S3. We will define a complex
x= & <cw), (2.22)
Ie{0,1}'x{0,1}
where the differential D : X — X is the sum of components D% : C(Y;) — C(Yy) over all
I < J. We have set things up so that the ball is contained in W7 if and only if I ends in 0
and J ends in 1. So when I and J end in the same digit, the operators D} (%) may be defined

exactly as before (see (2:4)). In the other case, we construct operators D¥*(1)(c_2®-) using
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moduli spaces M, (a,c 2, W;7,b)p, which are defined by slightly modifying the definition
of the moduli spaces M(a,W;;,b)p,,. Namely, if p € £§ is in the interior of the face
I <1y <--- < 1,1, with the last digit changing between I, and I;1, then an element of

M. (a,c_o, Wrs(p)*™,b) is a g-tuple

(W@1;W@2,---7WQ—1q)

as before except that

Vek+1 € M(aj,c—2, Wi'p  (P), ag+1)-

Let D (%) be synonymous with D} (1) if I and J end in the same digit, and with D**(§)(c_o®
) otherwise. Similar remarks apply to D#(}) and D¥*(%)(c_2 @ -). We then define D/ :
C(Y7) — C(Yy) by precisely the same expression as , with each D underlined.

The proof that D? = 0 goes along familiar lines. The operators A’;(g) may be defined
exactly as before when [ and J end in the same digit. When I ends in 0 and J ends in
1, we define operators A% (L)(c_2 ® -) which count ends of 1-dimensional moduli spaces
M} (a,c 2, W;7,b)p, , which in turn are defined by slightly modifying the definition of the
moduli spaces M (a, W;;,b)p,, in the same manner as above. As before, these operators
all vanish. Now let A%(}) be synonymous with A%(%) if I and J end in the same digit, and
with A%(L)(c_2 ® -) otherwise. Similar remarks apply to A*(}) and A¥*(L)(c_o @ -). We
then define A : C(Y;) — C(Y) by precisely the same expression as (2.7), with each D and
A underlined.

Lemma 2.6.3. A} is equal to the component of D* from C(Y7) to C(Yy):
Aj= ) DjDj.
I<K<J

Thus, D is a differential.

Proof. Recall that ¢_s is a boundary-unstable and that there are no isolated trajectories
from ¢_5 to any other ¢; € €(S93). It follows that 1-dimensional moduli spaces M (a, c_o, W%, b) Py
have the same types of ends as M (a, W;;,b)p,,, as described in Lemma Similarly,
M2 (a, ¢y, W}, b) p,  has the same types of ends as M4 (a, W}, b)p, . Now we simply

repeat the proof of Lemma with everything underlined. O
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Remark 2.6.4. The case | = 0 shows that U; : C(Yp) — C(Yp) is a chain map. The case
I = 1 shows that m (W) : C(Yy) — C(Y7) is a chain map when W is an elementary 2-handle

cobordism, and goes through without change for arbitrary cobordisms.

Remark 2.6.5. By the method of Remark we can choose metric and perturbation
data so that the complexes
X = Ix{0}
D <. Y Dl
1e{0,1} x {0} <J
and
> “Ix{1}
D con. YD
re{0,1}!x{1} I<J

are canonically identified with a fixed total complex (X, D). Let

U= ZQIX{O}

Jx{1}"
1<J

Then Lemma implies that U : (X, D) — (X, D) is a filtered chain map. We thereby
get an induced chain map u’ on each page E' of the spectral sequence for X, with u>
identified with the map U; under the isomorphism E> = HM, (Y) induced by . We
will make use of this viewpoint in Chapter

In order to interpret Lemma as a result in tilde theory, we collapse
X= @ oo
Ie{0,1}¢
along the final digit, with D given by the sum of maps D} = C(Y;) — C(Y;) where

DIX{O} 0

DL = | /X0 : (2.23)
Ix{0} I x{1}
QJx{l} DJ><{1}

Note that this generalizes (2.21)). Define the horizontal weight w(I) of a vertex I to be the
sum of all but the final digit. Filtering (X, D) by w, we obtain the HM, version of the link
surgery spectral sequence. In particular,

E'= P HM(Y)
Ie{0,1}!
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and the d' differential is given by

d= P HMy(Wrj).
w(J)—w(I)=1

In order to identify E® with HM,(Ys), we expand to the larger complex

X = P C(vy), (2.24)

1€{0,1,00}'x{0,1}

where we have again relabeled the Y7 and embedded a second copy of each which passes on
the opposite side of the ball. These hypersurfaces all avoid the auxiliary S® hypersurfaces
which are confined in the handles. The intersection data is as predicted for the shape of
the lattice by Theorem [2.3.3] so we may build families of metrics parameterized by graph
associahedra which define maps Qg and A{]- The auxiliary hypersurfaces still cut out
CP* — int(D*), so the corresponding facets contribute vanishing operators as before. We
conclude from m that (X, D) forms a complex.

Finally, we turn to the surgery exact triangle. Recall the hypersurfaces Yy, Y1, Yoo, Y
and auxiliary S, So, and R;. After relabeling, these become Yy, Y10, Yoo, Yor1, S1, So2,
and Rp, to which we add Yj1, Y11, Yeo1, and Y. The nine hypersurfaces in the interior of
W intersect as predicted by the shape of the lattice {0, 1, 00,0’} x {0, 1}, yielding the graph
associahedron on a chain of length 4, namely, the 3-dimensional associahedron K35, shown
in Figure 2.13

The map LY, : C(Yoo) — C(Yy1) associated to Ry is given by the same expression as
L, but with L = D¥*(¢_s ® f, ® -) and L = D¥*(¢_5 @ A, @ -), over the one-parameter

family of metrics stretching from Yy, to Yy. This gives the identity
50’1 700 00 700 _ 701 1500 00 7 00
Do Loy + Lo Doo = Lo Dot + Doy Lo, (2.25)

where L890 and Lg,ll are the analogues of L corresponding to the four hypersurfaces Y7
ending in 0 and 1, respectively, together with S7, S5, and R;. Similarly, Ag, is modeled on
the expression for flg, and includes terms counting monopoles on cobordisms with
four boundary components. By the same reasoning as in the proof of Lemma the
analogue of Lemma goes through essentially unchanged (although with nearly twice
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Figure 2.13: The lattice {0,1,00,0'} x {0,1} corresponds to Stasheff’s polytope, drawn
at center so that the depth coordinate is suggestive of translating the sphere through W.
Recall that the same polytope is associated to the lattice {0, 1,00} x {0, 1, 00} in Figure[2.4]
redrawn at right. In fact, by Theorem an associahedron arises whenever the lattice is
a product of at most two chains. The map corresponding to K5 above is a null-homotopy
for the sum of the maps associated to the faces. Those associated to S7 and S vanish as

before, leaving a nine-term identity on the chain level.
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as many terms), leading to the nine-term identity given by the lower left entry of

50’0 00 00 00
Dyo 0 Dyo 0 n Dyo 0 Doy 0
00 01 00 7501 00 7501 00 7501
Dyi Dy Do Doy Do Doy Do Do
10 00 000 00 00
_ | Poo 0 Dig 0 n Dgy 0 Do 0 n Lyg 0
10 il 00 7901 000 ool 00 701 00 jo1
Do Dy Dy Dij Do Dgh D1 Doy Ly1 Loy

The upper left and lower right identities are precisely those given by Lemmal[2.4.4] Rewriting
this identity via (2.23)), we have the HM, analog of (2.12):

DYDY + DYDY = DYDY + Dy P, + L.

The final map L : C(Yy) — C(Yy) is a chain map by (2.25). Filtering the corresponding
square complex

Z = P C(Y7)

1€{00,00,01,0'1}

by the second digit, and recalling that Lg% and Lg,ll are quasi-isomorphisms, we conclude
that H,(Z) = 0. Therefore, L is a quasi-isomorphism as well. Now exactly the same
algebraic arguments yield the surgery exact triangle, and more generally the full statement
of the link surgery spectral sequence, for HM,.

The grading results of Section readily extend to HM, by viewing the underlying
complex in terms of HM, as in and . In this way, we may extend ¢ to a mod 2
grading on X using the same definition. Since U cuts down the dimension of moduli spaces

by two, the maps Q§ on X obey the same mod 2 grading shift formula as the maps D§ on

X. In particular, Lemmas |2.5.2| and |2.5.3| still apply, and when { = 0, § and gr(2) coincide
on HM,(Y).

Remark 2.6.6. We now explain how the extra data of a basepoint y € Y determines a
group ﬁ]\//[.(Y, y) rather than just an isomorphism class of group, and then discuss invariance
of the spectral sequence.

Recall that a cobordism W from Y, to Y7 is a compact, oriented four-manifold with

boundary W, together with a diffeomorphism of oriented manifolds

a=(ap]Jar): W — =Yy [[ V1.
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A path v in W from yp € Yp to y1 € Y1 is a smooth embedding v : [0,1] — W such that
ap(7(0)) = yo and a;(v(1)) = y1. We also require that v maps the interior of [0, 1] to the
interior of W. An isomorphism of pairs (W,~) and (W’,4) is an orientation-preserving
diffeomorphism ¢ : W — W' such that @« = o’¢ and v/ = ¢v. The isotopy extension
theorem implies that if v and +/ are paths in W which are isotopic relative to their common
endpoints, then (W,~) is isomorphic to (W,~'). In particular, the isomorphism class of
(W,~) is independent of the parameterization of -y, and the composition of isomorphism
classes of pairs is Well—deﬁnedﬂ

We define a category COBy, regarded as the based version of COB. An object (Y,y) of
COB4, consists of a compact, connected, oriented 3-manifold Y together with a basepoint
y € Y. A morphism from (Yp, yo) to (Y7, y1) is an isomorphism class of pair (W, ), consisting
of a connected cobordism W : Yy — Y] and a path v from yg to y;. The identity morphism
on (Y,y) is represented by the cylindrical pair (Y x [0,1],y x [0, 1]).

We will define the functor

HM, : COB;, — GROUP (2.26)

in stages. Recall that the chain map m(WW') associated to a cobordism W : Yy — Y] depends
on a choice of ball in a neighborhood of a path v across W, and a family of metrics and
perturbations on W — D* parameterized by an interval (we think of this family as sliding the
ball across the cobordism along 7). We constructed such a family by embedding an extra
copy of each boundary component of W, parallel to the boundary except for a “finger” of
each copy which is routed into the interior of W to “capture” the ball. These fingers are
guided by the path « from a point yg € Y x {0} to a point y; € Y x {1}. If we define a second
chain map using the same path + in W as a guide, then we can define a chain homotopy
between the first and second chain maps using a family of metrics and perturbations on

W — D* parameterized by a hexagon (this is an amalgamation of the approaches in Figures

and and Figures and .

2To construct the composition of pairs, we must fix collar neighborhoods at the interface to extend the
smooth structure across, and then smooth the kink in the composite path. So it is only the isomorphism

class of the composition that is well-defined, just as in the category COB.
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In other words, suppose we are given points y; € Y; and metric and perturbation data

n (Y; x [0,1]) — D} for some choices of balls around the y; x {1}. Then a cobordism

W Yy — Y1 equipped with a path v : yg — y1 induces a chain map up to chain homotopy,

and thus a canonical map on homology. Furthermore, given an isomorphic pair (W’,v/),

we can use the diffeomorphism ¢ to push families of metrics and perturbations on W — D*

to such families on W’ — ¢(D%). With these choices, the pairs (W,~) and (W’,4/) induce
identical chain maps.

These observations are sufficient to apply the same trick used to obtain actual groups
for the other versions of monopole Floer homology; we outline the approach here and refer
the reader to Section 23.1 of [24] for details. Let (/]E)Eb be the category in which an object
is a quadruple (Y,y,D* g,q) where D* is ball around y, and ¢ and q are a metricE| and
admissible perturbation on (Y x [0,1]) — D*. A morphism in C/(\)T3b is a COBp-morphism
between the underlying based 3-manifolds. As explained in the previous paragraph, we have

a functor
HM, : COB, — GROUP. (2.27)

If (9,9, D*) and (¢, ¢, (D*)’) are two sets of data over same pair (Y,y), then the objects
(Y,y,D* g,q) and (Y,y,(D*)',¢',q') are canonically isomorphic in (/]E)TSI) via the isomor-
phism (Y x [0, 1],y x [0, 1]). Thus, the groups @.(K y,D* g,q) and EM.(Y, v, (DY, d.q)
are canonically isomorphic. We thereby obtain a functor from COB; to the category of
“groups up to canonical isomorphism”. The later admits a functor to GROUP by taking
“cross-sections”, and composition of functors yields that of .

We now consider the invariance of the link surgery spectral sequence associated to a
framed link L C Y. The proof of Theorem in the HM, case readily adapts to a version
for HM, to give a filtered chain map ¢ inducing a filtered, chain homotopy equivalence

between total complexes X and X’ defined using different sets of auxiliary data, including

3As before, the metric is required to be cylindrical near the Y; ends and standard on the S® end. More
systematically, we could consider the septuple (Y, y, D* gv.qv,g, q) where D* is neighborhood of y, gy is a
metric on Y and g is a metric on (Y x [0,1]) — D* extending gy, etc. This inductive approach is preferable
when we want the flexibility of a family of initial metrics, such as when defining a chain map between X

and X’ defined using different analytic data. See Remark [2.5.6
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basepoints 3 and 3. This chain map is defined using the cobordism W with 2!*2 embedded
hypersurfaces as guides (that is, two copies of each hypersurfaces in Figure . If y and
y' are distinct, then to specify ¢ we must also choose a path 7 between the basepoints in
the complement of L in Y, as a tubular neighborhood of  x [0, 1] C W provides a common
tubular neighborhoods of the paths {y} x [0,1] and {y'} x [0,1]. We do not know if chain
maps defined using different paths 7 are chain homotopic. However, if y and 3/ coincide,
then we may pin down ¢ up to filtered chain homotopy by requiring that 7 be the constant
path. The filtered chain homotopy between chain maps is built using the same approach
as in the HM, case. In this way, from a framed link L C Y and a basepoint y in the
complement of L, we obtain an HM, spectral sequence whose pages E' for i > 1 are actual

groups.
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Chapter 3

Realizations of graph associahedra

The purpose of this brief chapter is to unify, under a general theorem, several earlier obser-
vations of inductive realizations of graph associahedra.

Recall the realization of Stasheff’s polytope K5 as a refinement of K4 x [0, 1] at center
in Figure and the inductive realization of Py as a refinement of P, x [0,1] in the
proof of Theorem Both of these are motivated by the “sliding-the-point” proof of the
naturality of the U action in Floer theory To see why, recall that to any product lattice A
we may associate a map D whose longest component counts monopoles on W over a family
of metrics parameterized by a polytope Py (see Remark . We then expect the longest
component of the homotopy which expresses the naturality of the U; action with respect
to D to count monopoles over a family of metrics parameterized by Pg x [0, 1], where the
latter coordinate slides the point through W (see Figure .

These considerations led us to the following general theorem.

Theorem 3.0.7. Let G and G’ be the graphs associated to lattices A and A x {0,1}, re-
spectively. Given a realization of Pq, the graph associahedron Pg: may be realized as a
refinement of Pg x [0,n]. Namely, for each internal vertex I of A, we refine Pg x [0,n] by

adding the closure of the corresponding facet of P x {w(I)} C Pg x [0,1].

Intuitively, we do not add ridges to Pg x [0,n] for the auxiliary hypersurfaces because
the point never passes through them. This construction is illustrated in Figure In the

center and righthand realizations, the construction is applied twice, starting from a graph
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Figure 3.1: At left, we slide the point (or sphere) through the full cobordism from Figures
and Each time the point crosses an internal hypersurface, we add a ridge to the
corresponding lateral facet of P3 x [0,1]. Once the point has completed its journey, we have
a realization of Pj. At right, we similarly slide the point through the full cobordism from
Figure adding ridges to K4 x [0,1] corresponding to the two internal hypersurfaces.

Once the point has completed its journey, we have K.

associahedron which is geometrically an interval.

e =

{0,1}3 x {0,1} {0,1}* x {0,1} x {0,1} {0,1,00} x {0,1} x {0,1}

Figure 3.2: Two alternative realizations of the permutohedron from Figure [2.3] and one of

the graph associahedron from Figures [2.5] and

We recall the relationship between G and G’ as determined by Theorem and
illustrated in Figure below. For A = {0,...,n1} x --- x {0,...,n;}, the graph G is the
clique on vertices vy, ...,v; with paths of length ny — 1,...,n; — 1 attached. The graph G’
is constructed from G by adding a vertex v and connecting it to each of the v; to form a
clique of size [+ 1. Note that internal vertices of A correspond to tubes of G which intersect

the clique non-trivially.
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A A x {O, 1}
{0,1,2,3,4} x {0,1,2} x {0,1} x {0,1,2,3} {0,1,2,3,4} x {0,1,2} x {0,1} x {0,1,2,3} x {0,1}
° °
®
®
U1 (%) U3 V4
G

Figure 3.3: The graphs G and G’ corresponding to lattices A and A x {0, 1}, respectively.

