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ABSTRACT

Managing Volatility Risk

Innovation of Financial Derivatives, Stochastic
Models and Their Analytical Implementation

Chenxu Li

This dissertation investigates two timely topics in mathematical finance. In partic-
ular, we study the valuation, hedging and implementation of actively traded volatil-
ity derivatives including the recently introduced timer option and the CBOE (the
Chicago Board Options Exchange) option on VIX (the Chicago Board Options Ex-
change volatility index). In the first part of this dissertation, we investigate the pric-
ing, hedging and implementation of timer options under Heston’s (1993) stochastic
volatility model. The valuation problem is formulated as a first-passage-time problem
through a no-arbitrage argument. By employing stochastic analysis and various ana-
lytical tools, such as partial differential equation, Laplace and Fourier transforms, we
derive a Black-Scholes-Merton type formula for pricing timer options. This work mo-
tivates some theoretical study of Bessel processes and Feller diffusions as well as their
numerical implementation. In the second part, we analyze the valuation of options
on VIX under Gatheral’s double mean-reverting stochastic volatility model, which is
able to consistently price options on S&P 500 (the Standard and Poor’s 500 index),

VIX and realized variance (also well known as historical variance calculated by the



variance of the asset’s daily return). We employ scaling, pathwise Taylor expansion
and conditional Gaussian moments techniques to derive an explicit asymptotic ex-
pansion formula for pricing options on VIX. Our method is generally applicable for
multidimensional diffusion models. The convergence of our expansion is justified via
the theory of Malliavin-Watanabe-Yoshida. In numerical examples, we illustrate that

the formula efficiently achieves desirable accuracy for relatively short maturity cases.
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Part 1

Bessel Process, Heston’s Stochastic

Volatility Model and Timer Option



Chapter 1

Introduction to Part 1

1.1 A Brief Outline of Part 1

The first part of this dissertation is motivated by the problems of pricing, hedg-
ing and implementation of timer options proposed in 2007 by Société Générale &
Investment Banking as an innovative volatility derivative. Under Heston’s (1993)
stochastic volatility model, we rigorously formulate the perpetual timer call option
valuation problem as a first-passage-time problem via a standard no-arbitrage argu-
ment and a stochastic representation of the solution to a boundary value problem.
Motivated by this problem, we apply the time-change technique to find that the vari-
ance process modeled by Feller diffusion, running on a variance clock, is equivalent
in distribution to a Bessel process with constant drift. We derive a joint density
related to Bessel processes via Laplace transform techniques. Applying these results,
we obtain a Black-Scholes-Merton type formula for pricing timer options. We also

propose and compare several methods for implementation, including Laplace-Fourier
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transform inversion, Monte Carlo simulation and the alternating directional implicit
scheme for partial differential equation with dimension reduction. At the theoretical
level, we propose a method for dynamically hedging timer call options and discuss
the computation of price sensitivities. As an extension, we consider the valuation of

timer options under stochastic volatility with jump models.

1.2 Introduction: Feller Diffusion, Stochastic Vari-
ance Clock and Timer Option

The financial market exhibits hectic and calm periods. Prices exhibit large fluctua-
tions when the market is hectic, and price fluctuations tend to be moderate when the
market is mild. This uncertain fluctuation is defined as volatility, which has become
one of the central features in financial modeling. A variety of volatility (or vari-
ance) derivatives, such as variance swaps and options on VIX (the Chicargo board of

exchange volatility index), are now actively traded in the financial security markets.

A FEuropean call (put) option is a financial contract between two parties, the buyer
and the seller of this type of option. It is the option to buy (sell) shares of stock at
a specified time in the future for a specified price. The Black-Scholes-Merton (1973)
model [I0} [79] is a popular mathematical description of financial markets and deriva-
tive investment instruments. This model develops partial differential equations whose
solution, the Black-Scholes-Merton formula, is widely used in the pricing of European-
style options. However, the unrealistic assumption of constant volatility motivates
that European options are usually quoted via Black-Scholes implied volatility, which
is the volatility extracted from the market, i.e. the volatility implied by the market

price of the option based on the Black-Scholes-Merton option pricing model. More
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explicitly, given the Black-Scholes-Merton model:
dSt = /.LStdt + O'SthVt,

where p is the return and o is volatility of the stock, the Black-Scholes-Merton formula

for pricing a European call option with maturity 7" and strike K reads
C(U) = BSM(S(], K7 T7 g, T) = SON(dl) - e_TTKN(dQ),

where r is the interest rate assumed to be constant,

1 So 1,
dy = T[log<K)+<r+20)T},

Q

(1.1)

and

Given a market price C); for the option, the Black-Scholes-Merton implied volatility
is the volatility that equates model and market option prices, i.e., it is the value o*
which solves equation

Why and how timer options are developed? As reported in RISK [§4],

The price of a vanilla call option is determined by the level of implied
volatility quoted in the market, as well as maturity and strike price. But
the level of implied volatility is often higher than realised volatility, reflect-

ing the uncertainty of future market direction. In simple terms, buyers of
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vanilla calls often overpay for their options. In fact, having analysed all
stocks in the Euro Stoxx 50 index since 2000, SG CIB calculates that 80%

of three-month calls that have matured in-the-money were overpriced.

In order to circumvent this problem and ensure that investors pay for the realized
variance, Société Générale Corporate and Investment Banking (SG CIB) launched a
new type of option (see report in Sawyer [84], Société Générale Asset Management
[44] and Hawkins and Krol [9]), called “timer option”. With a timer call option, the
investor has the right to purchase the underlying asset at a pre-specified strike price
at the first time when a pre-specified variance budget is consumed. Instead of fixing
the maturity and letting the volatility float, we fix the volatility and let the maturity
float. Thus, a timer Option can be viewed as a call option with random maturity.

The maturity occurs at the first time the prescribed variance budget is exhausted.

There are several advantages of introducing timer options. According to Société
Générale, a timer call option is cheaper than a traditional European call option with
the same expected investment horizon, when realized volatility is less than implied
volatility. With timer options, systematic market timing is optimized for the fol-
lowing reason. If the volatility increases, the timer call option terminates earlier.
However, if the volatility decreases, the timer call option simply takes more time to
reach its maturity. Moreover, financial institutions can use timer options to overcome
the difficulty of pricing the call and put options whose implied volatility is difficult
to quote. This situation usually happens in the markets where the implied volatility
data does not exist or is limited. In consideration of applications to portfolio insur-
ance, portfolio managers can use a timer put option on an index (or a well diversified
portfolio) to limit their downside risk. They might be interested in hedging specifi-

cally against sudden market drops such as the crashes in 1987 and 2008. From the
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perspective of the financial institutions who offer timer options, if there is a market
collapse, the sudden high volatility will cause the timer put options to be exercised
rapidly, thus, protecting and hedging the fund’s value. By contrast, European put
options do not have this feature. With a timer put option, some uncertainty about
the portfolio’s outcome is represented by uncertainty about the variable time horizon

(see Bick (1995) [§ for a similar discussion).

The Feller diffusion (see [1]]), also called “square root diffusion”, is widely used in
mathematical finance due to its favorable properties and analytical tractability. The
earliest application of this process in the literature of financial modeling can be found
in Cox et al. [25] for the term structure of interest rates. Heston (1993) [61] employed
Feller diffusions to model stochastic volatility. As one of the most popular and widely
used stochastic volatility models, the variance process {V;} is assumed to follow the

stochastic differential equation:
AV, = k(0 — V,)dt + oy /VidW, Y, (1.2)

where {Wt(l)} is a standard Brownian motion (in later chapters, we revisit this pro-
cess). Geman and Yor [52] advocate using a stochastic variance clock, which runs fast
if the volatility is high and runs slowly if the volatility is low, to model a non-constant
volatility and measure financial time. Mathematically, the stochastic variance clock

time can be defined as the first time the total realized variance achieves a certain

7, = inf {u > 0; / Vids = b} . (1.3)
0

The distribution of the variance clock time 7, plays an important role. Geman and

level b > 0, i.e.

Yor [52] give an explicit formula for this distribution under the Hull and White [62]
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model for stochastic volatility.

The problems of pricing, hedging and implementation of timer call options under
Heston’s [61] stochastic volatility model motivates our research in the following chap-
ters. First of all, we formulate rigorously the timer call option valuation problem as a
first-passage-time problem, via a standard no-arbitrage argument and the stochastic
representation of the solution to a Dirichlet problem. Motivated by this problem,
we apply the time-change technique to find that the variance process, which is mod-
eled by Feller diffusion, running on a variance clock, is equivalent in distribution to a
Bessel process with constant drift. In other words, we obtain a characterization of the
distribution of (1, V4,). Further, we derive a joint density on Bessel processes and the
integration of its reciprocal via Laplace transform techniques. Applying these results,
we obtain a Black-Scholes-Merton type formula for pricing timer options. We also
investigate and compare several methods for implementation, including Monte Carlo
simulation, the alternating directional implicit scheme for partial differential equa-
tions with dimension reduction, and the analytical formula implementation via the
Abate-Whitt (1992) algorithm (see [I]) on computing Laplace transform inversion
via Fourier series expansion. In the analytical formula implementation, a rotation
counting algorithm for correctly evaluating modified Bessel functions with complex
argument is applied. We propose a method for dynamically hedging timer call options
and discuss the computation of risk management parameters (price sensitivities). As
an extension, we tentatively consider the valuation of timer option under stochastic

volatility with jump models.

The organization of this part is as follows. In chapter ], we formulate the perpet-
ual timer call option valuation problem as a first-passage-time problem. In chapter

B, we investigate the connection between the Feller process and Bessel process with
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constant drift via variance clock time-change, and derive an explicit joint density on
Bessel processes which is needed for characterizing the distribution of interest. In
chapter B, a Black-Scholes-Merton type formula for pricing timer options is derived
as an application of the results in previous chapters. In chapter B, various imple-
mentation techniques and numerical results are presented. In chapter B a dynamic
hedging strategy and computation of price sensitivities are both discussed. A ten-
tative consideration of jumps combined with stochastic volatility in the valuation of

timer options is proposed in Appendix



Chapter 2

Heston Model, Timer Option and a

First-Passage-Time Problem

2.1 Realized Variance and Timer Option

First, we recall the definition of realized variance. Let [0, 7] (T" > 0) be an investment
horizon. Let us define At = T'/n and suppose that the asset price is monitored at
t; = 1At, for i =0, 1, 2, ..., n. According to the daily sampling convention, At is
usually chosen as 1/252 corresponding to the standard 252 trading days in a year.
Let {S;} denote the price process of the underlying stock (or index). The realized

variance for the period [0,7] is defined as
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Next, we introduce the cumulative realized variance over time period [0, 7] as

n—1 2
RVr = nAt- o2 ~ Z (log %) : (2.1)
=0 ti

Upon purchasing a timer call option, the investor specifies a variance budget

B = O'ST(),

where Tj is an expected investment horizon, and oy is the forecasted realized volatility
during the investment period. A timer call option pays off max(Sy — K,0) at the

first time 7 when the realized variance exceeds B, i.e. at the time

L . i Sti ?
7 = min | ty, Z log 5 >B,. (2.2)
ti—1

i=1

Similarly, a timer put option with strike K and variance budget B has a payoff
max(K — S7,0). Without loss of generality, for the problem of valuation, we focus

on timer call options in this dissertation.

According to Hawkins and Krol (2008) [29], timer options are sometimes traded under
a finite time-horizon constraint in practice, by slightly modifying the definition for
the perpetual case explained in Sawyer (2008) [84]. This perpetuity can be regarded
as the limiting case of a long-time horizon constraint. Therefore, even for a timer
option with finite horizon, our investigation on the perpetual case may provide helpful
information for the analysis. In addition, our study motivates some new research in

stochastic analysis.
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2.2 Heston’s Stochastic Volatility Model

Suppose that the asset {S;} and its instantaneous variance {V;} follow Heston’s
stochastic volatility model (1993)[61]. In a filtered probability space (2,P, G, {G:}),
the joint dynamics of {S;} and {V;} are specified as

dS, = pSydt + \/V,S,dB%?, 23)
2.3

AV, = e(0 — V)dt + o,/ V,dB,

where {(Bt(l), Bt(z))} is a two-dimensional Brownian motion with instantaneous corre-
lation p, i.e.,

dBMaB® = pdt.

Here p represents the return of the asset; € is the speed of mean-reversion of {V;}; ¥ is

the long-term mean-reversion level of {V;}; o, is a parameter reflecting the volatility

of {V}.

2.3 A First-Passage-Time Problem

We assume that the sampling is done continuously. Through quadratic variation

calculation in the model of (3), it is straightforward to find that

m St~ 2 t
Al%rilo 2 (logy) :/0 Vids, a.s., (2.4)

1—1

where t = mAt and t; = i¢At. Thus, we define

t
1 ::/ V.ds
0
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as the continuous-time version of the cumulative realized variance over time period

[0,¢]. This continous-time setting motivates the definition of the first passage time:

7 := inf {uZO;/ Vsds:B}. (2.5)
0

Thus, 7 is obviously a continuous time approximation of 7 as defined in (Z2). In
the continuous time setting, a timer call option is regarded as an option which pays
off max(S, — K,0) at the random maturity time 7. In the following exposition,
we represent the no-arbitrage price (in the sense which we explain momentarily)
of a timer call option as the so called risk neutral expectation of the discounted
payoff. Therefore, the valuation problem becomes a first-passage-time problem for

the cumulative realized variance process {I;}.

Timer options are traded in the over-the-counter market, where financial instruments
such as stocks, bonds, commodities or derivatives are directly traded between parties.
The original underlying asset on which timer options are written and the variance
swap constitute a complete market. It follows that timer options can be priced ac-
cording to the no-arbitrage rule as we explain momentarily. In other words, we use
variance swaps as auxiliary hedging instruments. A variance swap is an actively
traded over-the-counter financial derivative that allows one to speculate on or hedge
risks associated with the magnitude of volatility of some underlying product, such
as a stock index, exchange rate, or interest rate. One leg of the variance swap pays
an amount based on the realized variance of the return of the underlying asset (as
defined in (Z200)). The other leg of the swap pays a fixed amount, which is called the
strike, quoted at the deal’s origination. Thus the net payoff to the counterparties
is the difference between the two legs and is settled in cash at the maturity of the

swap. Mathematically, the payoff of a variance swap with maturity 7" and strike K,
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is given by Ny (RVr — Kya), where constant N, is called variance notional which
converts the payoff into dollar terms. For the purpose of computation, we reasonably
approximate the payoff by the continuous-time version of the realized variance as

defined in (Z4)). Therefore, we have that

T
Nvar(RVT - Kvar) ~ Nvar (/ ‘/sds - Kvar) . (26)
0

Demeterfi, et al (1999) [29] initiated the investigation of variance swaps. Broadie and
Jain (2008) [16] thoroughly studied the pricing and hedging of variance swaps under

Heston’s (1993) stochastic volatility model.

To clarify our no-arbitrage pricing mechanism, we briefly go over the notion of the
market price of volatility risk (also known as volatility risk premium) and Heston’s
(1993) [61] original modeling assumption on its particular functional form. Heston’s
(1993) [61] stochastic volatility model comes with the assumption that the market
price of volatility risk takes a special form as a linear function of volatility +/V,.
According to Heston (1993), this judicious choice was motivated by the consumption-
based models proposed in Breeden (1979) [13] and the term structure model in Cox,
et al. (1985) [26]. Though this choice is arbitrary, it becomes a standard for both
academic and industrial research. A thorough comparison of the various specifications
of the market price of volatility risk and a survey of their empirical estimation can

be found in Lee (2001) [Z3].

Under a slightly broader framework, we recapitulate Heston’s (1993) original idea
as a necessary part of our current exposition. We follow the the presentation in
Gatheral (2007) 8] (see page 5-7). Let us consider an arbitrary derivative security
with payoff of the form Pi(S,V,I), where P; is a functional of {(S;,V;,I;)}. For
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example, a European call option with maturity 7" and strike K has payoff P, (S, V, I) =
max(Sy — K, 0). Because of the Markov property of {(S;, V, I;)}, we assume that the

price process of this security {C;} has the form
Ct = U(t, St,‘/t,[t), (27)

for some function u(t, s,v,z) : [0,00) x R? — R, which is of class C*?. We similarly
consider a volatility-dependent security with payoff of the form Py(V, I'), where P, is
a functional of {(V;, I;)}. For example, a variance swap with maturity 7" and strike
Ky has payoff Po(V,I) = Nyor (It — Kpar) as we explained in (0). Because of
the Markov property of {(V;, I;)}, we assume that the price process of this volatility-

dependent security {F;} has the form
F;ﬁ = f(tv ‘/t’ [t)7 (28>

for some function f(t,v,z): [0,00) x RZ — R, which is of class C'*2.

The Cholesky decomposition on the correlated Brownian motion {(Bt(l), Bt(z))} allows

us to rewrite Heston’s model as

dS, = pSidt + /ViSy(pdZ" + /1 = pdZ?),

AV, = e(0 — V,)dt + oo/ VidZV,

where {(Zt(l), Zt@))} is a standard two-dimensional Brownian motion.

