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ABSTRACT

On Hamilton’s Ricci Flow and Bartnik’s Construction of Metrics of Prescribed

Scalar Curvature

Chen-Yun Lin

It is known by work of R. Hamilton and B. Chow that the evolution under Ricci
flow of an arbitrary initial metric g on S2, suitably normalized, exists for all time
and converges to a round metric. I construct metrics of prescribed scalar curvature
using solutions to the Ricci flow. The problem is converted into a semilinear parabolic
equation similar to the quasispherical construction of Bartnik. In this work, I discuss

existence results for this equation and applications of such metrics.



Contents

1 Introduction
1.1  Weighted Holder spaces . . . . . . . ... ... ... ... ... ...
1.2 Ricciflow . . . . . .

2 The Main Result and Previous Research
2.1 Themain result . . . . . . . . . .
2.2 Previousresearch . . . . . . ..

2.3 Outline of the proof . . . . . . . . . . .. ...

3 Proof of the Main Result
3.1 The equation with prescribed scalar curvature . . . . ... ... ...
3.2 Existence for prescribed scalar curvature . . . . ... ... ... ...
3.3 Asymptotic metric behavior . . . . ... ...

3.4 Minimal surface interior boundary . . . . . . . .. ... ... L.
4 Asymptotically hyperbolic metrics

References

ot

© oo I N



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor, Mu-Tao Wang, for his patience,
encouragement, and all his help on both math and life in all these years. I also want
to extend my gratitude to Panagiota Daskalopoulos and Richard Hamilton for their
time and generosity. Their useful discussions and optimism have been important to
me through my Ph.D. study.

I would also like to express my sincere appreciation to my dissertation committee
members, John Loftin, Panagiota Daskalopoulos, Richard Hamilton, Mu-Tao Wang,
and Michael Weinstein, for their time and feedback on my dissertation. Special thanks
to those who had mathematical conversation with me and made me inspired: Vincent
Bonini, PoNing Chen, Michael Eichmair, Zuoliang Hou, Lan-Hsuan Huang, Ye-Kai
Wang, Ivana Medos, Ovidiu Munteanu, and Richard Schoen.

Very big thank you to Terrance Cope and Mary Young. You are like the heart of
the math department making the department functional. And thank you to all my
friends who supported me through every difficulty and made my life cheerful. T am
especially grateful to Lu-Wen Chen, Tsai-wei Chao, Adam Jacob, Min Lee, Adam
Levine, Hui-Wen Lin, Qing Lu, Natalia Mosina, Tom Peters, Jesse Gell-Redman,
Alice Rizzardo, Mingmin Shen, Chin-Lung Wang, and Jo Wei. Thank you very much

for making my life wonderful.

i



To my brother.

il



1 Introduction
Einstein’s famous field equation of a space-time (V,~) is
1
R}l/b a §RV7ab =81, a,b=0,1,2,3,

where T, is the space-time energy momentum tensor. The equation admits Cauchy
data formulation and initial data cannot be chosen arbitrarily. Let (V) be a solution
and consider a spacelike hypersurface (N, g). From the Gauss and Codazzi equations
the scalar curvature Ry and the second fundamental form k of (N, g) will satisfy the

following constraint equations [Wal84]

Ry + (trgk)? — k|2 = 1677y (1.0.1)

Vj(kij - t?”k’gw> = 87TT01', Z,j = 1, 27 3, (102)

where ey is the future timelike unit normal vector of the hypersurface N. When
T = 0, these equations are called the vacuum constraint equations.

There are various ways to construct solutions of the constraint equations. One of
the most widely used methods is the conformal method. It reformulates the constraint
equations as a coupled quasilinear elliptic PDE system [CBY80]. The other approach
is the quasi-spherical ansatz and the parabolic method introduced by Bartnik [Bar93]
in 1993. A 3-manifold is called quasi-spherical if it can be foliated by round spheres.
Under the quasi-spherical ansatz, Bartnik introduced a new construction of 3-metrics
of prescribed scalar curvature. One important observation is that the scalar curvature
equation can be rewritten as a semilinear parabolic equation. In 2005 Sharples [Sha05]
proves local existence results for the constraint equation in a special case when the
spacelike 3-manifold is assumed to satisfy the quasispherical ansatz.

Another important consequnce is that this construction allows insight into the
extension problem, where one hopes to extend a bounded Riemannian 3-manifold to
an asymptotically flat 3-manifold satisfying weak conditions of the positive mass theo-

rem. This problem arises naturally from Bartniks definition of quasi-local mass [Bar89],



where the mass of a bounded Riemannian 3-manifold (€2, go) with connected boundary

is defined by

mp(Q) ;= inf{mapy (M) : (M, g) is an asymptotically flat time-symmetric
initial data set satisfying weak-energy conditions such that (M, g)

contains (€2, go) isometrically M has no horizon. }

If we consider the extension problem as a problem of matching M\ © with 2 along
the boundary, then thecondition that the scalar curvature can be defined distribu-

tionally and bounded across O(M \ §2) leads to the geometric boundary conditions

glaane) = golae,  Hapana).g = Hoag

Note that this extension is not possible with the traditional conformal method [CBY80,
SYT79]. Specifying both the boundary metric and the mean curvature leads to simulta-
neous Dirichlet and Neumann boundary conditions, which are ill-posed for the elliptic

equation of the conformal factor.

The evolution under the modified Ricci flow of an arbitrary initial metric g; on
¥, diffeomorphic to S?, exists for all time and converges exponentially to the round
metric [Ham88, Cho91]. The solutions g(t) therefore give a canonical foliation on
[1,00) x 1. This suggests a construction of 3-metrics with prescribed scalar curvature

based on Ricei flow foliation.