The additional vertex and edges of G’ are in red.

Before proving Theorem we illustrate two special families of examples. Note
that the lattices {0,1,...,n} and {0,1,...,n — 1} x {0,1} both correspond to the graph
consisting of a path of length n — 1. We therefore obtain a realization of the associahedron
K42 by adding ridgesﬂ to Kyi1 x [0,n]. Similarly, since {0,1}" = {0,1}"~! x {0,1}, we
obtain a realization of the permutohedron P, y; by adding ridges to all lateral facets of
P, x [0,n]. If we build these realizations inductively, starting from Ko = P; = {0}, then
each is naturally a refinement of the hypercube (see Figure . We may arrange that P,
refines K, 12 as well. Upon sharing these inductive realizations of K,y and P,;1 with
experts, we learned of their discovery a decade earlief] [39]. Theorem may be viewed
as a common generalization, motivated by vastly different considerations.

We now turn to its proof. Label the vertices in the original I-clique of G by vy, ..., ;.
Let n denote the number of vertices in G. Recalling the graph associahedron construction
in Section we will need some additional terminology. A tube ¢ in G is internal if it

contains at least one vertex v;, or equivalently, if it corresponds to an internal vertex I of A.

!By the proof of Theorem one should add ridges to those lateral facets of K41 X [0, n] corresponding
to tubes in the path of length n — 2 which include the initial vertex (given by one of the two ends).

2For even earlier realizations of K, ;2 as a convex hull, see \\ which is generalized in \\
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°
{0,1,2,3,4,5} {0,1,2,3,4} x {0,1}

47
/

Kl K2 K3 K4 K5

Figure 3.4: We realize K, 12 by adding (4) ridges with integral vertices to the hypercube
[0,1] x [0,2] X - -+ x [0,n]. Similarly, P, is obtained by adding 2""1 — 2(n + 1) ridges to

the hypercube, as shown in the center realization of Figure [3.2] for n = 3.
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The weight of an internal tube ¢ is the number of vertices it contains, or equivalently, the
weight of the corresponding internal vertex. Note that if £; and to are distinct internal tubes
in a tubing T, then they must be nested (as they cannot be non-adjacent), and thus have
distinct weights. Given a tubing T with k internal tubes, we will always index the internal
tubes t; in order of increasing weight w;. Let [0,n]r denote the partition of the interval
[0,n] into k + 1 edges by adding a vertex at each integer w;. Recall that the face poset of
Pg corresponds to the poset of tubings of G. Let Fr denote the face of Py corresponding
to the tubing T'. Let 7 denote the set of tubings of G.

Theorem [3.0.7] may now be restated as the assertion that Pg is realized by the polytope

P=J Frx[o,n]r.
TeTq

Proof. For a tubing T € 7 with k internal tubes, the partitioned interval [0, n]p consists
of k + 2 vertices labeled w; and k + 1 edges labeled (w;, wi+1), where we set wg = 0 and
wiy1 = n. We write f € [0,n]r to denote that f is a face of [0, n|p. Tracing through the

definitions, the face poset of P is isomorphic to the poset
Sa ={(T, /) |T €Tg, f €[0,n]r}

with (T1, f1) < (T, f2) if and only if Ty < Ty and f; C fo as subsets of [0,n]. Here fo
denotes the closure of f, and the poset structure on tubings is by reverse inclusion. On
the other hand, the face poset of Py is isomorphic to 7.

We define a map o : Sg — Tg as follows:
(1) o(T,0) = T U {{v}}.

(2) o(T,w;) = TU {t; U{v}}, where t; € T has weight w;.

(3) o(T,n) = TU{V}.

(4) o(T, (wi,wir)) = (T — {t; |5 > i+ 1}) U{t; Ufo}|j > i+ 1},

We will show that ¢ is an isomorphism of posets. The inverse map 7 : 7v — Sg is
defined as follows. Regard a tubing T’ € T as a multi-set of sets of vertices of G'. Delete

the vertex v from each set in 7’ where it appears to obtain a new multi-set T of sets of
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vertices of G. The structure of G’ forces T to satisfy exactly 0neE| of the following four

properties:
(1) @ € T. This occurs when {v} € T".
(2) {t;,t;} C T for some (unique) internal tube ¢;. This occurs when t;,t; U{v} € T".
(3) {V} € T, where V is the set of all vertices of G. This occurs when V € T".

(4) T is a valid tubing of G. In this case, let ¢ + 1 be the smallest index such that ¢;4;

contains v. If there is no such tube, let i + 1 = n.
In each case, we define 7(T") as follows:

(1) 7(T") = (T — {0}, 0).

(2) 7(T") = (T — {t:}, wi).

(3) 7(T") = (T —{V},n).

(4) 7(T") = (T, (wi, wit1))-

It is immediate that o and 7 are inverse maps.
Finally, we must verify that o is order preserving: if (71, f1) < (T2, f2) then T} < T3,
where T] = o (11, f1) and T4 = o (T, f2). Since the poset structure on tubings is by reverse

inclusion, this is equivalent to the following:

Lemma 3.0.8. If Ty D Ty and f1 C fa then T} D T5.

Proof. If fo is a vertex then f; = f5, and from the definition of o we see that T} D T5
implies 7] D T4. We are left to consider the case that fo is an edge:

Let s1,...,s; denote the internal tubes of T7 with weights u; < --- < ;. Let t1,...,tx
denote the internal tubes of 15, with weights wy < --- < wy. As before, set ug = wg = 0
and w11 = wryr1 = n. Now fo = (w;, w;41) for some i, and 77 D T implies that u; = w;

and u; = w;41 for some i < i’ < 4”. Furthermore, f1 C fo = [w;, w;y1].

3Using the structure of G’ in Figure the reader may verify that these four properties are mutually

exclusive, and that if none of the first three properties hold, then T is a valid tubing of G.
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We first consider the case fi = uy,, with u,, # 0,n. Then

T =Ty U{syp U{v}}

Ty = (T —{tjlj >i+1}) U{t; U{v}|j >i+1}

Since 77 is a valid tubing, we know that s; contains the vertex v for all j > m + 1, and in
particular for all j > ¢ +1. Since T} D Tb, we have t; U{v} € T} for all j > i+ 1, and thus
T{ D Ty. The argument is similar when u,, = 0 or u,, = n.

The remaining case is f1 = (U, Umt1) for some i/ < m < i”. Then
T =(Th —{sy |/ 2m+1}) U{sy U{v}|j' > m+1}
=T~ {tlj>i+1) U{t; U{v}|i>i+1}
Since Ty D Ts, each t; with j > i + 1 corresponds to some sj; with j/ > " > m +1, so

t; U{v} € T5. On the other hand, for each j’ such that i > j' > m + 1, we have uj # w;
for any j, so s;» ¢ To. Thus T] D T5. O

We conclude that o yields an isomorphism between the face poset of P and the face

poset of Pgr. So P is indeed a realization of Pgr, proving the theorem. O
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Chapter 4

Odd Khovanov homology and

Conway mutation

In the chapter alone, chain complexes and homology groups are presumed to have Z coeffi-
cients unless otherwise specified.

To an oriented link L ¢ S3, Khovanov associates a bigraded homology group Kh(L)
whose graded Euler characteristic is the unnormalized Jones polynomial [22]. This invariant
also has a reduced version Kh(L, K ), which depends on a choice of marked component K.
While the Jones polynomial itself is insensitive to Conway mutation, Khovanov homology
generally detects mutations that swap strands between link components [49]. Whether
the theory is invariant under component-preserving mutation, and in particular for knots,
remains an interesting open question, explored in [7], [23], and [48]. No counterexamples
exist with fewer than 14 crossings, although Khovanov homology does distinguish knots
related by genus 2 mutation [17], whereas the (colored) Jones polynomial does not.

In 2003, Ozsvath and Szabé introduced a link surgery spectral sequence whose E? term
is Kh(L;Fs) and which converges to ﬁ(—Z(L)), the Heegaard Floer homology of the
branched double-cover with reversed orientation [36]. In search of a candidate for the E?
page over Z, Ozsvath, Rasmussen and Szabé developed odd Khovanov homology K (L),
a theory whose mod 2 reduction coincides with that of Khovanov homology [34]. While

the reduced version IA(E(L) also categorifies the Jones polynomial, it is independent of the
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choice of marked component and determines K/ (L) according to the equation
Kh (L) = Khy g1 (L) © Ky g11(L). (4.1)
In contrast to Khovanov homology for links, we prove:

Theorem 4.0.9. Odd Khovanov homology is mutation invariant. Indeed, connected mutant

link diagrams give rise to isomorphic odd Khovanov complexes.
Corollary 4.0.10. Khovanov homology over Fo is mutation invariant.

It is not known if these results extend to genus 2 mutation [17]. Wehrli announced a proof
of Corollary for component-preserving Conway mutation in 2007, using an approach
outlined by Bar-Natan in 2005 [7]. Shortly after our paper first appeared, Wehrli posted
his proof, which is completely independent and extends to the case of Lee homology over
Fo [48].

Mutant links in S® have homeomorphic branched double-covers. It follows that the E>
page of the HF link surgery spectral sequence is also mutation invariant. Building on work
of Roberts [37], Baldwin has shown that all pages E’ with ¢ > 2 are link invariants, as

graded vector spaces [5]. To this, we add:

Theorem 4.0.11. The E' page of the HF link surgery spectral sequence is mutation in-
variant for i > 2. Indeed, connected mutant link diagrams give rise to isomorphic filtered

complexes.

Our proof will apply equally well to the monopole version of the spectral sequence developed
in Chapter [f] Note that Khovanov homology, even over Fa, is not an invariant of the
branched double-cover itself [46].

This chapter is organized as follows. In Section to a connected, decorated link dia-
gram D we associate a set of numerical data that is determined by (and, in fact, determines)
the equivalence class of D modulo diagrammatic mutation (and planar isotopy). From this
data alone, we construct a complex (C(D),d,) which is a priori invariant under mutation

of D. In Section |4.2] we recall the construction of odd Khovanov homology and prove:

Proposition 4.0.12. The complex (C(D), ) is canonically isomorphic to the reduced odd

Khovanov complex (C(D), d,).
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This establishes Theorem and verifies that our construction leads to a well-defined (in
fact, previously-defined) link invariant.

In Section[4.3], we consider a surgery diagram for the branched double-cover of D given by
a framed link . C S with one component for each crossing. Ozsvéth and Szabé associate a
filtered complex to D by applying the Heegaard Floer functor to a hypercube of 3-manifolds
and cobordisms associated to various surgeries on L (see [36] for details). The link surgery
spectral sequence is then induced by standard homological algebra. In Proposition 4.3.1
we prove that the framed isotopy type of L is determined by the mutation equivalence class
of D, establishing Theorem Note that Corollary may be viewed as the E?
page of Theorem

We conclude Section with a remark on our original motivation for the construction
of the complex (C(D),de). An essential observation in [36] is that one recovers the reduced
Khovanov complex over Z/27Z by first branched double-covering the Khovanov hypercube
of 1-manifolds and 2-dimensional cobordisms and then applying the Heegaard Floer TQFT
to the resulting hypercube of 3-manifolds and 4-dimensional cobordisms. As we establish
starting in Chapter [6] a similar relationship holds between reduced Khovanov homology and
the monopole Floer TQFT. From this perspective, our results may be viewed as immediate

consequences of the topological fact that branched double-covering destroys all evidence of

mutation.

4.1 A thriftier construction of reduced odd Khovanov ho-

mology

Given an oriented link L, fix a connected, oriented link diagram D with crossings cy, ..., cy,.
Let ny and n_ be the number of positive and negative crossings, respectively. We use V(D)
and &£(D) to denote the sets of vertices and edges, respectively, of the hypercube {0,1}",
with edges oriented in the direction of increasing weight. Decorate each crossing ¢; with an
arrow x;, which may point in one of two parallel directions and appears in each complete

resolution D(I) as an oriented arc between circles according to the conventions in Figure

41l
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Recall that a planar link diagram D admits a checkerboard coloring with white exterior,
as illustrated at left in Figure The black graph B(D) is formed by placing a vertex in
each black region and drawing an edge through each crossing. The edge through ¢; connects
the vertices in the black regions incident to ¢;. Given a spanning tree 7 C B(D), we may
form a resolution of D consisting of only one circle by merging precisely those black regions
which are incident along 7. In particular, all connected diagrams admit at least one such
resolution.

With these preliminaries in place, we now give a recipe for associating a bigraded chain
complex (C(D),d.) to the decorated diagram D. The key idea is simple. Think of each
resolution of D as a connected, directed graph whose vertices are the circles and whose

edges are the oriented arcs. While the circles merge and split from one resolution to the

next, the arcs are canonically identified throughout. So we use the exact sequence
{cycles} — Z(arcs) 4, Z(circles) — Z — 0

of free Abelian groups to suppress the circles entirely and instead keep track of the cycles
in each resolution, thought of as relations between the arcs themselves.

We begin the construction by fixing a vertex I* = (mj,...,m’) € V(D) such that the
resolution D(I*) consists of only one circle S. To each pair of oriented arcs (z;,z;) in
D(I*) we associate a linking number a;; € {0,+1} according to the symmetric convention
in Figure We set a; = 0. Note that arcs on the same side of S cannot link. For each

I € V(D), we have an Abelian group

V(D(I)) :Z<x1,...,:pn|r{,... T‘I>

r'n

D(0) D(1)

Figure 4.1: Oriented resolution conventions. The arrow z; at crossing ¢; remains fixed
in a O-resolution and rotates 90° clockwise in a 1-resolution. To see the other choice for
the arrow at ¢;, rotate the page 180°. Mutation invariance of the Jones polynomial follows

from the rotational symmetries of the above tangles in R3.
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presented by relations

T; — Z (—1)m;al-j:1:j if m; = m;‘
ri[ _ {7 Imj;émj} ) (4'2)
- Z (—1)mj Qi Tj if m; # m;k
{j |m;#m3}

Indeed, these relations generate the cycles in the graph of circles and arcs at D(I) (see
Lemma .

To an edge e € £(D) from I to J given by an increase in resolution at ¢;, we associate
a map

9% - AV(D(I)) — A*V(D(J))
of exterior algebras, which is defined in the case of a split and a merge, respectively, by

- ziAu if @ =0e V(DI
G | i=0e V(D)
u if z; #0e€ V(D)).
Extending by zero, we may view each of these maps as an endomorphism of the group
C(D)= P ANV(D)).
IeV(D)

Consider a 2-dimensional face of the hypercube from I to J corresponding to an increase
in resolution at ¢; and ¢;. The two corresponding composite maps in 5’(73) commute up
to sign, and they vanish identically if and only if the arcs z; and x; in D(I) are in one
of the two configurations in Figure denoted Type X and Type Y. Note that we can

distinguish a Type X face from a Type Y face without reference to the diagram by checking

Type X = —1 Type Y =+1

Figure 4.2: Linking number conventions. Two arcs are linked in D(I*) if and only if
their endpoints are interleaved on the circle. Otherwise, a;; = 0. Any linked configuration

is isotopic to one of the above on the 2-sphere R? U {oo}.
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which of the relations z; £ x; = 0 holds in C (D) over the two vertices of the face that are
strictly between I and J.

A Type Y edge assignment on C(D) is a map € : £(D) — {£1} such that the product of
signs around a face of Type X or Type Y agrees with the sign of the linking convention in
Figure and such that, after multiplication by e, every face of C (D) anticommutes. Such
an assignment defines a differential 9, : C(D) — C(D) by

3e(v) = 3 e(e) - 9 (v)

{e€&(D),JeV(D) | e goes from I to J}

for v € A*f/(D(I )). Type Y edge assignments always exist and any two yield isomorphic
complexes, as do any two choices for the initial arrows on D. We can equip (C(D),d.)
with a bigrading that descends to homology and is initialized using n just as in [34]. The
bigraded group C (D) and maps 5§ are constructed entirely from the numbers a;;, m;, and
n4. Thus, up to isomorphism:

Proposition 4.1.1. The bigraded complex (C(D),d,) is determined by the linking matriz
A of any one-circle resolution of D, the vertex of this resolution, and the number of positive

and negative crossings.

Proof of Theorem[{.0.9 The following argument is illustrated in Figure [4.3] Given ori-
ented, mutant links L and L', fix a corresponding pair of oriented, connected diagrams D
and D’ for which there is a circle C' exhibiting the mutation. This circle crosses exactly
two black regions of D, which we connect by a path I' in B(D). To simplify the exposition,
we will assume there is a crossing between the two strands of D in C, so that I' may be
chosen in C. Extend I' to a spanning tree 7 to obtain a resolution D(I*) with one circle.
The natural pairing of the crossings of D and D’ induces an identification V(D) = V(D').
The resolution D’'(I*) may be obtained directly from D(I*) by mutation and also consists
of one circle S. We can partition the set of arcs inside C' into those which go across S (in
dark blue) and those which have both endpoints on the same side of S (in red). Since this
division is preserved by mutation, the mod 2 linking matrix is preserved as well.