Next, we resort to a standard no-arbitrage argument to recast the notions of a market
price of volatility risk and risk-neutral; and, we return to the same argument momen-

tarily to formulate the timer option valuation problem. First, we construct a self-



Model and Problem 15

financing portfolio with value process { P;} consisting of a share of C; = u(t, Sy, V;, I),
—Agl) shares of the underlying asset with value S; and —A?’ shares of the variance
swap with value F, = f(t,V;, I,). We also assume that {A"} and {AP} both satisfy

technical conditions, such as adaptivity to the filtration {G;} and integrability. Thus,
=C, - AVs, — APE, (2.10)

Based on the self-financing assumption and an a priori assumption that both functions
u and f are sufficiently smooth, we apply Ito’s formula and collect dt, dZt(l) and dZt@)

terms to obtain that

dP, = dC, — A4S, — APdF,

1 2 2
Ou + VZ@ + 0-2‘/;8_ 4+ Z 52‘/;8 + po-vst{/;ﬂ
0s0v

Os Oz ov? 0s?

9 ou
{[87:%(19 Vt)a +us 2t

0 0 0
= A S, - AP [a—{ (i — v;)a—f + v;a—f 50V J;] }dt

#Loviis, (28 Al ) 4o/ (28— a2 Lz
Os ov B
+y/1—p \/Vt5t<— A“)dZP.

(2.11)

To make this portfolio instantaneously risk-free in the sense that the randomness

induced by Brownian motion {Zt(l), Zt@)} vanishes, we let
— AP =9 (2.12)

in order to eliminate the dZt(z) risk, and let

ou A(g) 8f
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in order to eliminate the dZt(l) risk. In order to rule out arbitrage, the expected
return of this portfolio must be equal to the risk free rate r. Otherwise, investors
would always be in favor of a risk-free portfolio with a higher deterministic rate of

return; thus they can find arbitrage opportunities (see Bjork (1999) [9], p. 93). Thus,

ou ou ou 1 0%u 9%u 9%u
dPt:{EjLe(ﬁ Vt)8 V}a——i- 02‘/}W+ 52‘/28 5 +anStvt8 5 }dt
@ [Of of _9f . Of
o {8t W =Vilg, +Vigy 2‘482 dt

=rPdt = r(C, — AVS, — AP F)dt.
(2.14)

We assume that % # 0 and % # 0. It follows that

%%—e(ﬁ—v)%%- @jtl @jtls%i%— asvazu
8t o or 2”82 02 p”aav

(2.15)
(9? ? ? ? ou U

U

Collecting all u-terms to the left-hand side and all f-terms to the right-hand side, we

get
8t vt “ax + 10%3@3 + 1520387; + pavsvasav ru + rsg—’s‘ - + vaf + 02vgv{ rf
ou - af '
v
(2.16)

This equation holds if and only if both sides equal a universal function A of indepen-

dent variables v and t. We follow the exposition in Gatheral [A§] to denote

B, v) = —[e(® — v) = A(t,0)V/4],

where the function A(¢,v) is defined as the market price of volatility risk.

REMARK 1. Indeed, we may employ a volatility-dependent asset, e.g. variance
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swap, to illustrate the notion of the market price of volatility risk. Since the variance
swap has no exposure to the risk induced by {Zt(z)}, we focus on the volatility risk

exclusively. The infinitesimal excess growth satisfies that

o (O 0F O 1 0\ O 0
dF, — rFdt _{at e = Vg A Vige + 5otVig g v di 4+ 50,/ VidZ,
_ 7 of ()

(2.17)
According to Gatheral (2006) 8], A(t,v)dt represents the extra return per unit of
volatility risk avdZt(l); and so, in analogy with the Capital Asset Pricing Model, A is

known as the market price of volatility risk.

According to Heston (1993), A could be determined by one volatility dependent asset
and then used to price all other securities. Motivated by the consumption-based
capital asset pricing models (see Duffie (2001) [32] or Karatzas and Shreve (1998)
[69]) proposed in Breeden (1979) [13] and the term structure model proposed in Cox,
et al. (1985) [26], Heston’s (1993) stochastic volatility model is equipped with a

particular functional form of the market price of volatility risk:
A(t, Vi) =V Ve (2.18)

In other words, the market price of volatility risk A(¢, ;) is assumed to be proportional
to volatility +/V;. This particular specification allows analytical tractability. This

choice becomes standard when the model is used for pricing derivatives. In the

following exposition, we denote kK = e +n and 6 = efn' Thus

h(t,v) = —k(0 — v).
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Therefore, the PDE governing the price function of a European call option with payoff
max{Sr — K, 0} reads

a_u_|_ (g_ )a_u_|_ 5@4_ a_u_|_1 2 @4_12 @4_ S a2u
ot T T e T s T T 2% g0 T 2% Va2 TP a5

—ru=0.

By the Feynman-Kac theorem (see Karatzas and Shreve (1991) [68]), the price admits

the following representation:
Cy = u(t, S, Vi) = E¢[e """ max(Sy — K, 0)|G,]. (2.19)

Here Q is a probability measure under which

dS; = rSidt + \/vtSt(Pth(l) + det@))a So = s,

AV, = k(0 — Vy)dt + oo/ VidWD, Vo =,

(2.20)

where {(W,", W®)} is a two-dimensional standard Brownian motion on the filtered
probability space (2,Q, G, {G;}); r is the instantaneous interest rate assumed to be
constant; x and 6 are interpreted as the rate of mean-reversion and long-term reverting
level respectively under probability measure Q. According to Heston (1993), Q is
interpreted as a risk-neutral probability measure. Under this measure all derivative
securities, including timer options, written on {(S;,V;, I;)} are consistently priced

based on the no-arbitrage principle.

REMARK 2. The change-of-measure from P to Q is specified as

=ew {— /Ot O:(s)dz{") — /Ot O(s)dZ{) — % /j[(al(s)2 + @1(5)2]0[8} ’

(2.21)

dQ

dpP
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where

0,(t) = +/Vi, Oalt) = . 2<M_T—pﬁ V;). (2.22)

"~ o, 1—p

By Girsanov’s theorem,
t
w =z +/ O1(s)ds,
0 (2.23)
W = z® +/ Os(s)ds,
0
is a two-dimensional standard Brownian motion under probability measure Q. A more

general setting of change-of-measure for stochastic volatility models can be found in

Lee (2001) [73].

In this article, since we focus on the no-arbitrage pricing and hedging of timer op-
tions under Heston’s (1993) model equipped with the particular assumption on the
functional form of market price of volatility risk as in ([ZI), we do not intend to in-
vestigate the statistical measure and the specification of market price of volatility risk.
We also assume that the model is calibrated to some bench-marked derivative securi-
ties such as European options (see Heston (1993) [61]); and, that variance swaps are
priced as in Broadie and Jain (2008) [16]. Therefore, we perform no-arbitrage pricing
for timer options, a redundant security, in a complete market where the risk-neutral
measure QQ is consistently fixed. An alternative perspective is to regard timer options
as fundamental securities rather than path-dependent options in a complete market.
Karatzas and Li (2009, 2010) [67] tentatively suggest a super-hedging approach to
address the problem within an incomplete market environment. (see Karatzas and
Shreve (1998) [69], Karatzas and Cvitani¢ (1993) [27], Karatzas and Kou (1996) [66],
as well as Follmer and Schied (2004) 3], etc.) This provides opportunities for some

future research.

We are now in position to incorporate the random time 7 and state the following
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proposition that formulates the timer option pricing problem as a first-passage-time

problem.

PROPOSITION 1. In the sense of no-arbitrage, the timer call option with strike K

and variance budget B can be priced via the risk-neutral expectation of the discounted

payoff, i.e.
Co = E®le™™ max(S, — K, 0)], (2.24)

T:inf{uZO,/ Vsds:B}.
0

Proof. Let us assume C; = u(t, Sy, Vi, I;) introduced in (Z7) to be the price process of

where

a timer call option for any 0 < ¢ < 7 and some function u(t, s, v, z) : [0,00)xR% — R,
which is of class C*?; and regard F;, = f(t,V;, I;) introduced in () as the price
process of a variance swap with maturity 73 for some function f(t,v,z) : [0,00) X
R? — R, which is of class C*2. Thus, the price of a timer call option at time ¢ A 7
satisfies that

Cinr = u(t A 75 Sinrs Vine, Linr)-

Without loss of generality, we focus on the time interval [0,7 A T1]. We form a
self-financing portfolio with value process {P;} which consists of a share of Cy =
u(t, S, Vi, Iy), —AE” shares of the underlying asset with value S; and —A§2) shares
of the variance swap with value Fy, = f(¢,V;, I;). We also assume that {Agl)} and
{A?’} both satisfy the technical conditions, such as adaptivity to the filtration {G;}
and integrability. Thus,

P=C,—AYs, - APFE, (2.25)

Based on Heston’s assumption of the particular form of market price of volatility risk

(see (1Y), the same no-arbitrage argument on making the portfolio P; risk-free (see



Model and Problem 21

Z2Z9)) yields the PDE governing the timer option pricing function u(t, s, v, x):

ou ou ou  Ou 1, Pu 1, Ju 0*u
ou ) s T T 22y T 22,0 T u=0, (2.2
8t+K(9 v)av+rsas+vax+2avv&}2+2$ U@s2 +pavsvasav ru =0, (2.26)

for (t,s,v,x) € [0,400) x [0, +00) X (0, +00) X (0, B], with a boundary value condition:
u(t, s,v, B) = max{s — K}.

The Feynman-Kac theorem (see Shreve (2004) [85] or a stronger version in Karatzas

and Shreve (1991) [68]) suggests a candidate solution to PDE (26 as follows:
u(t AT, 5,0, ) = EPe""") max (S, — K,0)[Sinr = 8, Vinr = v, Inr = ], (2.27)

where the Q-dynamics of Heston’s model follows

S, = rS,dt + \/ViS,(pdW ) + /1= p2dW?), Sy = s;

(2.28)
AV, = k(0 — V,)dt + o,/ VidW ), Vo =,

where (Wt(l), Wt(2)) is a two-dimensional standard Brownian motion on the filtered

probability space (2, Q, G, {G:}).

Indeed, because the stochastic differential equation governing {(S, Vi, I;)} admits a
unique weak solution in the sense of probability law, the theory of martingale problem
(see Stroock and Varadhan (1969) [87, 88| or section 5.4 of Karatzas and Shreve (1991)
[68]) guarantees that the time-homogenous diffusion {(S, Vi, I;)} enjoys the strong

Markov property. Therefore, we have that

U(t VAN T, St/\T, ‘/2/\7—, [t/\7—> = EQ [e_T(T_t/\T) maX(ST - K, O) |gt/\7—]. (229)
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We notice that {e """ u(t AT, Siars Viar, Iiar) } is a martingale adapted to the filtration

{@}, where @\t = Ginr- A straightforward application of Ito’s lemma suggests that

6_Tt/\7-u(t A T, St/\Ta ‘/t/\‘l'a [t/\‘l')

tAT 8 8
:u(O,S(),VE),I()) —l—/ ‘/C (pSCa_u + o u) (C SC?‘/C’[C)dW(l
0
/ VI e TS O S Ve I aw

inT ou 8 ou ou 1 Pu 1 0%y
—rC e e -2 e - Q2 e
+/0 {87& (O = Vo5 +rScgn + Veg o+ 5oiVegs + 55V

2

+ oy SV — ru} (C. S, Ve, Ie)dC

Vgasav
(2.30)

In order to make (Z330) a {G,}-martingale, the Lebesgue integral term must vanish.
Therefore, the PDE (220) is satisfied. It is also obvious that u(t, s, v, B) = max{s —
K,0}.

Thus, on {t < 7}, the timer call option price process {C,;} satisfies that

dCy = rCydt +\/V, <p5tg + avg“) dwV + /1 - a“ \/VtStdW (2.31)

From (220), (11) and [Z3T]), we see that {e """ Cin, }, {€7""7 Siar } and {e " Fy\, }

are all Q-martingales. Thus, QQ serves as a risk-neutral probability measure. There-
fore, by the fundamental theorem of asset pricing (see Harrison and Pliska [57, 5]
or section 5.4 of Shreve (2004) [85]), the market consisting of {(S;, F;, Cy)} is free of
arbitrage. With the initial capital Cy = u(0, Sp, Vo, Ip), the timer call option can be

dynamically replicated via the following strategy (we return to this point in chapter

0):
@
O0s

ou ,0f

L), AP =
(ta Sta‘/ta t)a t 81) a

Algl) = (t Sta ‘/t> It)
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Hence, u(t A T, Sipr, Vinr, Iins) reasonably prices the timer call option in the sense
that the whole market is arbitrage free and the timer call option can be replicated

dynamically using a self-financing portfolio.

T, = inf {u > 0; / Vids = B — :1:} . (2.32)
0

By the representation in (227) and the time homogeneity property of diffusion {.S;, Vi, I; },

Let us denote

we obtain that

u(t A, 5,0, 2) =E9e™™ max(S,, sinr — K, 0)[Sinr = 5, Vinr = 0, inr = 1] ( )
2.33

ECle™"™ max(S,, — K,0)|Sy = s, Vo = v, [y = ].

We notice that the right-hand-side in the expression (233) is independent of ¢. Thus,

we have that

ou
ar ¥

which results in a Dirichlet problem for u(s, v, z):

0—0) 2 ppst 00 L Ou 1, O O
K Ua'y 885 Uaz 20'1)'[]02 SU02 PO SV

u(s,v, B) = max{s — K,0}.

—ru =0,

0301} (2‘34)

Therefore, by letting = = 0 in (233)), the initial timer call option price is represented

as the risk-neutral expectation of the discounted payof, i.e.
Co = E9le™" max(S, — K, 0)], (2.35)

where

7 = inf {uZO,/ Vsds:B}. (2.36)
0
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O

Indeed, we have the following result regarding the uniqueness of the price. Similar to
our discussion on timer call options, we denote w(t, s, v, x) the the price function of

a timer put option with payoff max(K’ — S;,0) (K’ > 0).

PROPOSITION 2. The price of a timer call option with payoff max(S, — K,0) can

be uniquely represented by

u(t AT, Sinr, Vine, Linr) = E® [e_T(T_MT) max (S, — K,0)|Gin-l; (2.37)

the price of a timer put option with payoff max(K’'—S,,0) can be uniquely represented

by
w(t AT, Sinr, Vinrs Iiny) = E9 [e_’"(T_MT) max(K' — S;,0)|Gin-]. (2.38)

We give a sketch of the proof here. we start from the timer put options whose payoff
are bounded. By the same no arbitrage argument, we obtain the PDE governing the

timer put option pricing function w(t, s, v, x):

Ow ow ow ow 1, Pw 1, Pw 0w
T k(0—0) s Sl T 252 T 22, 0 Y Y w=0, 2
oy +r(0—v) 5 +rs P +v e +20vv 502 +2s v 557 +pavsvasav rw =0, (2.39)

for (t,s,v,x) € [0,400) x [0, +00) X (0, +00) X (0, B], with a boundary value condition:

w(t, s,v, B) = max{K' — s}.

Because of the time value, the price of the time put option must be bounded by K,

i.e.

O<wtATsv,z) <K'
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Following the same reasoning as before, we obtain a candidate solution to the PDE

boundary value problem 230

Dt AT, Sipnrs Vinr, Iing) = EQle 7)) max (K’ — S, 0)|Gins)- (2.40)

Because of the upper bound of w, we have that

w(t/\Tv Sinrs Vinr, [t/\T> = @(t/\ﬂ Sinrs Vine, [t/\T) = E¢ [e_T(T_MT) maX(K/—ST, 0)‘gt/\7]‘
(2.41)
This uniqueness can be justified using the Theorem 5.7.6 in Karatzas and Shreve

(1988) [68]. Similarly, because of

max{S, — K,0} = max{K — S;,0} + S, — K,

the timer call option can be replicated by a combination of a timer put option, the
underlying stock and a contract paying fixed value K at 7. Therefore, the no-arbitrage

price of the timer call option must admits the representation:

u(t AT, Sinr Vines Tinr) = E9[e 7" max(S; — K, 0)|Guar ). (2.42)

REMARK 3. The argument after the PDE (226]) for proving (Z24]) can be alter-
natively carried out as follows. We recall that the timer options considered in this
dissertation are perpetual in the sense that its maturity depends only on the first
time when the variance budget is exhausted. By the definition of timer options, given
any arbitrary variance budget B, exhausted realized variance I and starting states of

S and V| the timer option price function u(¢, s, v, x) is essentially independent of the
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initial time t. In other words, for any t; > t; > 0 and 0 < & < B, we have that

u(ty, s,v,x) = u(ty, s,v, x). (2.43)
Therefore, we have that
du
0
ot ’

which simplifies the original parabolic PDE (Z20) for pricing timer option to an

elliptic equation. Considering a boundary condition on the plane:

I'= {(5175273)751 S Rv 52 S R}v

we obtain the following Dirichlet problem:

0—0) 2 ppst 00 L Ou 1, Ou Ou
K Ua'y 885 Uaz 20'1)'[]02 SU02 PO SV

u(s,v, B) = max{s — K,0}.

