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ABSTRACT

The discrete Dirac operator and the discrete
generalized Weierstrass representation in
pseudo-Euclidean spaces

Dmitry Zakharov

In this thesis we consider the problem of finding a integrable discretization of the Dirac
operator. We show that an appropriate deformation of the spectral properties of the eigen-
function of the smooth Dirac operator leads to a discrete integrable Dirac operator. We
use this discrete Dirac operator to construct a discrete analogue of the modified Novikov—
Veselov hierarchy and a discrete analogue of the generalized Weierstrass representation of

isotropically embedded surfaces in pseudo-Euclidean spaces.
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Chapter 1

Introduction

An important recent development in soliton theory is the growing interest in the study of
discrete integrable systems—mnonlinear difference equations possesing integrability properties
similar to their continuous counterparts.

There are many reasons why discrete integrable systems are interesting. Discrete systems
are more fundamental from a mathematical viewpoint, because a discrete equation admits
a unique continuous limit, while constructing an integrable discretization of a differential
equation is a non-trivial problem. Discrete integrable systems are also interesting in their
own right and have numerous applications to other areas of mathematics. For example,
the recent works of Krichever and others on the characterization of Jacobian varieties [16;
17] and Prym varieties [18] are based on the study of discrete integrable systems.

Another application of the theory of discrete integrable systems is the recent emergence
of a field known as discrete differential geometry [3]. Classical differential geometry studies
smooth geometric shapes, many of which are known to be described by integrable equa-
tions. Discrete differential geometry aims to find lattice analogues of the methods and
constructions of the smooth theory which are described by integrable discretizations of the

corresponding equations.
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In this thesis, we consider the problem of finding an integrable discretization of the

Dirac operator:
0 0, u 0
D= — , U=1U. (1.1)
—85 0 0 u
The Dirac operator is related to a classical construction in differential geometry known as
the Weierstrass representation. It is also the auxiliary operator for the integrable hierarchy
known as the modified Novikov—Veselov hierarchy.

Based on an appropriate deformation of the spectral data of the Dirac operator, we

construct the following integrable discretization of the Dirac operator:

5 0 a
p=|"? + E DT Sy (1.2)
0 T1 ﬂ (0]

We then use this operator to construct a difference analogue of the modified Novikov—
Veselov hierarchy and a discrete analogue of a certain generalization of the Weierstrass
representation.

The thesis is organized as follows. In Chapter 2, we describe the classical Weierstrass
representation of conformally embedded surfaces in R3, its relationship to the Dirac equa-
tion, and several generalizations of this construction that have recently been found. In
Chapter 3, we describe an integrable discretization of the generalized Dirac operator and
of the modified Novikov—Veselov hierarchy. In Chapter 4, we use this discretization to con-
struct a discrete analogue of the generalized Weierstrass representation of isotropic surfaces
in pseudo-Euclidean spaces.

The author’s results have been published in the two papers [27] and [28], which corre-

spond to Chapters 3 and 4, respectively.
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Chapter 2

The Welerstrass representation

The Weierstrass representation is a classical construction of differential geometry that has
received significant attention in recent years due to its relationship with the theory of
integrable systems. In a nutshell, the Weierstrass representation is a convenient way of

parameterizing an arbitrary smoothly embedded surface in R3.

2.1 The classical Weierstrass representation

We begin with a definition.

Definition. Let (M, g) be a Riemannian manifold of dimension n, let U C S be an open
subset, and let x1, ..., x, be coordinates on U. We say that the coordinates x; are conformal

or isothermal if in terms of these coordinates the metric tensor has the form
ds® = e (dx? 4 - - - 4 dz?)

for some function ¢, i.e. if the metric tensor is a scalar multiple of the Euclidean metric
tensor.

On a Riemannian manifold of dimension two, conformal coordinates can always be found
in the neighborhood of any point. This is a consequence of the existence theorem for the
Beltrami equation O;w = pd,w. In particular, any embedded surface in a Riemannian

manifold locally admits conformal coordinates. In dimensions n > 3, a necessary and
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sufficient condition for the existence of conformal coordinates is the vanishing of the Cotton
tensor (for n = 3) or the Weyl tensor (for n > 4).

The Weierstrass representation is a natural way of parameterizing a surface embedded
in R3 with conformal coordinates. By the existence theorem stated above, conformal coor-
dinates can always be locally found on any embedded surface, so this parametrization can
describe an arbitrary embedded surface.

Let X : S — R3 be a smooth immersion. Let U C S be an open set, and let x, y be
conformal coordinates on U with respect to the metric on S induced by the embedding.

The condition that the coordinates z and y are conformal is equivalent to the following

0% oX\ [0 o8\  [of 0%\ | o
or 0z [ \oy oy /’ ox’ oy | '

where (-, -) is the scalar product in R3. Introducing the complex coordinate z = = + iy, we

condition:

can write this condition in an equivalent form:

0X 09X\  [(0X:1\?  [(0X2\®  [0X3\®
<E’E>_<—az> +<W> ) ¢ (22)

We parametrize solutions of this equation by Pythagorean triples as follows:

OXy  Yi =43 09Xy _,L.Q/)%‘HZ% 0X3
0z 2 7 9z 2 7 0z

= P11ho, (2.3)

where 11, ¥y are some complex-valued functions on U, not necessarily holomorphic. In

terms of these functions, the embedding X can then be expressed in the following way:
Xi=3 / (WF = 3)dz + (] — 3)dz,
Xo = § [+ — @+ vz (2.0
X3 = /¢11/72dz + Y11odz.

The consistency condition for these expressions has the form
Ozth1 = uthy,  Optho = —up1, u=u, (2.5)

where u is some real-valued function on U. Conversely, given a solution of equation (2.5) on a

simply-connected domain U, we can use formulas (2.4) to construct a conformal embedding
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of U into R3. The metric and the mean curvature on U have the form

2
ds? = ¥ (da® + dy?), H="o, e =03+ 3. (2.6)

eOé

This construction is known as the Weierstrass representation. It was originally intro-
duced by Weierstrass to describe minimal surfaces (corresponding to u = 0) and later
extended by arbitrary surfaces by Eisenhart in [8]. It was first written in the above form
by Konopelchenko in [10].

The Weierstrass representation has received significant attention in recent years due to
its relationship with the theory of integrable systems and its application to the Willmore
conjecture. The consistency condition (2.5) above is known as the Dirac equation. It can

be written in the form D = 0, where ¥ = (11,v2)” and D is the Dirac operator:

0 0, u 0
D= + , U =du. (2.7)
—ag 0 0 u

The Dirac operator is the auxiliary linear operator for the modified Novikov—Veselov hierar-
chy, which will be described in detail in Chapter 3. It is an infinite hierarchy of commuting
flows on the space of Dirac operators (2.7). The flows of the hierarchy define deformations of
the corresponding embedded surface S that preserve the value of the integral of the squared

mean curvature over the surface, known as the Willmore functional:

W(S) = /S H%dp. (2.8)

2.2 Generalized Weierstrass representations

There exist numerous ways to generalize the classical Weierstrass representation. In [2;
23] Taimanov constructed a Weierstrass representation of surfaces in three-dimensional Lie
groups. Konopelchenko extended the Weierstrass representation to conformally embedded

surfaces in R*:

Theorem 2.2.1 [13/ Suppose that the vector functions ¢ = (p1,p2) and 1 = (Y1,1)2) are
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defined on some simply-connected domain U and satisfy the following Dirac equations

0 o0, u 0 0 0, u 0
N P\ 0, N (031 o,
—85 0 0 u (25) —85 0 0 u Q/)Q
2.9)
where the potential u is complex-valued. Then the formulas
Xy = %/(—@1% + @oth)dz + (— P11 + pae)dZ,
Xy = %/(@1% + @atho)dz — (P191 + pobo)dz, (2.10)
2.10

X3 =3 /(901152 + @ath1)dz + (P12 + P2ty )dZ,

Xi=13 /(—901@2 + Path1)dz + (Prb2 — ath1)dz,
define an embedding X : U — R* such that the coordinates x and y on U are conformal.

In this thesis we study a generalization of the Weierstrass representation that de-
scribes surfaces embedded in pseudo-Fuclidean spaces. This construction was described
by Konopelchenko in [10; 11; 12].

Let S be a surface embedded in a pseudo-Riemannian manifold. At every point of S
the restriction of the metric tensor to S is either positive (or negative) definite, or it is
indefinite. In the first case, it is possible to locally introduce conformal coordinates on
S, multiplying the metric tensor by —1 if it is negative definite. If the metric tensor has
signature (1, 1), the natural analogue of conformal coordinates are the coordinates in which
the metric tensor is off-diagonal:

Definition. Let (M, g) be a pseudo-Euclidean manifold of dimension two, where the metric
g has signature (1,1), let U C M be an open subset, let « and y be coordinates on U. We

say that the coordinates x and y are isotropic if the metric tensor has the form
ds? = e?dzdy

for some function ¢(z,y). The geometric meaning of isotropic coordinates is that the
tangent vectors to the coordinate lines x = const and y = const are isotropic vectors, i.e.

have zero length.
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The Weierstrass representation can be extended to surfaces embedded with isotropic
coordinates in the pseudo-Euclidean spaces R*!, R3! and R?2. The corresponding formulas
are obtained by a Wick rotation of the representations (2.4) and (2.10) in R? and R*. The
operators in the consistency conditions for these representations are various reductions of

the generalized Dirac operator [11]:

0 0, u 0
D= n . (2.11)
-0y O 0 v

where z and w are complex variables. We describe these three cases individually and give

explicit formulas. All of these formulas are taken directly from the paper [11].