Arrows at the crossings of D orient the arcs of D(I*), which in turn orient the arcs of

D'(I*) via the mutation. To preserve the linking matrix at I* with sign, we modify the arcs
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of D'(I*) as follows. Let A = {arcs in C and in S} and B = {arcs in C and not in S}. We
reverse those arcs of D/(I*) that lie in A, B, or AU B, according to whether the mutation
is about the z-, y-, or x-axis, respectively (as represented at right in Figure . We then
select a corresponding set of arrows on D’. Note that it may also be necessary to switch the

orientations of both strands inside C so that D’ will be consistently oriented. In any case,

the number of positive and negative crossings is unchanged. Propositions 4.0.12] and [4.1.1]

now imply the theorem for (C'(D), ;). The unreduced odd Khovanov complex is isomorphic

to two copies of the reduced complex, just as in (4.1)). O

Remark 4.1.2. We have seen that if connected diagrams D and D’ are related by diagram-
matic mutation (and planar isotopy), then there is an identification of their crossings and
a vertex I such that D(I*) and D’(I*) have the same mod 2 linking matrix. Remarkably,
the converse holds as well, i.e., I* and A mod 2 together determine D up to diagrammatic
mutation. This follows from a theorem of Chmutov and Lando: Chord diagrams have the
same intersection graph if and only if they are related by mutation [14]. Here we view a one-
circle resolution as a bipartite chord diagram, so that its mod 2 linking matrix is precisely
the adjacency matrix of the corresponding intersection graph. Note that in the bipartite
case, any combinatorial mutation as defined in [14] can be realized by a finite sequence of
our diagrammatic ones.

Chmutov and Lando apply their result to the chord-diagram construction of finite type
invariants. All finite type invariants of order < 10 are insensitive to Conway mutation,
whereas there exists an invariant of order 11 that distinguishes the knots in Figure [4.3] and

one of order 7 that distinguishes genus 2 mutants (see [32] and [14]).

4.2 The original construction of reduced odd Khovanov ho-
mology
We now recall the original construction of reduced odd Khovanov homology, following [34].

Given an oriented link L C S3, we fix a decorated, oriented diagram D as before, though

now it need not be connected. For each vertex I € V(D), the resolution D(I) consists of a
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LA

—_—

Figure 4.3: The Kinoshita-Terasaka and Conway knots. Orientations on the arcs in
the upper-right resolution induce orientations on the arcs in the lower-right resolution via
the mutation. In order to obtain the same linking data with sign, we have reversed the five
arcs in the lower-right resolution that lie inside both S and C. We then work backwards to

select arrows in the lower-left knot diagram.
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set of circles {SI}. Let V(D(I)) be the free Abelian group generated by these circles. The
reduced group V(D(I)) is defined to be the kernel of the augmentation 7 : V(D(I)) — Z
given by Y a;S! — 3 a;.

Now let Z(z1, ..., x,) denote the free Abelian group on n generators. For each I € V(D),

we have a boundary map

d Ty, ... x,) — V(D(I))

given by dlz; = SJZ — S,g, where z; is directed from SJI to S,g in D(I). Consider an edge
e € £(D) from I to J corresponding to a increase in resolution at ¢;. If two circles merge
as we move from D(I) to D(J), then the natural projection map {SI} — {S/} induces a
morphism of exterior algebras. Alternatively, if a circle splits into two descendants, the two
reasonable inclusion maps {S7} < {S/} induce equivalent morphisms on exterior algebras
after wedging with the ordered difference of the descendents in D(J). In other words, we

have a well-defined map

oL N*V(D(I)) — A*V(D(J))
given by

- d’z; Nv if dlz; =0€ V(D))
9j(v) = —
v if dlz; #0e V(D))
in the case of a split and a merge, respectively, along x;.
As in Section we now form a group C(D) over the hypercube and choose a Type
Y edge assignment to obtain a differential d, : C(D) — C(D). The reduced odd Khovanov
homology f(vh(L) ~ H.(C(D),d,) is independent of all choices and comes equipped with

a bigrading that is initialized using ni. The unreduced version is obtained by replacing

V(D(I)) with V(D(I)) above.

Proof of Proposition[{.0.13. Suppose that D is connected. Then for each I € V(D), the
image of d' : Z(x1,...,x,) — V(D(I)) is precisely V(D(I)). In fact, by Lemma
below, d! induces an isomorphism V(D(I)) 2 V(D(I)). The collection of maps d’ therefore
induce a group isomorphism C(D) = C(D) which is immediately seen to be equivariant

with respect to the edge maps 5[[] and 55. After fixing a common Type Y edge assignment,

the proposition follows. O
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Lemma 4.2.1. The relations 7“{ generate the kernel of the map d' : Z{xy,...,x,) —

V(D(I)).

Proof. To simplify notation, we assume that m; # m; if and only if ¢« < k, for some
1 < k < n. Consider the n x n matrix M! with column 4 given by the coefficients of
(=1)mirl. Let Al be the leading k x k minor, a symmetric matrix. We build an orientable
surface F'! by attaching k& 1-handles to the disk D? bounded by S so that the cores of the
handles are given by the arcs z1,...,z; as they appear in D(I*). We obtain a basis for
Hy(F') by extending each oriented arc to a loop using a chord through D?. The cocores
of the handles are precisely x1,. ..,z as they appear in D(I), so these oriented arcs form
a basis for Hy(F!,0F"). With respect to these bases, the homology long exact sequence of
the pair (F!,0FT) includes the segment

I
d |Z(.7:1 ..... T

H (F1) A5 1y (F,8F") Y, Ho(0F!) L 7 — 0. (4.3)

Furthermore, for each i > k, the oriented chord in D? between the endpoints of z; is
represented in Hy(F!,0F!) by the first k entries in column i of M!. We can therefore
enlarge (4.3)) to an exact sequence

I dI

Z(zy,. .. 2n) S Ty, ... x0) 2 V(D)) L Z — 0,
which implies the lemma. O

We can reduce the number of generators and relations in our construction by using the
smaller presentation in ([{.3). Namely, for each I = (my,...,my,) € V(D), we let V(D(I))
be the group generated by {x; | m; # m;‘} and presented by A’. By ([.2)), the edge map afj

at ¢; is replaced by

ziAu if x;=0€e V(D)) and m; = m}
dh(u) = —riAu if z;=0¢ V(D(I)) and m; # m}
u if x;#0e V(D()),

where it is understood that xz; — 0 when m; # m;. While the definition of (% is more

verbose, the presentations A’ are simply the 2" principal minors of a single, symmetric

*

matrix: {(—1)™ "™ a;;}. The resulting complex (C(D), de) sits in between (C(D),d,) and

(C(D), d.) and is canonically isomorphic to both.
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4.3 Branched double-covers, mutation, and link surgery

To a one-circle resolution D(I*) of a connected diagram of a link L C S2, we associate a
framed link I C S3 that presents —3(L) by surgery (see also [21]). Figure illustrates
the procedure starting from each resolution at right in Figure We first cut open the
circle S and stretch it out along the y-axis, dragging the arcs along for the ride. We then
slice along the Seifert surface {x = 0,z < 0} for S and pull the resulting two copies up to
the zy-plane as though opening a book. This moves those arcs which started inside S to the
orthogonal half-plane {z = 0,z > 0}, as illustrated in the second row. The double cover of
S3 branched over S is obtained by rotating a copy of the half-space {z > 0} by 180° about
the y-axis and gluing it back onto the upper half-space. The arcs z; lift to circles K; C S3,
which comprise L. We assign K; the framing (—1)" .

If D is decorated, then IL may be oriented by the direction of each arc in the second row
of Figure The linking matrix A of L. then coincides with A off the diagonal, with the
diagonal itself encoding I*. In fact, the geometric constraints on L are so severe that it is
determined up to framed isotopy by A. This seems to follow intuitively from hanging I on

a wall, and is rigorously true by:

Proposition 4.3.1. The isotopy type of . C S3 is determined by the intersection graph of
D(I*), whereas the framing of L is determined by I*.

Proof. Suppose that D(I*) and D’(J*), thought of as bipartite chord diagrams, have the
same intersection graph. Then by [14], D(I*) is connected to D'(J*) by a sequence of mu-
tations (see Remark . Each mutation corresponds to a component-preserving isotopy
of L modeled on a half-integer translation of a torus R?/Z? embedded in S* (see Figure
. Therefore, the associated links I and I are isotopic. The second statement is true by
definition. O

Proof of Theorem [{.0.11 From the construction of the spectral sequence in [36], it is clear
that the filtered complex associated to a connected diagram D only depends on D through
the framed isotopy type of the link I associated to a one-circle resolution. We conclude

that each page (E‘,d') for i > 1 is fully determined by the mutation invariant data in
Proposition (for further details, see [5] and [37]). O
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We finally come to the surgery perspective that first motivated the construction of
the complex (C(D),d,). For each I = (my,...,my) € V(D), let L; consist of the same

underlying link as L, but with framing modified to

s oo if my; =m;
)\i =

0 if m; #m]
on K;. Then L; is a surgery diagram for X(D(I)) = #*1 81 x S2, where D(I) consists of
kr + 1 circles. The linking matrix of L; then presents H;(X(D(I))) with respect to fixed
meridians {x; |m; # m}}. By identifying H;(X(D(I))) with V(D(I)), we may construct
(C(D),d.), and therefore E(L), completely on the level of branched double-covers. We

elaborate on this perspective, and its relationship to the monopole Floer homology and

Donaldson TQFT’s in Chapter [6]
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Figure 4.4: Constructing a surgery diagram for the branched double-cover. The
resolutions in the first row are related by mutation along the Conway sphere formed by
attaching disks to either side of C'. The double cover of S? branched over its intersection
with S is represented by each torus in the third row. Rotation of the torus about the z-axis

yields a component-preserving isotopy from L to L.
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Chapter 5

Link signature and homological

width

Let D be a decorated, connected diagram of an oriented link L C S2. In Section given
a one-circle resolution D(I*), we constructed a surgery diagram L C S3 for —X(L) with
linking matrix A. By Remark this linking matrix contains sufficient information to

recover any invariant of D which is unchanged by mutation. In particular:

Theorem 5.0.2. The signature, determinant, and nullity of L are given by

o(L)=0(A) +w(*) —n_

det(L) = |det(A)]

Proof. The last two equations follow from the fact that A presents Hy(—X(L)). The first
equation follows from the 4-dimensional viewpoint of Gordon and Litherland [20]. Let
F C S® be a spanning surface for L. Let L’ be the push-off of L into F with parallel
orientation. Finally, let X = X(D* F) be the branched double-cover of I pushed into D*
with OF C 9D*. The central result of [20] says that

(L) = —o(X) + %lk(L, ).

The linking number at right may be thought of as correcting for the fact that F' may

be non-orientable. For the combinatorial Gordon-Litherland signature formula, F' is the
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black surface in the checkerboard coloring, and the intersection form of X is presented by
removing a row and column from the Goeritz matrix of the black graph.

By constrast, for our signature formula, F' is the spanning surface obtained from the disk
bounded by D(I*) by a attaching a twisted band along each chord. Based on a standard

diagram of F', the correction term is given by
1
§lk(L, L' =w(l*)—n_.

Furthermore, the branched double-cover X is obtained by attaching 2-handles along I and

then reversing the orientation, so the intersection form if X is presented by —A. O

A less direct proof of this signature formula, routed through the combinatorial Gordon-

Litherland signature formula by comparing surgery diagrams, appears in Chapter [6]

Example 5.0.3. Consider the resolution D(010) of the right-handed trefoil 7 in Figure

[6.2, with A given by the linking matrix at right. The signature formula gives
o(T)=0(A)+w(010) —n_(D)=1+1-0=2.

For the mirrored diagram D representing the left-handed trefoil 7, consider the mirrored
resolution D(101). Now the signature formula gives
o(T)=0(-A) +w(101) = n_(D) = -1+2 -3 = -2.
This signature formula makes certain properties of link signature quite transparent:

Corollary 5.0.4. Link signature is invariant under Conway mutation.

Proof. Mutant diagrams have the same number of negative crossings, and give rise to the

same matrix A at corresponding one-circle resolutions I* (see Figure 4.3]). O

In fact, link signature is known to be invariant under genus 2 mutation [17], a stronger
result. As another example, we also quickly recover a result of Pawel Traczyk from 2004

[44].
Corollary 5.0.5. If D is a connected alternating diagram of a link L, then
o(Ly=ny+1-c

where ¢ is the number of circles in the initial resolution of D.
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Proof. Fix a one-circle resolution D(I*). Since D is alternating, its initial resolution is the
black (or white) resolution with respect to the checkerboard coloring. So D(I*) is obtained

by resolving along a spanning tree of the black graph (or white graph). Thus
wl*)=c—1

and the O-resolution chords lie on the opposite side of the circle D(I*) from the 1-resolution
chords. So if we order the O-resolution chords before the 1-resolution chords, then the

linking matrix A has the block form

T
B )

where I, denotes the k x k identity matrix and B” is the transpose of B. Since A is positive
definite on the subspace spanned by the first n — w(I*) basis vectors and negative definite
on the subspace spanned by the last w(I*) basis vectors, we have o(A) = n —2w(I*). From

Theorem [5.0.2 we conclude
o(L)=n-2wI*)+wI*)—n_=ny —w(l*) =ny —c+ 1.
O

Let CKh(D) denote the reduced Khovanov complex of a link diagram D, with Fy co-
efficients. Let E(L) denote the reduced Khovanov homology of L with Fo coefficients.
The homological width wz (L) is defined to be one more than the difference between the
maximal and minimal §-gradings over which ﬁz(L) is supported (for example, alternating
links have width one). We now turn to a new proof of the following proposition regarding
homological width, originally proven in [3]. Our method underlies the proof of Theorem
8.1.8] which restricts the shape of the differentials on the monopole link surgery spectral

sequence with respect to the ¢ grading.

Proposition 5.0.6. If L is non-split and k-almost alternating, then wkvh(L) <k+1.

In preparation for the proof, we recall some terminology. A diagram D is almost al-

ternating if it is not alternating, but can be made alternating by reversing one crossing,
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called a dealternator [2]. More generally, a diagram D is k-almost alternating if D can be
made alternating by reversing k crossings, but not by reversing only k — 1 crossings. A link
is k-almost alternating if it has a k-almost alternating diagram, but not a (k — 1)-almost
alternating diagram. If D has [ crossings, then D is k-almost alternating for some k <1/2.
In particular, every link is k-almost alternating for some k.

For the proof of Proposition [5.0.6] we will need a refinement of the notion of almost
alternating, also from [2]. A diagram D is called dealternator connected, k-almost alternating
if D is k-almost alternating for some choice of k£ dealternators, such that the corresponding
2F alternating resolutions are all connected (see Figure[5.1). A link is dealternator connected,

k-almost alternating if it has a dealternator connected, k-almost alternating diagram, but

not a dealternator connected, (k — 1)-almost alternating diagram.
=R : :
SO, - BN 25
C

Figure 5.1: A standard diagram of T'(3,7), as well as a dealternator connected, 2-almost

alternating diagram, constructed using an algorithm in [1].

Two questions arise. Does every link have a dealternator connected, k-almost alternat-
ing diagram for some k7 When is a k-almost alternating link also dealternator connected,
k-almost alternating? Note that the 2-component unlink is 0-almost alternating, but deal-

ternator connected, 1-almost alternating. On the other hand:

Proposition 5.0.7. A non-split link is dealternator connected, k-almost alternating if and
only if it is k-almost alternating. Furthermore, every link is dealternator connected, k-

almost alternating for some k.

Proof. 1t suffices to show that a connected and k-almost alternating diagram D may be
modified to a dealternator connected, k-almost alternating diagram D’ of the same link. To

obtain D', we modify D near each dealternator by the local move in Figure O
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2

Figure 5.2: At left, the local move (compare with Figure 1 of [1]). At right, we see that

resolving at the new dealternators does not disconnect the diagram.

Proof of Proposition|5.0.0. Fix a dealternator connected, k-almost alternating diagram D
for L, and number the crossings so that the first & of [ are the dealternators. Let Dy
denote the diagram which results from resolving the dealternators according to I’ € {0, 1}*.
Note that each Dy is connected and alternating, and therefore non-split by a theorem of
Menasco.

Let x(I’) be the generator in lowest quantum grading in CTKJh(D)| ' x{oyi—k- For imme-
diate successors I’ < J' in {0,1}*, let e be the edge in the hypercube from I’ x {0}=* to
J' x {0}=*._ A short calculation shows that

Oz (I’ if e merges two circles,
sty < | 2@ ges

d(z(I')) — 1 if e splits a circle in two.

So for any I’ < .J', we have
8(z(I") z 6(x(J")), (5.1)
with the largest span given by
5(x(0") —6(x(1")) < k. (5.2)

Now define the modified weight w(K) to be the sum of the first k digits of K € {0,1}\.
Filtering E\I?h(D) by w(K), we obtain a spectral sequence with pages Ei, converging to
I??z(L) The page E' is the direct sum of the groups ﬂ(DI/), each of which is supported on
a single diagonal 6 = §(x(I’)), by Lemmas [5.0.8) and [5.0.9| below. Therefore, by this

page has width at most k + 1, and the same must be true of the final page k\?l(L) ]
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Lemma 5.0.8. If L is non-split and alternating, then j(vh(L) is thin.