1.1 Weighted Holder spaces

We consider weighted Holder spaces adapted to the scaling invariant properties for the

parabolic equation. For any interval I C R, let A; = I x ;. For any nonnegative



integer k£ and 0 < o < 1, define

fllo = sup{f(t.z): (t,z) € A},

fllar = Nfllog + (Far

fller = Sjiproj<al V(0 fllor,  and
1 fllerar = [ llkr + Siie2i=r{V' (t0:) far,

where

(ot = sup{ ta/2|f(t2,$2) — f(t1,z1)] n | f(ta, x2) — f(t1,21)]

! |ty — 1|2/ |2y — 1]

1
for all (t1,21), (t2, x2) € A; such that 5752 <t < 2ty
and (tl,.fljl) 7é (tg,.’ﬂg) }

For compact intervals I C R, the weighted parabolic Holder space C*t%(Aj) is
the Banach space of continuos functions on A; with finite || - |[44q,; norm. For [
noncompact, C***(Ay) is defined as the space of continuous functions with bounded
C* norm on compact subsets of I. C**(3;) denotes the usual Holder space on ¥,

with norm || - ||5.q-

Remark 1.1. The weighted Hélder norm || - ||k+a.r 5 invariant under the following
dilation. For A > 0, and f € C**(A;), denote X" = {t e RT : X\t € I}, and fy be
defined on X711 as

f)\<t,$) = f()\t,l’),
then

Al gy a-11 = [ fllkra),1-

A quasi-linear equation in divergence form is an equation of the form

d .
Lu=u — Ta’(x,t, u, ug) + a(x, t,u,u,) = 0. (1.1.3)
xZ



Let 2 be a domain and Q7 be the cylinder 2 x (0,7"). Let Sr denote the lateral
surface of Qr, i.e., Sp = {(z,t) : (z,t) € 9Q x [0,T]}. The parabolic boundary I'r is
given by I'r = Sy U {(z,t) : z € Q,t = 0}.
We define the parabolic distance d by the following. First, we define
d t) = i t) —
ol@:t) = min () = (y,9)l;

and then
do(w,t) if (2,t) € Qr

—do(.fll',t) if (l’,t) §é QT'
Suppose the functions a’(z,t, u, p) and a(z,t,u,p) in equation (1.1.3) are defined

d(z,t) =

for (t,z) € Az, continuous in u and p = (p1,--+ ,pn), and satisfy the conditions
a'(z,t,u, p)p; > v(|u|)p* — @olx,t), (1.1.4)
|a' (2, t,u, p)| < pa(|ul)|p| + @1 (x,t), (1.1.5)
la(z,t,u,p)| < pa(lu])p® + pa(x, ), (1.1.6)

in which v(§) and pu;(&) are positive continuous functions of £ > 0, with v(§) mono-
tonically decreasing, p; monotonically increasing, the functions ¢;(x,t) nonnegative

and having finite L%" norms

||900a902||q,7%417 ||901H2q,27“7141 < (1'1‘7)

where ¢ amd r are arbitrary positive numbers satisfying the condition

1
_+E:1_</V
r o q
with
g€ [325, 0], re|t5, o], 0< A <1, for n>2 (118)
q € [1,00], ZE[ﬁ,kgﬂ], 0<¢/V<%, for n=1. -

Theorem 1.2. [LSU6S8, Theorem V.1.1] Suppose the functions a;(x,t,u,p) and

a(x,t,u,p) possess properties (1.1.4)-(1.1.8), while u(z,t) is a bounded generalized



solution with ess supy,|u| = M. Then u(z,t) € C*(Ar) with some positive o depend-
ing only on n,v, u,q,r, and My, /v. The quantity ||u||a.r for any Ap C Ar separated
from the parabolic boundary I'r by a positive distance d, is estimated from above by a

constant depending only on n, M, v, u, 41, b2, q, v and the distance d.

1.2 Ricci flow

Definition 1.3. Let (X, go) be a compact Riemannian surface. The normalized Ricci

flow is the evolution equation
%gij = (r — R)gi
9(0,-) = g0(-)

J Rdp
[ ldp

Remark 1.4. Under the normalized Ricci flow, the volume is preserved and the mean

where r 1s the mean scalar curvature r =

scalar curvature r is constant.

0
If yo = y/det g;; is the area element, then H = (r — R)p and

d
7 du—/(r—R)d,u—O.

The integral of R over the surface M gives the Euler characteristic x(M) of M by

the Gauss-Bonnet formula
/Rd,u = 4y (2).

1s constant.

As a consequence r =

Theorem 1.5. [Ham88] The scalar curvature R satisfies the evolution equation

OR )
57 AR R —rR

If R > 0 at the start, it remains so for all time.



Definition 1.6. The potential f is the solution of the equation
Af=R-—r (1.2.9)
with mean value zero.

Remark 1.7. Since R —r has mean value zero, the equation (1.2.9) is solvable and
the solution is unique up to a constant. So we can make f has mean value zero. The

equation for the potential f is given by

of
E—Af—i—rf—b,

JIDfPPdu
Jldw -

Definition 1.8. The modified Ricci flow is the following evolution equation

where b =

0

5% = (r — R)gij +2D;D; f = 2M;,

where f is the Ricci potential and M;; is the trace-free part of Hess(f).
From a straightforward calculation, |M;;|* as a two tensor satisfies
0 2 2 2 2
5 Misl” = AlMy[" = 2| DMy |” — 2R| Myl
Applying the maximum principle to the equation, we have
Corollary 1.9. [Ham88] If R > ¢ > 0 then
|M;;] < Ce™
for some constant C'. Hence |M;;| — 0 exponentially.

Theorem 1.10. [Ham88] If M is diffeomorphic to S*, then for any metric g with
positive Gauss curvature the solution of the Ricci flow exists for all time, and g

converges to a metric of constant curvature.



Theorem 1.11. [Cho91] If g is any metric on S%, then under Hamilton’s Ricci flow,

the Gauss curvature becomes positive in finite time.
Combining the theorems above yields:

Corollary 1.12. If g is any metric on S?, then under Hamilton’s Ricci flow | M;;| — 0

and g converges to a metric of constant curvature.

2 The Main Result and Previous Research

2.1 The main result

Given any metric g; on a topological sphere »; with area 47, we obtain a family of

2-metrics g(t, ) by solving the modified Ricci flow

0
5% = (r—R)gi; +2D;D; [ = 2M,;,

with initial condition ¢g(1) = ¢;.
Let N = [1,00)xX;, Ry be a given function on N, and gy = u?dt*+t%g;;(t, x)dz'dz?

a metric with scalar curvature Ry. Then u satisfies the parabolic equation

0 1 1 R , R
t—u——UQAu+—|M\2u+ “u— = 4 R

2.1.1
a2 2 4 4 ( 0)

For any ¢ € C°(N), we define function ¢,(t) and ¢*(¢) by

o(t) =inf{p(t,z) 1z € 31}, ¢*(t) = sup{p(t,x) : x € X1}

Theorem 2.1. Assume that Ry € C*(N) and the constant K is defined by

t 2 t M *2
K = sup {—/ (E — —RN> exp(/ &ds)dt’} < 0. (2.1.11)
1<t<oo 1\ 2 " 2

Suppose that there is a constant C > 0 such that for allt > 1 and I, = [t,4t],

C (o)
Rl < S and / Ry |82t < oo.