2.2.1 The R?*! case

Suppose that the complex-valued functions 1, 1o are defined on some simply-connected

domain U C R? and satisfy the equations

0 9 0
G I 1 —0, p=p. (2.12)

g, 0 0 p s

Then the formulas

X, =1 / (62 + 92)da + (42 + 92)dy]
; / (42 — @2)de + (03 — B)dy] (2.13)
X3 = / [Y11da + athady]

Xo

define an embedding X:U - R2! such that the induced metric on U has signature
(1,1) and the coordinates = and y are isotropic. Conversely, any surface embedded in R?!
locally admits such a representation if the restriction of the metric tensor has signature

(1,1) everywhere.
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2.2.2 The R>*! case

Suppose that the complex-valued functions ¢;, 1;, ¢ = 1,2 are defined on some simply-

connected domain U C R? and satisfy the equations

U1
(G

0 O, p 0O 0 O,
b ¥1 0 _0
0

9, 0

o 3
kN O

p ©2 8y 0
(2.14)

Then the formulas

% (011 + @101 dx + (p2tha + Gatho)dy]

]
(101 — G1ab1)dx + (patha — Barbo)dy]
(2.15)
]
]

N[

fa
Il
\\\\

P1@1 — Y1p1)da + (papa — Yatha)dy]

I
I
I
I

Xy = % @181 + V11 )da + (p2P2 + atb2)dy]

define an embedding X:U - R3! such that the induced metric on U has signature
(1,1) and the coordinates = and y are isotropic. Conversely, any surface embedded in R3!

locally admits such a representation if the restriction of the metric tensor has signature

(1,1) everywhere.

2.2.3 The R?*? case

Suppose that the functions ¢;, 1;, ¢ = 1,2 are defined on some simply-connected domain

U C R? and satisfy the equations

0 0 ) [4a0 )y 0 0\ [pO0 o,
9y 0 0 p P2 9y 0 0 ¢ (05
where p = p and ¢ = ¢q. Then the formulas
X1 = %/ (P11 + @rep1)dz + (w212 + Patba)dy]
Xo = %/ (101 — @1901)da + (pat2 — Gata)dy] 217)
2.1

X3 = %/ (191 + @rep1)da + (paths + Patady]

Xy = %/ (191 — @repr)da + (paths — Patady]
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define an embedding X:U— R?2, such that the induced metric on U has signature
(1,1) and the coordinates x and y are isotropic. Conversely, any surface embedded in R%?2
locally admits such a representation if the restriction of the metric tensor has signature

(1,1) everywhere.

2.3 The author’s results

The principal result of this thesis is an integrable discretization of the generalized Dirac
operator (2.11) and an integrable reduction of this discretization. We will see that several
versions of this reduction can be used to construct discrete analogues of the generalized
Weierstrass representations (2.13), (2.15), and (2.17). These discrete representations de-
scribe Z? lattices in pseudo-Euclidean spaces with the geometric property that every edge

is an isotropic vector.
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Chapter 3

The discrete Dirac operator

In this section, we construct a discretization of the generalized Dirac operator (2.11) and
an integrable reduction of this discretization. We also construct an integrable hierarchy of

equations based on this discrete Dirac operator.

3.1 Discretization of finite-gap operators

The problem of constructing an integrable discretization of an integrable differential equa-
tion is not mathematically well-posed and does not have a universal solution. Several
methods for constructing integrable discretizations have been developed in soliton theory.
They are generally based on constructing a discrete analogue of the auxiliary linear prob-
lems, which involves an appropriate deformation of the analytic properties of the solutions
of these linear problems.

One of the most interesting aspects of the theory of integrable systems is its relation-
ship to the algebraic geometry of curves. This theory is known as the theory of finite-gap
integration and was developed in [21; 7; 19]. A finite-gap operator is an integrable linear
operator whose eigenfunctions are defined on a compact Riemann surface known as the spec-
tral curve. The eigenfunction has singularities of a prescribed type on the spectral curve
and can be uniquely characterized by these singularities. In the framework of the theory of

finite-gap integration, there exists a natural approach to the discretization problem, based
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on deforming the singularities of the eigenfunctions.
To illustrate this approach, let us consider the following simple example. Consider the

linear equation
Detb(, \) = Mb(, ), (0,1) = 1. (3.1)

where x is a complex variable and the spectral parameter A is defined on the Riemann

sphere CP'. The solution to this problem is the exponential function
Y(x, \) = M. (3.2)
The function v (z, \) is the unique function on CP' satisfying the following conditions:
e ¢(z,\) is holomorphic in A on CP!\{co}.
e At the infinite point, 1 (x, A\) has an essential singularity of the form

Y(x,\) =14+ 0N ). (3.3)

It is also easy to show that any function satisfying the above conditions also satisfies equation
(3.1), in other words equation (3.1) can be reconstructed from the spectral properties of its
solution.

We now consider a discretization of equation (3.1). Let n € Z be a discrete variable,

and consider the equation
Yn+1,A) —(n,A) = Ab(n,A), ¥(0,\) =1. (3.4)
The solution to this equation is the meromorphic function
P(n,A) = (1+A)" (3.5)
The function 1 (n, A) can be uniquely specified by the following conditions:
e ¢)(n,\) is meromorphic in A on CP.
e (n,\) has a zero of order n at A = —1 and a pole of order n at oo of the form

P(n, ) = A" + O\ ). (3.6)
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Conversely, a function satisfying these conditions also satisfies the discrete equation (3.4),
so we can reconstruct equation (3.4) from the spectral properties.
To obtain the differential equation (3.1) as a continuous limit of the discrete equation

(3.4), introduce a small parameter h and consider the function

Yp(n, A) = (L + hA)"™. (3.7)
This function has a zero of order n at A = —1/h and satisfies the difference equation
wh(n + 1, )‘) - Q/)h(n? )‘) = h)\wh(nv )‘)7 wh(ov )‘) =1, (38)

which is a rescaling of (3.4). Let n — oo and h — 0 so that x = nh remains constant. We

have that
Yn(n, ) = exp(nlog(l + h\)) = exp(n(hX + O(h?))) — e = o(z, \), (3.9)

while
1/}h(n +1, /\) - ¢h(n7 )‘) - h)‘l/}(dj7 )‘) - h(8x¢($7 )‘) - /\%D(l“a /\))7 (310)

so in the limit we obtain equation (3.1).

In general, the eigenfunction of a finite-gap linear differential operator, known as the
Baker—Akhiezer function, is defined on an algebraic Riemann surface and has exponential
singularities controlled by the continuous variables at one or more marked points of the
surface. To construct a discrete analogue of the operator, we replace each exponential sin-
gularity with a pair of meromorphic singularities consisting of a pole and a zero of the same
order, which we view as the discrete variable. This deformed eigenfunction then satisfies a
difference equation that is a discretization of the original differential equation. The contin-
uous limit in a discrete variable is obtained by merging the pole and zero corresponding to
that variable as described in the example above.

This method was first used for constructing algebro-geometric solutions of the Ablowitz—
Ladik equation [1], [20], which is a discretization of the nonlinear Schrédinger equation. In
[15], Krichever used this approach to construct a discretization of the Schrodinger operator
in a magnetic field

H = 8385 + ’Uag + u, (311)
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which is equivalent (by excluding a component of the eigenfunction) to the generalized Dirac
operator (2.11).

In this section we give a matrix variant of Krichever’s construction. We will see that
using this approach to discretize the generalized Dirac operator (2.11) leads to the following

discrete equation, which we call the generalized discrete Dirac equation:

po= [ ) ” n) o (3.12)

0 T ’7(5 ¢2

Here 1 = (¢1(n,m),2(n,m))T is a vector function of two discrete variables n,m € Z,

a B\ _ [ amm) Bnm) (3.13)
) y(n,m) &(n,m)

is a (2 x 2)-matrix function of the discrete variables, and T} and T denote the translation

operators in the discrete variables
Tif(n,m)=f(n+1,m), Tof(n,m)=f(n,m+1). (3.14)

We also obtain the following integrable reduction of this generalized Dirac equation:

po= | ) [*F L IR S (3.15)

0 Ty p o« (0>
We will then use this reduction to construct discretizations of the generalized Weierstrass

representations (2.12)-(2.17).

3.2 The finite-gap Dirac operator and the modified Novikov—

Veselov hierarchy

To construct an integrable discretization of the generalized Dirac operator (2.11) we need to
know the spectral properties of its finite-gap eigenfunctions. This theory has been developed
by Taimanov in [24; 25].