Proof. We proceed by induction on the crossing number of L. The lemma clearly holds
for the unknot. Fix a reduced, alternating diagram D of L, which necessarily exhibits the
crossing number. Since width is preserved under mirroring, without loss of generality, we
may assume that the initial complete resolution has at least two circles, and therefore that
all edges leaving it are merges. Now fix any crossing in D. The corresponding resolutions
have lower crossing number, and are also connected and alternating, thus non-split, and
thin by induction. Since the edge e connecting these resolutions is a merge, the page B is

thin as well, as is the final page B 2(71([/) O
Let é?h(D)] 1 denote the summand of ﬁh(D) supported over resolution I.

Lemma 5.0.9. Given a connected, alternating diagram D, let x be the generator in lowest
quantum grading in ﬁh(p)w, and let y be the generator in highest quantum grading in
é}(/h(D)h. Then 6(x) = 0(y) = o(L)/2, and at least one of x and y is a non-trivial
generator of IA(?L(L)

Proof. Let [ be the number of crossings, and let ¢(I) be the number of circles in resolution
D(I). With respect to the checkerboard coloring, the extremal resolutions of an alternating
diagram are the black and white resolutions. Since the black graph and white graph each
have [ edges and are dual on the sphere, we may express the Euler characteristic of either

by
c(0)=1l+c(1)=2 (5.3)
The quantum and homological gradings of x and y are given by

= —(c(O) — 1) +ny —2n_

)
y)=c(l)=1+1+ny —2n_

)

)



CHAPTER 5. LINK SIGNATURE AND HOMOLOGICAL WIDTH

Thus, the difference in § grading is

5y) — 6(z) = %(C(z) 4 lte(0)—1)—1

1
= 5(0(0) —l+¢(1)-2)=0
where the last equality follows from (j5.3]). Furthermore,
20(z) = —(c(0) = 1) + ny = —w(I*) + ny = o(L)

by Corollary [5.0.5]

95

If D has no crossings, then x and y coincide and generate ﬁL(L) Otherwise, at least

one of D(0) and D(1) has two or more circles. If ¢(0) > 1, then every component of d

leaving ﬁh(D)\o corresponds to a merging of circles, so z is in the kernel. If ¢(1) > 1,

then every component of d ending at C?Igh(DH 1 corresponds to a splitting of circles, so y is

not in the image. The second claim immediately follows.

Note that the two lemmas imply a result from [30):

Corollary 5.0.10. If L is a non-split alternating link, then f(vh(L) s thin and supported

on the diagonal § = 30(L).

O
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Chapter 6

From Khovanov homology to

monopole Floer homology

Given an oriented link L C 53, let E(L) denote the reduced Khovanov homology of L with
[Fy coefficients. To a diagram of L, we will associate framed link L. ¢ —¥(L). This link is
closely related to framed link . C S® defined in Chapter 4] which we will instead denote by
L' from now on. In this chapter, we apply the HM, version of Theorem [2.0.1/to L C —X(L)

to prove:

Theorem 6.0.11. The link surgery spectral sequence for L. C —%(L) has E? page isomor-
phic to ﬁL(L) and converges by the E'1 page to E\M.(—E(L)).

While the construction of this spectral sequence depends on a choice of diagram for L,
as well as analytic data, Theorem [6.0.11] implies that the E? and E> pages are actually
link invariants. These pages are also insensitive to Conway mutation, since this is true of

Khovanov homology over Fy as well as branched double covers. More generally, we prove:

Theorem 6.0.12. For each k > 2, the isomorphism class of the (£, 5)—gmded vector space

E* depends only on the mutation equivalence class of L.

The analytic invariance described in Theorem is crucial here. As explained in
Section Reidemeister invariance is then an immediate consequence of Baldwin’s proof

in the Heegaard Floer case [5], whereas mutation invariance follows from our proof in the
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Heegaard and monopole Floer cases. Note that both Heegaard Floer proofs, in turn, depend
on Roberts’ work on invariance with respect to isotopy, handleslides, and stabilization in
Heegaard multi-diagrams [37], and Baldwin’s work on invariance with respect to almost
complex data [5].

Recall that Khovanov homology is graded by two integers, the homological grading ¢

and the quantum grading q. We may repackage this as a rational (¢, §)-bigrading, where
d=¢q/2—t

marks the diagonals of slope two in the (¢, ¢)-plane. On the other hand, monopole Floer
homology has a canonical mod 2 grading and decomposes over the set of spin® structures.
Using the § grading on the spectral sequence, we derive the first result relating these finer
features of monopole or Heegaard Floer homology to those of Khovanov homology, leading

to a refinement of the rank inequality
vk Kh(L) >tk HMy(—X(L)) > det(L).

Let W?(Y) and H/Iii (Y') denote the even and odd graded pieces of }/I\]\/L(Y), respectively.
Let Kh (L) and Kn' (L) denote the even and odd graded pieces of ﬁL(L) with respect to the
integer grading 6 — (o(L) — v(L))/2. The terms o(L) and v(L) refer to the signature and
nullity of L, respectively. Our convention is that the signature of the right-handed trefoil
is +2 (that is, minus the signature of a Seifert matrix). Recall that v(L) = b1(X(L)).

Theorem 6.0.13. The § grading on the spectral sequence coincides with

1
0 — 5(0’(1}) —v(L)) mod 2
on the E? page. Thus, the rank inequality may be refined to

rk Kh' (L) > tk HMo(—X(L)) > det(L)

rk Kh' (L) > rtk HM.(—X(L)).

Furthermore, the & Euler characteristic of each page is given by det(L). The t grading on

the spectral sequence coincides with t +n_ on the E? page.
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In particular, all the differentials on the spectral sequence shift 6 + 2Z by one. Note
also that HA]\//[.(—E(L),E) is non—trivia whenever ¢ (s) is torsion, as follows from Corollary

35.1.4 in [24]. We conclude:

Corollary 6.0.14. If f(vh(L) s supported on a single diagonal, then the spectral sequence
collapses at the E? page. In particular, ]fif]\//[.(—E(L)) is supported in even grading and has

rank det(L), with one generator in each spin® structure.

In fact, I??L(L) is supported on the single diagonal § = o(L)/2 whenever L is quasi-
alternating [30]. We proved this fact when L is (non-split) alternating in Corollary
This is consistent with Theorem since quasi-alternating links have non-zero deter-
minant, and therefore vanishing nullity.

By modifying the proof of Theorem which invokes the combinatorial Gordon-
Litherland signature formula (see [20]), we obtain a (closely) related proof of the signature
formula in Theorem [5.0.2] Remarkably, a deep structure theorem in graph theory due
to W. H. Cunningham implies that the linking matrix A alone determines the mutation
equivalence class of L, the framed isotopy type of L, and therefore E’ for all i > 1 (see
Remark and [14] for more details).

Since our results first appeared, Kronheimer and Mrowka have established a similar
connection between Khovanov homology and a version of instanton Floer homology for

links [26]. As a corollary, they conclude that Khovanov homology detects the unknot.

6.1 Khovanov homology and branched double-covers

We now construct the spectral sequence in Theorem The key new ingredient is the
following HM, analog of Proposition 6.2 in [36] for HE. We delay the proof to Chapter
as it follows from the more general Theorem as explained in Remark

Proposition 6.1.1. Let Y = #F(S! x S2). Then, HNM.(Y) 1s a rank one, free module over
the ring A*H,(Y') generated by some class ©, and entirely supported over the torsion spin®

structure. Moreover, if K C'Y is a curve which represents one of the circles in one of the

!Alternatively, one can show that the gr® Euler characteristic of HM, (Y, 5)is 1if b1(Y) = 0.
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St x 8% summands, then the three-manifold Y' = Yy(K) is diffeomorphic to #* (S x §2),

with a natural identification
™ Hi(Y)/[K] — Hi(Y').
Under the cobordism W induced by the two-handle, the map
HM,(W) : HM,(Y) — HM,(Y")
is specified by
HM\(W)(& - ©) =7(¢) - &', (6.1)

where here ©' is the generator of fI\]\JL(Y’), and & is any element of A*H1(Y'). Dually, if
K CY is an unknot, then Y" = Yo(K) = #++1(S1 x §2), with a natural inclusion

i Hy(Y) — Hi(Y").
Under the cobordism W' induced by the two-handle, the map
HM,(W) : HM,(Y) — HM,(Y")
1s specified by
HM,(W')(& - ©) = (EA[K"]) - 0, (6.2)
where here [K"] € H (Y") is a generator in the kernel of the map H1(Y") — Hy(W').

We now construct the EM. spectral sequence associated to a link L C S3. We first fix
a diagram D with [ crossings. Following Section 2 of [36], we associate to D a framed link
L ¢ —X(L) to which we will apply the link surgery spectral sequence. First, in a small
ball B; about the crossing ¢;, place an arc with an end on each strand as shown in the oo
resolution of Figure [6.1] Each of these arcs lifts to a closed loop K; in the branched double
cover (L), giving the components of a link I. C 3(L). Note that all of the resolutions of D
agree outside of the union of the B;. Furthermore, the branched double cover of B; over the
two unknotted strands of D(I) N B; is a solid torus, with meridian given by the preimage
of either of the two strands pushed out to the boundary of B;. So for each I € {0,1, 00},
we may identify 3(D(I)) — v(D(I)) with ¥(L) — v(L).
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In this way, for each crossing ¢;, we obtain a triple of curves (\;, A; + p;, pt;) in the
corresponding boundary component of ¥.(L)—v(LL), which represent meridians of the fillings
giving the branched covers of the 0, 1, and oo resolutions at ¢;, respectively. In this cyclic
order, the curves may be oriented so that the algebraic intersection number of consecutive
curves is +1. We change this to —1 by flipping the orientation on the branched double
cover (whereas in [36] this is done by replacing L with its mirror). In the language of [36],
each triple (A, A\; + p;, pt;) forms a triad. From our 4-manifold perspective, this is precisely
the condition that each 2-handle in a stack is attached to the previous 2-handle using
the -1 framing with respect to the cocore (see the discussion preceding Theorem .
From either perspective, framing K; by \;, we are in precisely the setup of the link surgery
spectral sequence, with Y7 = —X(D(I)) for all I € {0,1,00}!. Now, using Proposition
the argument in [36] may be repeated verbatim to show that the complexes (E!,d"')

and ﬁ(/h(L) are isomorphic, and therefore that E? is isomorphic to the reduced Khovanov

homology ﬁz(L)

0 1 00

Figure 6.1: We have one short arc between the two strands near each crossing, in both the

original diagram and its resolutions.

Alternative proof of Theorem[6.0.11 As an alternative to the argument in [36], we now
present a more global description of the isomorphism E! = ﬁh(L), taking advantage of
the construction in Section of a framed link I/ C S® (there denoted L) which gives
a surgery diagram for the branched double cover with reversed orientation —¥(L). This
construction of I/ is illustrated in Figure for the standard diagram of the right-handed
trefoil 7. We first fix a vertex I* = (m?,...,m%) € {0, 1} for which the resolution D(I*)
consists of one circle. The link I’ is obtained as the preimage of the corresponding red arcs

in Figure where the component K/ is given the framing \; = (—1)™. Note that the

link . € —X(L) is represented in this surgery diagram by the framed push-off of L'.
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DEH -l

Figure 6.2: At left, we number the crossings in a diagram of the right-handed trefoil 7.

The resolution D(010) has one circle, and one (arbitrarily-oriented) arc for each crossing.
We then cut the circle open at the dot and stretch it out to a line, dragging the arcs along
for the ride. Reflecting each arc under the line yields the framed link L' C S® and linking

matrix at right. Surgery on L gives —3(7'), which is the lens space —L(3,1).

For each I = (my,...,my) € {0,1}}, let L be the link L’ with framing modified to

M= oo if m; =m;

0 if m; #m;
on K. Then L gives a surgery diagram for Y; = —X(D(I)) = #*(S! x S?), where the
resolution D(I) consists of k + 1 circles. This is illustrated in Figure for the trefoil
7. Furthermore, each elementary 2-handle cobordism Wr; = —X(Fry) : —X(D(I)) —
—3(D(J)) is given explicitly by 0-surgery on either K; or its meridian x;, in the case where
m} = 0 or 1, respectively. Let Ky C —X(D(I)) denote the knot on which we are doing
0-surgery, and let K7; C —X(D(J)) be the boundary of the co-core of the corresponding

2-handle.

By Proposition the (E',d') page of the link surgery spectral sequence for . C

—¥(L) is isomorphic to a complex complex with underlying Fa-vector space

C(D)= @ AH\(-%(D(D)))

Ie{o,1}!

and differential given by the sum of maps 3§ over all immediate successors I < J in

{0,1}!. These in turn are defined by

N (&) if Kj; represents a circle factor,

[KY;)ni(€) if Kpy is an unknot,
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On the other hand, (C(D),d) is precisely the version of é\ffh(D) defined at the end of
Section using the identification of Hi(—X(D(I))) with ?(D(I)) as explained in
We conclude that (E!,d") and CA’[?h(L) are isomorphic complexes, and therefore that E? is

isomorphic to EL(L) as an [Fy-vector space. O

Remark 6.1.2. In Chapter 4] we showed that the framed isotopy type of L. C —X(L) is
completely determined by the linking matrix A of L/ C S3. If follows that the pages E’
for ¢ > 1 are determined by A as well (up to an overall shift in bigrading that depends on
ng). In fact, since we are working with Fo coefficients, the orientations of the arcs (and
corresponding components of ') are extraneous as well. We need only record which pairs
of arcs in D(I*) are linked, as well as I* itself. On the other hand, the matrix A with
signs fully encodes the odd Khovanov homology of L with Z coefficients (again, up to an
overall shift in bigrading that depends on n4 ), and should also encode a lift of the spectral

sequence to Z.

6.1.1 Grading

For the duration of this paragraph, we return to the notation E° to distinguish the If:f\]\/i.
version of the spectral sequence from the HM, version. Our goal is to relate the mod 2
grading 6 on E! to the integer grading 6 on é\ih(L). Since Uy is surjective on IT]\/J(#kSl X
S?), E' may be identified as a d-graded vector space with the kernel of the map
> HMJ(Uy | Yr % [0,1)): B* — E.
Ie{0,1}t

This permits us to work with the § grading on E' instead.

Proof of Theorem[6.0.13. Let L C S® be an oriented link and fix a diagram D with n
crossings. Let ny and n_ denote the number of positive and negative crossings, respectively.
Consider the hypercube complex (X, D) given by surgeries on L' C —X(L). Recall that
Y7 = —X(D(I)) = #*(S' x 52) when the resolution D(I) consists of k + 1 circles.

We may think of a generator € A" (H;(Y7)) as an element of either E* or Eih(D). The

group fl\]\/L(YI) is supported over the torsion spin® structure, and Proposition shows
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/o X\

100 110 ~
000 010 101 111 U -
001 011

Qo Q -O 0 [
O - CH-O O

—»1

100 110
000 010 101 111
001 011

C\%} @ Q : (}mg]
(- @ & &b
(5

Figure 6.3: Continuing from Figure above we obtain the cube of surgery diagrams L/

for the right-handed trefoil 7. All solid components are 0-framed, while all faded compo-

nents are oo-framed. The link surgery cube of 3-manifolds Y; and 4-dimensional 2-handle

cobordisms W7 above is the branched double cover of the Khovanov cube of 1-manifolds

D(I) C 5% and 2-dimensional 1-handle cobordisms Fy; C S3 x [0, 1] below.
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that grl(z) = k — r, where gr%(z) is the rational grading over the torsion spin‘-structure,

reviewed at the end of Section Moreover, on Y; we have
gr%(z) = gr®(z) mod 2. (6.3)

Recall that éfh(D) has a quantum grading ¢ and a homological grading ¢. The 6-
grading is defined as the linear combination ¢ = %q — t. Translating from the definitions in

[34], we may express these gradings as

q(x) = 2gr%(x) — by (Y1) +w(I) +ny —2n_

tx)=w()—n_

5() = (@) — gha(¥) — gull) + gy

Here n, and n_ denote the number of positive and negative crossings in D. The final

formula defines a function § : X — Q.

By (6.3), we may define a lift 4¢ : X — Z of the mod 2 grading 6 from (2.15)) by
52(z) = 1) — ((Wiee) +w(D)) + . (6.4)

Note that all cobordisms W7 over the hypercube satisfy o(W;;) = 0. This is easily seen for
an elementary cobordism, and follows in general from signature additivity. So using (1.9)),
we may expand 69(zx) as

< 1 1 1 1
6Qx) = gr(z) — §bl(Y1) — iw(l) — §U(W()oo) + §b1(E(L)).
Finally, we compare §(z) with 62

5(x) — 6%a) = S (0(Woso) + 1y — b1 (5(L))).