—ru =0,

0301} (2‘44)

For 0 < x < B, 7, defined in (£32) is the first time when the three dimensional
diffusion process {=7}, where =f = (S, Vi, I; + x), exits the domain ® = R* x R* x

0, B], i.e
= inf {u > 0; 52690}:mf{u20; / Vsds:B—x}.
0

From the relation between the Dirichlet problem and the stochastic differential equa-
tions (see section 5.7 of Karatzas and Shreve [68]), we obtain a stochastic represen-

tation of the solution to (234):

u(t,s,v,z) = u(v,s,2) = E¢ [e7"™ max(S,, — K,0)], (2.45)
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Hence, the initial timer call option price is represented as the risk-neutral expectation

of the discounted payoft, i.e.
Co = E®le™™ max(S, — K, 0)], (2.46)

where

7 = inf {uz(),/ Vsds:B}. (2.47)
0



Chapter 3

Feller Diffusion, Bessel Process and

Variance Clock

In this chapter, we present a characterization of the joint distribution of variance clock
time (3)) and variance via a Bessel process with constant drift. We also explicitly
derive a joint density on Bessel processes. These theoretical results are applied in the
problem of timer option valuation. In the following exposition, we make a modeling
assumption that the Feller condition 2k0—c?2 > 0 holds. According to Going-Jaeschke
and Yor (1999) [54], zero is an unattainable point for the variance process {V;} under
the Feller condition. This can be seen from the Feller’s test (see Karatzas and Shreve
(1991) [68], section 5.5). If the Heston model is calibrated to the timer option price

data using our analytical results, this parameter assumption should be included.

28



Feller Diffusion, Bessel Process and Variance Clock 29

3.1 Connect Feller Diffusion and Bessel Process by
Variance Clock

Motivated by the problem of pricing timer options, it is natural to investigate the joint
distribution of (V;, 7). It turns out that the Feller diffusion running on the variance
clock is equivalent in distribution to a Bessel process with constant drift, and that
the variance clock time is equivalent in distribution to an integration functional on

this Bessel process.

THEOREM 1. For any B > 0, under the risk neutral probability measure Q, we

have a distributional identity for the bivariate random variable (V;,T):

B s
=l o, X / 1
(VraT) <UU B> 0 UUXs 9 (3 )

where T is defined in [Z0) and {V;} is defined in ([Z20). Here {X;} is a Bessel process

with index v = 55 — L (dimension 6 = 2 4+ 1) and constant drift pu = — 2, which is

governed by SDE:

dX, = ( K0 i) dt +dB,, X, = E, (3.2)

o2X, o, O
where {B:} is a standard one dimensional Brownian motion.

REMARK 4. For any § > 2, §-dimensional Bessel process BES? is a diffusion

process {R;} which serves as the unique strong solution to SDE:

0—1
2R,

AR, = dt + dW(t), Ro=r >0, (3.3)

where {W(t)} is a standard Brownian motion. Alternatively, we denote this Bessel

process BES®), where v = §/2—1 is defined as its index. For any ;1 € R, we similarly
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define BESfL, the d-dimensional Bessel process with drift p, by a diffusion process

{R}'} which serves as the unique strong solution to SDE:

1
deI(ZRH+¢Od#+mN@% Ry =r">0. (3.4)
t

Also, we denote this Bessel process with drift BES,SV), where v = §/2—1 is defined as
its index. For more detailed studies on Bessel process and Bessel process with drift,
readers are referred to Revuz and Yor (1999) [83], Karatzas and Shreve (1991) [68]

as well as Linetsky (2004) [74].

Because of our assumption about the Feller condition 2k — o2 > 0 for {V;}, the

dimension and index of Bessel process with drift satisfies that

uzﬁ—e—%ZOaHch:ng

2 2
Oy Oy

+1>2.
According to Linetsky (2004) [74], zero is unattainable for process {X;} in this case.

Tt:inf{uz(),/ V;ds:t},
0

For M, = fot VVedW | we apply Dubins-Dambis-Schwarz theorem of local martin-

Proof. Let

gale representation via time changed Brownian motion (see Karatzas and Shreve [68]).

We obtain that

MﬁQ:A V Vi dWH =B,

where {8,} is a standard one dimensional Brownian motion. Because f(u) = [ Vids
is an increasing C'! function, it is easy to find that
b1

T = —ds.
0 VTS
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Thus

V., =V, +/ k(0 — V.)ds + o—v/ VVdW .
0 0

Therefore, we see that

Lr(0—V,
V, = Vo +/ OV 45 4 0,3,
0oV

S

By letting X; = Z—?, we have that

Vo Y K
X, =— —— |d B,. 3.5
K O +/0 <U2%u av) Ut (3.5)

v

Thus,
VT = V;-B = O-’U%B7

/B ds /B ds
T =T = _— = .
b 0 VTS 0 0 Xs

Hence, the identity ([BJ) is justified by the uniqueness of the solution to SDE (B2)). O

(3.6)

3.2 A Joint Density on Bessel Process

The Bessel process with constant drift can be closely related to a standard Bessel
process via change-of-measure. In this section, we present and derive two equivalent
expressions of a joint density on standard Bessel processes which are applied in the
analytical valuation of timer option. Based on the transition density of Bessel pro-
cesses with drift obtained in Linetsky (2004) [74], we employ the technique of Laplace
transform inversion and change of measure to derive the first expression in Theorem
Pl Based on a joint density on Bessel with exponential stopping in Borodin and
Salminen (2001) [I2], we present an alternative expression of our density in Theorem

via inverse Laplace transform on the time variable.
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3.2.1 The First Expression of the Density

THEOREM 2. For Bessel process {R;} with index v > 0 and any positive real

number B, the joint density

B du
p(z, t)dxdt := Py (RB € dm,/ i € dt) , (3.7)
0 U

admits the following analytical representation:

plant) = = [ costt) Re folielo)} de (39
where
B 1 Py (B; Ry, x)
¢(Blz) = exp {—§M§B + pa2(Ro — f)} m> (3.9)
with
B
)

Here, p,(t; x,y) is the transition density of a Bessel process with drift p and indez v,

1.€.

L7 1o (UN1F uly—a)ent : -
pultizy) =5 [ endUier (27 FMys (~2ip)M_s ,(2ipy)
0

2

r (% +u+z’§)
. dp.

I'l+v)

(3.10)
And, po(t; z,y) is the transition density of the standard Bessel process with the index

v, i.€.

T 2t t

po(t;z,y) = % (g)yyeXp {M} I, (ﬁ) , (3.11)
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where 1,(z) is the modified Bessel function of the first kind with index v defined by

, (Z) _ f (%)V—i—k‘
Y k(v +k+1)

REMARK 5. (The Confluent Hypergeometric Functions)
In Theorem B, T'() is the gamma function and M, ,(-) is the Whittaker function re-
lated to Kummer confluent hypergeometric function (see Buchholz [I§]). The Whit-

taker function can be defined as

where

is the Pochhammer symbol which is also regarded as rising factorial. When a = b,
1F1(a,b,; z) is exactly €. As an entire function, it resembles the exponential function

on the complex plane.

To prove Theorem (@), we start with an absolute continuity relation between Bessel

processes with different constant drifts.

LEMMA 1. (Absolute Continuity Between Bessel Process with Different
Drifts)

We suppose that the stochastic process {p:} follows the law of BESfLVl) (v>0)ona
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filtered probability space (0, P,,, F,{Fi}). Under probability measure P, defined by

Lo +1 1
ds + = (2 — p2)t b dP
2p5 S+ 2(/”L1 /"L2) } M1 ]__t?

dpP

p2

5= P {(,Ul — p2)(po — pu) + (1 — pi2) /0

{p:} follows the law of BESY.

Proof. Let {on} be a standard Brownian motion on filtered probability space (2, P, F, {F;}).

Thus, the unique strong solution of the stochastic integral equation

Pov 41
pr = po+ ds + oy
0 2ps

follows the law of a BES™). Let P, be a new probability measure defined by

dP

M1

1
= exp {Nlat - —uft} dp
F 2

Fi

By Girsanov’s theorem,

{ﬁt(l) = Qp — ,Ult}

is a standard Brownian motion under probability measure P,,. Thus, we obtain a
Bessel process {p;} with index v and drift p; governed by the stochastic integral

equation:

trov+1
Pt=P0+/ ( 5 +M1) d$+ﬁt(l)-
0 Ps

By algebraic computation, it follows that

tov 41 1

dP
205 * 2

L= o {(Nl — p2)(po — pr) + (11 — pi2) /0

K2
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which is equivalent to

dp

pe

1
Pl {_(,Ul — u2) B} — 5(#1 - uz)zt} dP, -

Therefore,

dP

1
]:t: eXp {I[,Lzaft — §M§t} d]P

2
M £

Again, by Girsanov’s theorem,

{613(2) = Qp — M2t}

is a Brownian motion under probability measure P,,. Thus, it follows that

P41
Pt=P0+/ < +M2) ds + 3.
0 2,05

Therefore, under probability measure P,,,, the process {p;} follows the law of BES;(LZ).

B2

O

Next, we derive a Laplace transform of an integral functional of Bessel bridge in order

to characterize the conditional distribution of fot %—f‘ given R; = x.

LEMMA 2. (A Laplace Transform for an Integral Functional of the Bessel
Bridge)
Ef, |exp —5/td—u )R = x| =exp —1( 2 12t — (1 — o) (Ro — ) P (; Ro, @)
Ro o Ru t o M1 = 2 H1 — H2)(f1o Piul (t: Ry 2)’
(3.12)

where p,, (t; Ro, x) is the transition density of the Bessel process with index v > 0 and
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drift p;, fori=1,2. Here uy and py are related by

, VB >0.

= 1 +
M2 = 1 v+

N[

E’ﬁo denotes the expectation associated with probability measure IP”}?O under which { Ry}

s a Bessel process with constant drift .

Proof. By applying Lemma [l and conditioning, we deduce that

d
Pus (t; Ro, ) = dy [P (R < )]

d tov+1 1
— B 1{R, < y}exp (11 — o) (Ro — Ri) + (i — pia) / L s+ (2 — )t
dy o 2R 2

dr (Y . v 41 1
:d_y[/o E%, (exp{(m—uz)(Ro—ZH(m—uz)/o o, d8+§(uf—u§)t}‘Rt=Z)

P (R, € dz)]

tov+1 1
=K, {exp {(Nl — pi2)(Ro — y) + (1 — uz)/o R ds + 5(;& — u%)t} ‘Rt = x} P (t; Ro, ).
(3.13)
Let 3= —(p1 — po) 22, e
Mo = p1 + T, VB>0.
Vo3

We obtain the conditional Laplace transform

1 ! du _ _ _1 2,2\ . . b Q(t;R()?x)
i [ 0 [ =] o {08 st i B
(3.14)
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O

Based on the knowledge of transition density of Bessel process with constant drift
(see Linetsky [4]), we invert the Laplace transform (BI2) to find the density p(x,t).

We state a useful lemma as follows.

LEMMA 3. (Inverting Moment Generating Function of A Nonnegative
Random Variable)
Suppose Y is a nonnegative random variable with moment generating function ¢(s) =

Eexp(—sY). Its probability density function can be represented by

™

mnglmmwwmdﬁewnw,

while its probability cumulative function is

M@Z%Ammfﬂ34w4mwa

This Lemma and its proof can be found in Abate and Whitt (1992) [1]. We are now

in position to prove Theorem Bl

Proof. We follow the setting and notations in Lemma Bl By letting u; = 0,t = B
and denoting the right-hand side of Laplace transform ([BI2) ¢(8|x), we deduce that

Puso (B; Ry, :L')

, 3.15
po(B; Ry, x) (3.15)

6(01e) = exp {5138 + a( — )|

where

o = , forall g >0.

v+

N[
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We obtain the conditional density

P, (/OB %i € dt‘RB = x) = %/000 cos(t§) Re {p(—i&|x)} dE. (3.16)

The joint density is therefore

B
IP’0</ EEdt,RBde)
o It

B ds
=P, ﬁ € dt Rgp=x )P, (RB € dl’) (317>
0

S

zg / cos(t€) Re {¢(—i€|x)} dédudt.
0

Combining all the above steps and the knowledge of the transition density of Bessel

processes with constant drift (see Linetsky [74]), we justify Theorem 21

3.2.2 The Second Expression of the Density

Based on a joint density on Bessel process with exponential stopping in Borodin and
Salminen (2001) [T2], we present the second expression in Theorem B via inverse

Laplace transform on the time variable as follows.

THEOREM 3. For Bessel process {R:} with index v > 0 and any positive real

number B, the joint density

B du
p(z,t)dxdt = Py (RB € dx,/ i € dt) , (3.18)
0

U
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admits the following analytical representation:

278 [ V2 vt A
p(z,t) :T/o cos(By)Re{ { X sinh (t\/§> exp {—(Xo + 2)V/2) coth (t\/;> }

L2v

/INX oL }

sinh (t %)

We briefly justify this result. First of all, the following result (see Borodin and

}dy, for any v > 0.
A=vy+iy

(3.19)

Salminen [I2]) exhibits a joint distribution on Bessel process and the integration

functional of its reciprocal stopped at an independent exponential time.

LEMMA 4. Suppose that {X;} is a Bessel process with index v > 0 and T is an

independent exponential time with intensity \. We have that
T
du
Py (| X7 € dx, — € dt
(e [

B A2+ (Xo + z)V2\ cosh (t\/§> ; IIAX T

= exXp § — 2v
X¥ sinh (t\/g) sinh (t %) sinh (t %)

dxdt.

(3.20)

We document the proof of this result in Appendix [[0l The exponential stopping is

equivalent to the Laplace transform on time in the following sense.

T +o00 s
Py | X7 € dx,/ d_u e dt :)\/ e Py | X, € dx,/ @ edt|ds (3.21)
0 Xu 0 0o Xu

Thus, we are in position to invert this Laplace transform to obtain the joint density

at any fixed time. We need to employ a damping factor to ensure the integrability of
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the transformed function. According to Abate and Whitt (1992) [I], we spell out the

following lemma.

LEMMA 5. Let ¢(s) = 0+°O e ** f(x)dx denote the single-sided Laplace transform

of function f(x), the Bromwich integral for inverting Laplace transform satisfies

y+ioco ~t o
f(t) = = / eto(s)ds = 2 [ Re((y + iy)) cos(ty)dy,
Y

270 ) ino T Jo

where v € RT is chosen so as to ensure that ¢(s) has no singularities on or to the

right of it.

Hence, the joint density ([BI9) follows directly. Thus, the proof of Theorem B is

complete.



Chapter 4

A Black-Scholes-Merton Type

Formula for Pricing Timer Option

As an application of the theoretical results on Feller diffusions and Bessel processes in
previous chapters, a Black-Scholes-Merton type formula for pricing timer call option

is presented in this chapter.

4.1 A Black-Scholes-Merton Type Formula for Pric-
ing Timer Option

THEOREM 4. Under Heston’s (1993) stochastic volatility model [Z2U), the price
of a timer call option (represented as [Z2Z4)) with strike K and variance budget B

admits the following analytical formula:

CO = C(SO7K7 T P ‘/07 ’%797007 BJ d07d17d2) = SOHI - KHZ; (41)

41
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where
IT; —/ / ( ) p(z, t)dzdt, fori=1,2. (4.2)
Here,
20 2
(0,6) = Vs (0, 9)exp {auf0.6) + 506 - 0) + e - ol
T r (4.3)
(0,€) = N(da(w, ) exp { ~r&-+ (¥ - o) + =l
1 T2
N(x):\/—2_7T/_ooe du,
and
p 1
do(v,&) = U—(v — Vo — kb + KB) — —sz,
1 0 1
0,9 = s s () #1350 =)+ de6)]| »
d = 1 % LB ) +d |
2(7)75)—? i +7”§—§ —p7) +do(v,6)],
(da(v,§) = di(v,§) — /(1 — p?)B).
Here, p(x,t) is the explicit joint density in Theorem[d or Theorem[d with v = "—% % >

0.

In order to prove Theorem Hl we begin with a conditional Black-Scholes-Merton type
formula. By conditioning on the variance path {V;}, we obtain the following propo-

sition.

PROPOSITION 3.

Co = B[S0 N (dy(V;, 7)) — Ko™ N(da(V;, 7). (45)
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where
N(z) = V%_W/_OO e~ du,
and
do(v, &) = O_v(v—%—l-ﬂ@f—l—l{B ——p ’B,
dy(v,€) = (1_1 { ( ) + 7€+ ;B L—p )+do(v,£)} : (4.6)
1 1y
dy(v,8) = N [1og< ) +r{— 5B - ") +d0(u,g)} :

REMARK 6. When p = 0,0, = 0,k = 0, we have only one Brownian motion
{Wt(z)}, which drives the asset process. In this case, the variance V; = 1} is constant

and

dS, = rS,dt + \/VoSydW,?