The spectral curve of the generalized Dirac operator (2.11) can be arbitrary, and the

eigenfunction has two essential singularities on the curve. The reduction to the elliptic
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Dirac operator (2.7) corresponds to considering spectral curves which admit a pair of in-
volutions, one holomorphic and one anti-holomorphic, such that the essential singularities
satisfy certain symmetry conditions with respect to the involutions. The exact statement

is the following:

Theorem 3.2.1 [2/] A. Let X be a compact Riemann surface with the following data:
o A pair of distinct marked points Py.
e Local parameters z4 = k:;l defined in some neighborhoods of these points.

o A nonspecial effective divisor D of degree g+ 1 on X supported away from the marked

points.
Then

1. There exists a unique vector-function (z,w, P) = (11,12) which is meromorphic in
P on X\{Py} with poles only at the divisor D, and which has the following expansion

near the marked points:

1

) = exp(ky2) + O(k;l) near Py, (3.16)
0
0 ~1

1 = exp(k_w) +O(kZ") near P_. (3.17)
1

2. There ezist functions u(z,w) and v(z,w) such that the function 1 satisfies the gener-

alized Dirac equation

0 0, u 0
+ L (3.18)

—0p 0 0 v o
B. Suppose that the following additional data are given:

e A holomorphic involution o : X — X such that o(Py) = Py and o(ky) = —ky.
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o A meromorphic differential w on X having two poles of degree two at the points Py

with principal parts (£k3 + O(kL"))dkL! and zeroes in D + o(D).

Then the potentials of the Dirac equation (3.18) satisfy the condition v = —u.
C. Set w = z, and suppose that the following additional data are given:

e An anti-holomorphic involution 7 : X — X such that 7(Py) = Px and 7(ky) = k.

e A meromorphic function f on X with divisor o(D) — 7(D) such that f(Py) = +1.
Then the potential of the Dirac equation (3.18) is real-valued: u = w.

The Dirac operator (2.7) is an auxiliary linear operator for the modified Novikov—Veselov
hierarchy, introduced by Bogdanov in [4; 5|. This is an integrable hierarchy of equations

that have the form of Manakov triples:

gTD = DA, + B,D, (3.19)

where D is the Dirac operator, t,, is an infinite sequence of times, and A,, and B,, are matrix
differential operators, where the operator A, has order 2n + 1 and has a leading term of

the form

aZnJrl + 52n+1 0
A, = ) e (3.20)
0 82n+1 4 aQn-I—l

These equations are the consistency conditions for the overdetermined linear system

Dy =0, (3.21)

O B
g Ant =0, (3.22)

where 1) = (¢1,12)". The first equation (n = 1) has the following form:
3 3
Up = | Usys + U + Uz + | uszs + 3uszv + Uz |, (3.23)

where

v: = (u?), (3.24)
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To construct finite-gap solutions to the modified Novikov—Veselov hierarchy, Taimanov
introduces the time-dependent Baker—Akhiezer function (z, zZ, t1, t2, ..., P) on the spectral

curve.

Theorem 3.2.2 [24] Suppose that X is a compact Riemann surface with the data Py, k4,

D, o, w, 7 and [ as described above above. Then

e There exists a unique vector function ¥ (z,z,t1,...,P) = (1,%2) on X depending on
the variables z, Z and on the time variables tq,..., which is meromorphic in P on
X\{P+} and has poles only in the divisor D, and has the following expansions at the

marked points:

1

Y =exp (kpz+kity+ -+ k", 400 +O(k1Y)| mear Py, (3.25)
0
0

Y=exp(k_z+k2t; + -+ k", 4+ +O(k=Y)| near P_. (3.26)
1

e There is a unique operator D of the form (2.7) and unique operators A, of degrees

2n 4+ 1 with principal parts (3.20) such that equations (3.21)-(3.22) are satisfied.

e The potential u(z,Zz,t1,...) of the Dirac operator D satisfies the modified Novikov—
Veselov equations (3.19).

Later in this chapter, we will see that it is possible to construct an integrable hierarchy of
differential-difference equations for which the discrete Dirac operator (3.15) is the auxiliary
linear operator. We call this hierarchy of equations the discrete modified Novikov—Veselov

hierarchy.

3.3 Discretization of the Dirac equation

We now construct a discretization of the Dirac equation, taking Th.3.2.1 as our starting
point. As we have seen, the eigenfunctions of the Dirac equation have two essential singu-

larities on the spectral curve and in addition poles at a certain divisor. We replace each of
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the two exponential singularities of the eigenfunction by a pole and a zero of the same order,
and construct a discrete equation satisfied by such a function. We then impose reductions
on this equation by introducing symmetries on the curve, as in parts B and C of Th.3.2.1.
For convenience, we provide a short summary of the theory of divisors on Riemann surfaces.

Let X be a smooth compact Riemann surface of genus g. We denote the ring of mero-
morphic functions on X by Mer(X). A divisor on X is an element of the free abelian
group generated by the points of X, that is to say, a finite set of points of X counted with
integer coefficients. The degree of a divisor D, denoted deg D, is the sum of its coefficients.
A divisor is called effective if all of its coefficients are non-negative; if D and D’ are two
divisors, we write D > D' if D — D’ if an effective divisor. If f € Mer(X) is a meromorphic
function on X, its associated divisor (f) is the set of zeroes of f minus the set of poles of f,
each point being counted with the appropriate multiplicity (so for example the divisor of
the function 22 — 2 on CP'is 1-0+41-1 —2-00); in the same way we define the associated
divisor (w) of a meromorphic 1-form w. A divisor associated to a meromorphic function is
called principal; two divisors D and D’ are called linearly equivalent if their difference is
principal. The canonical class K of X is the divisor associated to a non-trivial meromorphic
1-form on X (any two such divisors are linearly equivalent).

It is natural to formulate the following question: given a finite set of points on a Riemann
surface X, does there exist a meromorphic function having poles only at those points, with
some maximum specified orders, and no other singularities? What if we also require the
function to have zeroes at some other points of the surface, with some minimum specified
orders? In terms of divisors, we can formulate this question as follows. Given a divisor
D, what is the dimension of the vector space H(D) = {f € Mer(X)|(f) + D > 0}? This
dimension only depends on the linear equivalence class of D, and can be found using the
Riemann—Roch theorem. Denote h?(D) = dim H°(D) and h!'(D) = dim H(K — D). Then
the theorem states that

h°(D) =1~ g+deg D + h' (D). (3.27)

We now proceed with our construction. Let X be a smooth compact Riemann surface

of genus g. We consider the following data on X:
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Data A.
e Four distinct marked points Pli, PQi on X.
e Local parameters z:l.i = (l{:ii)_1 defined in some neighborhoods of these points.

o An effective divisor D = 1 + - -+ + 7441 of degree g + 1 on X, supported away from

the marked points, which satisfies the following condition of general position:

RYD+ (n—1)P} —nP, + (m —1)Py —mPy ) =0 for all n,m € Z. (3.28)

To construct solutions of equation (2.7), we consider spaces of meromorphic functions
on X with singularities controlled by the discrete variables (functions of this type were first

introduced by Krichever in [15]):

Upm = H(D +nPl —nP; +mPs —mP;) C Mer(X), n,m € Z.

The Riemann-Roch theorem implies the following

Proposition 3.3.1 Suppose that X is a Riemann surface with data A defined above. Then

each of the spaces ¥y, , is two-dimensional:
dim ¥,, ,,, = h%(D + nP;" —nP; +mPy —mPy ) =2 for all n,m € Z,
the intersection of two of these spaces at adjacent lattice points is one-dimensional:
dim W,y N Wy o1 = hO(D + 0P —nP] + (m— )P —mPy ) =1 for alln,m € Z,

dim U, ,, NV, 1, = k(D + (n— 1)P;" —nP +mPy" —mPy ) =1 for alln,m € Z,

and these two one-dimensional subspaces of ¥y, .., span the entire space, i.e. their intersec-

tion s trivial:

dim Wy VW1 Ny = hO(D + (n — 1)P" —nP] + (m — 1)Py" —mP; ) = 0.
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Therefore, we can fix a basis ¥1(n,m, P),12(n,m, P) in each of the spaces ¥, ,, by
letting 11 (n, m, P) be any non-zero element of ¥, ,, N ¥y, , 1, and letting 12(n, m, P) to

be any non-zero element of W,, ,, N W,,_1 p,:
Y1(n,m, P) € H (D +nP;" —nP; + (m —1)Py —mPy ) — {0}, (3.29)
Ya(n,m, P) € HY(D + (n — 1)P{" —nP; + mPy —mPy ) — {0}. (3.30)

The principal observation concerning these functions can be summarized in the following

statement:

Proposition 3.3.2 Suppose that X is a Riemann surface with data A as defined above.
Then there exist functions a(n,m), B(n,m), y(n,m), d(n,m) such that the functions 11 (P)
and Po(P) defined by (3.29)-(5.30) satisfy the Dirac equation:

DY R I ") o (331)
0 T v 6 (0
Proof. Indeed, by construction, both ¢1(n,m + 1, P) and v¥o(n + 1, m, P) actually lie
in the space ¥, ,,, hence they can be expressed as linear combinations of the basis func-
tions 11 (n,m, P) and 15 (n, m, P), which is equivalent to saying that they satisfy the Dirac
equation (3.31).
Therefore, a Riemann surface X together with the additional data given above allows us
to construct a family of solutions (11 (n, m, P),¥s(n,m, P))T of the Dirac equation (3.31),
parametrized by the points P of X.
In order to construct reductions on the Dirac equation (3.31), we first express the co-
efficients a(n,m), 5(n,m), v(n,m) and d(n,m) in terms of the principal parts of the basis
functions at the marked points. In terms of the chosen local coordinates, the basis functions

¥1(n,m, P) and 19(n, m, P) have the following expansions at the marked points, where k

denotes the appropriate local coordinate k:;IE

al (n,m)k" + O(k"™1), as P — P
a;(n,m)k™ + Ok, as P — P
Yi(n,m,Py=4{ ' (n,m) ( ) ! (3.32)
O(km=1), as P — Py

[ ay (n,m)k™™ + Ok, as P — Py




CHAPTER 3. THE DISCRETE DIRAC OPERATOR 20

O(k™ 1), as P — Pl
by (n,m)k ™+ Ok 1), asP — P!
Yo(n,m,P)=¢ (. m) &) (3.33)
b3 (n,m)k™ +O(k™ '), asP— P?

by (n,m)k~™ + O(k~™71), as P — P2

where the aF(n,m) and b (n,m) are functions of the discrete variables n and m. Consider-
ing the Dirac equation (3.31) near the marked points Pli7 P2i gives us the following system
of equations (in what follows, we usually suppress the indices n and m and replace them

with the translation operators T; and T3):

Tyai = aaf, 0 = ~ay +dby,
Tha; = o«a; + pby, Tiby = by, (3.34)
0 = aa; +Bag, Tib, = ~a; +6b;.

The functions v, and 19 have so far been defined up to multiplication by a constant fac-

tor dependent on n and m. We impose the following additional conditions on the functions

Y1 and a:

afay =1, byby =1. (3.35)

It is easy to show using (3.34) that these conditions imply the following relations on the
coefficients «, G, v, §:

a & (Tha!)(T1by)
ad — By 5= s (3.36)

Condition (3.35) defines the constants a}” and b, , and hence the functions v; and s, only
up to a factor of +1 that depends on n and m. This allows us to impose the following

additional condition on the functions i1 and s:
(Thai)(T1by ) = a b . (3.37)

In other words, we can choose the sign for the function o arbitrarily, and then choose the
sign for the function ¢; using the above relation. With this condition, the sign in equation
(3.36) is positive. Therefore, reductions (3.35) and (3.37) impose the following relations on

the coefficients of the Dirac operator (3.31):

ad—py=1 a=4d (3.38)
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In other words, the coefficients of a general Dirac operator of the form (3.31) depend, up
to gauge equivalence, on two arbitrary functions of the discrete variables.

We now introduce a reduction under which the coefficients of the Dirac operator (3.31)
depend on only one function of the variables n, m. Suppose that, in addition to data A
described above, the spectral curve X has the following:

Data B.

e A holomorphic involution o : X — X that interchanges the marked points and the

local parameters at the marked points as follows:

o(P*) = PF, o(kf) =k} (3.39)

2

e A meromorphic 1-form w on X which has simple poles at the marked points PZ-i with
residues +1 and no other singularities, whose zero divisor is D + (D), and which is

odd with respect to the involution.

Consider the meromorphic 1-form ;(n, m, P)ya(n, m,o(P))w(P). Comparing the singu-
larities of the three terms, we see that this 1-form has simple poles at P;” and P, with
residues afbf and —ay b;, respectively, and no other singularities. Hence, the existence of
the additional data above implies that the coefficients of the functions 1 and 9 satisfy

the following additional condition:
al by =ayby. (3.40)

Using (3.34) and (3.35), it is easy to show that this condition implies the following additional

relation on the coefficients of the Dirac operator:
8=r. (3.41)

Using the involution o we can rewrite the normalization conditions (3.35) and (3.37) in the

following equivalent form:

b1 (PYr(o(P)|p_ps = 1. (3.42)

Ua(Pa(o(P))|p_ps = 1. (3.43)
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Lon(P) _ De(P)) (3.44)

Y1(P) p=pP;} Pa(P) P=P;

Therefore, we can summarize the result of this reduction as follows.

Proposition 3.3.3 Suppose that X is a Riemann surface with data A and data B as defined
above, and suppose the functions 1 (P) and o(P) defined by (3.29) and (3.30) satisfy the
normalization conditions (3.42)-(3.44). Then there exist functions of the discrete variables
a and B that satisfy the relation

o — %=1 (3.45)

and such that the functions 11 (P) and o(P) satisfy the discrete Dirac equation:

po— | ) [° & ) o (3.46)

0 T B « o

We now construct a further reduction of the discrete Dirac equation (3.46) which is
the discrete analogue of the real-valued reduction in the differential case. Suppose that, in
addition to data A and data B above, the spectral curve X has the following:

Data C.

e An anti-holomorphic involution 7: X — X that interchanges the marked points and

acts on the local parameters at the marked points as follows:
T(PL) =Py, r(BY) =P Tk =ky, 7(ky) =k (3.47)

e A meromorphic function f(P) on X with divisor (f) = D — 7(D) satisfying the
conditions

f(P)f(r(P))=—1forall P X, f(P})f(P)=1. (3.48)

For a function f(n,m) of the discrete variables, we introduce the notation f*(n,m) =
f(m,n). Consider the two functions 13 (n, m, 7(P)) and 11 (n, m, P) f(P). Both these func-
tions are meromorphic and lie in the one-dimensional space H(7(D) + (n — 1) Py —nPy +

mP;" —mP[), hence there exists a function C(n,m) of n and m such that

wo(m,n, 7(P)) = ¥1(n,m, P)f(P)C(n,m). (3.49)
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Considering this equation at P = P;" and P = P, and using conditions (3.35) and (3.48),
we see that

C(n,m)? =1 for all n,m € Z. (3.50)

We recall that the function ¥ was normalized by condition (3.35), which specifies it up
to multiplication by a factor +1 dependent on n and m. Therefore, we can choose this
factor in such a way that C(n,m) = 1 for all n and m, in other words we may impose the

additional following condition:

Yo (m,n, 7(P)) = ¥1(n,m, P)f(P). (3.51)

Equation (3.48) then implies that the functions ¢ and 19 chosen in this way satisfy the

following relations:

¢2(m7an(P)) = ¢1(n7m7 P)f(P)7 1/}1(m7n77—(P)) = —1/}2(77,,771, P)f(P) (352)

Plugging these relations into the reduced Dirac equation (3.46) gives us the following rela-

tions on the coefficients of the operator:
o =a, ["=-0. (3.53)
We summarize the results of this reduction in the following proposition:

Proposition 3.3.4 Suppose that X is a Riemann surface with data A, B and C as defined
above, and suppose the functions 1 (P) and 1o(P) defined by (3.29) and (3.30) satisfy the
normalization conditions (3.42)-(3.44) and (3.51). Then there exist functions of the discrete

variables o and B that satisfy the relations
2—-p*=1, a*=a, pB'=-p (3.54)
that the functions 1 (P) and 9 (P) satisfy the discrete Dirac equation:

po— | ) ° & ) o (3.55)

0 T B « o
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3.4 The discrete modified Novikov—Veselov hierarchy

In the previous section, we constructed algebro-geometric solutions of the discrete Dirac
operator (3.31) and its reductions (3.46) and (3.55) by considering spaces of meromorphic
functions ¥, ,,, on a Riemann surface X with poles and zeroes determined by the numbers
n and m. In this section, we embed these meromorphic solutions into a family of transcen-
dental functions, called Baker—Akhiezer functions, and construct a hierarchy of commuting
flows on the space of these functions. The set of compatibility conditions of these flows is
the discrete analogue of the modified Novikov—Veselov hierarchy.

Let t = {ti,ti,s =1,2,.. } € C*® @ C* denote two sequences of complex numbers,
only finitely many of which are non-zero, which we think of as continuous time variables.
We construct deformations ¥,, ,,, ¢ of the function spaces ¥, ,, constructed in the previous

section by considering functions which in addition have essential singularities at the marked

points controlled by the times t.

Proposition 3.4.1 Suppose that X is a Riemann surface with data A and data B given as
in the previous section. Denote by X = X — P" — P — Py- — Py the surface X with the
marked points removed. Consider the space Wy, ¢ € Mer(f() of functions on X defined by

the following conditions
1. For all Y(n,m,t,P) € Uy, p, ¢ we have (¢) +D > 0, where (v) is the divisor of 1.

2. At the marked points PZ-i the elements ¢ (n,m,t, P) of W, ¢ have essential singu-
larities of the following form, where by k we denote the appropriate local coordinate

kE:

o
W(n,m,t, P) = exp (:l:Zth;“) O(k*) as P — Pli,
s=1 (3.56)
Y(n,m,t, P) = exp :I:Ztik:“) O(k*™) as P — PQi.
s=1

Then for sufficiently small t each of the spaces Wy, ¢ 15 two-dimensional:

dim W, ;¢ = 2 for all n,m € Z, (3.57)
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the intersection of two of these spaces at adjacent lattice points is one-dimensional:
dim ¥y, ot N Wy m—1t =1 for all n,m € Z, (3.58)

dim Wy, ot N Wy—1mt =1 for all n,m € Z, (3.59)

and these two one-dimensional subspaces of Wy, ., ¢ span the entire space, i.e. their inter-

section 1s trivial:
dim ¥y, ;e N W m—1t N Vp1mt =0 for all n,m € Z. (3.60)

Proof. The proof of this proposition is a standard application of the Riemann—Roch theo-
rem.