1



1
Then for any function o € C**(3)) such that 0 < ¢ < \/_E’ there 1s a unique
positive solution u € C*T(N) of (2.1.10) with initial condition u(1,-) = ¢(-). such

that the metric gn = u?dt* + t>g(t) on N satisfies the asymptotically flat condition

C
|95 — dap| + t|0agiy| < - bc=1,2,3 (2.1.12)

t—oo 477
mannian curvature Rmy of the 3-metric gy on N is Holder continuous and decays

1 t
with finite ADM mass and mapy = lim —j{ 5(1 —u % do. Moreover, the Rie-
p3M

as |Rmy| < et

Theorem 2.2 (Black hole initial data). Let Ry € C%(N). Further suppose that
Rnt? < R for 1 <t < co. Then there exists u=' € C***(N) such that the metric gy
constructed in the previous theorem has curvature uniformly bounded with outermost
totally geodesic boundary 3.

Let 0 < n <1 be such that

R o
0< [5 - ERN]tzl <(L—n)". (2.1.13)

Then there is t{, such that for 1 <t < t,

t—1

0<u?(t) < ;

(1—n)~"

2.2 Previous research

It is shown in [Bar93] that a quasi-spherical metric g can always be expressed as
g = uldr® 4 (Bidr + ro1)? + (Bodr + 10y)?

where do? = 0% + 032 is the standard metric on the unit 2-sphere. The scalar curvature
is given by

L2erie) = 2—divfu 2 B, — 2 142
2ruR(g) = (2—divp)u (raT Bit;) — ulAu +u 1+T@waﬁ

1 1
—BadivB; + 2divg — 5 (divB)® — 7|8 + Bjal” (2.2.14)



where -; is the covariant derivative of do?. Consider u is an unknown function.
Prescribing scalar curvature could be viewed as solving a semilinear parabolic equation
for u. If R(g) is determined by the Hamiltonian constraint equation (1.0.1) and f; is
regarded as prescribed, then solving (2.2.14) leads to a solution to the Hamiltonian
constraint. Bartink has studied global existence theorems for (2.2.14). With suitable
decay conditions on the prescribed fields f3;, these results give asymptotically flat
solutions of the Hamiltonian constraint with either black hole H = 0 or regular
center r = 0. The main theorems generalize Bartnik’s work on constructing metrics
of prescribed scalar curvature. Instead of assuming quasi-spherical foliation, we study
the metric with prescribed scalar curvature constructed by a foliation from solutions

of Hamilton’s Ricci flow.

2.3 Outline of the proof

Given a Riemannian surface (X1, ¢1), Hamilton’s Ricci flow gives a smooth family of
metrics g(t). We consider the warp product metric gy = u?dt? + t?¢(t). By viewing
R(gn) = Ry as prescribed scalar curvature and w as an unknown function. Let
w=u"?and m = %(1 —u~?). In Section 3.1 we derive the semi-linear parabolic
equation for u and the equivalent equations for w and m which will be useful in the
proof of a priori estimates and decay estimates. Section 3.2 is devoted to proving the
existence and uniqueness of the solution. Since the equation is semilinear, following
from Schauder theory and implicit function theorem, we have the short-time existence
of solutions. Long-time existence of solutions follows from a priori estimates obtained
by the maximum principle and the Schauder estimates for v and m. The asymptotic
behavior of the solution is not controlled. In Section 3.3 and 3.4 we describe conditions

on Ry which ensures existence of solutions satisfying the boundary behavior.
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3 Proof of the Main Result

We consider the metric
gy = u*dt* + t2g;;(t, x)da' da?

and look for u so that the metric gy has the prescribed scalar curvature Ry, where
gi;(t) is the solution to the modified Ricci flow and thZ-j is the induced metric on ¥,
which is the level surface ¢ =constant. By straightforward computation, we obtain
the parabolic equation (2.1.10) for u, where R is the scalar curvature of g(¢) on each
leaf ¥, | M| is the length of M;; with respect to the metric g(t), and Ry the prescribed

scalar curvature.

3.1 The equation with prescribed scalar curvature

In this section we derive the equation of foliation with prescribed scalar curvature.

Lemma 3.1. The metric g = u?dt* + t?g(t,x) has the scalar curvature Ry if and

only if u satisfies

ou 1, t? 1 R t*Ry
5 5U u+4| |u—|—2u 4u—|— a

and the second fundamental forms hi;, i,5 = 1,2 of X, with respect to the normal

10 . )
v = —— are qiven
u Ot g y

1/1 )

In particular, the mean curvature, H, and the norm squared of the second fundamental

form |A|, are given by

2 2 M,
H=—, and |A|2=——i-| |
tu

1292 u?2

(3.1.15)

respectively.
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Proof. The second fundamental forms measure the change of the metric along the

normal direction. For all 7,7 =1, 2,

g 0 10
hij = g (Va7a7) = 3
1 1 /1 9
= —2ua39Nij = a (?CJNU +t Mz‘j) :

Direct computations show that

|2
H:%, and |A|2:%+%.
Also for j,l,p=1,2,
3 L 3 1
Iny = 59N (0j9n3 + Oigna; — Osgn ) = —Ehﬂ,
Tny = %QN?’S (O39ns + O1gngs — O3gnig) = %%,
FN%?, = %933(83%\133) = %83%
Lnh = %ng 1 (39N g + OGNz, — Oggnz) = ugnthiy,
Lyf = %ngq (0598 g + Oigng; — Oggn i) = .
From above, the curvature tensor RNgjz is
Rygy = 0sDnj — 0,0 + Dng, DN + DngsDng — Dng, Uty — D lvia
= _%% - % (8?lu - apUFNg?l) + gx hahjp-
Thus the Ricci curvature Ryj is
Q%RNgjz = —lgjlathjl - LAU +]A]?
u t2u
= —%%H—%Au— |A% (3.1.16)
The Gauss equation to ¥; shows that for any ¢, j,k,[ = 1,2
IR gN BN = 5; — H? + |A]? (3.1.17)

t
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where R is the intrinsic scalar curvature of ¥; with respect to the metric g(¢,x).