For B = Vi1, it is easy to see that 7 = T. Thus

ST:ST:SOexp{rT—%B+¢EZ}.

It is obvious that dy = 0; d; and dy agree with the Black-Scholes-Merton [10] case,

= gial(§)+ (0]
s gial(3): (-]

Therefore, the price of the timer call option with variance budget B = Vi1 coincides

i.e.

(4.7)

with the Black-Scholes-Merton (see Black and Scholes [I0] and Merton [79]) price of

a call option with maturity 7" and strike K. That is

BSM(Sy, K, T,\/Vo,r) = SoN(dy) — Ke "' N(d,).
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We present a proof of Proposition Bl as follows.

Proof. (Proof of Proposition [3)

We begin by representing the system (Z20) as

1 [t t ¢
St = SO exp {Tt — 5/ ‘/sds + p/ . /‘/’SdWS(I) + /1 — p2/ /V*SdWS@)} :

X ¢ (4.8)
Vtzvo+met—m/ Vsds—l—av/ VVedW .
0 0

Conditioning on V, and 7 is equivalent to fixing the whole path of the variance process
as well as the driving Brownian motion W1, On the conditioned probability space,
within which the variance path {V;} is fixed, we can regard y/V; as a deterministic

function. Thus, we obtain, after some straightforward algebraic computations,

(S:|7 =t,V, =v) =l Syexp {N (rt — %B + Oﬁ(v — Vo — kbt +kB), (1 — pz)B> } ,

) (4.9)
where N(a, 3%) represents a normal variable with mean o and variance (3?. For
simplicity, let us denote

1
p:TT—§B—|—£(‘/T—VE)—K,9’T+I{B), q=+(1-p*B. (4.10)

Oy

Thus,

Cy = E¥ {EQ [e_” max{S, — K,0}|V,, 7']} =E [e‘” max{Syexp{p + ¢Z} — K, 0}} ,
(4.11)
where the previous expectation, and hereafter in this proof, is taken under the con-

ditional probability measure (Q|V,, 7). It follows that
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E [e™" max{Syexp{p + ¢Z} — K, 0}

=e "E[(Soexp{p + ¢Z} — K)1{Soexp{p +qZ} > K}]

—e SR {exp{p + qZ}1 {Z > % (1Og (SEO) B p) H (4.12)
_ " KE1 {Z > é <log (%) _p> } :

Thus, Proposition Bl follows the straightforward calculation of the above two terms

based on the standard normal distribution. O

Let us recall that, for any B > 0 which represents the variance budget,

T:inf{uz(),/ Vsds:B}.
0

Theorem [ states that, under the risk neutral probability measure Q,

B q
(Vo 7) =low (UUXB, / il ) (4.13)
0 UUXS

where {X;} is a Bessel process with constant drift governed by SDE:

%

v

dth( 16 i) dt + dB;, Xo =

02Xy o,

In the following steps, we change the probability measure to identify a standard Bessel
process, which is well studied (see Revuz and Yor (1999) [83]). Then, we apply the
explicit joint density in Theorem [ or Theorem [l to obtain the analytical pricing

formula in Theorem Hl
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PROPOSITION 4. Under the probability measure Py where

k [V k [t KO 1/ k)
= — | — =X — ds— = — | t
Fi exp{gv (O’v t) + Uv/o 02X 7T (av) }’

B ds
__law
(VT7T) - <O-UXB’/0 O'UXS) .

Here, {X;} is a standard Bessel process which is governed by SDE:

Q
dP,

we have

K0 ~ Vo
— 20
dX; agXtdt+dBt’ Xo .

The timer call option price admits the following representation:

B
ds
Co = EPU ( 0,X 5, ,
° (U B/O UUXS)

where

\II(U> 6) = SOQI(U> 6) - KQ2(U> 6)
Here, functions 1 and Qy are given in Theorem [4)

Proof. Let

Oy

Under a new probability measure Py, where

46

(4.14)

(4.15)

(4.16)

(4.17)
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{Et} is a standard Brownian motion. It obvious that

k (Vo k [t KO 1/ k\?
= —— =X — ds——=|— ] tpdP
Fe P {O’v (O’v t) + Uv/o 02X, s 2 (av) } 0

Therefore, under measure Py, {X;} is a standard Bessel process satisfying

Fi

0 = Vi
n dt+d8t,X0:—0

02X, O

dXt =

Combining with Theorem B, we complete the proof of Theorem M.

4.2 Reconcilement with the Black-Scholes-Merton

(1973)

An idea similar to timer options can be traced back to Bick (1995) [8], which proposed
a quadratic variation based and model-free portfolio insurance strategy to synthesize
a put-like protection with payoff max{K’e"” — S, 0} for some K’ > 0. This strat-
egy avoids the problem of volatility mis-specification in the traditional put-protection
approach. Dupire (2005) [39] applies this similar idea to the “business time delta
hedging” of volatility derivatives under the assumption that the interest rate is zero.
Working under a general semi-martingale framework, Carr and Lee (2009) [21] in-
vestigate the hedging of options on realized variance. As an example, Carr and Lee
(2009) derive a model-free strategy for replicating a class of claims on asset price
when realized variance reaches a barrier. Using the method proposed in Carr and Lee
(2009), we are able to price and replicate a payoff in the form of max(S, — Ke'",0).

It deserves to notice that this payoff coincides with the Societe Generale’s timer call
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options with payoff max(S, — K, 0) considered in our paper, when the interest rate r

is assumed to be zero and there is no finite maturity horizon.

When 7 = 0%, we simply have that

t 1 t
S; = Syexp {/ Vo dWs — 5/ Vudu} , (4.18)
0 0

where

we = oW + /1= ppw?. (4.19)

Recall that the variance budget is calculated as B = 02Ty, where [0, Tp) is the expected
investment horizon and oy is the forecasted annualized realized volatility. Based
on the definition of 7 in (), we apply the Dubins-Dambis-Schwarz theorem (see

Karatzas and Shreve (1991) [68]) to obtain that

/ VVudWE = W5, (4.20)
0

where {W;} is a standard Brownian motion. So, we have that

1
S; = Spexp {Wg - 53} . (4.21)

Therefore, the price of the timer call option with strike K and variance budget B =

02Ty can be expressed by the Black-Scholes-Merton (1973) formula:

Co = E° [max{S, — K,0}] = BSM(Sy, K, Ty, 09,0) = SyN(dy) — KN(dy), (4.22)
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where

(4.23)
1
2

It is obvious that (L22) is a special case of the formula in Theorem Bl To check this,

we first recall that the formula in Theorem Hlis equivalent to (1), i.e.

Co = EPV (0, X /B ds (4.24)
0= OyAB, 0 TuXs . .
Because of (BZIH), we notice that
B
ds . K 1
do | 00X = —B | - -p’B. 4.2
0 <U B,/O ava> p <BB+ o ) ol (4.25)

Similarly, we express d;, ds and

k [V k (B ko 1/ k\? K = 1/ k\?
— | ——X — ds—=(— ) B} = ——Bg—=(— | B
P {Uv <Uv B) * Uv/; Ung ° 2 <Uv) } eXP{ UUBB 2 (Uv)

(4.26)

in terms of the Brownian motion B. Straightforward computation on the normal

distributions yields (22Z2), which is independent of p, for the case of r = 0%.

4.3 Comparison with European Options

According to RISK [84],

“High implied volatility means call options are often overpriced. In the
timer option, the investor only pays the real cost of the call and doesn’t
suffer from high implied volatility,” says Stephane Mattatia, head of the

hedge fund engineering team at SG CIB in Paris.



A Black-Scholes-Merton Type Formula 50

Under the case of r = 0%, we provide a justification of this feature. More precisely,

we have the following proposition.

PROPOSITION 5. Assuming r = 0%, the timer call option with strike K and
expected investment horizon Ty and forecasted realized volatility og, i.e. wvariance
budget B = 02Ty, is less expensive than the European call option with strike K and
maturity Ty, when the implied volatility ¢;pmy(K,Ty) associated to the strike K and

maturity Ty is higher than the realized volatility oq, i.e.

CFuropean . oTimer. (4.27)

Indeed, by (E22) we have that

climer —EQ [max{S, — K,0}]
=BSM(Sy, K, Ty, 00,0) (4.28)

SBSM(S(), K, T(), Uimp(K, TO), 0) — COE'uropean‘

For the general case of r > 0%, we illustrate the comparison between timer call options
and European call options with the same expected investment horizon (maturity)
by a numerical example in Chapter . We also note that timer options are less
expensive than the corresponding American options, which have the different nature

of randomness in maturity.
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4.4 Timer Options Based Applications and Strate-
gies

The comparison between timer options and European options in Proposition B heuris-
tically motivates an option strategy for investors to capture the spread between the
realized and implied volatility risk. For example, if an investor believes that the cur-
rent implied volatility is higher than the subsequent realized volatility over a certain
period, she would take a long position in a timer call option and a short position in
a European option with the same strike and the expected investment horizon. By
setting the variance budget below the implied variance level, she would expect to
receive a net profit. In fact, one reason is that the timer call option is less expensive
than the European counterpart in this strategy. Another reason is that the lower
realized volatility would leverage the asset return, which results in a net profit at the

maturity.

Though the timer option payoff (max{K’—S;,0}, for some K’ > 0) considered in this
paper is different from the put protection (max{K’e"™ — S,,0}) considered in Bick
(1995) [8], timer put options may serve as effective tools for portfolio insurance. With
a timer put option written on an index (a well diversified portfolio), the uncertainty
about the index’s outcome is replaced by the variability in time horizon. However,
under the assumption of Heston’s stochastic volatility model, the distribution of this
variable time horizon, under the physical probability measure, can be easily adapted

from Theorem [0

Similar to the comparison in Proposition B, timer put options are able to offer rela-
tively cheaper cost of portfolio insurance and protection. If the realized variance is

low, the timer put options take a long time to mature. Compared to the regularly
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rolled European put options for protecting the downside risk of a portfolio, the timer
put options require less frequency of rollings, resulting in a reduction in the cost for

implementing the protection.

4.5 Some Generalizations

We provide several straightforward extensions. Recall that I, = fot Vids denotes the
exhausted variance over time period [0,t]. We can modify the above formula to obtain

the price during the whole lifetime of the timer call option.

COROLLARY 1. The timer call option price at time t A 7 is

Cinr =E¢ [e_T(T_MT) max{S; — K, O}‘}—MT} (4.29)
4.29

:C(St/\T, K, T, P, V;g/\q—, K, 9, B — ]t/\T; do, dl, dg)
Also, we obtain a put-call parity for timer options:

COROLLARY 2. (Timer Put-Call Parity) Put-Call parity holds for timer call
and put options, i.e.

C() - P() = S() - KEQE_TT,

+o00 oo 20 1 2
EQe™ = / / exp {i (E - x) + (Kg - L) t—35 (i) B}p(%t)dxdt-
0 0 Oy \ Oy o Oy 2 \oy

This corollary follows because

max{S, — K,0} —max{K — S;,0} =5, — K.
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Suppose the index/stock pays dividend according to a known dividend yield. Under

the risk neutral probability measure, the dynamics of the underlying follows that

S, = Si[(r — d)dt + /Vi(pdW" + /1 = p2dw )],

AV, = k(0 — V,)dt + oo/ VidW, Y,

(4.31)

where (Wt(l), VVt(2)) is a two dimensional standard Brownian motion; r is the instan-

taneous interest rate; and d is the dividend yield.

COROLLARY 3. The price of a timer call option on a stock index paying dividend
at rate d is

Cg = C(SOa K7 r, P, ‘/07 KaeagvaB;dé)adlladé)a

where

1
dy(0,€) = L-(v — Vo — kb + kB) — 5" B — d,

d(v,€) = ﬁ {log (%) +ré+ %B(l — %) + do(v, f)] : (4.32)

10.6) = s o (52) 16 = 350 = )+ dolo6) |



Chapter 5

Implementation and Numerical

Examples

In this chapter, we propose the numerical implementation of the analytical formula
in Theorem @l the PDE boundary value problem (B3), and two benchmarked Monte
Carlo simulation schemes. As shown in the following numerical examples, these differ-
ent methods are roughly competitive; and they produce implementation results which
are in agreement. The analytical formula approach is bias-free. However, the chal-
lenge arises from the correct valuation of the special function as part of the Fourier
transform and from the error control in the Laplace transform inversion procedure.
The implementation of the dimension-reduced PDE (BH) is fast but the error analysis
is not transparent because of the non-attainable singularity when v = 0. With regard
to the Monte Carlo simulation, which serves as a benchmark to verify the comput-
ing results from other methods, the efficiency is enhanced when an Euler scheme on
Bessel process with predictor and corrector is employed. In the end of this chapter,

we illustrate numerically the comparison between timer call options and European

o4
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call options with the same expected investment horizon (maturity). We also plot a
convex profile of the increase of the timer option price versus the raise of the variance
budget. The optimal choices of implementation strategy, numerical stability and ro-
bustness of the algorithms are open research opportunities for further investigation.

This section is limited to the proposal of each numerical method.

5.1 Analytical Implementation via Laplace Trans-
form Inversion

The implementation of the analytical formula in Theorem Bl consists of several steps.
To begin with, we map the infinite integration domain to a finite rectangular domain

[0,1] x [0, 1] via transform

r = —log(u), t=—1log(z).

Then, we implement the two dimensional integration on [0, 1] x [0, 1] via trapezoidal
rule. The key here is to efficiently evaluate the joint density at each grid point on
[0,1] x [0,1]. We implement the Bessel joint density according to the expression in
Theorem Bl In this regard, we use Abate and Whitt [I] algorithm about inverting
Laplace transforms via Fourier series expansion. When evaluating the modified Bessel
function, we perform analytical correction of the Bessel function in order to accom-
plish the continuity of the Fourier transform (see Broadie and Kaya [I7] for a similar
discussion). We briefly discuss the necessity of considering analytic continuation of

the Bessel function and outline the algorithm.

Let A(y) denote the argument of the Bessel function term in the integrand of (BI9l),
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le.
21/2(y + 1y) Xox

sinh (t\/@) (5:1)

In graph (p.1(a)]), we observe the winding of A(y) through the winding picture of

Ay) =

scaled argument
log log |A(y)|
v(y) = Aly) —————.
W)= A=)

We recall that the modified Bessel function of the first kind is defined as

+00 z\2(v
(5)2( +k)

Iy (2) = ; KT (2v +k+1)

where the power functions are multi-valued. This multi-valued property can be seen

from the definition of complex power functions. Because

2% = |z|oeilarg@Fmma - for any integer n,

there are different values for z* when « is not an integer. Therefore, I5,(z) is multi-
valued when 2v is not an integer. When the inverse Laplace (Fourier) transform
in (B19) is implemented, the winding of z = A(y) must be captured to ensure the
continuity of the transformed function. However, most computation packages au-
tomatically map the complex numbers into the principal branch (—m,n]. This fact
might cause the discontinuity of the Bessel function when its argument A(y) goes
across the negative real line. Therefore, we keep track of the winding number of the
argument A(y) by a rotation counting algorithm and employ the following analytical

continuation formula (see Abramowitz and Stegun [2], Broadie and Kaya [17])

L,(zemm) = em””if,,(z).
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We simply calculate the function on the principal branch and multiply it by a factor
e™7™  Also, we need to take into account the potential numerical overflow in the
evaluation procedure. Figure |5.1(b)| and Figure [5.1(c)| show the effect of rotation

counting on the phase angle of the Bessel argument.

We obtain the joint density in (BI9) by inverting the Laplace transform via the
Abate and Whitt [T] algorithm. The integration with respect to dy is essentially a
Fourier inversion of a damped function. Proper discretization, truncation and choice
of damping parameter 7 is essential. Trapezoidal rule, though primitive, works well
here since the integrand is oscillatory. Errors tend to cancel. We choose step size
h = g5 to discretize the integration. This step size, a quarter of a period of the
trigonometric function in the integrand, enables us to capture the function oscillation
and the tradeoff with computational expenses very well. We choose a significantly
large number of steps in order to minimize the truncation error. According to Abate
and Whitt [T], we choose a large damping factor -y to control the discretization error.

In Figure B2, we plot the joint density:
P, <e—RB € du, eI # ¢ dt) — f(x,t)dxdt.

Because the integrand decays very fast when ¢ is large, we truncate the total integra-

tion domain to enhance the implementation efficiency.