This proposition allows us to define functions 1 (n,m,t, P) and vs(n, m,t, P) using
the same relations as in the previous section. We observe the normalization conditions
(3.42)-(3.44) can be applied to elements of W,, ,, ¢, since the exponential singularities cancel

out.

Proposition 3.4.2 There exist unique functions iy (n, m,t, P) and v¥o(n,m,t, P) that form

a basis for the vector space Uy, ., + such that
@bl(n, m,t, P) S \Ijn,m,t N \Ifn,mfl,t — {0}, (361)

?/)2(7’1,, m,t, P) S ‘Iln,m,t N ‘Iln—l,m,t — {0} (362)

and which satisfy the normalization conditions (3.42)-(3.44). These functions satisfy the

discrete Dirac equation

po= [ [~” ) o (3.63)

0 T1 ﬂ (67 ¢2

where o and 3 are functions of the variables n, m, and t satisfying the condition

o — 3% =1. (3.64)
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We later give explicit formulas for the functions ¢; in terms of the theta functions of the
curve X

We now show that these functions satisfy a system of commuting linear equations.
Let R denote the ring of functions in the variables n, m and t. We consider the ring
O = R[N, Ty 17T2,T2_1] of finite difference operators with coefficients in R, and the ring

M of (2 x 2) matrix operators with coefficients in O. By ¢ we denote the column vector

(¥1(n,m, t, P),a(n,m,t, P))T.

Proposition 3.4.3 There exist unique matrixz difference operators Afl in M

i A, 0 .
AN: i o 1=12, p=1,2,... (365)
0 AM2
M .
AL,J = Z f;,j,s(n7m7t)Tisu (3.66)
s=—p

such that the functions 11 (n,m,t, P) and y(n, m,t, P) satisfy the following system of dif-

ferential equations:

7 1/) Al (3.67)

Proof. The proof is standard. For a given p we show how to construct the operator ALJ,
the other cases being similar.
The derivative of the function ;(n,m,t, P) with respect to ti has the following ex-

pansions at the marked points Pii, where by k we denote the appropriate local coordinate

ki

8 v n
o1 —p1(n,m,t, P) = exp (:I:th k ) Ok H) as P — Pli, (3.68)
oI ¢1(n m,t, P) = exp (Z t%”) O(k™™ 1) as P — Py, (3.69)
=1
0 P) 2k P — Py
o1l —1(n,m,t, P) = exp Zt "™y as P — P, . (3.70)
Therefore, for an appropriate choice of functions fﬁ i.s(n,m, ), the function
~ B "
Y(n,m,t, P) = le(n,m,t,P) - Z fil’s(n,m,t)wl(n + s,m,t, P) (3.71)

p p—
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has the following expansions at Pli:

(e e}

J(n,m,t,P) = exp <Z t,ljk”) -O(k" ) as P — P, (3.72)
v=1

¥(n,m,t,P) = exp ( Zt k:”> .O(k™) as P — Py, (3.73)

and the same expansions (3.69)-(3.70) at P as W@bl (n,m,t, P). Therefore, by (3.60) this
"
function is identically zero on X. Therefore, the function 1 (n, m,t, P) satisfies the system

of equations (3.67).

Proposition 3.4.4 The left ideal of matriz difference operators in M that annihilate 1 is
the principal left ideal generated by the operator D.

Proof. Suppose that A and B are two operators in £ that satisfy the following equation:
Ay + By = 0. (3.74)

We need to show that there exist operators C, D € O such that A = C(T» — ) — D3 and
B=-CB+D(T\ — a).

First, we multiply equation (3.74) on the left by sufficiently high powers of 77 and 75 so
that the operators A and B become polynomial in 77 and 75. Next, we show that we can
eliminate all terms containing mixed powers of T7 and T5. Indeed, suppose

n—1
A= Z a; T{T9™" + (terms with no T1T3) + (terms of order < n),
i=1
n—1 ‘ ‘
B = Z b;T1Ty " + (terms with no T175) + (terms of order < n),
i=1
then we can write

1
[a; T{Ty " HTy — ) — bT{T5 "1 8] +(terms with no TyT»)+(terms of order < n),
1

n

A

7

n—1
B = Z (6 T{Ty Ty — @) — a; T T3 '] +(terms with no 71 T5)+(terms of order < n),
i=1
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and proceeding in this way, we can eliminate all terms which are not powers of only 77 or
T5. Therefore, we can assume that A = Ay(T) + A2(T2), B = B1(11) + Ba(13), where the
A;, B; are polynomials in only T;.

Suppose that 4; = > ja;T} and By = >0 bij . Comparing the singularities in
(3.74) at the point P;", we see that m = n+1. Subtracting b, 177" [(T1 — a)i2 — (1] from
(3.74), we reduce the degree of By, and hence of A;. In this way we can eliminate A;, and
similarly By. Therefore, we are left with showing that if A = A9(T3) and B = By(17) are
linear polynomials satisfying (3.74), then they can be expressed as A = f(T5 — ) — g8 and
B =—f3+ g(Ty — «) for some functions f and g, which can be easily shown.

Proposition 3.4.5 There exist matrix difference operators Bi in M such that the following
equations are satisfied:
0

Proof. Equations (3.63) and (3.67) imply that

o B
[a—% - AH,D} ¥ =0. (3.76)

Since the operator in the left hand side does not contain derivation in time, it is inside 9,

hence by the above proposition it is a left multiple of D, which proves the statement.

Theorem 3.4.1 The equations

0
otl,

D+ DA, =0 mod D (3.77)
define a commuting hierarchy of differential-difference equations.

We call this system the discrete modified Novikov—Veselov (dmNV) hierarchy. In the
next section, we give the explicit form of the first two pairs of equations of the dmNV

hierarchy.
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3.5 First and second equations: explicit forms

In this section, we write down the explicit form of the dmNV hierarchy corresponding to
times t1, 3, t and t3. We give the explicit calculations for #1, the derivations for the other
times being similar.

It is difficult to write down the dmNV as they are defined in (3.77), since this involves
performing division with remainder in a matrix algebra over a non-commutative operator
ring. To circumvent this difficulty, we notice that the discrete Dirac equation (3.63), which
is a difference equation of degree one on the two functions 1 and 19, is equivalent to a

degree two difference equation on one of the 1y or ¥s.

Proposition 3.5.1 Suppose the functions 1 and s satisfy the discrete Dirac equation
(8.63). Then these functions individually satisfy the following discrete Schrédinger equa-

tions
Hyyy = [T1T2 —(The) T — @TQ + T%f} 1 =0 (3.78)
Hotpy = [T1T2 — (T2a)T3 — 06(755) Ty + T%f} 1y = 0. (3.79)

Proof. This follows from excluding 1 or 15 from the system (3.63).

Conversely, we have an analogue of Prop.3.4.4 for the operators H;:

Proposition 3.5.2 The left ideal of difference operators in O that annihilate ; is the

principal left ideal generated by the operator H;.

Proof. Suppose that A € 9 is an operator such that Ay = 0. Then Proposition 3.4

implies that there exist operators C, D € O such that
A=C(Ty —a)— DB, —-CB+D(T1 —a)=0.

Expressing C = D(Ty — a)(3)~! from the second equation and plugging it in to the first,
we get that A = D(Ty3)"'H;. The case of 1)y is similar.
These two propositions allow us to write our hierarchy as a system of rank one difference

equations of degree two.
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Proposition 3.5.3 The discrete modified Novikov—Veselov hierarchy (3.77) is equivalent

to either of the following two systems of equations

9 i

8—%H1 + HlAu’l =0 mod Hl, (380)
9 —

i e+ Hy Al = 0 mod H. (3.81)

We now use this approach to construct the equations corresponding to times t1, t7, t3 and
t3.
The functions 1 and 19 have the following power series expansions at the marked points

Pii, where by k we denote the appropriate local coordinate kli

o o
P1(n,m,t, P) = k™ exp | & Ztik;“ . foj(n,m,t)k_j as P — Pli,
§=0

pn=1
[o.¢] o )
1(n,m,t,P) =ktexp [ + 2k - £ (n,m,t)k™7 | as P — P,
H 2,5 2
. = (3.82)
Pa(n,m,t, P) = k™ exp | & Zt;k“ . foj(n,m,t)k:*j as P — Pli,
=1 §=0
o0 [ee] )
o(n,m,t,P) = kT exp | + 2k ] - xL.(n,m,t)k7 | as P — P,
© 2,j 2
pn=1 7=0

where the 52[#(71, m, t) and Xii“(n, m, t) are analytic functions in the variables t, and {;0 =0,