Combining the above two equations, we have the scalar curvature Ry of gy,

Ry = QQ%RNggl"i‘gNgNRkal

10 R
= —2-—H - Q—Au —2|APP+ = — H? + |A]?
u Ot
1 2 2
_ _2_2 o Aus E_ 2y __2 M|
u ot t2 t2 tu t2u? u?
4 Ou 2 R 2 | M |?
= —— - — — - = — ) 3.1.18
tud ot t?u ut 2 t2u? u? ( )
We rewrite the above equation as
ou 1 t? 1 R t? Ry
t— = —u’A —|M|? —u— —ud 4+ ——u.
5 = 5 u+4| |u+2u 4u+ T
m

3 we will look at w = u~2 to obtain the

In order to eliminate the nonlinear term w
t
C° a priori bounds. We also introduce m = 5(1 — %), which will be important for

obtaining decay estimates of u.

Lemma 3.2. The equations for w and m are

1 3 12 R 2
= S-Aw— S |Dul’ = { Z[MP+1 = - = 1.1
tOpw 5, A 2\ w| ( |M|* + )w—i— 5 2RN, (3.1.19)
2 2 2 2 t tR
tom = 5u Am—i——|Vm| — —\M| m—|— |M\ +t35-T
t3
+4RN (3.1.20)

Proof. Straightforward computations give that

ow 2 Ou 2 2 6 9
TR T Vw = —EVU, and Aw = —EAu—l— E[Vu] .

These identities together with equation (2.1.10), we have

ow 1 3 R
—=—Aw-— —|Dw]* - [ =|M* +1 =——-—=
ot 2w 4w2| vl ( P+ )w+2 RN
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Similarly, for m = %(1 —u?)

om 1ou 1 5
o o Tl T

t t t
Vm=—=Vu, and Am=—Au-— 3—4|Vu|2.
u u u

Therefore,
om t t? t3 t tR
t— = —Au— —|M|? —|MP4+ - - =+ =
ot g T I MIm A M+ 5 ==+ 7R
1, 3 t? t3 t tR t3
= —u’A = - — —|M? —|M|? - - —Ry.
S U m+2uVu vm 2| |m—|—4| |—|—<2 4)+4RN

3.2 Existence for prescribed scalar curvature

By specifying the initial condition u(1,-) = ¢(+) and solving the parabolic equation
(2.1.10) for u, there exists a unique solution u such that the metric gy = u2dt?+t2g(t)
has the desired scalar curvature Ry. In this section, we describe conditions on Ry
under which the existence and uniqueness of the solution u can be established.
Suppose  is a solution of (2.1.10). Applying the maximum principle and Schauder

theory, we have the following a priori estimates.

Proposition 3.3. Suppose u € C*t*( Ay, 4,)), 1 < to <ty is a positive solution. Then

forty <t <ty we have

) = O (1) exp (— | ds>

t ts|M|,2
W) < ()P exp (— [ ds>
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If we further assume that Ry is defined on Ap ) such that the functions

1 ["(R " , "M ,

t 2 * t 2
() = 1/ <§ — t—RN) (t') exp (—/ %ds) dt’ (3.2.22)
i), \2 72 L2

are defined and finite for all t € [tg, 00), then the estimates may be rewritten as

u () > 6.(t) + o (u*(to) > — 6.(to)) exp <_/t SUZ‘—* d8>

t 0

W w) < 80+ D (ualto) — 8 (1)) exp (— / %d)

t 0

Proof. From Lemma 3.2 the parabolic equation for w = u~2 is

1 3 2 R
tow = —Aw— —|Dw|* — =|M|*w — — — —Ry.
= gy Ar T elPel = SIMPe — w5 = SRy
Consider the associated ordinary differential equation,
df t2 * R
= = —(=|M]P+1 — =
= - (Ghre) e (3-5m),

with initial condition f(tg) = tow.(to).

Using the integrating factor method, we have

d ts| M|+ R ts| M|
— |t —d == - = —d
dt( exp (/to 5 s|f (2 2R]\;)*exp /t0 5 S

tS x2
ft) = %exp <—/t |A;[| ds)
t 2 g 2
X (/ <§ — %RN> eXP(/ |MT|d3)dt/ + f(t0)>

1 ["(R * "M
= = ——— - ds)dt’
JACR AL

and
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Applying the parabolic maximum principle to the equation,

dw 12 R t?
> (S IMPP+1) w, =
tdt > (21 ]+>w+<2 RN)

t? * R ¢t
> —( —=|M]?P+1 N —— —R
> - (e ) v (3 -5)
we have w, > f. Hence

PAtw) > 600+ 2 (i) — b.(10) exp (— [ ds>.

Similarly, applying the maximum principle to w* we get the upper bound of u =2

We also need the following interior Schauder estimates.

Proposition 3.4. Let I = [1,t1] and I' = [to,t1] with 1 < ty < t1, and suppose

u € C*(Ay) is a solution in A; with a source function Ry € C*(A;), and
0<dy <u2(t,w) <8t forall (t,x)€ A

for some constant éy. Then with m = %(1 —u~2%) as above, there is a constant C,

depending on to, t1, do, |m||o.r, ||M||a.1, ||Rllax and ||Ry||ar such that
|m|]24ar < C. (3.2.23)

If Ry € Ck+a(AI), k € N then there is a constant C depending on to, t1, do, || M ||k+a.r1,
|| R||k+a1, and ||Ry||ktar such that

Hm’|k+2+a7[/ S C (3224)

Proof. In local coordinates (:z:l, x9) on ¥, the Laplace-Beltrami operator is given by

—det e <\/ gg" ) Hence
2

Ay = 9 Jaetaai O
WAL = maxi( det g9 aa;a'>
0 (4 0u 9] u? —— i Ou
- Ort (u J &%*j) or’ (x/detg) ( det g9 dxi )
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0
Let t = d — =t=.
e e, and so 5 = Uap
ou ou 1, t? 1 R t? Ry
B 5 = gt AuTt | |u—|—2u Wt
0 (1, . 0u 0
- : U_—— ) — — vd
Oxl( " 8903) Ozt <2\/det )( et 99" Oz J)
2
1
L|M|2u+§u—§u3+%u3
= aia(mtuau)—a(xtuau)
Xt
where
1
a'(z,t,u,p) = u2g”pj
and

1 .
a(x,t,u,p) = (y/det 99" pju >8xl (W) + ugpp;
L R, Ry,
2t 4t 4 '

By the assumption, a’p; > Clp|?, |a;| < C’'|p|, and |a| < C"(1+ |p|?) for some positive
constants C, C’, and C”. Applying Theorem V.1.1 in [LSU68], we have

l|ullarrr < Cy

for some 0 < o < 1, & = /(d) and Cy = Ci(to, t1, 00, || Rl|o.1: || M ||o.1, || Bnllo,1)
where I' C I" C I.
Without loss of generality we may assume o’ < «. The usual Schauder interior

estimates, Theorem IV.10.1, in [LSUGS8| give
lullotarr < Co(Cr (| Rlfa,r, [[M ][a,r, || Ruvl]a,r)

Apply the Schauder estimates again to (3.1.20)

t tR  t°
5 a1 Tgf
The desired estimate (3.2.23) follows, and (3.2.24) follows by the usual bootstrap

t? t?
toym = —uzAm—{——]V 2 _E‘M’2m+Z|M‘2+

argument.
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The short time existence of solutions to (2.1.10) follows from the linear Schauder

theory and a standard implicit function theorem argument.