The implementation is performed on a laptop PC with a Intel(R) Pentium(R) M
1.73GHz processor and 1GB of RAM running Windows XP Professional. We code the
algorithm using MATLAB. Throughout this section, we use an arbitrary parameter
set in Table BTl only for the purpose of illustration. In this parameter set, the variance

budget B is calculated from B = 02T}, where the forecasted volatility oy is assumed
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Figure 5.1: Rotation Counting Algorithm for the Bessel Argument
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u(x)-axis

2(t)-axis
B du

Figure 5.2: The joint density of (e_RB, e Jo Ru)

to be 23% and the expected investment horizon T is chosen to be 0.5 year. By
implementing the analytical formula, we compute the bias-free timer option price as
Cy = 7.5848 in 75.6131 CPU seconds. Similarly, we compute the risk-neutral expected

maturity as 0.5356 according to

1 [ree e V. 20, 1 ’
E9r = _/ / texp {i <_0 — x) + '%_315 - <£> B} p(z,t)dxdt.
Ov Jo 0 Oy Oy Ty 2 Tv

(5.2)
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Model and Option Parameters

Stock Price Sy 100
Option Strike K 100
Variance Budget B 0.0265
Correlation p -0.5000
Initial Variance V} 0.0625

Volatility of the Variance o, | 0.1000
Rate of Mean Reverting 2.0000
Long Run Variance 6 0.0324
Instantaneous Interest Rate r | 0.04

Table 5.1: Model and Option Parameters

5.2 ADI Implementation of the PDE with Dimen-
sion Reduction

To begin with, we recall that the original PDE governing the timer option pricing

function u(t, s, v, z) is

%4_ (g_ )%4_ @4_ @4_1 2 @4_1 2 @4_ 82“
ot T T ey T s T oz T 2% a2 T 2% Vasz TP hson

—ru =0, (5.3)

for (¢,s,v,2) € [0,400) x [0, +00) X (0,+00) x (0, B]. Given an arbitrary variance
budget, the timer option price u(t, s, v, x) is essentially independent of the initial time

t. In other words, timer options are perpetual. Therefore, we have that

ou
E—O.

This simplifies the original parabolic PDE (.26)) for pricing timer option to an elliptic

equation. Considering a boundary condition on plane:

I'= {(517527 B),£1 S R, 52 S R}v
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we obtain the following Dirichlet problem:

(g_ )@4_ %—f‘ @4_1 @4_12 i—f‘ 82“ =0
K ’Uav 7”888 Uagj 2UUU82 SU82 pO'US’UaSaU rTu = VU, (54>

u(s,v, B) = max{s — K, 0}.

Subsequently, we rewrite the equation (Z34)) by dividing v(> 0) on both sides and
regard xr as a new time variable. After this dimension reduction procedure, a new

parabolic PDE initial value problem can be formulated as follows.

PROPOSITION 6. The timer call option price is governed by the following two

dimensional parabolic initial value problem

( Ou

1 ,0% 5, 0%u 0*u (9 )Ou rsdu
+ -0, + K +
or 2

W+§ FERN L ow

\u(s, v, B) = max(s — K, 0),
(5.5)

where x serves as a temporal variable which corresponds to the stochastic total variance

clock (see ([L3)).

We briefly discuss the implementation of the PDE (BH). As the following algorithm
and numerical result shows, the PDE implementation is fast because we regard the
total variance as a clock through dimension reduction. The variance clock introduces
a small but sensitive scale. The error control depends heavily on the specification of

boundary conditions, computation domain, time steps and spatial discretization.

First, we set up the following boundary conditions of either Dirichlet, Neuman or

Robin type:
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u(0,v,x) =0,

1i1£rn @(s,v,x)zl,

s—+oo 0Ss

052 (s,0,2) + s (s,0,2) — ru(s,0,2) = 0 "
k2 (5,0,2) +rs5-(s,0,2) —ru(s,0,2) = 0,

lirll u(s,v, ) = max(s — K, 0).

The first two conditions are straightforward. The third boundary condition on v = 0
is obtained from plugging in zero to the original PDE (2226) for pricing timer option.
This is based on an a priori assumption that u is sufficiently smooth around v = 0.
The last boundary condition reconciles the fact that large initial volatility causes

immediate exercise of the timer call.

We discretize the domain [0,S] x [0, V] such that there are I 4+ 1 nodes in s-direction

and J 4+ 1 nodes in v-direction. i.e.

S=1I1As, V =JAv.

For all interior points (1 <i < I, 1< j < J), we propose a A— scheme:

(1= MNA; = MU = [14+ A+ (1 — M)Ay + (1 — V) AU, (5.7)

where we categorize the derivatives such that A, corresponds to the mixed derivative
term, A; corresponds to the spatial derivatives in the s direction and Ay corresponds
to the spatial derivatives in the v direction. The ru term can be divided into 4; and

As. Therefore,
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1
Ao = ZPUU SRsvésv )

1, 1rs 1r
== 2R, — ——A
Al 28 R52555 + 2 » R858 21) xZ, (58)

1 1 0 1
Ao :—agRUQ(Sw +-k|—-—1) R0, — —EAZIZ,
2 2 v 2v

where

Ax Az Ax Az Ax
NS RU_A—U’ R82_A—82’ Rv2_A—U2> Rsv_m-

The difference operators are defined as

0sUij = Upr; — Uimry,

0ssUij = Uiy1j — 2U; 5 + Uiy,

0,Uij = Ui jr1 — Ui ja, (5.9)
OpuUij = Ui jy1 —2U; j + U 1,

dUi; = Uis1 41 +Uiz1j-1 — Uiz1 jo1 — Uigr -1,

By adding A2A;A,U"™™! on both sides of (7)) and ignoring higher order term, we

design a variation of the previous scheme as

(1= 2A — Mo + A AU =1+ Ag+ (1 — N)A + (1= N Ay + N2 A A U™
(5.10)
Factorizing the difference operator on the left hand side and regrouping the terms,

we obtain that

(1= AA) (1= AA)U™ = [1 4+ Ag + (1 — VA + A)U™ — (1 — ANA)NAU™.
(5.11)
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No.t-Steps V; No.V-Steps N, No. S-Steps Ny Computed Price CPU (Seconds)

10 40 80 8.2921 1.4319
20 80 160 7.3756 2.7091
40 160 320 7.4634 18.3646
80 320 640 7.5852 138.8510
160 640 1280 7.5849 879.6288

Table 5.2: A numerical example on pricing timer call option via ADI scheme

We propose an ADI scheme using Douglas-Rachford [31] method as follows:

(1= AANU™7 = 1+ Ay + (1 — N).Ay + AJU™,
(5.12)

(1= AA)U™ ! = U™ — A\ALU™

Detailed formulation of this ADI scheme is documented in Appendix We im-
plement this algorithm by choosing S and V' sufficiently large (for example, let
S =800, V = 5). Table exhibits the numerical experiment using the param-
eter set in Table Bl As numbers of steps along different direction (Ny, Ny, N,)
increase proportionally, the values converge to a level closed to the bias-free value
obtained from the formula implementation in the previous section. We observe that

the complexity of this ADI scheme is approximately
O(Ny) x (O(Ng) x O(N,) + O(N,) x O(Ng)) = O(N;) x O(Ng) x O(N,).

Figure exhibits the surface of the timer call price. We note that it might not be
optimal to have proportional step sizes and the choice of the proportional factor is a
topic of further research. In this numerical experiment, we focus on the illustration

of the validity of our AID scheme.
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Figure 5.3: Timer call surfaces implemented from PDE ADI scheme

5.3 Monte Carlo Simulation

In this section, we propose two Monte Carlo simulation schemes and compare their
implementation with the PDE and the analytical formula. Algorithm [lis a relatively
brute force method. Compared to using the discounted payoff e~"" max{S, — K,0}
as the estimator directly, Proposition B offers a conditional Monte Carlo simulation
estimator, which achieves the variance reduction. To further enhance the efficiency, we
employ the discounted asset price e~"".S; as a control variate. (7, V;) is approximated
via a “time-checking” algorithm based on the exact simulation of the variance path
{Vi}. We notice that Algorithm [ also works, when the Feller condition 2k6 — g2 > 0
is violated. As we can see in Appendix [0, Algorithm [[lcan be adapted to incorporate
the consideration of jump risk. Algorithm B]is an enhanced implementation based on
Proposition @l Instead of manipulating the original variance process {V;}, we employ

an Euler scheme on the Bessel process with predictor and corrector, which is applied
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to improve accuracy by averaging current and future levels of the drift coefficient.
Also, as an alternative to Algorithm [, an almost-exact simulation scheme based on
the transition law of the underlying Bessel process is proposed in Algorithm B. We
briefly describe each algorithm as follows and exhibit the computing performance of

Algorithm [l and Algorithm Bl

Algorithm 1. For each replication, we perform the following steps:

1. Simulate the discretized variance process {V;} path exactly, according to its
transition law, along the time grids t; = iAt where i=1,2,3,...(see Remark [ for

details about sampling the square root process).

2. Evaluate the total variance f(f Vids by trapezoidal rule, i.e.

AL
/ Vids ~ At : (5.13)
0

‘A j—1
W + Z V(kAt)
k=1

and, check the first time when the variance budget is exhausted. We record the

first j (denoted by jmin) when

A 7j—1
A | EVEAD > V(kAt)| > B. (5.14)

2
k=1

We regard (V (jminAt), jminAt) as an approximation of (V7).
3. Given 7, we sample S; via Euler scheme (see Glasserman (2004) [53]).

4. We employ the discounted asset price e™"7 S, as a control variate. The estimator

is spelt out as

C, = See® V" IN(dy (V7)) = Ke " N(dy (V7)) + B (7S, — So),  (5.15)
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where the optimal coefficient 3* is the opposite number of the slope of the least-
square regression line of the samples of Spe® (V=TI N (dy (V,, 7))—Ke ™" N(da(Vy, 7))
against that of e™"7S5,. We use the sample version to estimate $* in the im-
plementation, i.e. use the ratio of the covariance of the two statistics and the

variance of the control variable.

REMARK 7. By Cox et al. [25], the distribution of V; given V,, where u < ¢, up to

a scale factor, is a noncentral chi-squared distribution, i.e.

Ug(l — e—n(t—u)) . A pop—H(t—1)
= 4K Xd <03(1 — e—n(t—u))vu) , fort >u,

where y/? denotes the noncentral chi-squared random variable with d degrees of free-

dom, non-centrality parameter A and d = 2% See Broadie and Kaya [I7] for detailed

o5

study about the exact simulation of process {V;}.

Algorithm Pl relies on the representation of timer call option price via Bessel processes
in Proposition @l Here we propose an Euler scheme with Predictor-Corrector on the
Bessel SDE. We apply the Brownian scaling property to derive the following property,

in order to recast the variance budget B as a model parameter.

COROLLARY 4. Let {Y}, Z;} be a bivariate diffusion process governed by stochas-

tic differential equation:

9
dY, = B+ o-dt + ooV Bdpy; Yo =V,
. t (5.16)
Z, = —dt; Zy=
d t Kdt 0 07

where {f;} is a standard Brownian motion. Under probability measure Py, the fol-
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lowing distributional identity holds,

B
ds
X =law (y. 7.
(U Ba/o UUXS) ( 1 1)

Thus, the algorithm can be described as follows.

Algorithm 2. For each replication, we perform an Fuler iteration with predictor and
corrector (see Jaeckel [63]) in order to compensate the error caused by the unattain-
able zero pole of Bessel processes. Numerical experiments shows that this algorithm

works very well.

1. Predictor:

V(i4+1) =Y+ gziim + o, VBVALB(:), Y (0) = Vg,

2. Corrector:

aBko (1 —a)Bko

Y(i+1) Y ()

Y(i+1)=Y(i)+ At + o, VBVALB(i),

Y (0) = Vi, where (3(i)’s are standard normal random variables; « is an adjusting

coefficient which is usually chosen as %

Z(+1) = Z(i) + %AtB Hi) + Y(ii 1)] 2(0) = 0.

According to Proposition @, the estimator is ¥ (Y7, Z;).

As an alternative to Algorithm B, an almost-exact simulation based on the transition
law of the underlying Bessel process is proposed as follows. We start with the following

lemma about the transition law of Bessel processes (see Delbaen and Shirakawa [28]).
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LEMMA 6. (Delbaen and Shirakawa, Law of Squared Bessel Process) For

any & > 0, we have, for § dimensional Squared Bessel process X2,

2
where x? (%) means a noncentral chi-squared random variable with degree of free-

2
dom & and non-centrality parameter %

We note that the noncentral chi-square distribution Y% () with degree of freedom §

and non-centrality parameter a > 0 has the density

fee:b.0) = 2o~ (2)7 L(vaa){e > 0},

«

s _

5 — 1. The Bessel transition density can be expressed in terms of the

where v =

noncentral chi-square density as

2y y? o a?
Otsz,y) = (2 foo (L6, 2 )
P (t;z,y) (t)fx<t,,t

Now, we briefly describe an almost-exact simulation algorithm.

Algorithm 3. (An Alternative Simulation Scheme in Algorithm ) Let the length of

time grid be At = %, We simulate exactly the whole path of X, i.e.

Xo, Xat, Xoat, -, XB,
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by sampling noncentral chi-squared distribution iteratively according to

o5

X{i-nar
Xiae = At-xagﬂ( = ) (517)

The noncentral chi-squared random variable has degree of freedom d = %‘—”‘29 +1>1.

According to Johnson et al. [65],
XiON) = (Z + VAP + Xia-

The chi-squared distribution has CDF

POC <y) = /y e 3257dz
25T (g) 0 ’
and the Gamma distribution Gamma(a, ) with shape parameter a and scale param-

eter § has PDF
1

s(y) = ———y* e 75, Yy > 0.
Jfas(y) a5’ Y

Therefore, we find that

i = Gammal( %),

by letting a = 4, 3 = 2. The iteration equation (FI7) becomes

XiAt - At . ZZ +
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where d = %‘—”‘29 + 1 and

K0 K0
o= X%_,Qg = Gamma <g, 2) = 2Gamma <g, 1) ,

v v

where the shape parameter of the Gamma variables is Z—g. To sample Gamma vari-

ables, we use Fishman’s algorithm (see Fishman [42]).

Thus, we can sample V, through o,Xp = 0,X,,a;. We use trapezoidal rule to ap-

1
Xy

B m
ds 1<~ 1 ([ 1 1 \B
T_/O T X(5) 5;?@ (X“B i XL-B> m

proximate 7 as

According to Duffie and Glynn [34], it is asymptotically optimal to increase the num-
ber of time steps proportional to the square root of the number of simulation trials
for the first order Euler discretization. For Algorithm [, we suppose the number of
simulation trials is n and number of time steps for going from 0 to Ty (the speci-
fied investment horizon) is k. Thus we apply the optimality principle in Duffie and
Glynn [34] in the sense that k = [\/n] (At = T/k). Table B3 and Figure B4 shows
our implementation results. It is obvious that Algorithm B significantly outperforms

Algorithm [

5.4 Miscellaneous Features

Finally, we illustrate the comparison between timer call options and European call
options with the same expected investment horizon (maturity) by a numerical ex-

ample. Indeed, we specify an investment horizon, e.g. T, = 0.25. Using the model
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(a) Simulation with Algorithm [

. . Standard RMS Computing
No.Trials n No.Steps £ Bias Error Error Time (CPU sec.)
10,000 100 0.1191 0.0617 0.1341 0.734
40,000 200 0.0343 0.0312 0.0464 5.718
160,000 400 0.0303 0.0156 0.0341 44.719
640,000 800 0.0250 0.0078 0.0262 354.719
2,560,000 1,600 0.0129 0.0070 0.0147 2863.83
10,240,000 3,200 0.0058 0.0033 0.0067 25596.63
(b) Simulation with Algorithm
) . Standard RMS Computing
No.Trials n  No.Steps k  Bias Error Error Time (CPU sec.)
10,000 100 0.0421 0.0521 0.0670 0.46
40,000 200 0.0149 0.0256 0.0299 1.95
160,000 400 0.0088 0.0129 0.0156 15.38
640,000 800 0.0073 0.0065 0.0098 118.12
2,560,000 1,600 0.0059 0.0032 0.0067 978.53
10,240,000 3,200 0.0049 0.0016 0.0051 9926.36

Table 5.3: We implement Algorithm [ and Algorithm B using the parameters in
Table BTl The bias-free timer option value computed from the analytical formula
is Cy = 7.5848. It turns out that Algorithm Bl employing a predictor-and-corrector
correction with Bessel process simulation, performs much better than brute force
Algorithm [[. We also note that the simulated values of the risk-neutral expectation
of the maturity from Algorithm [0 and Algorithm B associated to the lowest RMS
errors obtained in this numerical experiment are 0.5358 and 0.5355, respectively.

parameters in Table Tl and varying the value of Sy, we calculate the expected realized

variance over period [0, Tp] as

1 7o Vo—0
2= _E@ / Vids | =0+ = 1 — e "0y .
o, T ; S + T ( e )

We observe, from Figure[i.H, that the timer call option with variance budget B = 02T,
is less expensive than the European call option with maturity 7p. This numerical
experiment suggests that, as the implied volatility tends to be mostly higher than the

realized volatility, timer options can be applied to suppress the extra cost of the high
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Figure 5.4: Convergence of the RMS errors of Monte Carlo simulation Algorithm [
and Algorithm

implied volatility of European options.