Xfo = 0. To make our notation consistent with (3.32)-(3.33), we denote
ar =&5, b =X (3.83)

ct = 5;%1, dl?t = Xz:'I,E1 (3.84)

2

Plugging these expressions into (3.63), we see that these coefficients satisfy the following

system of equations:

Tosi; = okt + Bxi; (3.85)
Toéy i1 = 0y + BXa, (3.86)

TiXt 41 = B35 + oxi; (3.87)



CHAPTER 3. THE DISCRETE DIRAC OPERATOR 31

Tixs; = B&, + axay, (3.88)

Because the functions ¢, and 1y satisfy the normalization conditions (3.42)-(3.44), we also
have

ajay =1, bjby =1. (3.89)

We now derive the dmNV equation corresponding to time ¢} using its equivalent form

(3.80). Let f denote differentiation by t}. We denote Ay = ATy + BT '+ C and H, =
1115 + xT1 + yIs + z. The equation in time T11 has the form

—aTy —yly — 2 = (TlTQ + 211 + yTs + Z)(ATl + BT;1 + C) mod H;. (390)

First, we express all of the coefficients of the above equation in terms of the variables a;,

b;r, « and (. The coefficients z, y, z of Hy were found above in Prop.3.5.1:

r=-Ta, :—a(Tlﬂ), z:%f.

g

To calculate the coefficients of the operator Ail, we use the method of Prop.3.4.3. Com-

(3.91)

paring singularities, we see that if

+ - ~1_+
a a T “a
A= fll,l,l = TZIT7 B = fll,l,fl = _Tf%af = - 1(1;r ! ) (392)

then the functions ¥, and ¢1 — ATy — BTl_llf) are proportional. Hence we can determine
the third coefficient C' = f1171,0 by comparing these two functions at either P2+ or P, which

gives us two alternative expressions:

1 (Ot at a;
C:f1110:—< 2 1 T16++ _1 _Tlc+>:
PO \oth ey P T tar P

_ é <aa% - %Tl% + #ﬂl%) . (3.93)
We first these expressions by removing the coefficients a; and c;. From the system (3.85)-
(3.88) we get that ¢f = (Ty *B)(Ty 'b3) and a; = —3/(aby ). Using Tiby = aby, the first
expression becomes
LB T of ('e)niT'R) | Tilef TGS

'8 T,'by  Taf TP af (T, 'B)(Ty Ty o)

C
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and the second expression becomes

Copl =0 & b af TP T 'af o(T ' 8)
" 8 « b;r Tlaf B(Th«a) af 16]

Expanding the right hand side of (3.90), we get

H\Ajy = (MDA + (T A)TE + [0 + y(TA) T T + [2(ThC) + zA] Ti+

+ [T TaB + y(ToC)| Ty + x(Ty B) + 2C + y(To B)T; Ty + BT .

This expression is a Laurent polynomial in 77 and 75 whose terms have degrees ¢ and j in
Ty and T5, respectively, where i = —1,0,1,2 and j = 0,1. We need to express it as a left
multiple of Hy plus an operator containing terms of degrees (0,0), (0,1) and (1,0). First,

to cancel the term containing 7275, we subtract the following left multiple of Hj:
(M AT Hy = (WTLA)TITy + (VTR A)(Tva)T + (T2 A)(Twy) i Ta + (VTR A)(Ty2)Th.

Using (3.78), (3.92) and (3.85), we see that the coefficient in front of T? in this difference

vanishes:
T1a+ T1T2a+
T A) — (Tyz) (T ThA) = —(Tya) —L + (T2 L_9
r(T1A) — (Tyx)(ThT2A) ( 1a)T12a1+ ( 1a)TfT2a1+

Similarly, to cancel the term containing 77" 17, we subtract

B B B
y( fl )T2 + y( fl )(Tl_lx) 4 y(TQB)TI_ITQ + y( 721 )
T 'y Ty Ty

and using (3.78), (3.92), (3.85) and the relation (3.89), we show that the coefficient in front

(Tl_lz)Tl_l’

y(ToB)Ty ty ' Hy =

of T I vanishes:

T,B
2B — y(fi)(Tflz) = 0.
Tl

Hence, we see that

HlAil = [TlTQC + y(TgA) — (TlTQA)(le)] T, + [:v(TlC) + zA — (TlTQA)(Tl,Z)] T+

T,B T,B
+ |V TuB + y(TxC) — y;fl N+ 2(TyB) + 2C — y;fl )(Tflx) mod H;.
1 Y 1 Y

Finally, to obtain the evolution equation, we subtract [T1T5C + y(ToA) — (T1 T2 A)(T1y)] Hy

from the right hand side of the equation, and obtain the following equations:

—x = x(TlC) + zA — (TlTQA)(le) — T [TlTQC + y(TgA) — (TlTQA)(le)] s (394)
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G =T\TB + y(TC) — yfj ) Y0+ y(ToA) — (WDA)(Ty)],  (3.95)
1
4= (TyB) + C yfj N1 ) - TS0 + y(ToA) — (MTA)(Ty)] . (3.96)
1

Since the coefficients x, y, z of H are expressed in terms of o and 3, which are in turn related
by the equation o? — 3% = 1, it is sufficient to find one of the derivatives, for example 4.
Expanding the expression for & and using the expressions for the coefficients x, y, z and A,
B, C obtained above (using the first expression for C' in T175C and using the second one
in T7C'), we obtain the following equation

Tiby _ af B(T1P)
le; Tlaf' Tla ’

(3.97)

which is the first equation of the dmNV hierarchy.

It seems natural to replace the variables a] and b with their logarithms, i.e. to intro-
duce new variables a] = e¥ and by = e¥. Since a = Tha{ /a] = T1b] /by, these variables
are related by the equation

Ty —p =T — 1. (3.98)

Writing the evolution equation (3.97) in terms of these new variables, we get

% = (eQTflTW — eQTflV’) (e=2¥ — e 2T2¢) (3.99)
1

To derive the evolution equation for time t2, we use its equivalent form (3.81). The
calculations in this case are identical to those performed above. In fact, since our problem
is symmetric with respect to exchanging the marked points Pli and PQi, we can obtain
the desired equation simply by exchanging the functions af and b;’ and simultaneously
exchanging the shift operators Ty and T3 in the evolution equation in time ¢} (3.99). This

gives us the following equation:

Talf  B(TB) by

= . 3.100
Tgai’— TQOZ Tgb;— ( )
In terms of the logarithmic variables, this equation reads
% = \/<62T1T217/’ - 62T271¢> (e72¢ — e—211¥) (3.101)
1
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The derivation of the equations for times ti and ¢3 involves similar calculations. For

time #, we use the equivalent form (3.80):

OH
- 8711 = Hy A}, mod Hj. (3.102)
2

Here Ap; is a Laurent polynomial in 77 with terms of degree —2 to 3. As above, we
successively subtract appropriate left multiples of Hj to cancel the terms containing Ti7T,
for i = 3,-2,2,—1. At every step, the corresponding 7} term vanishes. Finally, canceling

the 11T, term gives us the following equation:

le; o ﬂ(Tlﬂ) 1 4 ﬂ(Tlﬂ) air T2:F
= T4 - 2y tie Tt
T1b; Tha Ta) Tia (Tiaf)(Tfay)

BTEB)  af | (T 'B)(MB) Ty 'af
(Tho)(TEa) Tfai" T Tlai" ’

(3.103)

where the functions af, b;’ , cf’, « and J in the equation satisfy the following relations:

Toal  Tiby
o = Zil — ;+2 5 062 _ 52 — 1’ TQCT = aci— + ﬁ(Tl_l/g)(Tl_laii_) (3104)
1 2

3.6 Theta function formulas

In this section we give explicit formulas for the functions v;(n, m, t, P) in terms of the theta
functions of the surface X. Choose a basis a;, b;j, j = 1,...,g of Hi(X,Z) with canonical
intersection form, i.e. such that a; oap = 0, bj o by, = 0, a;j o by, = J;. Let B be the
period matrix of the surface X with respect to this basis. Let 21 and 5 denote Abelian
differentials of the third kind with poles at P and P3:

Q= d(k¥)"! (FkF + O(1)) as P — PF

2

which are normalized to have zero periods over the a-cycles. Let Q' denote Abelian differ-

entials of the second kind with poles at Pii and principal parts
O = d(kF) ™ (FukH)*T +0(1)) as P — P,

and with zero a-periods, and which are odd with respect to the involution . It is a standard

fact that these differentials exist and are unique. Let U; and U} denote the vectors of the
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b-periods of these differentials:

1 1
U:): = Q;, UMY, = QH
s =g % W= 5=t
Choose a base point Py € X away from the marked points PZ-i and the divisor D, and let
A: X — J(X) denote the Abel map with base point Py, where J(X) is the Jacobian variety
of X. Let 0(z|B) denote the theta function of J(X) for z € CY. Introduce the functions

(P PAP) — AR = S0, AR — KIBJOA(P) — S A(R) + A(PY) — KIB)
' O(A(P) — 0, A(P) — K|B)O(A(P) — S%°3 A(P,) — K|B) ’

O(A(P) — A(PY) = Y20, A(P) — K|B)O(A(P) — Y01 A(P) + A(P) - K|B)
O(A(P) = X0, A(P) — K|B)O(A(P) = {1, A(P) — K|B) '

?”Q(P) =

By construction, these are meromorphic functions on X whose pole divisor is D = ZQH
and whose zero divisors are P2+ + Dy and Pfr + D, respectively, where Dy and D, are some
divisors of degree g.