=N

= 5(o(1) = v(D))

The last line follows from Lemma [6.1.3] below. Reducing mod 2, we have the first claim of
Theorem [6.0.13

For the remaining claim about the determinant, note that when v(L) = 0 we have

Xs(E?) = (-1)7 B2y (Kh(L)) = (1) P2V (-1) = det(L),
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where V7, (¢q) denotes the Jones polynomial of L, and when v(L) > 0 all of the above terms
vanish. Alternatively, one can show that the number of spin® structures on —%(L) is det(L)
and that

Xer@ (HMo(=3(L), 5))

is one when v(L) = 0, and vanishes otherwise. O

Lemma 6.1.3. The signature and nullity of L are given by

o(L) =0(Wpeo) + 1t

v(L) = b1 (X(L))

Proof. The nullity v(L) is sometimes defined as the nullity of any symmetric Seifert matrix
S for L, and sometimes as b1(X(L)). These definitions are equivalent since S presents
Hy(X(L)).

We will prove the formula for o(L) by relating o(Wy) to the signature of a certain
4-manifold X7, bounding ¥(L). Recall that the diagram D has a checkerboard coloring with
infinite region in white. The black area forms a spanning surface F' for L with one disk for
each black region, and one half-twisted band for each crossing. View L as in the boundary
of D*, and push F into the interior. We then define X as the branched double cover of
D* over F. In [20], Gordon and Litherland show that the intersection form of X is the

Goeritz form G associated to D, and that

where p(D) = c—d (see Figure[6.4)). The minus sign in front of o(L) is due to the fact that

the signature convention in [20] is the opposite of ours. Using the relations

w(B)=b+c¢

n_=b+d

we can also express u(D) as
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Therefore,

o(L)=—0(Xr)+w(B) —n_. (6.5)

OO X X

Figure 6.4: Four types of crossings in an oriented diagram with checkerboard coloring. The

letters a, b, ¢, and d denote the number of crossings of each type.

We now construct a Kirby diagram for X, (see Section 3 of 136] and Section 3 of [21]
for similar constructions). First, form the black graph resolution D(B) by resolving each
crossing so as to separate the black regions into islands (that is, 1-resolve a crossing if and
only if it is of type b or ¢ in Figure . Draw a 1-handle in dotted circle notation along
the boundary of each black region in D(B). Next, add a 2-handle clasp at each crossing,
with framing 41 if the crossing is of type b or ¢, and —1 otherwise. Finally, delete one of
the 1-handles.

Next we construct a relative Kirby diagram for the cobordism Wpgs,. First turn all
but one of the circles in D(B) into 1-handles to get a surgery diagram for Yp = X(D(B)),
regarded as the incoming end of Wps. Next, introduce a 0-framed clasp at each of the
n — w(B) crossings corresponding to 0 digits of B. This gives a relative Kirby diagram
for the cobordism Wpg;. Finally, introduce —1 framed clasps at each of the remaining
crossings, and —1 framed meridians on each of the O-framed clasps. This gives a relative
Kirby diagram for the cobordism Wpeo. After pulling off and blowing down all n — w(B)
of the —1 framed meridians, and filling in the incoming end with a boundary connect sum

of copies of S! x D3, we recover the Kirby diagram for —X. Therefore,

c(Wps) = —0(X1) — (n — w(B)).
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Combined with ([6.5), we conclude

o(L)=—0(Xr)+w(B) —n_
=0(WBao) + (n —w(B)) +w(B) —n_
= 0(Wheo) + 1y

For the last line, note that since o(Wy5) vanishes, signature additivity implies that o(Wys) =

oc(WpBwo)- O
Modifying the above proof, we obtain the signature formula in Section

Alternative proof of the signature formula in Theorem[5.0.3. Recall the construction of the
surgery diagram L' for —X(L), as in Figure Let Z; be the 4-manifold obtained by
attaching 2-handles along L. By construction, Z;, bounds —X(L). Just as in the above

proof, a Kirby diagram argument shows that
o(Woso) = 0(Wreeo) = 0(Z) — (n —w(I”)) = o(A) — (n — w(I7)),

where A is the linking matrix of L, which is congruent to the linking matrix of the arcs in

Theorem [5.0.2 From Lemma we arrive at the formula

o(L) = c(Woss) +ny

=o(A)+w(l*) —n_.

6.1.2 Invariance

We now turn to the proof of Theorem [6.0.12] which describes the extent to which the

spectral sequence depends on the choice of diagram for the link L.

Proof of Theorem[6.0.13. Let D; and D be two diagrams of the oriented link L C S3.
Let X (D;) represent the hypercube complex associated to diagram D;, for some choice of
analytic data (which we may suppress by Theorem [2.0.2). The goal is to construct a filtered

chain map

¢: X(Dy) — X (D)
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which induces an isomorphism on the E? page, and therefore on all higher pages as well. It
suffices to consider the case where D; and D, differ by a single Reidemeister move.

In 5], Baldwin defines such a map ¢ for each of the three Reidemeister moves. While he
was considering the Heegaard Floer version of the spectral sequence, his maps have direct
analogues in the monopole Floer case. The difficult part is proving that ¢ induces a homo-
topy equivalence from é\[fh(Dl) to é\fh(Dg) on the E! page. However, this argument only
involves properties of the Khovanov differential, drawing heavily on the proof that Kho-
vanov homology is a bigraded link invariant (see [34]). It is also clear from the construction
that ¢ preserves the bigrading on Khovanov homology, and therefore 4.

Now, suppose links L and Lo are related by a mutation. Fix diagrams D; and Dy for
Ly and Ly which exhibit the mutation. Let L] and IL}, be the associated framed links in S3,
and let L; and Ly be the associated framed links in —¥(L;) and —X(L2). In Section

we proved that there is an orientation-preserving diffeomorphism
P 83— 63

for which ¢(IL}) and L, are isotopic as framed links. This implies that there is an orientation-

preserving diffeomorphism

Y =X(L1) — —X(Lg)

for which ¥(IL;) and Lo are isotopic as framed links. Appealing to Theorem we
conclude that the E* pages of the spectral sequences associated to D; and D, are isomorphic

for all 7« > 1. O

6.2 The spectral sequence for a family of torus knots?

In order to illustrate the spectral sequence in action, we now present an example which is

both speculative and, we hope, compelling. Consider the family of torus knots given by
{T3,6n+t1)|n>1}.

For this family, the unreduced Khovanov homology with coefficients in Q takes the form

of repeating blocks, and is stable, up to a shift in quantum grading, as n grows [41],
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[45]. Watson recently deduced a similar structure over Fy up to a repeating indeterminate
summand [47]. Computing ﬁL(T (3,6n + 1)) explicitly for several values of n using Bar-
Natan’s KnotTheory package [4], a consistent pattern emerges, as shown in Figure

Assuming this pattern persists, up to a shift in quantum grading, we then have inclusions
Kh(T(3,5)) C Kh(T(3,7)) C Kh(T(3,11)) C Kh(T(3,13)) C - -- .

Conjecture 6.2.1. For each such torus knot, and some choice of analytic data and diagram,
the higher differentials are as shown in Figure [6.5. In particular, the spectral sequence

converges at the E* page, and the above inclusions on the E? page extend to the E* and E*

pages.

One intriguing way to frame this conjecture is as follows. Using the (¢, ¢)-bigrading in

Figure [6.5] we may define higher §-polynomials by

U 36n41)(8) = Y (1) tk Bf;(T(3,6n £ 1)) 67/
.3
for each k£ > 2. Then Conjecture implies that the é-polynomials on the E? and E3

pages are monic monomials, while
U’;{(Z&,Gnil)(é) — 50’/2 N 50/2+1 + 50’/2+2 — 53/2' (66)

Here s denotes Rasmussen’s s-invariant. We emphasize that these polynomials will in
general depend on the branch set (not only on the branched double-cover), even on the
E°° page, as we show in Proposition Still, it would be interesting to compare
with the polynomials arising from Greene’s conjectured J-grading on ﬁ(—E(T(?}, 6n+1)),
which may also depend on the branch set. This grading is defined in Section 8 of [21] using
a special Heegaard diagram associated to the link diagram.

Our primary evidence for Conjecture comes from [5], where Baldwin deduces that
the Heegaard Floer spectral sequence for T'(3,5) is as shown in Figure His argument uses
the Khovanov and Heegaard Floer contact invariants to show that the lower left generator
survives to E* for every torus knot. This is the only survivor in the case of T'(3,5), as the

branched double cover is the Poincaré homology sphere. We have not rigorously computed
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Figure 6.5: Each dot represents an Fy summand of E(T(3,6n + 1)) in the (¢, q)-plane.

The diagonal 6 = ¢/2 is heavily shaded and the diagonal § = s/2 is lightly shaded (unless

s = o). The d? and d? differentials are in red and blue, respectively, as are their victims.

The surviving (black) dots generate ETW.(-E(?,B,(;H £ 1)). The shaded diagonals also

correspond to 62 = 0 and §¢ = (2n — 1) £ 1. For n > 1, there is precisely one black dot on

each diagonal in this range, giving the expected rank of E* in each gr® grading.
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the monopole Floer spectral sequence even in this case, since we lack an analogous contact
invariant.

As further evidence, we cite the compatibility of m.(—Z(T (3,6n —1))) with the E*
page implied by our conjecture. The branched double cover of T'(3,6n + 1) is the Brieskorn
integer homology sphere

2(2,3,6n + 1),

which arises by 1/(6n £ 1) Dehn surgery on a trefoil knot (the right-handed one for 6n + 1
and the left-handed one for 6n —1). Using the surgery exact triangle, gradings, and module
structure, the Heegaard Floer groups HF 1 (3(2,3,6n 4 1)) are explicitly calculated in [35].
The same techniques should apply in the monopole case to show directly, using , that

H/TW.(—E(Q, 3,6n — 1)) = Z(_g) D (Z(_Q) ) Z(_l))n_l

HM,(~%(2,3,6n+1)) = Zy @ (Zy @ Z1))"

where the subscript denotes gr? grading (see also [33]). Indeed, we carry this out for n =1
in Section [8.2] For general n, we may also appeal to the equivalence of Heegaard and

monopole Floer groups announced in [28]. In particular,
rk HM,(—%(2,3,6n+1)) =2n + 1

and so the d-graded ranks on our conjectural E* page are compatible with the gr®-graded
ranks on HM,(—%(2,3,6n + 1)), as required by Theorem
For links such that the (¢,q) bigrading on the higher pages is well-defined, we may
encode the higher pages of the spectral sequence in the form of a 2-variable higher Khovanov
polynomzal, given by
E¥(t,q) = Z rk Ef] (L) t'q’
i,J

for each k > 2. We then obtain higher Jones polynomials, given by
VE(q) = BE(-1,4'7)

for each k > 2. The ordinary Jones polynomial V,(g) coincides with V7(g). Furthermore,

if L is quasi-alternating, then V}(q) = Vi(q) for all k > 2.
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We now record in full the various higher polynomials associated with the differentials in
F igure in order to provide a (conjectural) data-set to aid in the search for a combinatorial
description (in fact, one possible description has recently been suggested by Szabé [43], see
the discussion following Corollary . For comparison, we include the polynomials on
the E? page as well. Note that the optimal input for an algorithm may not be a diagram
of the link itself, but rather the arc-linking data which encodes the mutation equivalence

class, as described in Remark

Conjecture 6.2.2. Let S" =T(3,6n + 1) and let T" =T (3,6n — 1). Set

n—1 n—1
q) =Y 1% OES P
k=0 h=0

For each n > 1, the higher Khovanov polynomials are given by

q—SEQn t,q =1 ((t8q12+t5q16)+(t3q6+t6q10)+(t2q4+t4q6+t5q10+t7q12)) fn(taq)
G E2a(t,q) = 1+ (3¢ + °¢"°) + (£*¢° + 5¢'?)) fu(t,q)

The higher Jones polynomials are given by

¢ Vii(g) =14+ ¢" ="

g PVE() =1+ ((¢° = ¢*) + (=* + ¢°)) fulq)

¢ Vi(g) =1+ (¢° = ¢*) fula)

¢ P VE(g) = 14¢" — g™
¢ PVE(g) = 14 (¢° — ) a1 (@) + (—¢° + &) ful0)
¢ V(@) = 1+ (¢° = ¢*) fa1(q)
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The higher d-polynomials are given by

0/2 US (5

0/2 US (5

6P UL(6 — 0462 — 46

0'/2 UT (5

0/2 U’T (5
(

0/2 U4 1—6+ 52 — ... +52n—2

)
)
)
)
)
0) =

Here s(S8™) = 12n, s(T") = 12n—4, and 0(S8™) = o(T™) = 8n. So both U4, (5) and Ut.(5)

may be expressed as

50’/2 o 50/2—}-1 + 50/2—‘,—2 — ¥ 68/2.
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Chapter 7

Donaldson’s TQFT

7.1 The algebraic perspective

The identity of the E? page in Theorem may be understood as follows. To a diagram
of alink I C S3, we associate a framed link . € —X(L). With respect to L, the link surgery
hypercube of 3-manifolds Y (I) and 4-dimensional 2-handle cobordisms W (I.J) is precisely
the branched double cover of the Khovanov hypercube of 1-manifolds D(I) € S% and 2-
dimensional 1-handle cobordisms F(I.J) C S3 x [0,1], as illustrated for the trefoil knot
in Figures and Furthermore, the functor HM, and the functor CKh underlying

Khovanov’s unreduced theory over Fy fit into the commutative square of functors in Figure

1l

vy Xy . v v
S C
o) 28, gy Crh U 29 gy

Figure 7.1: Commutative diagram relating the functors HM, and CKh.

Here S(1J) : U(I) — U(J) and T'(IJ) : V(I) — V(J) represent the induced maps of

Fy-vector spaces with respect to each theory. If we replace CKh with the reduced Khovanov
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functor CKh over Fs, then the vertical arrow at right induces an equivariant isomorphism
of vector spaces. Consequently, we may identify the complex (E!,d!) with a(/h(L), and
hence E? with I??L(L)

In fact, when I and J are immediate successors, the entire commutative diagram admits
a more elementary and unified description. Both horizontal arrows may be regarded as an
instance of a TQFT described by Donaldson in [16]. The algebraic basis for his construction
is as follows. To an Fy-vector space U, we associate the exterior algebra A*U. To a linear
map ¢ : I' — Uy @ Uj, we associate a map |I'| : A*Uy — A*U; defined as follows. Let k
and n be the dimensions of I' and Uy, respectively. By taking the exterior product of the
images of the elements in any basis of I', we obtain an element of A*(Uy @ Uy), which may

be regarded as a map via the series of isomorphisms

AUy & Uy) = @Y, AU @ AU,
o @?:0 (AnfiUO)* ® AkfiUl

=~ @F | Hom (A" Uy, A¥~U).

Given i1 : I'y = Uy @ Uy and i9 : I's — Uy @ Us, we define the composition 7 : I' — Uy @ Uy
by setting
I'={(z,2) eTh @y |ir(x)|y, =i2(2) |ty }
and i(x, z) = (i1(x)|vy,72(2)|v,). If 71 and io are transverse as maps into Up, then indeed
[T = [Ta] o [T ].
To a manifold M, Donaldson assigns the exterior algebra A*H'(M). To a cobordism

N : My — M, he assigns the map
|HY(N)| : A*H*(My) — A*HY (M),

obtained from the restriction HY(N) — H'(ON) = H'(My) ® H'(M;). We refer to these
assignments as Donaldson’s TQFT, even though A*H' is not a functor in general, as the
transversality condition may fail to hold (see Remark below). However, for I and J
immediate successors, the above commutative diagram may be rewritten in terms of A*H?!
as shown in Figure as explained below. Since CKh and HNM. are indeed functors, the

first commutative diagram then holds for all I < J, not only immediate successors.
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v (1) X5y A v 2 v
=5 C (A p)s
1) . p A o 28, gy

Figure 7.2: For immediate successors I < J, the commutative diagram in Figure [7.1]is iden-

tified with the commutative diagram above, with both rows given by Donaldson’s TQFT.

We explain the vertical map (A*p)# at right in the diagram. For any link L in S3, the
exact sequence

H(S3,L) — Hy(L) — Hy(S%) — 0

gives an isomorphism H(S3, L) & Hy(L). There is a natural map Ho(L) = Hy(S3, L) —

Hy(X(L)) which takes a relative 1-cycle to its preimage. Dually, there is a map
p: HY(S(L)) — H'(S%, L) = HO(L) C HO(L) = H(L),
which induces a map on exterior algebras
ANp: AN*HYZ(L)) — A*HY(L).

The vertical map is given by this map precomposed with the Hodge dual * on A*H!(3(L)).
Here L equals D(I) or D(J).

The equivalence of the two commutative diagrams when I and J are immediate succes-
sors may be understood as follows. The manifold Y (I) admits a metric of positive scalar
curvature, so it follows from Proposition 36.1.3 of [24] that HM, (Y(I)) is the cohomology
of the torus T(Y(I)) = HY(Y (I); R)/H*(Y (I); Z), parameterizing flat U(1)-connections on
Y (I) modulo gauge. The cobordism W (I.J) also admits a metric of positive scalar curvature,
and indeed, we establish in Section below that for elementary 2-handle cobordisms, the
map If:[\]\/l.(W(I J)) coincides with the map on cohomology induced by the correspondence
between tori defined by flat connections over W (I.J). As Donaldson observes, the map on

cohomology induced by such a correspondence is encoded in the above TQFT. Along the
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bottom row, note that Donaldson’s TQFT is a bona fide functor in 1 + 1 dimensions, and
one may easily check that the same Frobenius algebra underlies both A*H' and CKh with

Iy coefficients.