As we can see in Figure .0, the price of a timer call option increases as the variance

budget increases and manifests tiny convexity.
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Comparison of timer & vanilla call prices with the same (expected) investment horizon
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Figure 5.5: Comparison between the prices of timer call options and European call
options
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Figure 5.6: Timer call option price increases as variance budget increases



Chapter 6

Dynamic Hedging Strategies

In this chapter, we discuss dynamic hedging strategies for timer options at the theoret-
ical level. We also briefly illustrate the issue of the computation of price sensitivities

used for hedging and risk-management purposes.

6.1 Dynamic Hedging Strategies

The underlying asset and the riskless money market account constitute an incom-
plete market due to the uncertain volatility risk. Thanks to the market completion
via volatility-dependent assets (e.g. variance swap), we formulate the pricing of timer
option as a first-passage-time problem via a standard no-arbitrage argument in Chap-
ter @ In this chapter, we focus on the dynamic hedging (replication) of timer option

based on market completion.

We hedge the timer call option by the original underlying asset and a sequence of
contiguous auxiliary volatility-dependent securities. In the following exposition, we

take variance swap as an example of the auxiliary hedging instruments. Because we

75
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need to hedge the timer call option until its random maturity 7, we may need to
replace matured variance swaps with new ones during the whole life of the timer
call option. We regard [0, 7] as a composition of hedging periods D; = [Z;;IOTJ A
T, Z;:o TyAT], i =1,2,3,... (we define Ty = 0). On D; a variance swap with maturity
T; and price process {G;(t)} is employed as an auxiliary hedging instrument. In fact,
in order to hedge a timer option we need not only to rebalance the replicating portfolio
locally within each period D;, but we also need to replace the expired variance swap
with a new one at each time T}, if T; < 7, until time 7 when the total variance budget

is consumed. The following chart illustrates this hedging mechanism.

Cy Crp, C. = max(S,; — K,0)
Iy = Cy hedge My, =Cq, hedge ... hedge I, =C,
G G G(n
(A8, A7) (A5,479) (AF, A7)

Without loss of generality, we focus on the first hedging period [0,77 A 7]. Let {II;}
denote the value process of the self-financing hedging portfolio. Suppose that at time
t the portfolio consists of Af shares of asset with price S; and AY shares of variance
swap with price G; (note that we drop the subscription 1 of G; without introducing
any confusion), and the rest of the money fully invested in the riskless money market

account. Therefore,

It is equivalent to

de'IL) = e [AF(dS; — rSidt) + AF(dG, — rGidb)]
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Let Gy = G(t,V;, I;) for some function G. According to Broadie and Jain (2008) [16],
we have that

d(e™"Gy) = e‘”%av VVidw V.

Thus the replicating portfolio satisfies

(e 11) = " [AF DT VAW + AT VTS (paW ) + T 2awi®)]. (6.1)

On the other hand, for the timer option price we deduce that

) 0
(e C) = e[ T /T + T TS (paW ) + /T Faw®)]. (62)

Finally, we let
d(e™"Cy) = d(e "11y).

Therefore, the dynamic hedging strategy localized within a certain hedging period D;

reads )
AS = %
ou (6.3)
Af = G
( ov

REMARK 8. The hedging procedure can be also done with fixed maturity European
options. Employing a European option with maturity 7' and price process {H;}

(Hy = H(t, S, Vi, 1) for some function H(t,s,v,I)) as the auxiliary security, the
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strategy for dynamically hedging a timer call option reads

( du OH
o Gy Bs
s _ -7 _ 0v S
Mo
o v (6.4)
Al = 0.
' v

6.2 Computation of Price Sensitivities

From Section B.1], we see that both timer call Delta (the sensitivity with respect to
So) and Vega (the sensitivity with respect to V4) are important for dynamic hedging
of timer options. Price sensitivities on other model parameters might be useful for
risk management purpose. In this section, we discuss the computation of sensitivities

based on various computational methods we discussed previously.

Upon implementing the analytical formula in Theorem H, we can use the correspond-
ing finite difference to approximate a sensitivity. For a general parameter © (could

be Sy, Vp, etc)
0Cy _ Co(© +30) — Cy(O)
00 IYe)

It is straightforward to implement it by choosing small é© so as to achieve a pre-
specified error tolerance level. We can also perform path-wise simulation (see Broadie
and Glasserman [I5]) to compute price sensitivities. We can obtain the sensitivities
almost for free, once the simulation of underlying process is done for valuation. How-
ever, we need to tolerate the bias in this approach. Based on Proposition Bl and
Corollary (E10), we can apply pathwise approach combined with Euler discretiza-
tion on the Bessel process in order to compute the price sensitivities with respect to

© € {B,k,0,0,,Vy}. By taking the derivatives inside the expectation, we obtain the
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following proposition.

PROPOSITION 7. The pathwise estimator for the price sensitivity with respect to

© € {B,k,0,0,,Vo} admits the following form.

aC,
a—(; = [ Soe® M PIN(dy (Yy, Z1)) Do + Soe™ 70 g(dy (Y, Z1)) Dy — Ke " ¢(do(Yr, Z1)) Do+
vz 07, k 0Y, k2007, K K20 k’B
KT@ ZN(dQ()/l,Zl)) <%+0—5%— 0_5 %) eXp{O'_g(%_)/l)_l_ 0_5 Zl_T"g 5
(6.5)
where
_8d0 81/1 ado 821 8d0 K 81/1 H29 8Z1
Do =53, 00 2055 + 3¢ 02055 + 5540~ 559 + 7 5e
adl 81/1 8d1 821 8d1
Di=—Y. 7{)— + — 1) — 4+ — (Y1, 2 6.6
1 av(b 1)8®+8§(1’ 1)8@+8®(1’ 1), (6.6)
_8d2 gy,  0Ody 07, 0Ody
D, —%(Yh Z1)% + 8—§(YI’ Z1)% + %(Yh Zy),
and
b() = ——c%
r)=——¢e 2,
V2r
and ad ad
0 _r 9o __Pr
8’U ('Uvg) - O_va 85 (’Uvg) UU /{9,
0d1 . 1% adl . - U_F:JFLH
8’(] (Uv g) - o, (1 — p2)B’ 85 (U7£> - (1 — p2>Bv (67)
8d2 8d2 T — 0—’1&9

_ P 9% 0 I
%(Ujg) o/ - 2B O (®.4) (1-pB

In order to implement Proposition [, we just need to simulate (%, %). This can be

obtained directly, once we simulate the trajectories of (Y, Z;). We demonstrate the

. . . OC,
method through the following example of computing Vega, i.e. -

We differentiate {Y;, Z;} with respect to V5. By the dynamics in (BI6), we obtain
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that,
Y, Brf ([ 0Y; dYo
[ v PR
(o) == % (o) o=t .
g (22— _ B (%), 9% _ |
o)  YP\W/) T vy
Therefore, by discretization, we design the following Euler scheme to simulate (g—%, g—‘Z/;).
aY oYy Bk (0Y
N o= (27 i = YN A

(g—‘i) (i+1)= (g—é) (1) — Y% (%) (1)At.

We take the terminal value from these iterations to evaluate the estimators for the

price sensitivities.

As to the computation of sensitivities via PDE approach, we use finite difference to
approximate the corresponding derivatives. It is straightforward to obtain the price
sensitivity with respect to Sy (the so called Delta) and the price sensitivity with

respect to Vj (the so called Vega) once the price surface Bl is obtained.

For the purpose of illustration, we plot the surface of timer call Delta and Vega,
which are both important for hedging, in Figure Il We observe that the Delta of
the timer call option is bounded between zero and one, while the Vega keeps negative

with considerable fluctuation.
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Figure 6.1: Numerical examples of time call option price sensitivities: Delta and Vega
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Chapter 7

Introduction to Part 11

7.1 A Brief Outline of Part 11

Consistent modeling and pricing of options on S&P 500 (the Standard and Poor’s
500 index), VIX (the CBOE volatility index) and realized variance are an important
issues for the financial derivatives market. Gatheral’s (2007, 2008) double mean-
reverting stochastic volatility model achieves such a goal to reduce the model risk.
However, the non-affine structure of this model leads to the analytical intractability in
the sense that the characteristic function of the underlying variables might not exist
in closed-form. At the time when the model was proposed, its calibration involved
massive Monte Carlo simulation. In this part, we begin with some analysis of the
model. Then, we develop a generally applicable asymptotic expansion method for
efficient valuation of derivatives under non-affine multidimensional diffusion models;
and demonstrate it in the valuation of options on VIX under Gatheral’s double log-

normal model. Our probabilistic method is a combination of scaling, pathwise Tay-

83
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lor expansion, inductive computation of correction terms, calculation of conditional
mixed Brownian moments, etc. The non-linear payoff function of an option on VIX
is complicated; nevertheless convergence of our expansion is rigorously justified via
the theory of Malliavin-Watanabe-Yoshida. In numerical examples, we demonstrate
that the formula efficiently achieves desirable accuracy for relatively short maturity
cases. Following our probabilistic computation approach and theoretical basis, bet-
ter accuracy for longer maturity options can be obtained by adding more correction

terms.

7.2 Modeling VIX

VIX, the Chicago Board Options Exchange (CBOE) Volatility Index (see [23]), is the
premier benchmark for U.S. stock market volatility. It provides investors a direct and
effective way to understand volatility. As an implied volatility index, VIX measures
market expectations of near term (next 30 calendar days) volatility conveyed by stock
index option prices. Since volatility often signifies financial turmoil, VIX is often

¢

referred to as the “investor fear gauge”.

According to CBOE [23], independent of model specification, an index o is calculated
by averaging the weighted prices of out-of-the-money puts and calls on S&P 500 (the
Standard & Poor’s 500 index), i.e.

2 AK; 1 [F 2
2_ 4 Lt rAT N & =

where the various parameters are defined as follows.
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AT - Time to expiration,

I Forward index level derived from index option prices,
K;: Strike price of i-th out-of-the-money option,

AK; - Interval between strike prices,

Ky : First strike below the forward index level F',

T Risk-free interest rate to expiration,

Q(K;) : The midpoint of the bid-ask spread for each option

with strike Kj;.

Conventionally, VIX is calculated as

VIX =0 x 100. (7.2)

The squared VIX satisfies that

2 % 10% « AK; 2
VIX? = = > e eQK;) — — [— - 1] : (7.3)

Following Carr and Wu (2006) [22], we introduce the theoretical proxy of VIX and
demonstrate the necessity of employing a model, which is able to consistently price
options on VIX and S&P 500. To begin with, we recall the definition of theoretical
VIX, which is used in the modeling and valuation of derivative securities on VIX.
On the filtered risk neutral probability space (2, Q, F,{F;}), we assume the asset
dynamics to be

dS;

? = rdt + \/vtth,
t

where {V;} denotes the stochastic variance process. Let us define the realized variance
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over the time interval [¢,t + AT to be

(+AT
RV iynr == —AT/ V.ds.
t

—2
Further, VIX,, the theoretical squared VIX (see Carr and Wu [22]) is defined as

1 t+AT
AT / Vids
t

For now, we exclude the presence of jump in the asset dynamics. Otherwise, jumps

—2
VIX, = E9[RV, ar|Fi] = EC Fi (7.4)

will contribute to the realized variance as well. The theoretical squared VIX (IZ4))
can be statically replicated via forward-starting S&P 500 put and call options, i.e.

2
VIX, = 5= € _oModely ¢ o AT KVAK + | S PModely ¢ 4 AT, K)dK | |

2 oo rAT Fy rAT
[ Fy K2 0 K2
(7.5)

where F, = S,e" =% denotes the forward price of S, contracted for a later time 7' > t.
CModel(¢ ++ AT, K) and PMedel(t t+AT, K) denote the model price of forward started
call and put options with maturity AT, respectively. This static replication idea has
been successfully applied to the study of variance swaps (see Derman et al. [29]).
Thus, the theoretical squared VIX ([Z4) is represented by a strip of model-generating

out-of-the-money S&P 500 option prices over a wide range of strikes.

Suppose that we have a stochastic volatility model which fits the entire S&P 500
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options smile. In other words, for any strike K,

CMOdEl(t,t—i— AT, K) :e_TATEtQ(St—i-AT N K)+
=Cps(Cimp(K, AT), S;) = CMarkel(t t 4 AT, K)
pModel(t ¢ 4 AT, K) =e "ATES(K — Spyar)t

:PBS(Uimp(Ka AT), St) - PMarket(t’ t + AT, K)

where CMarkel(t + + AT, K) and PMarkel(t + + AT, K) denote the market price of
forward started call and put options with maturity 7. Here Cgg and Pgg denote the
Black-Scholes call and put option pricing formulae, respectively; and o, (K, AT)
denotes the implied volatility associated with strike K and maturity AT. Therefore,

it follows that

9 2) oo rAT Fy rAT
VIX, :—[ ‘

AT | ) K2 o K?

(7.7)
Hence, we can interpret o (defined in (IZ3))) as a discretization of its theoretical

counterpart defined in ([Z4). i.e.

—2
VIX =~ o2 (7.8)
Therefore, we have that
VIX x 100 ~ VIX. (7.9)

An excellent stochastic volatility model, under which the approximate relation ([Z)
holds, allows us to use theoretical VIX ([Z4]) as a proxy to study the pricing of VIX
options and futures, etc. within a continuous time framework. Therefore, we need

a model which matches S&P 500 options market prices across all strikes and also

cMarket(t t + AT, K)dK + ——-PMerkel(t ¢ + AT, K)dK | .
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produces correct VIX option market prices. Under the assumption of absence of
jumps in the asset dynamics, the error resulted from using theoretical VIX is solely

induced by the discretization of the integration in ([Z7) on strikes.

Similar to the Black-Scholes-Merton model (1973) [10, [79] for pricing equity options,
Whaley’s (1993) [91] model directly regarded VIX as a geometric Brownian motion
with constant volatility. Following the modeling approach in Cox et al. (1985) [26]
and Heston (1993) [61], Grunbichler and Longstaff (1996) [55] specified the dynam-
ics of VIX as a mean-reverting square root process. Detemple and Osakwe (2000)
[30] employed a logarithmic mean-reverting process for pricing options on volatility.
Carr and Lee (2007) [20] (also see Carr and Wu (2006) [22]) proposed a model-free
approach by using the associated variance and volatility swap rates as the model in-
puts. Following Eraker et al. (2003, 2004) [40, [64], Lin and Chang (2009) modeled
the S&P 500 index and the S&P 500 stochastic volatility by correlated jump-diffusion
processes. Following the approach proposed in Bergomi (2005, 2009) [6] [7], Cont and
Kokholm (2009) studied a modeling framework for the joint dynamics of an index

and a set of forward varaince swap rates written on this index.

7.3 Historical Developments on Modeling Multi-
factor Stochastic Volatility

The Black-Scholes-Merton (1973) model [I0, [79] assumes that the underlying volatil-
ity is constant over the life of the derivative, and is unaffected by the changes in
the underlying asset price. However, one of the most prominent shortcomings of
this model is that it cannot explain features of the implied volatility surface such

as volatility smile and skew, which indicate that implied volatility does tend to vary
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with respect to strike price and expiration. Stochastic volatility is a popular approach
to resolve such deficiency of the Black-Scholes-Merton (1973) model. In particular,
the early attempts of two-factor stochastic volatility models, such as Hull and White
(1987) [62] and Heston (1993) [61], assume that the volatility of the underlying price is
a stochastic process rather than a constant, which makes it possible to model deriva-
tives more accurately. Two-factor stochastic volatility models can fit the volatility
smiles. However, these models are restrictive in the modeling of the relationship be-
tween the S&P 500 volatility level and the slope of the smile. The consistent modeling

of options on VIX and realized variance is confronted with even more challenge.

In the literature of equity/index option valuation, the deficiencies of the two-factor
stochastic volatility model have traditionally been addressed by adding jump compo-
nents to the dynamics. See for example Bates (1996) [, Duffie, Pan and Singleton
(2000) [36], Broadie, Chernov and Johannes (2007) [I4] and Lipton (2002) [75]. We do
not doubt the usefulness of this approach. Instead, we claim that adding additional
factors to the volatility process can alternatively circumvent the model deficiencies.
Here, we do not investigate whether multi-factor models or jump processes are more

appropriate for modeling option data.

Early considerations of using multi-factor stochastic volatility models to improve the
goodness of fit for S&P 500 returns can be found in Bates (1997) [B] and Gallant et.
al (1999) 7. Duffie, Pan and Singleton (2000) [36] propose an affine classg of three-
factor stochastic volatility models. Based on an assumption on the specific correlation
structure, an intermediate stochastic trend component is added to volatility, which
generalizes Heston’s (1993) [61] two-factor stochastic volatility model. Also relying on

the affine class, Heston et al. (2009) [24] propose a three-factor stochastic volatility

*For the affine class models, see Duffie and Kan (1996) [35], Duffie, Filipovic and Schachermayer
(2003) B3]
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model by adding a second CIR process of variance, which is independent of the one
in Heston (1993) [61]. Due to the special requirement on the correlation structure,
this model is analytically tractable in the sense that the characteristic function of the

underlying admits closed-form formula.