Proposition 3.5. Let [ = [tg,t1], 1 <ty < t; < o0, and Ry € C*(A;). Then for
any initial condition

U(t0,$) - SO(‘T>7 S Z17

where p € C**(X) satisfies
0<d <@ 3x)<do,t, weX,

for some constant 0y, the initial value problem has a solution u € C***( Ay, 19+1) for

some T > 0, where T depends on ty, 0o, ||M||a.1, ||Rllazs ||BN|lar, and ||¢]]2.q-

Theorem 3.6. Assume that Ry € C*(N) and the constant K defined by (2.1.11).
Then for every o € C**(%;) such that

1
0<pr) < —=, forallxe X, 3.2.25

there is a unique positive solution u € C***(Ap ) of (2.1.10) with initial condition
u(l,:) = ¢(+). (3.2.26)
Proof. The upper bound of (3.2.25) implies

1

t %2
5.+ 7 (" (1)) 7 exp (-/ 3“‘;' ds) >0 forall ¢ > 1. (3.2.27)
t

0
Since the equation is parabolic, by Proposition 3.5 and 3.4, there is € > 0 and u €
C*"*(Ap1+q) satisfying the initial condition u(1) = ¢ on [1,1 + ¢ for some € > 0.
By Proposition 3.3 and (3.2.27), there are functions 0 < d1(¢) < d2(t) < o0, 1 < t,

independent of €, such that
0<d(t) <u?(t,xz) < 6(t) forall tec[l,1+¢€.

Let U = {t € R" : Ju € C*"*(Ap 144) satisfying (2.1.10) and (3.2.26)}. The local

existence Proposition 3.5 guarantees U is open in RT. Since [1, 141¢] is compact, there
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is dp such that 0 < &y < u=2(t,z) < &' for all (t,2) € Ay 144. From the interior
estimate (3.2.23) of Proposition 3.4, we have an a priori estimate for |[u(14¢, )||2.4. By
Proposition 3.5 the solution can be extended to A 14447 for some T" independent of u,
which shows that U is closed. Hence u extends to a global solution u € C*™*(Ap o).

O

An immediate corollary of Theorem 3.6 is the existence of extension metrics having

boundary >; with prescribed positive mean curvature.

Corollary 3.7. Let Ry and K be as given in Theorem 3.6. Suppose H € C%(%;)

satisfies
H(z) > 2VEK for all z € %y.

Then there is a metric gy with scalar curvature Ry having boundary Y, with mean
curvature H.

2
Proof. Let p(z) = m Then the assumption
x

2
H(z) = — >2VK forall z € %. (3.2.28)
()
: : . 1 : : :
is equivalent to ¢*(z) < \/—E Theorem 3.6 shows that there exists a unique solution
u € C?T*(N) to the initial value problem, and the resulting metric has boundary ¥,
with mean curvature H by (3.1.15).
[l

Remark 3.8. Blowup is possible for the initial value problem, and the condition
1
(8.2.25) is nearly optimal. If the initial condition p(x) > —= for all x € ¥4, then

VK

the solution u will blow up within finite time.

Proof. The lower bound from Proposition 3.3 shows that if u(t, z) is a positive solution
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on Ay then,

L [f"(R t? \° " s|M|,
-2 < Z -z _ s i Sl /
u “(t,z) < ; /1 (2 5 RN> exp( /t/ 5 ds)dt

1 ts|M|,”
+=(1); % exp (—/ S|—|ds>
t L2

1
Since p(z) > —, there exists to > 1 such that

VK

1 [ /R 7 " ts| M| 1 to 5| M|,>
- ~ - —R — [ T=ds)dt 4 S (1) —/ T 0.
t/1 (2 5 N) exp( /t 5 ds)dt’ + (1), " exp Ty B <

This shows that there can be no solution on A4, and there is a maximal 7', 1 <

for all (t,z) € A.

T <ty so that the solution exists on Ap 7 and hII% sup u*(t) = oo.
t—

3.3 Asymptotic metric behavior

Under suitable decay conditions on the prescribed scalar curvature, we can further
obtain the asymptotic flatness of the resulting 3-metric gy so that ADM mass is

well-defined [Bar86].

Lemma 3.9. If Ry is given such that
/ |Ry|*t*dt < oo,
1

then there is a constant C such that for allt > 1

1 % <5 <) <1+ g (3.3.29)

where 6,(t) and 6*(t) are defined by (3.2.21) and (3.4.38).

Proof. Using

le7 — 1| < 2|n] for |n| < 1,
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we see that

t t %2
/exp —/ s|M]| ds | dt' —t
t t %2
/ exp / Mds —1dt' — 1
T2
< c+2/ / M e

Since R converges to 2 exponentially, we have the integral

* (R—2\"
——) dt < .
[ ) e

This together with the curvature assumption implies that for ¢t > 1,

t R t12 >* t S|M‘2
———R ') exp (—/ —*ds) dt’
) (2 3 v | () .2
t

<

5(t) =

)
t
1 "M :
= z[ exXp (-/t/ TdS dt
2 t? " " s|M|?
—l——/ (R— - —RN> (t') exp <—/ Mds) dt’

C
< 14—
< I+ /

for some constant C.

C
Similarly, 6.(t) > 1 — 7 Thus

1_§<5<)<5*(z)g1+%

for ¢t > 1.
O

Theorem 3.10 (Asymptotic flatness). Let u € C*T*(N) be a solution of (2.1.10).
Suppose that there is a constant C > 0 such that for all t > 1 and I, = [t,4%],
C [e.e]
[|RNt o, < 7 and/ |Rn|*t?dt < co. Then gy satisfies the asymptotically flat
1
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condition (2.1.12) for t > to, where ty and C' are some fixed constants. Moreover,
the Riemannian curvature Rmy of the 3-metric gy on N s Holder continuous and
C
decays as |Rmy| < — 5 and ADM mass can be expressed as
lim — t(1 ~2)d (3.3.30)
MADM = ; Iilo I 2 U g. 0.