Remark 7.1.1. The transversality needed for the functoriality in Donaldson’s TQFT fails
to hold in 3 + 1 dimensions. The simplest such failure is that of a single circle splitting
and re-merging. Then F(IJ) is the complement of two disks in the 2-torus, and W (I.J)
is the (simply-connected) complement of two balls in S? x S2. Tracing definitions, we see
A*HY(F(1J)) = 0 whereas A*H' (W (I.J)) = Id. More generally, if F((I.J) has positive genus,
then the restriction map from H!(F(IJ)) has non-trivial kernel, and thus A*H(F(1J)) =
0, whereas A*H'(W(I.J)) is non-zero even though }/I\]\/L(W(IJ)) Vanishe Conversely,
if the genus of F(IJ) is zero, then indeed A*HY(W(IJ)) = EM,(W(IJ)) and the two

commutative diagrams coincide.

Remark 7.1.2. The arrows on a decorated link diagram may be used to specify homology
orientationsﬂ on both F(IJ) and W(IJ). In this way, the entire commutative diagram in
Figure lifts to Z coeflicients, with HM, along the top row and the odd Khovanov TQFT,
or equivalently Donaldson’s TQFT, along the bottom row. We will return to this in future

work concerning a lift of the spectral sequence to Z coefficients.

7.2 The geometric perspective

In the previous section, we described Donaldson’s TQFT, there denoted A*H!, from an
algebraic standpoint. We now elaborate on its geometric interpretation in order to make

explicit its relationship to monopole Floer homology. The group A*H!(Y) arises geometri-

'Note that bf (W (IJ)) coincides with the genus of F'(I.J). So when this genus is positive, we may directly
deduce that HM, (W (IJ)) vanishes from the fact that W (IJ) admits a positive scalar curvature metric with
cylindrical ends.

2In Donaldson’s TQFT, a homology orientation on the cobordism N : My — M; is an orientation of the
line A™**H'(N;R) ® A™** H'(Mp; R). This determines an overall sign on the map A*H*'(N). The definition
of homology orientation in monopole Floer homology reduces to this one for cobordisms with b5 = 0 (see

Definition 3.4.1 of [24] for details).
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cally as the homology group H,(T(Y)) of the torus
T(Y) = H'(Y;R)/H'(Y;Z)

parameterizing flat U(1)-valued connections on Y mod gauge. A cobordism W : Yy — Y}

gives rise to a correspondence
T(Yp) << T(W) =% T(Y7) (7.1)

by restriction of connections. The Donaldson map A*H'(W) then arises as the map on
homology groups
fw : Hi(T(Y0)) — Hi(T(Y1))

given by “pull-up/push-down”. More precisely,
fw = (r1)s wyy 1wy,
where wy; and wyy denote the two Poincaré duality isomorphismsﬂ

wy, :H.((T(Yo)) — H*((T(Yo))

wy H.((T(W)) — H*((T(W)).

The degree of fyy is given by by (W) — b1(Yy). The homology group H,(T(Y;)) is a module
over the cohomology group H*(T(Y;)) via the cap product. The map fy is natural with
respect to the cap product in the following sense: if v9 € H*(T(Yp)), 71 € H*(T(Y1)), and

ro(v0) = r1(n) (7.2)
then

fw(onz) =m0 fw(z) (7.3)

for each € H.(T(Yp)).

3Unless otherwise specified, we continue to use Fa coefficients, so H.(T(Y)) = H.(T(Y);F2) and Poincaré
duality is well-defined without additional orientation data. See Section 2.8 of |24] for an equivalent Morse

theoretic construction of fw .
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Remark 7.2.1. In particular, if Im(rj) C Im(r}), then fy is determined by its value on
the fundamental class of T(Yp). This is the case, for example, whenever W is the trace of

surgery on a framed link.

Kronheimer and Mrowka develop a related module structure in monopole Floer homol-
ogy (see Sections 3.2 and 23.2 of [24]). Indeed, the group HM,(Y), as well as its relatives, is

a module over the ordinary cohomology ring of the ambient space B7(Y') via a cap product
N : H*(B°(Y)) x HM(Y) — HM(Y)

which is natural with respect to cobordism maps, as we now explain. The space B7(Y) is

a union over spin® structures s of components B?(Y,s) of homotopy type
B°(Y,s) 2 T(Y) x CP>,

and there is a canonical identiﬁcatiorﬁ of cohomology rings
H*(B?(Y,s)) = H*(T(Y)) @ F2[U].

Similarly, given a cobordism W : Yy — Yj equipped with a spin® structure t, we have
H*(B7(W, 1)) = H*(T(W)) @ Fa[U].

Letting s; denote the restriction of t to Y;, there is a (partially-defined) correspondence
B (Yo, s0) < B°(W,t) — B?(Y1,51)

which induces bona fide maps on cohomology rings of the form

HY(T(Y0)) ® FafU] 2555 B (T(W) @ Fa[U] 2% HY(T(11)) @ FaU).

where r§ and 7] are the same maps that appear in (7.2]). The map HM «(W,t) is natural
with respect to the cap product in the following sense: if v € H*(T(Yy)), 1 € H*(T(Yp)),

and

70(70) =71 (71)

4The configuration space B°(Y,s) also depends on a choice of metric, but the cohomology ring of the

space is independent of the metric up to canonical isomorphism.
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then
HM (W, 8)((y0 ® Uf') N @) = (31 © Uf') N HMo(W, ) (2) (7.4)

for each z € HM «(Y0,50). Here we continue to adopt the convention in [24] of using the
subscript 1 on U to emphasize the module structure with respect to cap product. After
completion, HM «(Y) and its companions are modules over the completed, graded ring
H*(T(Y)) ® Fo[[Ut]], with U; in degree —2 and v € H%(T(Y)) in degree —d. The group
HM,(Y) inherits the structure of a module over H*(T(Y)) ® Fo[[U)4]] from HM,(Y), in
which Uy acts by zero. For this reason, we will consider ]?]\//./.(Y) as a module over H*(T(Y")).

7.3 Monopole Floer homology and positive scalar curvature

In the presence of positive scalar curvature, this module structure takes a particularly

explicit form:

Theorem 7.3.1 (Kronheimer, Mrowka). Suppose Y admits a metric of (strictly) positive

scalar curvature. For each spin®-structure s with c1(s) torsion, we have canonical isomor-

phismd)|

HM.(Y,5) = H(T(Y)) @ B[]
HM,(Y,s) = H.(T(Y)) @ Fa[[Uy, Uy ]
HM (Y, 5) = H.(T(Y)) ® Fs[[Uy, U /Fs[[U4]]
as relatively Q-graded modules over H*(T(Y')) @ Fo[[U;]], where the action on the right-hand

side is by cap product on the first factor and by multiplication on the second factor. If c1(s)

s not torsion, then the Floer groups are zero.

Proof. We outline the argument given in Section 36 of [24] (see Proposition 36.1.3 in partic-

ular). The structure of HM,(Y,s) as a module follows from the general structure theorem

"Note that @.(Y,s) and H.(T(Y)) ® F2[[U;]] are rank one, free modules over the same ring, each
with a unique generator, and thus canonically isomorphic. The two remaining isomorphisms are specified
by insisting on naturality with respect to the short exact sequences of modules associated to the left- and

right-hand sides of the three equations.
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of Section 35, using the fact the that triple cup product on Y is trivial. Considering the
underlying complex C(Y,s), we may regard the perturbation of the equations as a choice
of Morse function f on the torus T(Y'). If we replace f with ef for sufficiently small € then
all critical points are reducible and 9% = 0, using the Weitzenbock formula. This formula

also rules out spectral flow, which implies that 55 = 0 for grading reasons. In particular,

O(Y7 5) = CS(Y75)7 é = 5:99

_ | a o

C(Y,s) = C*(Y,s) ® C"(Y.5), 0= _
0 o

C(Y,s) = CU(Y,s), d= o

and the module structures on HM 4(Y,s) and @.(Y, s) are inherited via the decomposition
C(Y,s) = C(Y,5) ® C(Y,5){~1} (7.5)
where {—1} shifts the degree of each element of C(Y,s) down by one. O

Remark 7.3.2. Theorem says that, over a torsion spin® structure, each version of
the monopole Floer homology of Y reduces to Donaldson’s TQFT tensor the appropriate
Fy[[U]]-module. Theorem below says that, for certain cobordisms, the Floer maps

similarly reduce to those of Donaldson’s TQFT as well.

We continue to suppose Y is an oriented, closed, connected 3-manifold with a positive
scalar curvature metric. By work of Schoen and Yau, the manifold Y decomposes as the

sum of copies of S x S? and a rational homology spherﬂ Let
Yo=Y

and

Yy = Y#(S' x §2).

Consider the cobordism

W :Yy—Y:

5By Thurston’s geometrization conjecture, this rational homology sphere is a sum of spherical space

forms. Also note that the sum of positive scalar curvature manifolds admits such a metric as well.
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given by 0-surgery on an unknot, and the dual cobordism
w":. Yy, =Y,

given by O-surgery on the circle factor in S* x S2. Let k = b1(Y'), so that the dimensions of
T(Yp) and T(Y1) are k and k + 1, respectively. The Donaldson maps

fwr - Ho(T(Yo)) — H.(T(Y1))

and

fwn s Ho(T(Y1)) — Hi(T(Y0))

are non-trivial and determined via the cap product by their values on the fundamental
classes @ and Py of T(Yy) and T(Y1), respectively (see Remark [7.2.1). Since fy» has

degree —1, we have
fwr(Ppy1) = Py (7.6)
Let 7' be the generator of the kernel of r{ : H'(T(Y1)) — H'(T(W)). By (7.3)), we have
Y 0 fw (k) = fw (0N @) = 0.

Since fy has degree 0, the element fyy/(®)) must generate the 1-dimensional kernel of +/

acting on Hy(T(Y1)). Thus

fW’(q)k) = "yl NPpy1. (77)
By a parallel argument, we now determine the Floer maps associated to W’ and W”.

Theorem 7.3.3. Let W be either W' or W”. Let t be a spin® structure on W with ¢ (t)
torsiorﬂ Then with respect to the canonical isomorphisms in Theorem we have:

HMy(W,t) = fw ® Idg, u, (7.8)
HIL (W, ) = fiw @ g, o (7.9)

"Note that the topology of W is such that ci(t) is torsion if and only if ci(t)|aw is torsion. In fact,
restriction of torsion spin® structures on W gives a 1-to-1 correspondence between torsion spin® structures

on the incoming and outgoing ends.
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Proof. We first establish ([7.8]). By Theorem the element @ ;@1 generates HM, (Yi,si)
as a rank one, free module over H,(T(Y;)) ® Fo[[U;]]. By the compatibility of (7.3 and
(7.4), and Remark it therefore suffices to show:

HMy(W' 4)(®), @ 1) = fiyr (B1) @ 1, (7.11)

EJ\W.(W”, )(Prr1 ®@1) = fiyyn(Ppy1) ® 1. (7.12)

We will prove (7.12) first, and then use it to prove (7.11). The map @.(W” ,t) is

surjective since the identity cobordism on Yj factors as
Yy x [0,1] = W o W,

where Wj is a 1-handle attachment. In particular, ®;,; ® 1 has non-zero image. Since
®ri1 ®1 and @ ® 1 each generate the top-most graded piece of their respective Floer
groups, and @.(W” ,t) has a well-defined degree, it must be the case that

HMy (W )(Pppg @ 1) = B @ 1, (7.13)

which implies (7.12)) by ((7.6).
Since both W’ and W” have unit Euler characteristic and vanishing intersection form,

the associated degrees are d(W’,t) = 0 and d(W”,t) = —1 by ((1.10)). So (7.13]) implies that
gr(®r®1) = grd(@p ®1) -1

and thus
HM. (W', 4)(®4 © 1) € Hi(T(V7)) @ 1.

Furthermore, the map @.(W’ ,t) is injective since the identity cobordism on Yj factors as
Yo x [0,1] = W3 0o W'
where W3 is a 3-handle attachment. Thus ®; ® 1 has non-zero image. Since implies
(v ®1) N HMy(W',4)(®, @ 1) = HMy (W, £)(0® 1) N (® @ 1) = 0,

the image of ®;, ®1 must generate the 1-dimensional kernel of 4/ ®1 acting on Hi(T(Y7))®1.
Thus
HM (W, (@ @ 1) = (7 N @ppa) © 1,
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which implies by .

We now turn to proving . We may assume that W is equipped with a metric and
perturbation that are compatible with the choices made in the proof of Theorem SO
that 95 = 9% = 9* = 0 on both Y and Y;. In this case, the Floer chain maps associated to

W only involve reducibles:

A U
m=m,,

- S - U
— ms ms
m =

7S 7 U

my,, My,
m = m’

5.
Furthermore, in sufficiently low gr? grading, we have

m(W,t) = ! !
0 my(W,t)
simply because all critical points on either end (Y;,s;) in sufficiently low grQ grading are
boundary unstable and m (W, t) has a well-defined, finite degree. Therefore implies
in sufficiently low grQ grading. Since Us is invertible on HM,(Y1,51), we conclude from the
naturality expressed in that holds in all gradings.

Now similarly implies in sufficiently high gr® grading. Since U; is surjective
on HM 4(Yy, s0), we conclude from (7-4)that holds in all gradings. O

Remark 7.3.4. The above argument applies essentially verbatim to the case of Z coeffi-
cients (up to an overall sign determined by homology orientations). Note that may
also be deduced from using a form of duality for cobordism maps (see Proposition
25.5.3 of [24]).

With Y as above, the map U; is surjective on HM, (Y'). The exact sequence
__ - U _—
0 — HM,(Y) — HM,(Y) —> HM,(Y) — 0

then identifies HM, (Y') with the submodule Ker(U;) C HM ,(Y). From Theorems and
we have:
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Corollary 7.3.5. Suppose Y admits a metric of (strictly) positive scalar curvature. For

each spin®-structure s with c1(s) torsion, we have a canonical isomorphism
HM,(Y,s) = H,(T(Y)) (7.14)

as relatively Q-graded, rank one, free modules over H*(T(Y")) acting by cap product. If c1(s)
1s not torsion, then the Floer group is zero.

Let the cobordism W be either W' or W". Let t be a spin® structure on W with c1(t)
torsion. Then with respect to , we have

HM. (W, t) = fu.
So for these cobordisms, the functor HM, is canonically identified with Donaldson’s TQFT.

Remark 7.3.6. Proposition|6.1.1]is a reinterpretation of Corollary with the generator
of A°H;(Y) identified with the fundamental class of H,(T(Y)).

We now specialize to the case of Y = #*(S! x §2). The Floer groups of Y are sup-
ported over the unique torsion spin® structure, so we are free to omit it from the notation.

Furthermore, the gradings gr? and grQ take values in Z:
Proposition 7.3.7. Let Y = #*(S' x S?). Then then we have
AML(Y) = H.(T(Y))
as absolutely Z-graded modules over H*(T(Y)). More generally, we have
HML(Y) = H.(T(Y)) @ F[[U4]}{~1}
HIL(Y) = H(T(Y)) @ Fa[Uy, U1 J{—2}
HLL(Y) = H.(T(Y)) @ Ba([U, U] R[]} {2}
as absolutely Z-graded modules over H*(T(Y')) ® Fa[[U;]].

Proof. Let 2 € HM,(Y) be the generator of lowest degree. We first prove that gr(z) = 0
by induction on k£ > 0. This is true by definition in the base case Y = S3. For the induction

step, consider the cobordism

W' #F(S x §%) — #FHL(51 x §2)
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given by 0O-surgery on an unknot. The map HM «(W’) has degree 0, and sends the lowest
degree generator of HM o(#%(S! x 52)) to that of HM4(#F1(S! x $2)) by Theorem
This completes the induction.

Let xo be the generator of Hy(T(Y)). With respect to the isomorphism in Theorem

7.3.1} the generator = € IT]\/J.(Y) corresponds to zg ® UT_l. The latter has degree 2, which

accounts for the shift [—2] in the case of HM4(Y). The shifts for HM,(Y) and HM, (Y') now
follow from (7.5)). There is no shift for ﬁ]\//[.(Y) because its lowest degree generator is also

x and the degree of zy alone is 0. O
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Chapter 8

Khovanov homology and Uy

In Chapter @ we considered the ﬁ]\/i. version of the spectral sequence associated to a
diagram of an oriented link L C S2. In this chapter, we investigate the other versions of the
spectral sequence for L. From the associated framed link . € —¥(L), we may construct
a filtered complex (X, D) whose homology is isomorphic to HM (—X(L)). As explained in
Remark we may also construct an even, filtered chain map U : X — X, which is a
sum of components

U=U0+U1+U2+"-Ul

where U; shifts £ by i. Let u' : E* — E' denote the induced filtered chain map on the E°
page. Under the isomorphism E* = HM,(—%(L)), the map u™ is identified with Usi. Let

Ui : E? — E? denote the filtration-preserving component of u?.