Gatheral’s double mean-reverting stochastic volatility model (2007, 2008) [50, 49, K1)
generalizes the affine three-factor model in Duffie, Pan and Singleton (2000) [36] by
allowing more flexibility in the correlation structure and the specification of the diffu-
sion components. Supported by some empirical study, the variance is more properly
modeled by a double-CEV type mean-reverting process instead of using square root
processes. Thus, it falls into the non-affine class, which is quite computationally

challenging.

7.4 Gatheral’s Double Mean-Reverting Stochastic

Volatility Model

Under the risk-neutral probability measure, Gatheral’s double mean-reverting stochas-

tic volatility model (hereafter DMR-SV) is specified as follows:

% =rdt + \/thW@), S() =59 > 0,
t
AV =k(V} = Vo)dt + &V dZy(t), Vo= v > 0, (7.10)

AV} =c(zs — V))dt + &V dZa(t), Vg = v >0,

where the Brownian motions are correlated as
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This model is presented in Gatheral (2007) [49], its further development in Gatheral
(2008a) [01] and Gatheral (2008b) [50]. In this model, {S;} represents the price
process of a stock or index. The instantaneous variance level V; reverts to the moving
intermediate level V' at rate k, while V} reverts to the long-term level z3 at the
slower rate ¢ < k. In the dynamics ([LI0), r is the instantaneous interest rate, which
is assumed to be a constant; & and & are the volatility parameter for {V;} and
{V/}, respectively; a and 3 are the constant elasticity parameters for {V;} and {V}},
respectively. By adding such a moving intermediate level, an additional freedom is
given compared to traditional two-factor stochastic volatility models, e.g. Heston
(1993) [61], etc. It provides a new perspective, from financial economics, for us to
capture more about the dynamics of stochastic volatility. In this dissertation, we

focus on the study of the double mean-reverting volatility process {(V;, V/)}.

The CEV (constant elasticity of volatility) type parameters are chosen as o, €

[1/2,1]. According to Gatheral [50], the models are classified as:
e Double Heston for the case of « = 3 =1/2,
e Double Log-normal for the case a = 3 =1,

e Double CEV for any other cases.

We note that both V; and V' are always finite and positive. For the case of double

log-normal (« = (8 = 1), this property of (V;, V}/) can be seen from its explicit solution.

PROPOSITION 8. When o = (3 = 1, the linear stochastic differential equation
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governing the bivariate diffusion {(V;, V/)} can be solved explicitly as

V'(t) =exp {—ct + & By (t) — %fgt}

t
) (VO’ + CZ3/ exp {cu — & Bo(u) + %ggu} du) ,
0

(7.12)
V(t) =exp {—FLt + & By(t) — %gft}

: (Vo + Ii/ exp {f-w — & B (u) + %ﬁfu} V'(u)du) :
0

For the case a = [ = 1, the probability distribution of (V;,V/) is not strictly log-
normal, however, according to the local behavior of the dynamics we rationally call
it double log-normal, which is consistent with Gatheral (2008) [50]. We note that
with & = 0 and ¢ = 0, the double log-normal model becomes the A-SABR model of
Henry-Labordere (2008) [60]. In this case, the dynamics of the variance process {V (¢)}
follows a continuous-time version of the well-known GARCH(1, 1) model. It assumes
that the randomness of the variance process varies with the variance, as opposed to
the square root of the variance in the Heston (1993) [61] model. It is a special case
of the Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model
(see Bollerslev (1986) [11]), which is popular for estimating stochastic volatility. We
note that Gatheral’s model is compatible with the models on forward variance such
as Dupire (1993) [B8], Bergomi (2005) [6] and Buehler (2006) [T9]. The dynamics of
Gatheral’s model ([.I0) is implied by properly selecting a variance curve functional

(see Gatheral (2008) [50]).

It makes sense to add at least one more factor to the traditional two-factor stochastic
volatility models, because we know from the principle component analysis (PCA) of
volatility surface time series that there are at least three important modes of fluctu-

ation, namely level, term structure and skew. By employing three factors, Gatheral’s
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DMR-SV model is able to price options on S&P 500, VIX and realized variance con-
sistently. It generates a correct S&P 500 volatility skew for short expirations with no
need for jumps. Moreover, the model fits the option market with time homogeneous

parameters.

Gatheral (2007, 2008) [50), 9, B1] demonstrates that the DMR-SV model is able to
fit consistently to the market of options on VIX, S&P 500 and realized variance very
well. Gatheral’s [B0] step-by-step calibration strategy begins with estimating some
parameters via the analysis of time series data, and then identifies others via fitting
options on S&P 500 and VIX. In the procedure of fitting option values, his method
heavily relies on Monte Carlo simulation, which is very time-consuming when a large
amount of computation is needed. Gatheral (2007, 2008) [00, 49, BI] suggested that
the local log-normal structure (the case of @« = 3 = 1) works well in terms of fitting
the market; nevertheless the optimal parameter set, which is freely calibrated to the
market, indicates that @« = [ = 0.94 ~ 1. In this paper, based on the tradeoff
between the performance and the relative simplicity of the case a = f = 1, we are
motivated to provide and implement an efficient asymptotic expansion formula for
pricing VIX options under the double log-normal model. We explicitly derive the first
three expansion terms and prove the validity of our approach rigorously. Following
our probabilistic computation approach and theoretical basis, better accuracy for

longer maturity options can be obtained by adding more correction terms.

Though the double log-normal model works well, a minor limitation one should keep
in mind, as commented in Staunton (2009) [86], is that the underlying variable (V;, V)

is conditionally stable.
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PROPOSITION 9. (V,, V) has finite second moments if and only if

2k > €7 and 2¢ > €. (7.13)

Proof. Indeed, this can be seen from straightforward computation on the moments

through Ito’s lemma. Let us take V’(¢) as an example. We can compute that

EV'(t) = e Vg + z3(1 — e~ ). (7.14)

Thus, by applying Ito’s lemma and solving an ODE, we find that

2
EV'(t)? :e—(%—ﬁ%)tVO’? + M(e—d — e~ (280 4 2czy (1 — e~ (2e=eDt)

c—& 2c— &
2¢ 22 ast— oo, onlyif 2¢c > &2
—_— — .
20 o 5% 3 ) y 2
(7.15)
Similarly, we find the stability condition 2x > &7 for {V/(¢)}. O

If the stability condition ([LI3) is violated, one of the practical consequences of this is
that the Monte Carlo simulation would generate unreasonably large values of V'(t),
which might lead to the divergence of the numerical computation results. In addition,
the growth of the second moment of V; as time ¢ increasing is inconsistent with the
historical time series of VIX and the price of options on VIX. Therefore, we advocate
the consideration of the parameters restriction (LI3)) when the double log-normal

model is calibrated to the market data.

The rest of this part is organized as follows. In chapter B we set up the valuation
problem for VIX option under the double log-normal model. Then, we present an
asymptotic expansion formula for pricing VIX options. By deriving this formula,

we essentially provide a generally applicable asymptotic expansion method for effi-
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cient valuation of derivatives under non-affine multidimensional diffusion models. In
chapter @, we explore the computing performance by conducting a set of numerical
experiments. In chapter [[0, the validity of our expansion is justified via the theory

of Malliavin-Watanabe-Yoshida.



Chapter 8

Valuation of Options on VIX under
Gatheral’s Double Log-normal

Stochastic Volatility Model

There are mainly two approaches to derive asymptotic expansions for derivatives val-
uation. One is the PDE based singular (regular) perturbation method, for example,
Hagan et al. (2002) [66] and Andersen and Brotherton-Ratcliffe (2005) [3]. Another
one is based on probabilistic techniques. For example, Kunitomo and Takahashi
(2001) [70] and Osajima (2007) [82] employed the computation of the conditional
expectation of Wiener-Ito chaos (see Nualart et al. (1988) []1]) to derive asymptotic
expansions for the valuation of interest rate derivatives. In this section, we derive an
efficient asymptotic expansion formula for pricing options on VIX under Gatheral’s
model probabilistically. Beyond the valuation of options on VIX under Gatheral’s
model, our method provides a generally applicable platform for a wide variety of

valuation problems. We begin with the pathwise Taylor expansion of the underlying

96
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diffusion and write the expansion terms in the form of Lebesgue integration. Sub-
sequently, we inductively compute each correction terms. The computation is based
on the conditional mixed Brownian moments, which is easier to implement compared
with the Wiener-Ito chaos. The convergence of our asymptotic expansion is rigorously

justified via the Theory of Malliavin-Watanabe-Yoshida.

8.1 Basic Setup

In the following sections, we use VIX to denote VIX for notational convenience,
since we work under a consistent model and ignore the discretization error in approx-
imation ([C). First, the squared VIX can be represented by a linear combination of

instantaneous variance, intermediate level and long-term level.

PROPOSITION 10. Under Gatheral’s DMR-SV models,

VIX} =E° E/ Vids|Fi| = a1V + a2V + azz, (8.1)
t
where
1 1—e 2T
ay = .
"TAT K ’
1 K 1— e—cAT 1— e—nAT
_ 1 _ 8.2
“CTANT ke { c K } ’ (82)
1 1— —kAT
as = 1-— . ‘

AT K
Based on the fact that the function f(x) = (1 —e~*)/z is decreasing and bounded by

1 as well as the modeling requirement of ¢ < k, we have that a; > 0,as > 0,a3 > 0.
Because of the mean-reverting feature in V; and V/, the mean-reversion of VIX is

modeled explicitly from (&I).
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Proof. By taking expectations on the bivariate diffusion of (V;,V}), we arrive at an

ODE system
t+AT
EViar — Vi = / (EV! — EV.)ds,
o (83
Et t/—i-AT — ‘/t = CZgAT — C/ Et‘/s/ds.
t
It is straightforward to solve it to obtain E,V, for s > ¢t. Thus, by integration, we find

the coefficients a1, as and ag as defined in (B2) for representing squared VIX. This

yields the statement in (BII). O

Following a standard no-arbitrage argument (see the treatment of stochastic volatility
in Gatheral (2006) [48]), the price of a VIX call option with maturity 7" and strike K

can be represented as the risk-neutral expectation of the discounted payoft, i.e.

+
C, = e "T-OEQ {(100 x \/arVir + a3 Vi + azzs — K) ‘]—}] . (8.4)

In this expression, we multiply 100 with the theoretical VIX defined in ([Z4)), according
to the convention and definition of VIX (see ([3)) and (Z2)).

REMARK 9. We start from a physical specification of the double mean-reverting
stochastic volatility model. Empirically, we add two auxiliary securities, within which
volatility risk are embedded, to complete the market. For instance, we may choose
S&P500 options or variance swaps to accomplish this market completion procedure.
Then, we construct a risk-free self-financing portfolio consisting of A; shares of VIX2,
which can be replicated by a stripe of out-of-money options (see (1) and ([Z3)), NG
shares of the auxiliary security with value process {A;(¢)} and AP shares of the
auxiliary security with value process {As(t)}. By taking a long position in the VIX

call option (with value CY/X) and by shorting all others, the portfolio value at time
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t is given by
P(t) =YX — AVIX2 — AP A (1) — AP 4y (0).

Therefore, by a no-arbitrage argument based on dP(t) = rP(t)dt and a straightfor-
ward calculation using Ito’s lemma, we find a PDE governing the VIX option price
given a judicious choice of the mathematical form of the market price of volatility
risk. By the Feynman-Kac theorem (see Karatzas and Shreve (1991)), the VIX option
price admits the risk-neutral expectation form as in ([823]), while the corresponding
risk-neutral specification of the double mean-reverting model is exhibited as in ([Z10).

Meanwhile, a theoretical delta-hedging strategy is suggested as

t = 29 t = ) At = : (85)
oV IX; 0A(t) 0A5(t)
By straightforward computation, we find that
ocy™x acy™™ oV, ocy1x gvy
OVIX} 0V, OVIX} oV} OVIX}P
OCYTXACYIX 9A(t)  OCY ™™ DA5(t) (8.6)
oV,  0AL(t) 9V, 0Ay(t) OV, '
OCYTX OCYTX 9A(t)  OCY ™ 0A5(1)
ovl  0AL(t) oV 0Ax(t) oV
Thus, (A, AP, A®) can be solved from (&) as
A i&cvt\/IX i&cvt\/IX
"Tay 0V, ap OV
As(t) OCYIX  9A5(t) OCY X
AL _ OV v v, oy
t T TOAa(t) 0AL(E) _ 0Aa(t) DAL(E) (8.7)
v, "oV v, oV,
A1(t) OCY X 9A1(t) OCYIX
A@) _ Vv Vi oy
LT 0Ax () 9AL(t) _ DAs(t) dA(H)
v, av/ v, v
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The dynamic hedging portfolio might be expensive, but it can be constructed by a
certain amount of shares of the two auxiliary securities and a stripe of out-the-money
(OTM) options which replicates VIX?2. More specifically, in the hedging portfolio,

we need to hold

4 , VIX VIX
Ailt) = 2 x 10* AK; T (i@C’t iaCt )

T Kz2 ay 81/; [¢5) 8Vt’

number of shares of an European option with strike K.

8.2 An Asymptotic Expansion Formula for VIX
Option Valuation

Despite the simplicity in (8J), the payoff of European call options on VIX is highly
nonlinear. In addition, the double log-normal model is not analytically tractable in
the sense that the joint characteristic function of (V;,V/) is not easy to obtain in
closed form. Therefore, we employ an asymptotic expansion technique to find an

explicit formula for approximating the option price:

_l’_
OVIX = oTRR l(loo x \/a1Vr + ap Vi + azzs — K) } : (8.8)

We let € = &+/T, the total volatility of the intermediate level, be the quantity based
on which asymptotic expansion is performed. This choice is inspired by the calibration
result in Gatheral (2008) [B0]. As of April 2007, Gatheral (2008) [50] finds that
& = 2.6 and & = 0.45 when a double CEV model is calibrated to the VIX option
market; & = 7 and & = 0.94 when a double log-normal model is calibrated. Both

of these cases suggest that & should be a relatively small quantity. In addition to
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the requirement that ¢ < k, we may expect that the intermediate level reverts at a
lower speed and is more stable. However, we note that these modeling assumptions
are still subject to further empirical tests if possible. Under certain market condition
where the intermediate level of the volatility is not so volatile (say, & < 1), the choice
€ = &+/T may accelerate the convergence comparing to expanding according to v/7T.
We also note that this choice of expansion parameter resembles that of the SABR
expansion based on the “small vol. of vol.” in Hagan (2002) et al. [56]. Even for
the case when ¢ is not small enough, we can still conduct an expansion to obtain a
satisfactory approximation once enough correction terms are added. An analog to
support this reasoning is that the Taylor expansion for exponential function e* can

be performed, i.e.