Proof. We compare gy with the flat metric gr = dt? + t?gg2, and get
gy — gg = (v — D)dt* + 3 (g(t) — gg2).

Since g(t) converges to the round metric gsz exponentially, to prove the asymptotic

flatness (2.1.12) of the metric gy, it suffices to show that
: c
|u® — 1| + [tOyu| + |Viu| < - 1= 1,2.

Define a(t,z) = u(rt,z). Observe that u € C***(A[,4,) satisfies (2.1.10) if and

only if @ on the interval [1, 4] satisfies

S

ouw 1
t— = —0*Ad —M2~
5 = 2 a4+ —|M|*u +

where M(t,z) = TM(tt,z), R(t,z) = R(rt,z), and Ry(t,x) = 2Ry (7t,2).

(3.3.31)

Applying Proposition 3.4 to @ on the interval [1,4], and then rescaling back, we

obtain ||ul|o4a,r < C, and
Imllosars < Cllmllor, +Cr ([T M|lar, + IR = 2llaz, + [T By |lar), (3.3.32)

where I’ = [27,47], and C is independent of u and 7. The bound (3.3.29) controls
||m|lo.r.. M converges to 0 and R converges to 2 exponentially fast. This, together
with the decay assumption ||Ryt?||o.r, < C/t, controls the second term of (3.3.32).

Hence there is a uniform bound
[[m|]24a,r < C, forall 7> 1.

Expressing this in terms of u and derivatives of u gives

_ C
11 =l + [70rtllary + [ Vullaz, + [1Vullazy < —
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2

The estimates for 1 — u™> and Vu show that gy is asymptotically Euclidean in the

sense of (2.1.12). The estimate for V2u, together with the expression (3.1.16) and
C

(3.1.17), shows that Ric € C%*(Aj ) and |Ric(t, z)| < et Since N is of dimension

3, the Ricci curvature determines the full curvature tensor. The Riemannian curvature

C
on N is Holder continuous and decays as |Rmy| < e

Instead of the rectangular coordinates, we choose the coordinates {x%} = {z!, 22, t}
which will be the usual spherical polar coordinates at t = oo. Following from [Bar86]

that ADM mass of N is uniquely defined by

1

_ . abv— FE E/ _ab c
MADM = Ton tliglo g (QE Vigny — Ve (9% gNab)) do®,

where

9WVEgNe = 9EVEanss + 95 Vignas + 95 Vs gnis + 95 Vignis + 95 Vs INas
= 9%3(839N33 - 2FE§39N33> + 9}52(819N23 —I'eY99nas — TE139N24)
+91152(829N13 - FE(IZQQNa?) - 1—‘E62L39N1a)
+95 (019815 — TES 19N a3 — Iel39814)
+97 (D29n23 — TES39N s — I'B%39N24)

V3E(trgE9N> = 83(9E339N33 + 29E12£7N12 + gEngNu + 9E229N22>-

For 7,7 = 1,2, the connection of the Euclidean metric gg is given by

1

My = Lot -0
1
Tiiy = 508 (9gjs + 039i5 — Os93)
1 E
= 58391']‘7
1 3
7 ia E E E
Upjs = ) Z 9E (ajg?;a + 03950 — aagj?,)
a=1
1
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1 3
el = 5D 05 (%), + 0195 — Dagi)
a=1

1 2
= 5ok Dk + 098 - A9
=1

Since g¢(t) converges to the round metric gg» exponentially, gy, and |M;;| converge

to zero exponentially, and gy converges to gg. Thus by the definition of ADM mass

16mmapy = tlim (g%bvngbc - Vf(Q%ngab)) do°
© Jv,
= tlim 9}152(_FE?1)29N33 - F15%39N22) + 91132(_FE?1)29N33 - FE%z’)gNn)
o0 Et

+95 (—Tei1gnss — FE%39N11> + 95 (—TE3gnss — FEg?,gsz)

—05(295" gn1s + 92" 9N + 9B IN ) }u_2t2da

. 1 1
= lim 95 | 2059119nss — =95 O39119n 11
t—o0 ¥, 2 2

1 1
+gp* <§039529N33 - 59%233952%22) + 95 0591195 gn 11

2

2 _
970393505 IN 22 — gi};gzvu — 9125’2¥9N22}U *t*do

= lim ¢ 2t(1 —u ?)do.

t—o00 oM

Hence

1 [t i
mADM_tlggoE]{Etﬁ(l_u )do.

Observe that from equation (3.1.20)

d 1, 3u? O AR
pr Etmda = oY Am+2—l€2|Vm| —§|M| mdo
t? 1 R ¢
P+ -2 4 LRy
4§ LIMP 45—+ S Rado

3u?

1 t
- —fﬁuﬂvmﬁ 4 2 mP — LM Pmdo

t? 1 R t2
MR+ (=== )+ = .
+7{4’ | —|—<2 4)+ 4RNdO'

Since u, m, amd Vm are bounded, and |M| decays to zero exponentially, the first
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term is integrable on (1,00). The decay condition / |Ry|*t*dt < oo ensures the
1

second term is also integrable on (1, 00). Therefore the limit in (3.3.30) exists. [

Collecting the above theorems, we summarize as follows.

Theorem 3.11. Assume that Ry € C*(N) and the constant K defined by (2.1.11).
Suppose that there is a constant C > 0 such that for all t > 1 and I, = [t,4t],
1R, < % and /oo Ry |2t < oo.
Then for every ¢ € 1(3’2’a(21) such that
0<p(x) < L, for all x € ¥4,
VK

there is a unique positive solution u € C*T*(N) of (2.1.10) with initial condition

such that the metric gy = u?dt*> + t2g(t) satisfies the asymptotically flat condition
(2.1.12) with finite ADM mass (3.3.30). Moreover, the Riemannian curvature Rmy

of the 8-metric gy on N is Holder continuous and decays as |Rmy| < e

Let (£2,9) — M be a compact three manifold with smooth boundary 3. The
Hawking quasi local mass my(X) is defined by (see [Haw68])

my (L) = \/@ (1 — % /HQda) :

Remark 3.12. Although %, are not round spheres, the Hawking mass my (%) ap-
proaches ADM mass of the asymptotically flat 3-manifold N as t — oo.