Theorem 8.0.8. For the HM, version of the link surgery spectral sequence of L. C —%(L),

we have

E? 2 Kh(L) ® Fafuy, uy ')/ Fa[u]
as a module over Fa[[us]]. The spectral sequence converges by the E'1 page to HM (—%(L)).
For each k > 2, the (t, 5)—gmded vector space E* depends only on the mutation equivalence

class of L. The & grading on the spectral sequence coincides with
1
0— §(J(L) —v(L)) mod 2

on the E? page and gr'? on the E® page. The t grading on the spectral sequence coincides

with t +n_ on the E? page. The d* differential shifts 0 by 1 and increases t by k.
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Remark 8.0.9. Thereom holds for HM, and W, upon substituting the modules
Follut, uy '] and Fa[[uy]], respectively. For HM,, we must also replace gr® with gr(® and
similarly § with its analogue & defined using gr(?. For fl]\\/l., the 0 grading coincides with

0+1— %(O'(L) —v(L)) mod 2

on the E? page. We expect the three versions of the spectral sequence to fit into a long

exact sequence of spectral sequences, though have yet to work out the details.

Proof. Let u% : E' — E' denote the filtration-preserving component of u!, a chain map in
its own right. By construction, the map u% acts as U; on each summand HM o(Y7) of the

E! page. By Theorem we have
E' = CKA(L) & Fal[uf, (u})~"]/Fs[u]
1
as an Fy[[u;]]-module, and by Theorem we have
d' = 0 ®1d.
The chain map u% : B! — E! induces the map ut on E? = H,(E',d'). We conclude that
E? = Kh(L) ® Fs[[uy, ug ] /Fa[uy]
as an Fa[[ut]]-module. The remaining statements follow from the HM, version. O

We would expect a Heegaard Floer analogue of D to be Up-equivariant by definition,
allowing us to set U; = 0 for ¢ > 1 and replace u; with u? in the theorem. We do not see a
way to force this in the monopole setting, although we can still prove the following analog

of Corollary

Corollary 8.0.10. If ﬁL(L) is supported on a single diagonal, then all versions of the
spectral sequence collapse at the E? page. In this case, for each spin® structure s on —%(L),
we have

HM o(~3(L),s) = F[[Uy, U] /F2[[Uf]

HM,(~%(L), s) = Fo[[Uy, U]

HM,(=%(L),8) = Fo[[Ui][{1}

as absolutely Z/27-graded modules over Fo[[U]].
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Proof. As before, the spectral sequence collapses at E? because this page is supported in
a single 0 grading (note that ut is an even map). The Lee spectral sequence implies that
f(vh(L) always has positive rank. So if det(L) vanishes, then KR (L) and Kn' (L) must have
equal, positive rank. From our hypothesis on m(L), we conclude that det(L) is non-zero,
which implies that —X(L) is a rational homology sphere. Therefore, all spin© structures s
on —Y(L) are torsion and the above structure of HM,(—(L), s) is asserted by Proposition
35.3.1 of [24].

In the HM, case, the map w; : E? — E? is injective. As ut is the filtration-preserving

component of the filtered map u?, the latter map is injective as well. Since u? = u*>, we

conclude that Uy is injective on @.(—Z(L)).
Now the odd map p. in the exact sequence identifies HM,(—%(L), s) with Fy[[Us, UT_I]{I}
in sufficiently low gr® grading (where HMo(—X(L), s) vanishes). Let jo € Q be such a grad-
ing. Since @.(—Z(L),s) vanishes in sufficiently high gr? grading and U; is injective and
of degree —2, there must be some even integer kg such that

o Fyo if j < kg and j even
HM jo+5(=%(L),5) =

0  otherwise

with U; sending the generator of each Fy summand down to the next generator. This com-
pletes the proof for fI]Ti.(—Z(L),s). Finally, the exact sequence (|1.1)) forces the structure
of HM.(—%(L), 5). O

Recall that the differential D on X is a sum of components

where D; shifts by i. The complex (X, DY) is identified with (E°, d°). If D = 0, then the

complex (X, D') is identified with (E',d'). In fact, we can always guarantee this:

Lemma 8.0.11. We can choose metric and perturbation data on the spectral sequence in

Theorem [8.0.8 so that the d° differential vanishes.

Proof. By Remark it suffices to show we can choose a metric and perturbation for

#k(S1 x S?) such that the differential vanishes. This is accomplished by choosing a positive
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scalar curvature metric and a sufficiently small perturbation modeled on a perfect Morse

function on the torus T(#%(S! x S?)). For details, see the proof of Theorem O

Recall from Remark that we can arrange for the total complex (X, D) which
computes ﬁ]\//[.(—E(L)) to be identified with the mapping cone of U : X — X. We may
further suppose that d® = 0 on X, with d! identified with 0 ®1d on

E' = CKL) @ Faul, (u}) 1] /Fa[[ul]].

Since u% : B! — El is surjective, the total complex that remains from X = E! after apply-
ing cancellation to the u% components is identified with CTK/h(D), or equivalently Ker(U)

regarded as a quotient complex of X. We conclude:

Corollary 8.0.12. Let D be a connected diagram of a link L C 83 with n crossings, with

mod 2 reduced Khovanov complex (5}(/}1(2)), 0z;)- There exists t-filtered total differential

D=05+D*+D*+...+ D" (8.1)
on the vector space ﬁh(D) such that we have an isomorphism
H,(CKK(D), D) = HM,(—X(L)).

This formulation is particularly striking in relation to recent work of Zoltan Szabé [43].
Given a decorated link diagram D, Szab6 combinatorially defines a differential Dg, of the
form (8.1) on é\fh(D). The filtered chain homotopy type of the complex (é\[?h(D), Ds,)
is independent of the choice of diagram, and thus provides a new link invariant refining
Khovanov homology. Furthermore, this complex has been implemented in C++ by Cotton
Seed, and the resulting spectral sequence coincides precisely with that conjectured in Fig-
ure for T'(3,5) and 7'(3,7). In fact, all computations to date are consistent with the
possibility that the total homology H.(CKh(D), Ds,) has the same rank as HM,(—(L))
and HF(—X(L)). If so, we obtain a new combinatorial algorithm for computing the ranks
of these groups.

This leaves open the intriguing possibility that Dg, is an instance of the monopole
differential D in Corollary In fact, Szabd’s formulation of Ds, was motivated by

this perspective, with the decorations on D thought of as specifying Morse perturbations in
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the sense of the proof of Theorem Note that Lemma [8.0.11] above tells us that there
exists a differential

D=0z ®Id)+ D*+--- D'

on ﬁh(L) ® FQ[[U.'I., (u%)*l]/lﬁ‘g[[u%]] which computes HM,(—%(L)). This gives hope, and
perhaps guidance, for extending Ds, to incorporate Uy as well.

It therefore seems worthwhile to compare the properties of Dg, with those of D and D.
The differential Dg, shifts 6 by —1, and thus induces a spectral sequence with a well-defined,
invariant integer bigrading (¢,0) on each page. In the next section, we investigate whether
D and D share this property. That is, can we lift our Z&Z/27Z bigrading (Z,4) to an integer
bigrading?

8.1 An integer bigrading?

We continue to consider the total complex (X, D) underlying the link surgery spectral

sequence converging to HM o(—2(L)). Recall the grading 02 : X — Z defined in (6.4) by
0%(x) = gr(z) — (tWioo) +w(1)) +1 (8.2)

which lifts the mod 2 grading §. To examine how D shifts this grading, we must decompose

D over spin® structures:

D=>" > Dis).

ISJ EGSpinC(W[J)

Proposition 8.1.1. Let s be a spin® structure on Wry. Then the map Dﬂ(s) has degree

2

ci(s)

-1 4+ A
+ 1

with respect to the grading 6Q on X.

Proof. The case I = J is clear, so we suppose I < J. Since o(Wy;) = 0 and the family of

metrics Py has dimension w(J) — w(I) — 1, the map DI (s) shifts gr® by

2 c?
<1f> _ L<WU>> tw(J)—w()~1 = <_1 + ﬁ”)wma +w(J)= (W) + w(D))

The claim now follows from [R.2] O
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Corollary 8.1.2. The grading 6Q is well-defined on E' and E?.

Proof. For I = J or I < J immediate successors, the map D§ is supported over the unique

spin® structure with ¢1(s) = 0. O
This grading would extend to the higher pages if either of the following conjectures held:
Conjecture 8.1.3. If c3(s) # 0, then DI (s) = 0.

Conjecture 8.1.4. Ifs and 5 are conjugate spin® structures on Wy, then Dg(s) = Dﬂ(ﬁ)

Consequently, only the unique spin® structure with c1(s) = 0 gives a net contribution to Dﬁ.

In fact, both of these conjectures, which we entertained for a time, are FALSE. In
Section we show that there must be a non-trivial component of a higher differential d’
(and thus a component of D) that does not shift 6€ by —1 in the case of the HM., spectral
sequence for the torus knot 7°(3, 7).

There are two sensible extensions &' and 6" of the d-grading on CKh(L), depending on

whether one takes into account the power of Us:
§',8" : CKh(D) @ Fo[[Uy, U] /Fao[[U]] — Q
(x@Ul") =d(x) —2n —2
52 ® UF) = 6(x) ~2
The extra shift of —2 is accounted for by Proposition which also allows us to regard

T ® U{‘ as an element of E'. With respect to this identification, we have

F(zeU!) - 0%z Ul") = =(o(L) — v(L))

(o(L) —v(L)) +2n

N =N -

"(z@Ur) - %z @ Ul =
by the same argument as in Section [6.1.1} and thus:
Proposition 8.1.5. With respect to the isomorphism

E® = Ki(L) ® Fal[u, u; '] /Fa[uy],

the grading 62 corresponds to the grading
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While the example of T'(3, 7) rules out the possibility that D shifts ¢’ by —1, this example

(as well as all others known to the author) is consistent with:

Conjecture 8.1.6. The differential D shifts 8" by —1. Equivalently (with D° = 0), the
differential Dﬁ(s) maps é\fh(l)) ® u? mto é\fh(p) Q uTn+crf(5)/8.

In particular, this would imply that D has the same bidegree as dgy:
Conjecture 8.1.7. The differential D on é\fh(D) shifts & by —1.

If these conjectures are indeed simply waiting for a counterexample, the following the-

orem and corollary may explain why one has yet to be found:

Theorem 8.1.8. Let D be a dealternator connected diagram. Then the complex (Cf'}(/h(D), D)
is t-filtered chain-homotopy equivalent to a t-filtered complex (kvh(D), D) with D' a sum of

components that shift 5 by negative, odd integers.

Proof. The key idea is from the proof of Proposition We continue from the notation
there, setting E5 = E'. We refine the filtration on (ﬁh(l)), D) so as to visit the page
E'% in between E' and E%. The total complex (&(/h(D), D) is t-filtered chain-homotopy
equivalent to the t-filtered total complex (E1'5,D1'5), via a sequence of cancellations of
bi-degree (1, —1) with respect to (¢,0). Now E' is the direct sum of groups f(vh(Dp), each
of which is supported in a single -grading of E*®. If I < J, then I’ < .J’ and the ¢ grading
of ﬁl(IDJ/) is less than or equal to the ¢ grading of ﬁL(Dp) by (5.1). So the fact that
D5 ig positively ¢-filtered implies that D' is negatively d-filtered. In fact, D' is strictly
negatively o-filtered, as the d-shift is odd by Lemma Now (E'®,D'P) is t-filtered
chain-homotopy equivalent to the ¢-filtered total complex (I??L(D), D’ ), again via a sequence
of cancellations of bi-degree (1,—1), so D’ shares the same properties with respect to the &
grading on f(vh(D)

O

Corollary 8.1.9. If wiz (L) < 3, then there exists a t-filtered differential D' on ﬁL(L)
which (i) shifts § by precisely —1 and (ii) yields the (f,0)-graded pages E* associated to L
for k > 2.
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Remark 8.1.10. This theorem and corollary readily extend to the complex é\lfh(l)) ®
Follut, uy Y /Fs[[us]] with differential D and grading 8", by performing the above cancella-

tions wi-equivariantly in parallel.

So for links with w 17h<L) < 3, we will not be able to force a counterexample to Conjecture
using ranks alone. That is, for such links there will always exist higher differentials
on EL(L) which shift § by —1 and are compatible with collapsing the rank to that of
HM,(—%(L)). Note that the first torus link of width four has 18 crossings, while the first
torus knot of width four has 20 crossings. This suggests that almost all links with fewer
than about 18 crossings have width three or less. The width bound holds for all non-split
almost alternating and 2-almost alternating links by Proposition [5.0.6] as well as for links
with Turaev genus at most two and thus all pretzel knots, which have Turaev genus at most
one.

This rigidity also suggests it may be necessary to compute Szabd’s spectral sequence on

rather complicated links to find a counterexample to
rk H,(CKI(D), Ds,) = tk HM,(—%(L)),

if one exists at all.

8.2 The Brieskorn sphere —¥(2,3,7)

On the other hand, we now show that the 2-almost alternating knot T'(3,7) serves as
counterexample to Conjectures [8.1.3] and Let p, ¢, and r be pairwise relatively prime
positive integers. The Brieskorn integer homology sphere X (p, ¢, 7) is the intersection of the
complex surface {zP + y9 + 2" = 0} C C3 with the unit 5-sphere. The Poincaré homology
sphere arises as 3(2,3,5), and more generally the Brieskorn sphere (2, ¢, r) arises as the
branched double-cover of the torus knot T'(¢,r). Note that for integer homology spheres,

the rational grading gr@ lifts gr(®) over the unique spin structure.

Proposition 8.2.1. We can choose a basis for HM,(—X(2,3,7)) over Fy such that, with
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respect to the grading gre, we have

Fa(wo) ® Fayo) ifj=0
HM;(~%(2,3,7)) = Fo(z;) ifj =2,4,6,. ..
0 otherwise

with Uiz = xj_2 for j #0, and Uiyzg = Usyo = 0. In particular, we have

Fo(wo) ® Fa(yo) ifj=0
HM]‘(*E(Z?”?)) = F2<y6> ifj=1
0 otherwise

where y(, represents the generator of the cokernel of Us. Furthermore,

Fo(vo) ifj=0
HMJ(_Z(273a7)) = F2<Uj> ifj=-1,-3,-5,...
0 otherwise

with Urv; = vj_2 for j # 0, and Uivg = 0. Finally, with respect to the grading g, we have

Folu;) if j is even
HM ;(—%(2,3,7)) = ’

0 otherwise
with Utuj = u;j_o for all j.
Proof. The corresponding Heegaard Floer computation is done in Section 8.1 of [35], relying
entirely on structural properties (the surgery triangle, rational gradings, and module struc-
ture) that carry over to monopole Floer homology. The manifolds 3(2,3,5) and —%(2,3,7)

arise via integral surgery on the left-handed trefoil knot 7
¥(2,3,5) = S2,(T)
-%(2,3,7) = S} (T)
In the monopole setting, we may also exploit the fact that the Poincaré homology sphere

¥(2,3,5) admits a metric of positive scalar curvature. By Theorem we then have

. Fo(w;) if j =2,4,6,...
HM ;((2,3,5)) = ’

0 otherwise
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with Uyw; = wj_2 for j # 2, where the grading is pinned down by viewing 3(2,3,5) as the
oriented boundary of the negative-definite E8 plumbing.

It follows from the surgery exact triangle
o= HM (5% (T)) — HMo(S3(T)) — HM o(S%) — - -

that

- o Fo(z;) ifj=1,2,3,...
HM ;(S3(T)) =
0 otherwise

with Ujzj = zj_o for j > 3, and U;2; = Uiz = 0. Now the surgery triangle
= HM(S) — HIJ(SY(T)) — HM(SHT)) — ---

determines HM (—%(2,3,7)). In each of the above triangles, the map out of the middle
term has degree —1 when the others have degree zero. The first sequence is split, while
in the second sequence the map into HM «(S?) identifies yo with the bottom generator of
HM ,(S53). The structure of HM,(—%(2,3,7)) now follows from the exact sequence (2-20).
The structure of HM,(—X(2,3,7)) is as claimed for all integer homology spheres, and that
of EU\\L(—Z(Z 3,7)) now follows from the exact sequence ([L.1]). O

Remark 8.2.2. Since T is a genus 1, fibered knot, the 3-manifold S3(7) is a bundle over
S1 with fiber T2. The monodromy is an automorphism of 72 fixing a point and having
order 3. In fact, the monopole Floer homology of this flat 3-manifold is computed directly
in Section 37.4 of [24].

Proposition 8.2.3. In the spectral sequence for T(3,7) converging to HMo(—(2,3,7))
with total complex (X, D), the differential D does not decreases 62 (or equivalently, &)

uniformly by —1.