We define the functions ¢; and 1, by the following formulas:

%‘(7% m, t7 P) = TZ(P)CZ(nv m, t)E(nv m, ta P) X
P P 2 P
X exp n/ O +m QQ—i—ZZtiL/ Qrl, (3.105)
Py —
where the function F'(n,m,t, P) is defined as

co 2
0| A(P)— A(D;) + nUy +mUs + Y > t,UF
Fi(n,m,t; P) =

and the path of integration in the exponent is the same as in the Abel map in F;. By
construction, these are single-valued functions on the surface X, having the required mero-
morphic and exponential singularities at the marked points, and having pole divisor D away
from the marked points.

The constants C;(n, m,t) are determined by the normalization conditions (3.42)-(3.44).
Choose paths of integration ; : [0,1] — X from P to PZ-+ and a path v from Py to o(F).
We assume that the integration path in ;(P) is ; and that the path in v;(c(P)) is vy
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followed by the image of v; under . Writing out the expression for ¢;(P)y;(o(P)) using

(3.105), we see that we need to choose the constants C;(n,m,t) as follows:

1 - p—
Cilmm ) ri(P)ri(P7)Fi(nym,t, P Fy(n,m, t, P )x
T 9 9

co 2
xexp |nIl +mI}+> 3 ¢, / o (3.106)
u=1i=1 v

where the path of integration in the Fj(n,m,t, P;") factor is v followed by o(v;), and the

constants Ii1 and IZ? are the principal values of the integrals of €2y and 2 along the path

v(t) a(v(t))
=1\ J~0) ¥ a(v(0))

Finally, we choose the signs of C;(n,m,t) in such a way that the functions v; satisfy

%+ +0(v):

the equation (3.44).
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Chapter 4

Discretization of the generalized

Welierstrass representation

In this section, we use various reductions of the discrete Dirac operator (3.12) constructed
in the previous section to construct discrete analogues of the generalized Weierstrass rep-
resentations (2.12)-(2.17) of isotropic surfaces in pseudo-Euclidean spaces. These discrete
Weierstrass representations are maps of the regular Z? lattice into the pseudo-Euclidean
spaces R>!, R3! and R?? with the property that every edge of the lattice is an isotropic

vector.

4.1 Discrete surfaces

Let V be a vector space. A discrete surface XinVisa map X :7%2 > V. The edges of a

discrete surface X are the vectors
F(n,m)=X(n+1,m)—X(n,m), Gmn,m)=Xnm+1)—X(n,m). (4.1)

Conversely, a pair of functions F:72 -V and G : Z? — V defines a discrete surface (up

to translation) if and only if they satisfy the consistency condition

F(n,m+1) — F(n,m) = G(n+1,m) — G(n,m) (4.2)
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guaranteeing that the edges link up. We use the following notation for a discrete surface X

defined in terms of its edges:
X = Z (ﬁAl + éAg) . (4.3)

A discrete surface is called non-degenerate if its edges are linearly independent at every
lattice point. A discrete surface in R™™ is called isotropic if all of its edges are light-like

vectors:

(F(n,m), F(n,m)) =0, (G(n,m),G(n,m)) =0, (4.4)

where (-,-) denotes the scalar product in R™™.
The main result of this chapter is that isotropic discrete surfaces in R>!, R3! and R??
satisfying a certain monotonicity condition are described by solutions of a discrete Dirac

equation, using essentially the same formulas as in the continuous case.

4.2 The R?! case

Proposition 4.2.1 Suppose that the functions 1, e satisfy the following discrete Dirac

equation:
0} [ap (1 _o, (4.5)
0 Ty B« (5!
where & = a, =3, o> — 32 = 1. Then the formulas
1 _ _
Xy =53 [0 +uD)Ar + (v +93)As] (4.6)
Xy = 53[0 — A + (4~ g3)A] (47)
X3 = Z (V11 A1 + oo o], (4.8)

define an isotropic discrete surface X : 72 - R Conversely, if X 72 > R s a

non-degenerate isotropic discrete surface that satisfies the following condition
X3(n+1,m) — Xz(n,m) >0, Xz(n,m+1)— Xz(n,m) >0 for alln,m € Z*,  (4.9)

then there exist functions Y1 and e satisfying equation (4.5) such that equations (4.6)-(4.8)
hold.
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Proof. Given functions 11, 1y satisfying (4.5), a direct calculation shows that the edges
given by equations (4.6)-(4.8) are isotropic (4.4) and satisfy the consistency condition (4.2),
and therefore define an isotropic discrete surface in R

Conversely, suppose that X :72 - R2lis an isotropic discrete surface satisfying the

monotonicity condition (4.9). The edges of the lattice satisfy the equations
F24+F=F, Gi+Gi=G3% F3>0, G3>0, (4.10)

therefore there exist functions 11 and 9, defined up to multiplication by +1, such that the
edges are given by the formulas (4.6)-(4.8). The consistency condition (4.2) implies that

these functions satisfy the following equations
(Tatr)* = ¥t = (Thepa)” — )3, (4.11)
(Toth1)(Top1) — 1ty = (Tuape) (Titha) — tatha, (4.12)

and the non-degeneracy condition implies that
Yrihe — hripa # 0. (4.13)

The above equation implies that there exist unique real-valued functions «, 3, v and

such that the following system of equations is satisfied:

Loy [es L (4.14)

0 T Y 0 1/12
Solving this system, we get

o — Vo (Totpr) — o (Toth) V1 (Ton) — U1 (Totby)

1) = Vallow) - g aDo¥n) = 91lTap) (4.15)
P11Pa — P19 P12 — P11)2
. &2(T1¢g) — 1/j2(T1&2)’ 5 %(Tﬂ/_)g) - 1%1(T1¢2)’ (4.16)
Y192 — Y192 Y192 — P11
and a direct calculation using (4.11)-(4.12) shows that
o —~4t=1, P -p2=1, afB=~d. (4.17)

Solving this system we get that § = Aa and v = A, where A\ = +1. Changing the signs of
19 at every point if necessary, we can set A = 1, so that the functions 11 and 9 satisfy the

system (4.5). This proves the proposition.
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4.3 The R3! case

Proposition 4.3.1 Suppose that the functions @;, ¥;, 1 = 1,2 satisfy the following discrete

Dirac equations:

T, 0 B a B 1 _0 T, 0 - a B s i

0 Tl B [0} ©2 ’ O Tl /B a ¢2 )
(4.18)

where |af? — |8|> = 1. Then the formulas

X = %Z (P11 + G101) A1 + (9212 + Gata) A, (4.19)

Xo = %Z [(9011/;1 — @191)Ar + (QOQ@EQ — @21/}2)A2] ) (4.20)

X3 = %Z [(p1@1 — Y1901) A1 + (2p2 — thatha) Ag] (4.21)

Xy = %Z [(e181 + V1Y) A1 + (9202 + Vatha) Ag] (4.22)

define an isotropic discrete surface X .72 — R31, Conversely, if X :72 >R s

non-degenerate isotropic discrete surface that satisfies the following condition
Xi(n+1,m) — Xy4(n,m) >0, Xy(n,m+1)— X4(n,m) >0 for all n,m € Z?, (4.23)

then there exist functions y;, ¥;, i = 1,2 satisfying equation (4.18) such that equations
(4.19)-(4.22) hold.

Proof. Given functions ¢;, ¥;, i = 1,2 satisfying (4.18), a direct calculation shows that
the edges given by equations (4.19)-(4.22) are isotropic (4.4) and satisfy the consistency
condition (4.2), hence define an isotropic discrete surface in R,

Conversely, suppose that X :7% - R is an isotropic discrete surface satisfying the

monotonicity condition (4.23). The edges of the lattice satisfy the equations
FP+F+F;=F;, GI+G3+G5=G], F1>0, Gy>0, (4.24)

therefore, there exist functions ¢; and v;, where ¢ = 1,2, such that the edges are given

by the formulas (4.19)-(4.22). These functions are defined up to the following local gauge
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equivalence:
o1 — o1, by — et o — ey, Py — e, (4.25)

where ¢ and ¢ are real-valued functions. The consistency condition (4.2) implies that these

functions satisfy the following equations

(Top1)(Top1) — 101 = (T1p1)(Tuepr) — i, (4.26)
(Top1)(Totr) — 101 = (Trp2)(Tithe) — patha, (4.27)
(Totp1)(Tovhr) — 1ty = (Tuape) (Tieha) — tatha, (4.28)

and the non-degeneracy condition implies that

©19¥2 — P12 # 0. (4.29)

The above equation implies that there exist unique complex-valued functions «, 3, v

and ¢ such that the following system of equations is satisfied:

T, 0 ) a f 1 0 T, 0 ) a f Y 0

0 Ty v 6 2 0 Ty v 6 o

We can explicitly solve these equations to obtain

_ Ya(Tapr) — p2(Ton) — p1(Taypr) — 1 (Tapr)

‘- P12 — P1p2 » P= P12 — Y1p2 ’ (4.31)
~ Yo(Thp2) — p2(Tihe) _p1(Tiype) — 1 (Trpe)

7= P1¥2 — P12 0= P12 — P1p2 ' (432)

and a direct calculation using (4.26)-(4.28) shows that
ad—vy=1, 66—pF=1, af—~6=0. (4.33)

Solving this system we get that § = A& and v = A3, where A\ = 1. A gauge transformation
(4.25) acts on A\ as follows:
A — eCHTeTE) ) (4.34)

hence we can set A = 1. Therefore, the functions ¢; and 1); satisfy the system (4.18). This
proves the proposition.