Proof. Since the area of ¥, is normalized to 47 and the Ricci flow preserves the area,

2
we have the area A(X,) = 4nt?, the mean curvature H = ™ for each leaf ¥;.
u

1 12 Rt
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Therefore the Hawking mass my(3;) is given by

ma(Ee) = A1<67r (1_16 /H2 )

[]

Remark 3.13. The Hawking mass my(%;) is nondecreasing in t. In particular, if we
impose the initial condition u(1)™' = 0, i.e., minimal boundary surface, and assume
that Ry > 0, then ADM mass is bounded below by

N) > oy 220 2
mapu(N) 2 5\ == =5

Proof. From the calculation above, the Hawking mass of ¥; can be expressed as

t 1 L
my(3;) = 2 (1—E/u da)
t 1
= —|1—-—— do | .
2 ( 47r/w U>
The equation for w in Lemma 3.2 is

t 12
tow = —Au——|M\2m+ |J\4|2
2u 2

By direct computation, we see

d 1 1 1 0

1 1 1 0
1 1 1 1 2 2

= - - — do — — “Au— —|MPPw — ——— d
2 sr) " 8 ( u= G IMPw— w5 QRN)U

t2
_ —/ Lt P+ RNda

= 8—7T/u_2|Vu|2 + §|M|2w+ §RNdU > 0.
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3.4 Minimal surface interior boundary

Another advantage of having the foliation by the modified Ricci flow solutions is that
the scalar curvature R on each X; evolves by

oR
E = Ag(t)R + R2 — 2R

Using the maximum principle we can show that if R > 0 is preserved under the
flow. Moreover R becomes strictly positive immediately. This allows us to construct
asymptotically flat time symmetric initial data on N = [1,00) X ¥; with totally

geodesic boundary ¥; with non-negative Gaussian curvature on (X1, g1).

Theorem 3.14 (Minimal surface interior boundary). Let Ry € C%(N). Further
suppose that Ryt*> < R for 1 <t < oco. Then there is u=' € C?*T®(N) such that
the constructed metric on N has curvature uniformly bounded on Ap g with totally
geodesic boundary Y.

Let 0 <n <1 be such that
1-n<R—Rylimr<(1—n)" (3.4.33)

Then there is t{, such that for 1 <t < t,

Claem <um < T la -

To prove Theorem 3.14, we need the following three Lemmas. First, we introduce

the rescaling transformation

t
u(t) = “t—f——lu(t +1) where t € (0,00),

and obtain a parabolic equation for @ (Lemma 3.15). Secondly, the equation of @ has
the same form as the u-equation. We show that for the solution u exists for all time
[tg, 00), Lemma 3.16. In Lemma 3.17, by applying Arzela-Ascoli theorem and taking
a convergent subsequence of solutions %, on interval (e,00), we show that there is
a global solution u on (0,00). Note that the global solution here is not necessarily

unique.
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t
Lemma 3.15. Define u(t) = ”t—i——lu(t—{_l) fort > 0. u satisfies (2.1.10) on (1, 00)

if and only if 4 on (0,00) satisfies

ol 1, 2 - 1. R t’Ry
20 = Z@PAG - Mo g — e Vg8 4.34
tat(t) 5 u~|—4| |u+2u R (3.4.34)
where the fields M, R, and Ry are defined by
~ t+1
M) = %M(tJr 1),
R(t) = R(t+1), and (3.4.35)

t’Ry(t) = (t+1)*Ry(t+1).

Proof. By substituting the parabolic equation (2.1.10) of u, we get the evolution

equation of u

t%(t) _ (#)3(t+1)%(t+1)+2(t11) tilu(tﬂ)
o e e e
—l—%t_i_% H%u(t—l—l)
— %mfa + %MP& + %u - ?fﬁ + tzf%?

]

Lemma 3.16. Suppose ty > 0, Ry € C(N) and Ryt?> < R for 1 <t < oo. Then
for any ¢ € C**(%4), there is a positive solution & € C*Y*( Ay, «)) of (3.4.34) with

initial condition u(to, ) = ¢(+).

Proof. Define K as
2

~ 1 (R 2 Y o M|
K = sup ——/ L t—RN (t") exp(/ s\M] ds)dt' .  (3.4.36)
to<t<oo toJo \ 2 2 . to 2

Since Ryt? < R for 1 <t < oo, and R and Ry are defined as

R(t) = R(t+1), and

t*Ry(t) = (t+1)?Ry(t+1),
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we have
t?Ry(t) < R forall 0<t< oo,

and thus K = 0.
Observe that the @-equation is of the same form as the u-equation (2.1.10), except
that M is defined by (3.4.35). Following by the same argument in Proposition 3.6,

the solution @ exists for all time t5 <t < co.

]

The rescaled scalar curvature Ry is defined on A(0,00)- Define functions o, (t) and

S* (t) on A(on)

- 1 [P (R 2. t N

’ - = o ! - - ! 3.4.37

0.(t) t/o <2 2RN> (t)exp( /t, 5 ds | dt ( )

~ t(p 2 \" t oI V7|2

F) = 1+ / B_TR0) @)esp (- / SIME i) ar (3.4.88)
tfo \2 2 v 2

Applying the maximum principle to the (3.4.34), we obtain a priori estimates for @

N tS|M|*2

a?(tx) > b.(t)+ %0 (ﬂ*(to)_2 — 5*(t0)) exp (—/t

0

ds> (3.4.39)

i (ta) < 800+ 2 (i) - 5 (1)) exp (- /t %@) (3.4.40)

Lemma 3.17. Suppose that Ry € C*(N) and Ryt* < R for 1 <t < oo. Then there
is a solution & € C***(A(o,00)) Of (3.4.54) such that for all (t,z) € RT x £,

1 1
— < a(t,r) < ——, (3.4.41)
d*(t) 9.(1)

Proof. The curvature assumption Ryt? < R for 1 <t < oo implies that
0 < 0,(t) <0*(t) < oo forall t>0.
Let o, € C*%(%;), 0 < € < 1 be any family of functions satisfying

0.(€) < ¢ (x) < %(e).
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Let . be the solution of (3.4.34) on A} ) with initial condition ¢.. The existence of
the solution to the initial value problem is shown in Lemma 3.16. From the a priori

estimates above (3.4.39) and (3.4.40) we have solutions @, are bounded and

0.(t) < @i 2(t,x) < 0%(t), €<t < oo,

for all 0 < e < 1.
Now suppose tq > 0 and v € C?*T(A;), I = [ty,4to], is a solution of (3.4.34)

satisfying

0. (1) <v2(t,x) < 6*(t), foralltel,

and define 9(t, x) = v(t/ty, z). Spplying Proposition 3.4 to © on the interval [1,4] and

rescaling back, from (3.2.23) we obtain an estimate of the form
||U| |2+a,]’ S Ca Il = [2t07 4t0]7 (3442)

where C' is a constant independent of v.