Proof. First note that since o(T(3,7)) = 8, we have 6@ = §' — 4 on the E? page, and both
62 and ¢ mod 2 coincide with gr® via the identification E® = HM 4(—%(2,3,7)).

We now suppose by contradiction that D shifts ¢’ uniformly by —1. Consider the upper
left diagram in Figure which shows the E? page of the HM., spectral sequence (ignore
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Kh(T(3,7)) @ Fo[[Us, U /F[[U4]] Kh(T(3,7)) ® F[[Uy, U]

ol o] (o] [o] e ol o] [@] o] lo| o] (@] |o| @] |
siof-l0-{ 0o/ e <eof-of-of o/ ef of 0] of e,
7| [lo] /o] [lo] [e 7L /o] [e| /o] /o] [le] /o] [lo] /o] /|
Qravanans Qavananayanarayay
5/@ [ ® ( ] 5@ ( ® ® ( ] ® [ [ ] ( ]
1 fof [of /o] Je@ nwyoereEoer o /o /|
s[ef/ ]/ e/ [e) s[of] [of] 8]/ [/ o] []] [o]] [®}] [®
2lel/ [ |&|/ |@ 2l (o [&]/ | (o [o) |¢] (o] |@
1 1
ole| |e] (o] |@ ole| |e] [e] [@] [e] |®] |e] |e] |e

121110 9 8 7 6 5 4 3 2 1 0 -1 -2 -3 -4 121110 9 8 7 6 5 4 3 2 1 0 -1 -2 -3 -4

t
Kh(T(3,7)) L'5' KWT'(3,7)) ® Fa[[U4]

9 o 9 o (o |of |0
8 o 8 o/ o/ o/ @
7 [ 7 o /lo| /lo] /@
6 /e 6 lo|/fo|/[0]/]0]/
5 o 5 of |0l Vol /el /o
4 ) 4 [ @, )
3 of 3 of/Tef] o]/ Tef] e
2 ° 2 of |o) o) |of |o
1 1
0 o 0 o |0 [of o] |o@

121110 9 8 7 6 5 4 3 2 1 0 -1 -2 -3 4 121110 9 8 7 6 5 4 3 2 1 0 -1 -2 -3 -4

Figure 8.1: Each version of the E? page for T'(3,7) is shown above, with adjacent copies of
EL(T(?), 7)) distinguished by color. We measure the ¢ grading vertically and the ¢’ grading
horizontally (with values decreasing from left to right). Clockwise from the upper left, these
spectral sequences converge to HM o(—X(2,3,7)), HM,(—%(2,3,7)), @.(—2(2, 3,7)), and
HM,(—%(2,3,7)). Since o(T(3,7)) = 8, the gr® grading on HM,(—%(2,3,7)) coincides
with & mod 2 on the E> page, while that on HM,(—%(2,3,7)) coincides with & 4+ 1 mod
2. We have conjectured differentials so that, in each case, the bolded E°° page is consistent
with the module structure and mod 2 grading given in Proposition The residual Us;
action on E* is indicated by horizontal gray arrows. The long, black components of the
differentials run between adjacent copies of ﬁz(T(i’), 7) and shift ' by —3. If the horizontal
axes measured ¢” in place of ¢, then all copies of ﬁl(T(?),'?)) would be superimposed.

Indeed, all components of the above differentials shift §” by —1.
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the conjectural arrows). Since the remaining differentials d* all increase ¢ by at least 2, there
can be no further interaction between distinct copies of ﬁh(@). On the other hand, by
the argument preceding Corollary the higher differentials d’ on the rightmost blue
copy (regarded as a quotient complex) compute }—I\Jl/éf.(—E(Q, 3,7)). The latter has rank 1 in
odd gr® grading, so one generator in grading &' = 5 survives to E*. This contradicts the

fact that HM.(—%(2,3,7)) is supported in even grading. O

Remark 8.2.4. If we use a dealternator-connected diagram for 7'(3,7), such as the right-
hand diagram in Figure then Theorem [8.1.8] implies that there must be a non-trivial
component of a higher differential d* that decreases 69 by at least 3. There is therefore some
non-trivial component D%(s) of D with ¢?(s) = —8k < 0. We have indicated a plausible
candidate for each version of the spectral sequence in Figure [8.1, We have also conjectured

the shape of the I/{TL spectral sequence for torus knots of the form 7'(3,6n + 1) in Figures
8.2l and .3

The d-graded E™ page of the spectral sequence is an invariant of the 3-manifold —Y(L).
On the other hand:

Proposition 8.2.5. Suppose that C’onjecture holds, so that the (t,0) ranks are well-
defined invariants of the oriented link L. These bigraded ranks are not, in general, invariants
of the 3-manifold —%(L). Nor are the graded ranks of I/-I\]\/L(—E(L)) with respect to t, q, or

0 individually.

Proof. Both T'(3,7) and the pretzel knot P(—2,3,7) have double branched double-cover
¥(2,3,7). While E(P(—Q, 3,7)) and [A(?z(T(S, 7)) both have rank 9, the support of f(vh(P(—2, 3,7))
only overlaps the support of ﬁz(T (3,7)) in a single bigrading, where they each have rank

1 (see Figure . Since ff]\//[.(—E(Z 3,7)) has rank 3, the bigraded ranks of the E* pages
must differ in either four or six bigradings.

For a more extreme example, consider Watson’s 17-crossing knot 7(—1) in [46] with
Y(r(-1)) = ¥(T'(5,11)) = ¥(2,5,11). The rank of ﬁz(T(—l)) is 17 while the rank of
f(vh(T(5, 11)) is 73. The support of ﬁl(T(—l)) is separated from the support of j(vh(T(S, 11))
by, for example, both the {g = 30} horizontal river and the {6 = 10} diagonal river in the

(t,q) plane. Furthermore, there is not sufficient overlap after projecting to the ¢ grading to



CHAPTER 8. KHOVANOV HOMOLOGY AND U

Kh(T(3,2)) ® Fs[[U]) — HMo(~L(3,2))

3 00— 0—0—0—0—0—0—0+—0

2 0—0—0—0—0—0—0—0,—0

1
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Figure 8.2: Conjectural ﬁ/_f. spectral sequence for torus knots of the form 7'(3,6n £ 1).

These are consistent with Figure (keeping in mind the different axes). Versions for HM,

and HM, may be inferred from Figure
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Figure 8.3: Conjectural I/:[-]l\L spectral sequence for T'(3,19), indicating the general pattern

for T(3,6n & 1) consistent with Conjectures 6.2.1| and 6.2.2] Versions for HM, and HM,

may be inferred from Figure [8:1]
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fit the E>° page, which has rank 7 in the Heegaard Floer case by [38] and therefore in the
monopole case by [28]. ]

Remark 8.2.6. Both P(—2,3,7) and T'(3,7) are 2-almost alternating, so by Thereom 8.1.8]
we can choose diagrams such that D shifts § by —1 uniformly, and thus E* inherits an
integer bigrading (although we have not proven that this bigrading is independent of the
choice of diagram). Note also that for any knot K, the support of EL(K ) always intersects

the grading t = 0 due to the s invariant.

Kh(T(3,7)) ©

Kh(P(~2,3,7)) ®
28 O
26 [
24 0 P
22 o|l0o|e
20 o0
18 o|0
16 clee
14 ®

12

T-»t 102
0

Figure 8.4: Each white dot represents an Fy summand of ﬁL(T(S, 7)), while each black dot

1 2 3 4 5 6 7 8 9

represents and [y summand of ﬁz(P(—Q, 3,7)). The support of E(T (3,7)) overlaps the
support of f(vh(P(—Q, 3,7)) in the bigrading (¢, q) = (8,24) alone.

8.3 Beyond branched double-covers

We can transport certain observations of a combinatorial nature from branched-double

covers to general 3-manifolds using a theorem of Baldwin, which says that, in the sense of
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the link surgery spectral sequence, all 3-manifolds sit “kitty-corner” from a hypercube of

sums of S1 x S2. In fact, Baldwin proves a stronger statement:

Lemma 8.3.1 (Baldwin). Let Y be any closed, connected, oriented 3-manifold. Then there
exists a framed link L C'Y such that:

(i) Y(I) is a connect sum of S* x S? for all I € {0,1}".

(i) W(1J) is the trace of 0-surgery on an unknot or a circle factor in 'Y (I) for all I < J

immediate successors.

The notation Y (I) and W (IJ) above is as defined prior to Theorem Baldwin
constructs I from an open book decomposition of Y, with monodromy expressed as a
composition of Dehn twists along the generating curves in Figure 5 of [6]. The link LL has
one component for each Dehn twist. Such an open book decomposition is associated to the
branched double-cover of a braid B given by a diagram with n crossings; in this case, we
recover the same framed link . € —X(B) used to define the spectral sequence for B.

By combining Baldwin’s observation with the link surgery spectral sequence from The-

orem with d” = 0 as in Lemma [8.0.11] we obtain two corollaries:

Corollary 8.3.2. For general Y, the group ﬁ]\//f.(Y) arises as the homology of a filtered
complex whose underlying vector space E' and first non-trivial differential d* are defined

combinatorially from an open book decomposition of Y. The same is true for I/{]\\L(Y) and

L(Y).

Corollary 8.3.3. For general Y, the group I:i’\]\//[.(Y) 18 finitely-generated. In particular, it
arises as the homology of a filtered complex K er(u%) whose underlying vector space is finitely-
generated and combinatorially-defined. The first non-trivial differential d* is combinatorial

as well.

Remark 8.3.4. There is an alternative definition of HM, from the perspective of sutured
Floer homology [25], as explained at the end of Section [2| In this case, the underlying spin®
structures are all non-torsion, so the complex is a priori finitely-generated, although not

combinatorially-defined.
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Particularly in light of Szabo’s combinatorial spectral sequence, we hope that these
observations will yield new approaches to computing monopole Floer homology and insights

into its axiomatization and relationship with Heegaard Floer homology.
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Chapter 9

Appendix: Morse homology with

boundary via path algebras

Monopole Floer homology may be viewed as an infinite dimensional version of Morse homol-
ogy for manifolds with boundary. For a beautiful treatment of the finite dimensional model,
see Section 2 of [24]. We now give a brief presentation of its essential features, assuming
familiarity with Morse homology for closed manifolds. By recasting the combinatorics in
terms of path algebras, we hope to illuminate the classification of ends in Lemma [2.2.3] and
the form of the matrices (2.5), (2.7), (2.10), (2.11)), and used to define Dﬁ, L, and
ir.

Consider a manifold M with boundary OM, equipped with a (sufficiently generic) Morse
function and metric that extend equivariantly to the double. In particular, the gradient
vector field is tangent along OM. The critical points in the boundary are classified as stable
or unstable, according to whether the flow in the normal direction is toward or away from
the boundary, respectively. We denote interior, boundary-stable, and boundary-unstable
critical points by o, s, and u, respectively. Note that interior gradient trajectories always
flow from o or w to o or s, whereas boundary trajectories flow from s or u to s or u. We
distinguish between interior and boundary trajectories from u to s, so there are eight types
in all.

On the surface M in Figure we have marked one isolated gradient trajectory for
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Figure 9.1: Path algebras and Morse homology for manifolds with boundary.

each of these eight types, where those in M (in red) are isolated with respect to OM.
The subscripts on the critical points denote Morse index with respect to M. While most
types of isolated trajectories lower Morse index by 1, there are two exceptions. The doubled
trajectory from u to s in 9M lowers Morse index by 2, while the dashed trajectory from s
to u in OM fixes Morse index. This last type is called boundary-obstructed.

All of this information may be neatly encoded in a path algebra over Fs, denoted A
(this was first pointed out to the author by Dylan Thurston). As an Fa-vector space, A has
a basis given by the set of all paths in the directed graph at left in Figure The product
of two paths is given by concatenation if the target of the first coincides with the source
of the second, and is zero otherwise. The weight of a path is the sum of the weights of its
edges, where the dashed, single, and doubled edges have weights 0, 1, and 2, respectively.

If we consider OM as a closed manifold in its own right, then the Morse index of each
boundary-unstable critical point is one less. So now all four types of isolated trajectories in
OM lower Morse index by 1, as encoded in the path algebra B in Figure

The groups H,(0M), H.(M), and H,(M,0M) arise from the Morse complex generated

by critical points of types {s,u}, {o,s}, and {0, u}, respectively. The correspondence with
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the monopole Floer groups is reflected by the exact sequences

-— H,(OM) — H,(M) — H.(M,0M) — - --

— HM,(Y) — HMo(Y) — HMy(Y) — -

Since we are primarily concerned with HM 4(Y), we focus on the absolute case H,(M). The

Morse complex then has the form
C(M)=C°(M)®C*(M).

The differential 9 may be thought of as an element of A, given by the sum of all weight 1
paths from {o, s} to {o, s}, as depicted in Figure In matrix form, this becomes
o | % o
0 05+ 0Yo;

We introduce an ideal 7 of A, generated by the eight elements in the second and third
rows of Figure We have one relation for each interior (black) generator of A, given by
the sum all paths of weight 2 between its ends. We similarly have one relation for each
boundary (red) generator of A, given by the sum all paths of weight 2 between the ends of

the corresponding (blue) generator in B. These relations correspond precisely to the maps

counting the ends of 1-dimensional moduli spaces, and can be expressed in that form as

A = 8505 + 91050 A3 =805 + 040,
A = 200 + 307 + 09307 A3 = 0305 + 0103
AL = 9001 + 04O + 0130 Al = 030" + 510
AL = O 4 000 + B30 + 01D + DDL0" Al = B30% + 010y

We have illustrated two broken trajectories counted by the map A¢ on the surface N in
Figure [9.1] The 1-dimensional family of interior trajectories from o to o has one end with
two components and another end with three components, where the middle component is
boundary-obstructed. Note that the terms in the above relations correspond precisely to
those described in Lemma [2.2.3]

We next define a coboundary operator ¢ : A — A which acts on edges by sending 97 to
A* and 0F to A%. We extend d to paths by the Leibniz rule and to A linearly. Note that Z
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Figure 9.2: The differential 9 and identity A as elements of .A. The bold line from o to o
is shorthand for A9, and similarly for the other bold lines. Thus, A lies in the ideal of A
generated by the eight relations of the form A* and AZ.
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is generated by the image of §. Let A € A be the image of J under §. In other words, A is
the sum of seven elements, each the result of replacing one edge in @ with the corresponding
relation. This is illustrated at the top right of Figure 0.2 with the relations bolded. As a
map, A is given by

A8 ALOs + 94 AS

A9 A+ AvO; + OV A

A=

Now it is easy to check that A and 02 coincide as elements of the path algebra 4. One
observes cancellation of precisely those paths with no interior o or s (i.e., no good break).
Thus 0? is in the ideal generated by the relations as well, with the implication being that

0 is a differential on the Morse complex.

Remark 9.0.5. The author and Dave Bayer wrote a program in Haskell which formally
implements the path algebra associated to a cobordism equipped with a permutohedron
of metrics as in Section Indeed, the program verifies Lemma [2.2.7) in this language.
The case of a single metric is illustrated in Figure The maps 90 = D8 , 0 D?, and
5% = D% may be thought of as elements of the weighted path algebra A} over the red and
black graph with 24 edges and 6 vertices. There is one relation for each black edge in A}
and one relation for each blue edge in BY, each consisting of all paths of weight 2 between
the corresponding ends. The coboundary map ¢ : A} — A has image lying in the ideal 79
generated by these relations. Setting A) = 671, the computation m{d) + d}m{ = A} € 7
verifies that m{ : C(Yy) — C(Y7) is a chain map. Similarly, (0¢)? = 60 € Z¥ for i =0, 1.

Q‘O f)
C—

1

il

O

Figure 9.3: The path algebra of a cobordism W : Yy — Y7 with fixed metric.

Remark 9.0.6. Kronheimer and Mrowka discuss functoriality in Morse homology in Sec-

tion 2.8 of [24]. The above path algebra interpretation generalizes to this setting and in-
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deed organizes the combinatorics necessary to define the Morse category of a manifold with
boundary. In the monopole Floer setting, we may extend the path algebra interpretation to
cobordisms equipped with polytopes of metrics and multiple incoming and outgoing ends,
by including one copy of o, s, and u for each end or interior hypersurface. A map which
counts unbroken trajectories on such a cobordism is represented by an “edge” whose source
and target are subsets of vertices. The notion of boundary-obstructedness generalizes in a
natural manner to determine the weight of such an edge (see boundary-obstructed of corank
c in Section 24.4 of [24]). It turns out that in the “to” (resp., “from”) theory, we must
restrict to cobordisms with exactly one incoming (resp., outgoing) end. We will elaborate
on this construction in future work, but as a prelude, we give an example with two incoming

ends and one outgoing end in Figure |9.4
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Figure 9.4: Here we represent the components of the chain map m associated to a cobordism
with two incoming ends and one outgoing end as an element of the “path algebra” on the
weighted directed hypergraph A. The left-hand side of the above equation expands to 197
terms, of which the 62 terms with no good break cancel in pairs, leaving the 135 terms

which arise on the right-hand side.
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