We note that the R%! case can be obtained as a reduction by setting ¢ = @1, 12 = @s.
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4.4 The R?2 case

Proposition 4.4.1 Suppose that the functions @;, ¥;, 1 = 1,2 satisfy the following discrete

Dirac equation:

T, 0 B a (B Y1 0 T 0 B 5 o Y
0 Tl Y ) ©2 ’ 0 Tl ﬂ a 1/}2 )
4.35
where o, B, v and § are real and ad — By = 1. Then the formulas

1 - —
X = 5 Z [(9011/}1 + @ﬂbl)Al + (§02¢2 + @21/}2)A2] , (436)
X2 = %Z (P19 = 1) A + (P2t — 2v2) As] | (4.37)

1 - _

Xs =52 [(er91 + @rv0) A + (et + Gov2) A (4.38)
Xy = %Z [(9011/;1 - @1¢1)A1 + (QOQ@EQ — @21/}2)A2] , (439)

define an isotropic discrete surface X 7% - R22, Conversely, z'f)? : 72 — R?? 4s a non-
degenerate isotropic discrete surface, then there exist functions ;, ¥;, i = 1,2 satisfying

equation (4.35) such that equations (4.36)-(4.39) hold.

Proof. Given functions ¢;, ¥;, i = 1,2 satisfying (4.35), a direct calculation shows that
the edges given by equations (4.36)-(4.39) are isotropic (4.4) and satisfy the consistency
condition (4.2), hence define an isotropic discrete surface in R?2.

Conversely, suppose that X:72 5 R*?2is a non-degenerate isotropic discrete surface.

The edges of the lattice satisfy the equations
FP4F2=F24+F} G?+Gi=G2+G2 (4.40)

therefore, there exist functions ¢; and v;, where ¢ = 1,2, such that the edges are given
by the formulas (4.36)-(4.39). These functions are defined up to the following local gauge

equivalence:

01— e, U1 — pT P, 2 — vpe, g — v M, (4.41)



CHAPTER 4. DISCRETIZATION OF THE GENERALIZED WEIERSTRASS
REPRESENTATION 43

where p and v are real-valued functions. The consistency condition (4.2) implies that these

functions satisfy the following equations
(Top1)(T29h1) — p1h1 = (T1p2)(T1eh2) — pato, (4.42)

(Top1)(Totr) — 101 = (Trp2)(Tithe) — paths, (4.43)

and the non-degeneracy condition implies that

P1P2 — P12 # 0, Y1ths — 1tha # 0. (4.44)

The above equations imply that there exist unique real-valued functions «;, 3;, v; and

d;, where ¢ = 1,2, such that the following system of equations is satisfied:

T, 0 | @ B 1 0 T, 0 [ o2 B2 V1 0

0 Ty 7 01 »2 0 Ty Y2 02 (e
(4.45)

We can explicitly solve these to obtain

oy = 2200) = 9a(Top) 5 ¢1(Tep1) = 21(Top) (4.46)
P1P2 — P1P2 P12 — P1¥2

oy = P2Tee) = 0a(Tiga) - o 21(Tig) = o1(Thpa) (4.47)
P1p2 — P1P2 P1P2 — P1P2

_ Pa(Totpr) — Yo(Tothr) 1 (Totpr) — 1 (Tothr)

@ V1 — P1apo P V1ha — Y1abo ’ (4.48)

y = %Zz(TNDg) - %@2(T1%E2)’ 5y = ¢1(T11/;g) - %?1(T11/12)7 (4.49)
P11ho — Y19 Y12 — P11)2

and a direct calculation using (4.42)-(4.43) shows that
o =2 =1, 010 = fife =1, aifp —md2 =0, agf — 7201 =0. (4.50)

Solving this system we get that ag = Aoy, B2 = A1, 72 = MG and d2 = Aag. A gauge

transformation (4.41) acts on A as follows:
A = (Top)(Tyv)p v A (4.51)

hence we can set A = 1. Therefore, the functions ¢; and 1); satisfy the system (4.35). This

proves the proposition.
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4.5 The continuous limit

In this section we show that in the continuous limit, the reductions (4.5), (4.18), (4.35)
of the Dirac operator (3.12) converge to their continuous counterparts (2.13), (2.15) and
(2.17).

First, consider the operator (4.5). Let h denote the size of the mesh, so that
1(z,y + h) = a(z,y)i(z, y) + Bz, y)va(z,y), (4.52)

¢2($ + I, y) = ﬂ(xv y)¢1 (xv y) + oz(x, y)¢2 (xv y)? (453)

where o and 3 are real and o — 32 = 1. Setting 3 = hp, we get that a = 1+ O(h?), and

expanding the above equation up to O(h?) gives us

U1 + hdypy = by + hpa + O(R?), o + hOythe = hpy + b2 + O(R?), (4.54)

so in the limit A — 0 we get equation (2.12).

Similarly, for the operator (4.18) introducing mesh size h we see

p1(z,y +h) = a(z, y)ei(r,y) + Bz, y)ea(z,y), (4.55)
2 + h,y) = Bz, y)e1 (2, y) + alz,y)e2(z,y), (4.56)
i(z,y +h) = a(z,y)i(z,y) + 6z, y)d2(, y), (4.57)
Vo + hyy) = Bla,y)vi(2,y) + alz,y)va (2, y), (4.58)

where |a|? — |8]? = 1. Again, setting 3 = hp gives is @ = 1 + O(h?), and expanding the

above equation up to O(h?) gives us
@1 + hOyp1 = o1+ hpps + O(h?), o + hdypa = hppr + pa + O(h?), (4.59)

Y1+ hdy1 = 1 + hps + O(h?), o + hpihe = hppr + o + O(h?), (4.60)

so in the limit » — 0 we get equation (2.14).

For the operator (4.35), we introduce a mesh size h to get

e1(z,y + h) = a(z,y)e1(z,y) + B(x, y)p2(x, y), (4.61)
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pa(x + h,y) = v(z,y)e1(x,y) + 0(x,y)p2(z,y), (4.62)
Y1(z,y + h) = 6(z, Y)Y (z, y) +v(z,y)¢2(x, ), (4.63)
¢2($ + hv y) = ﬂ(xv y)¢2 (xv y) + oz(x, y)¢2 (xv y) (464)

We now use the remaining gauge symmetry (4.41) to set a = §. Therefore, if we have a
mesh size of h, then setting 3 = hp, ¥ = hq, we see that a = 1+ O(h?) and § = 1 + O(h?),

so expanding the above equation up to O(h?) gives us
01 + hoyp1 = p1 + hppa + O(h2), w2 + hOzp2 = hqp1 + pa + O(h2), (4.65)

Y1 + hoybr = U1 + has + O(h?), o + hdpths = hpy + ¥ + O(R?), (4.66)

so in the limit » — 0 we get equation (2.16).



CHAPTER 5. CONCLUSIONS 46

Chapter 5

Conclusions

In this thesis we considered the problem of constructing an integrable discretization of the
Dirac operator (2.7) and a discrete analogue of the Weierstrass representation. We saw that
the generalized finite-gap Dirac operator (2.11) admits a natural discretization (3.12), which
can be constructed by deforming the spectral properties of the eigenfunctions of (2.11). By
introducing additional symmetries on the spectral curve and appropriate normalization
conditions, we obtained the reduction (3.15) and constructed a discrete analogue of the
modified Novikov—Veselov hierarchy (3.77).

The continuous limit of the reduced discrete Dirac operator (3.15) that we obtained is
a hyperbolic differential operator (2.12), while the original Dirac operator (2.7) is elliptic.
Therefore, the operator (3.15) cannot be used to discretize the classical Weierstrass rep-
resentation. However, we saw that it can be used to construct a discrete analogue of the
generalized Weierstrass representation in R%!. Similar operators (4.18), (4.35) can be used
to give discrete Weierstrass representations in R3! and R?2.

It remains an open problem to construct an integrable discretization of the original
Dirac operator (2.7), which is an elliptic reduction of the generalized Dirac operator (2.11).
In general, elliptic operators seem to have more complicated discretizations than hyperbolic
ones, for example, the discretization of the Laplace operator involves a five-point scheme [6]
defined on a sublattice of a four-point discretization of the Moutard equation. It also remains

an open problem to construct the discrete analogue of the notion of a conformal coordinate
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system and the corresponding discrete analogue of the classical Weierstrass representation.
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