Applying (3.4.42) to 1, , we obtain an uniform bound of ||tc||21q,[2¢,00)- By Arzela-
Ascoli theorem, there is a sequence ¢; — 0 such that {,} converges uniformly in
C*t(A;) for any compact interval I C R to the desired solution @ € C?T*(R* x X;).

O

Proof of Theorem 3.14. Lemma 3.17 gives a solution & € C*T*(A(g)) to (3.4.34),
bounded by

0 < 6.(t) < a~2(t) < 6*(t),

where 0, (t) and 6*(t) are defined by (3.2.21) and (3.4.38), using M, R, and Ry. Since
M| < Ce™ for some constants ¢ and C, and (3.4.33), there is a small e such that
on (0,6) 1—n<R—t*Ry < (1—n)"}

1 t t M*Q

_/exp (—/ s|M]| ds) dt! < 1, and
t 0 tl 2

1 [t tsN),

—/exp —/ T ds|dt! < 1.

t J, L2
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It shows that on (0, €)

1—n<d.(t) < 6°(t) < (1—mn) " and

< 2m(t) < nt

t 1
where m(t) = 5(1 —a2(t)) =m(l+1t) — 7 The rescaling estimate (3.3.32) applied
to m shows that the covariant derivatives of m decay,
V()] + [V?m(b)] < Ot - 1).

It follows that the curvature of gy is bounded on Ap .

]

Remark 3.18. Let i € C***(A(4,)) be a solution constructed in Lemma 3.17. Then

u 18 unique in the class of solutions satisfying
lu — 1] < Ct°
for some e >0, C' and all 0 < t < ty.

Proof. Suppose that @; and sy are two solutions of (3.4.34). Let v = my — my where
t

m; = 5(1 —@;%),i =1,2. From Lemma 3.2, the equation for v is given by
vt -
tE = 5( CLAT — Uy AT — §|M|2U.
d ~
t% j{v2do = — j{ | M [*v*do + j{tv(ﬂllAﬂl — Gy Atlly)do

= —]{|J\~4|2v2d0
~ . ~ 12 ~ 19
+tj{—Vv <&) + Vv (@) + v (|V~u21| ) — v (|V?22| )da
Uy Ug uj Uy

~2~2 ~2~2
+tj4 U1tz {(t ity — 1) (|W|2 + “232 |Vv|21)2)

. . ~9~9
+V(my + my) (V;ul + V~u2 + ulquVu) v2}.
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There exist some constants C' and ¢ such that
t% vada < C’j{ (e + ([Viul + Vi) 2 + |olt™*)) v*do.

Since @; and @y are given in the class |a — 1| < Ct€,

luy — 1| + |uy — 1] < Ct°,
and then

lv| < |my| + |[me| < CHTE

The rescaling estimates of m give

(V| + [Vmg| < Ot
Therefore we find that

d
p f’UQdU < Ct1+2€7{1)2d0.

By solving the differential inequality, we have

1

for all 0 < t; < ty < ty. Since v — 0, 7{ v*do goes to 0 as t; — 0 and hence v =0,
Sy

v’do < Ceexp (t5° — t7) ]{ v2do

to 3ty

which proves the uniqueness.

O

Corollary 3.19. If we start with the standard metric (X1, gs2) and prescribe the scalar
curvature Ry = 0, then the metric gy obtained from above is exactly a Schwarzschild
1

metric with ADM mass mapy = 5

Proof. Since the initial metric is the standard round metric, the modified Ricci flow
doesn’t change the metric and ¢(t) = gs2, R = 2, and M,; = 0 for all ¢ > 1. Since
Ry =0, the rescaling fields are

R =2, M;; =0, and Ry=0
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for all t > 0. Moreover the a priori bounds 6,(t) = 1 and 6*(t) = 1 for all ¢ > 0.

Hence the solution & = 1 and the metric

1
gN = 1_ ldt2 —|—t2952.
t

4 Asymptotically hyperbolic metrics

The same idea works for constructing asymptotic hyperbolic 3-metrics of prescribed
scalar curvature. Given any topological 2-surface (X1, g1) with area A(3;) = 47. Let
N =[1,00) and

gy = u?dt® + sinh® tg;;(t)da'dz’

where g(t) is the solution obtained by the modified Ricci flow with initial metric

9(1) = g1.

Similar calculations show that the second fundamental forms h;; on each leaf ¥,

10 0
hij = —gn (mva)
_ (o
n 2u (‘3tg”

1 ht

are

w \ sinht

In particular, the mean curvature H and the norm squared of the second funda-

mental form h are given by

o 2coshtl
~ “sinhtu’
2
AP = 2cosh t 1| My
sinh? ¢ u? u?

respectively.
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Also,
BBy = P~ Aut |AP
NS I L sinh?t
1 0
= ———H-2JAP - ———A Al?
u Ot 4] h2 ut|4]
10 1
= ———H— ——— Au— |A]?
u Ot wsinh?¢ u— |4
2cosht Ou 2 1
= P - Au — |A]?
w3 sinht Ot * u2sinh®t  wsinh?¢ u— Al
and
R 2 2
QNQNRNkal h2t —H” + |A|

where 4, j, k,l = 1,2 and R is the scalar curvature of g(¢) on ;.

The scalar curvature Ry of the metric gy is given by

1
Ry = 295\7RN§]'1+9N9NRN2]I€Z

4 cosht Ou 4 2
w3 sinht¢ Ot * u2sinh?t  wsinh?t “ 4]+ + 14l
4cosht Ou 4 2 R
= — 4 — Au + — H? —|A]?
udsinht Ot  w2sinh®t  wsinh?t sinh? ¢ 14l
4cosht Ou 2 N R N 4 6cosh®t | M2
= — — ——— Au — — .
udsinht Ot  wsinh®t sinh®?t  w2sinh?t  w2sinh®t u?

Rewrite the equation. We have the parabolic equation for the prescribed scalar cur-

vature
0 ht 3 cosh® t M;;|?
cosh?tsinht e = 20020, —cosht + Jcomn t + cosh ¢ sinh? ¢ —2 | u
ot 2 4
1
1 (cosh tR — cosh ¢ sinh? tRN) ,

and the solution u converges to 1 exponentially.
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