Noq || N+
e’ = Z ﬁx" +0 (m) , asn — oo, for any arbitrary x € R. (8.9)

In Theorem [, we present the key result about an asymptotic expansion representation
of the VIX option price. In order to obtain significant accuracy of the approxima-
tion for actively traded short maturity options, for example one-month options, we
explicitly expand the price up to the first four correction terms, each of which is a
combination of polynomials, normal density and cumulative distribution functions.
Higher order terms can be similarly computed by using the method we present in the
next section. In Remark [T}, we give an alternative asymptotic expansion formula, for
the first four correction terms, based on the choice of parameter as € = /T, which
exclusively depends on the option maturity. In section B3], detailed derivation of the
formula in Theorem [l is explicitly carried out via scaling, pathwise Taylor expansion

around € = 0, computation of conditional mixed Brownian moments, etc.
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THEOREM 5. The price of an option on VIX with strike K and maturity T admits

the following asymptotic expansion:
_7«52
Cy™ =100 x e 8 {eO1(y) + €02(y) + 05(y) + €'Ou(y) + O(€")} . (8.10)

Here
B K/100 — X,

Y e

where € = &\/T and

_ Vai&Ve + a3GVe + 2pa1a:6:6V0Vy

on\/@1%+a2vol+a3237 3 2XoE
0&2

In the expansion (&I0), we have that

O1(y) =é(y) —y(1 - N(y)),

O2(y) =(Ao + A1) (1 = N(y)) + Ayo(y),

Os(y) = | e + As + (24 1) | 6(0),

(8.11)

O4(y) = (Asy” + Aey” + Ary® + Asy) d(y) + 2A(1 — N(y)),
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where A;’s are either constants or polynomials of y:

A() :aﬁf + /663 + 7,
Ay =aQ? + B2+ 5,

Ao =3w3(y) + wi(y) + wi(y) + 2wo(y)wa(y),

050 650
=2 —2 53601 62 L2
A3 =07 + —— 12§X0 (9 Q1 + 65 + 305,57 + 30,0975 + —2522 + _253 )
Ay =05 + — 12£X0 (6597 + 6,6%3) ,

A3
A =5

1 !
ho = feap R ER + eV G GO +60)07 + V0] + 216X (-20]
0

+ 0 — Ay) + 2482 X2A 1 (—2A2 + (a5} + B35 + v)A + 4(a51 — B52)?)],

A = mEmldVig(E - 2Vi(F - 503)8 + £)98 + afveeinp(Ritap i)
Vo (& — 507)€F + &) — € Xo(—a1 Vol + 1920°¢070F — 3840800010260 —
asVIEIs + 24§2A2 + 1920260262 — 24607 + 246 A3+ 48€2A 4 + 966 A1 (052 + B2 47)) +
24E2 X2 (—4(ao? + Bos +v) A2 + (30?51 4 20 (=823 + 3655 + )53 + 320321225951 +
33254 +72+20(7—8093)53) A1 +47(aS51 — 30552)?) — gy (— LG0T
KV2Q3(3610 + 5EQs) + Vo/VO(Ql(?)Q%(é — 07)&5 + 69102515265 + Q%((é —05)&5 +
2—;))5&” + 5292(Q§(é — 07)&5 + 61902510265 + 39%((% —5)& + z—g))f% + 6k Q36 +

2“529:2))))]7

B 2120y, £5_4Rn2¢3 242 ¥2(5852 49\
Ag = 4_18(120a30?+3(5a1V0 Q1£)—48a°¢ Xo—gi-QZ;(g £2X2(5863+v—2A1))57 §2X2 [3(2X0( al%Q%f%‘f‘

16026202 + 483653 + 16avE + 8af?A)E? + 8aXZ(—156%55 — 66(y — 2M1)55 +

7(80@2{—7+4A1))§2+alvog§(4“1§1(V0(§f§§“)‘2“vé’91 taz(Eah +682) (Vi (5 —353)6 +

2—25) - 22253 )))at]+ %[652(32045)(0(52 +29X0) 0% 4+ ara2&1&2(— %QQVOIQ +V (Qﬁ +

a Q; 4
(g —03)E + B)& + 22V — 20059%))5,] 4 1205% + 2 1V°fl L L
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5a3 V20285 2 48326\ —4 3 T2E2A2 8ka1 VI E2p2, 8cazz3p2.

3 2'0 2 24 _2A _ ol 8 _ 1 _ 051M13 _ 23
(752)(3 +2443 (”Y 1) X, ) 2 +87 Xo (C2+2npC+n?) Xot? (CZ+2an+n2)Xo+
dra1Vyp2, _ 6a1Vp&l 03 'y 12601 VIE20T  126a1 V£33 P Irpal Vi Vo302 + W raVgVoli0:

(€2+2np¢+1?) Xo Xo&2 Xo&2 Xo&3 £2X2¢3 X365
6a2V{] 5595 + 120(122392 12ca2V’ + 90Cpa |4 ng 24 96?7(1%‘/0/2395 N 9@&pa1a2V0’2Q§ N 917/-@(11(12\/0’295 .

Xo Xo §2X2§2 £2X2¢& X326 £2X3&

oz [B(887XF (800 — 7 +4A1)€ + 2Xo (8818 + 1687 + (16577 — aaVy63)3)8” +
aa Vi (4ag&a(Vy (634 2¢) —2c23) Qo — ar (26Vy — Vo (€7 +2k) ) (£1Q1 +£292) ) ) 55] — 4872 Ay —

48vE2A1  48€2A5  144€%A4 3karaaVi€1p13 3kafVyVo&ipis  6ekarasViza€ipis
Xo Xo Koo @2\ /CrmpCn? X363 2/ CHmpCn? X3ES €2/ CAampCHnP XEed
6r2aVi*€1p13 6erarazVy*Eipis 6r2ai Vi Vo€ipis 3casVyz3p2s _ 3ra1a2Vg®pos
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21Ha1VOV0§:13Ql +Gca1a2VO’Vo§§Ql + 120/{0,10,2‘/0/235191 . 120;4[11[12\/0,33&‘15)1 _'_ 12/{2&%\/0/25191 . 120/{[11[12\/0/25191 +
£2X32¢5 £2Xx2¢e8 £2X32¢5 £2Xx2¢es £2Xx3¢5 £2X2¢e8
1262a2V26 Q1 24r2a2ViVol1Q1 | 12cka1aaViVoliQ | 3a2V{26Q2 | 4ka1 V{1 Qe | 9Crparaz V261210
- + + + + :
£2X3¢3 £2X3¢3 £2X3¢3 e2x? Xo&2 £2X3¢3
QnﬁalagVo’Qlele+90npa1a2V0235%9192+90Ca1a2V023§fﬂlﬂg _inipa%VO’Vof%Qle _9Cﬁa%VdV0§fﬂlﬂg+
£2X363 £2X5¢65 £2X5¢65 £X3E3 EXFE6
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£2X2¢& £2X2& £2X2& £2X2& £2X2& £2X32¢2
12¢2 a2 209 _ Qcalazvozgﬁfﬂz + 3na1V0Vo£192 + Gcalazvo’\/oﬁfﬂg _ 2402115\/0’2392 + 12ckaraz V23 _
52X252 X323 X283 X235 X323 X323
12ckayasVyz38s + 1202[7,%\/0,292 . 120Ha1a2V()’2QQ + 126/{[11[12\/0,‘/092 o Galazv(),Voﬁ%ﬁ%QQ&%&Q . 4872§)
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4/«11‘2/0/033 + 8ca223p§3 — 6a2‘/g€229§ — 120&2‘/0/95 + 120&223Q% — 6(861\152 + &6(2&(2% +

2 g
N+ a3 V(g — WG+ 5) — %5))03 + 3aaVy — 4879€2A; — 486275 — 144€2A, +
19208620 Q0515 — 652 (—ay Vo Q2Ed + ‘”ngi‘ - 2““”051 + 2“‘”051 + 802+ 16028202 +
24086203 +802 A, )+ g — s 12“2‘21”0' - 12””;;””5 2 “2V° +250 % | oz
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N(y) and ¢(y) are standard normal CDF and PDF respectively, i.e.,

O I g
N(y):/_wﬁe 2 dr, qﬁ(y)—\/—z_ﬁe ~

The various coefficients are defined as

_ gV 3= ax§3Vy s & = w& Vo n = a282Vy
46 X0 46X 2Xo’ 2/ F(0)¢’ 2¢/F(0)¢’ (8.12)
] .
= ———— PRa1r(V] = Vi) — a162Vy + 2asc(z3 — V) — ax€2V]],
g NGO 22[ 15(Vg — Vo) — ar&iVo 2c(z3 — Vpy) — a2€5Vy]

and

wo(y) = My> +7,  wily) = (2051 — 26520)y,  wa(y) = Ao — 7, (8.13)

where
S RS o (=)
C2+n2+2pCn’ C2+n2+2pCn’ B¢+ +2pCn)
o (1—p°)¢? C+pm n+ p¢

P13 = P23

IV/cEw ok
(8.14)

PTG+ 2p0n) V24 2pCn)

as well as

1 1
91 = (-6@1%51‘/0 - 3&1%5?)—2, 92 = [6@1/‘652‘/3 + CLQ(_6C£2‘/0/ - 353‘/0/)] w2

2 2
05 = a&iVo, 0= a&3Vy, 05 =6a1k4 V], O = Gagloczs — 6a1kE V],

§Ao

O = -0 g =21
Xo Xo

(8.15)

REMARK 10. If choosing € = /T as the expansion parameter, we keep most of

the expressions in Theorem Bl For example, we make the following modifications of
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our O(e*)-expansion for € = £,v/T . First, the expansion is expressed as

Gy =100 x &7 {01 (y) + €02(y) + €'Os(y) + O(e")} . (8.16)

The modifications in the coefficients are

_ Va&8VE + iV + 2paa:6:6 V0V

and
1 0-Q) 052
As =07+ o X (9191 + 0 + 3050177 + 30,0502 + 52 L 62 2) . (8.18)
and
1
V= W[QGW(V(; — Vo) — a1E2Vy + 2ac(z3 — Vy) — ax&3Vy), (8.19)
and
s (1 —p*)n? s (1—p?)¢?
_ , _ , 8.20
T2y 77T C P+ 200y (8.20)
as well as
01 = — 6a1k& Vo — 3a1Vo&s,
(8.21)

92 :6CL1/€€2V3 + ag(—6C€2‘/0, — 353‘/3)
Due to the similarity, in the subsequent sections, we derive and implement the asymp-

totic expansion formula in Theorem [ only.
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8.3 Derivation of the Asymptotic Expansion

In this section, we start with scaling the model and then perform a pathwise Taylor
expansion around € = (0. Further, we express the expansion of the payoff using
generalized Wiener functionals. Finally, we provide a clear road map about explicit
computation of each correction term. We begin with scaling the model and then
expand it into a pathwise Taylor expansion form. The explicit computation follows

from conditional Gaussian mixed moments.

8.3.1 Scaling of the Model

We begin with scaling the model to bring forth the finer local behavior of the diffusion

process. We let

VEt) = Vi, V(t) = Vi, (8.22)
for any € > 0. In this dissertation, we choose € = &v/T.

REMARK 11. A good analog to make sense of this scaling procedure is as follows.
Let us recall the construction of Brownian motion {W;} (see Karatzas and Shreve

[68]). For a simple random walk M,,, we have
1
— M, [n2t] — Wt.
n

It is intuitive that we obtain a Brownian motion via looking at longer horizon and
scaling the magnitude by % Now, we do the reverse of this construction procedure.
Starting from Brownian motion {WW;}, we look at a short horizon # and amplify the

magnitude of each moving step by multiplying n times, in this way we recognize much
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finer local behavior of the Brownian motion. Therefore, a random walk is obtained,
ie.

Here % plays the same role as the scaling parameter € does for our valuation problem.
It is natural to expect better analytical tractability for the scaled diffusion (822

because we magnify the local behavior of the original diffusion (V;, V).

Thus, the VIX option value can be represented as follows.

+
CS/IX =e "TE? |:<\/CL1VT + GQVJ/« + aszz — K) :|
- 1 1 :
=e T‘Eg EQ alVf (-2) + GQV,E <—2> + aszzz — K
S S

We derive the dynamics of (V(t),V'“(t)) by the Brownian scaling property. We also

(8.23)

notice that the correlation between Brownian motions is invariant under scaling.

PROPOSITION 11. Let
1
Bi(t) = = Zi(€°t). (8.24)

Then,

i.e. the correlation between Brownian motions is invariant under scaling.

Proof. By computing the quadratic variation, we find that

B, (1)dBy(t) —d(By, By)(t) — dézi(e?), %Zi(62~)>t

2 2 (8.25)

_ (%)Qd%ﬁ dZy(s), /O A7) = pit.
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Alternatively, we arrive at the conclusion from the definition of quadratic variation.

(Bi, Bz); =lim Y (Biltisr) = Bilt)(Ba(tiv) — Ba(t:))
N (8.26)
— (—) lirIIn Z(Zl(€2ti+1> — Z1(t:)(Za(tigr) — Za(2ty)) = pt

€

Through integral variable substitution, we arrive at the following proposition.

PROPOSITION 12. The scaled diffusion {(V<(t),V'<(t))} is governed by the fol-

lowing dynamics.

AVE(t) = Ex(V'(t) — VE(t))dt + €& VE(t)dB,(t),  VE(0) = Vi, 827
8.27
dV'(t) = ez — V' (1))dt + &V (t)dBs(t),  V'*(0) =V},
where {By(t)} and {By(t)} are two standard Brownian motions with instantaneous

correlation p.

8.3.2 Derivation of the Asymptotic Expansion Formula

The proof of Theorem H is carried out in several steps as follows. We begin with
setting up the framework of the asymptotic expansion. Then, a clear road map for

computing explicit expansion terms via probabilistic approach follows.

Framework of the Asymptotic Expansion

We first find the Taylor expansion of the bivariate scaled diffusion (V(t), V'“(t))
around € = 0. In order to facilitate the computation, we write the expansion coeffi-
cients as polynomials of the underlying Brownian motion and Lebesgue integrals with

respect to time.
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PROPOSITION 13. The bivariate scaled diffusion (V<(t),V'“(t)) admits the fol-

lowing Taylor expansion around e = 0. For any n € N, we have

N

€ _ 1 anVe(t) n N+1
Ve(t) = Zn! s | +O(eN ),
" ‘ (8.28)
10"V (t "
V'(t) = Z ] 86”( ) Oe + O(NTY),
n=0 €=

where the derivatives of (V<(t),V'*(t)) w.r.t € satisfy that

O*Ve(t
TV an(vy — Vit + €Vo(B2(t) - ),
PVE(t)
863 e=0
V(L)
Oet 0

26%‘/0'/ [€2Ba(u) — & By (w)]du + t6k&1 (Vg — Vo) — 3Vo&i| Ba(t) + Vo&i Ba(t)°,
0

t

:12“%//0 [&1B1(u) — & Bo(u))*du + 24“&51‘/0/31(15)/0 (2 B2 (u) — &1 B (u)]du

+ 12667 (Vg — Vo) — 6Vo& ] Bi(t)* + Vo&i Bu ()" + £*[127 (Vo — V)

+126&7 (Vo — V) + 3Vo&i + 12kc(z3 — V) + 6k V5 (€7 — &),
(8.29)
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as well as

Ve =W,
e=0

OV'e(t)
Oe |._o
PPV (t)
de? | _,
PPV'(t)
Je3 |
o'V (t)
ot |

262‘/832 (t)a

=2c(23 — Vo)t + &V (B (t) — t)

=— 602352/ Bo(u)du + t[6¢€5 (23 — Vi) — 3V{E5| Ba(t) + V€3 By(t)?,
0

t

t
= — 242362 By(t) / By(u)du + 12¢2363 / Bo(u)?du + Vy&y By (t)*
0 0

— 685 B(t)*[2¢(Vy — 23) + V&3] + 3t* (2 + &) [2¢(Vy — 23) + V&3]
(8.30)

Proof. Without loss of generality, we perform the Taylor expansion for V¢(t). We

start with

t t
Ve = Vet / Er(V'(u) — V(u))du + / cVi(wdBl, Vi=Vy.  (831)
0 0

and perform a Taylor expansion on € around € = 0. It is obvious that V¢(¢) = .
e=0
By differentiating (B31]) on both sides with respect to €, we find that
€ t t "e €
81/5 *) :/ 2er(V'(u) — Ve(u))du+/ ek <8Va (w) _ 8Va (u)) du
€ € €
=0 0 ° (8.32)

+ [ (eviw+ a2 ) s

=& VoBi(t).

e=0

Further differentiation yields that

O*Ve(t)

52| =260 = Vo)t + EVo(BI(t) — 1)

e=0
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and

PVE(t)

S| =(BREVit = BV B(r) + GREVGBaAD) + EViB ()

=0 t t (8.33)
+ 6&51‘/0// udBy(u) — 6&52‘/0// udBs(u).
0 0

By Ito’s Lemma, we obtain the expression in Proposition [[3 by rewriting the stochas-
tic integrals (Wiener-Ito chao terms) in (B33) as Lebesgue integrals. Similarly, we

derive the higher order terms. O

REMARK 12. Since the system (827)) can be solved explicitly as

V'(t) = exp {—€2Ct + €& By(t) — %852%}
! 1
. (Vb’ + 62023/ exp {e2cu — €& By (u) + 56252%} du) ;
0 . (8.34)
Ve(t) =exp {—e%t + e By (t) — 535?1&}

! 1
: (Vb + €2I<L/ exp {ezﬂau — €61 B1(u) + 562§fu} V’E(u)du) :
0

the Taylor expansion around ¢ = 0 can be obtained via direct differentiation of the

above expression.

Next, let us denote

F(e) = a,V* <—) +ayV"e (—) + aszs. (8.35)
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By Taylor expansion, the underlying random variable in (823) reads

¢ 3 o 1 _F'(0)* | F"(0) 2
X =VF( \/F(OHQ F(0) "3 4F(0)%+2 F(0)
130  3F(0)F"(0) | F"(0) P
6 | 8F(0)3 AF(0)2 2./F(0)
1| F@0)  3F"0)2  15F(0)*  FO(0)F'(0)  9F'(0)2F"(0)| , O
24 |2 /F0) AFQPZ  T6F(0y2  FOp2 | aF@pe |© (),
(8.36)
where
F(O) = al‘/b + ag‘/ol + aszs,
and for n € N,
o) = a2V (LY, 0V (L
P = ot (@)~ (a)]] (537

Employing a deterministic quantity ¢ to be determined for computational purpose,

we rewrite that

X =/F(e) = Xo+ (X, + Xy + EXs + ' Xy + O(69)),
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where
XO = F(0)>
5. -1 F(0)
' e /F0)
_i B F/(0)2 F//(o)
+ o iR 2/F0)|
oL [3F7(0)3 _ 3F(0)F"(0) N F"(0)
P8R0 4F(0)F 2/F(0)]
1 | FW(0)  3F7(0)2  15F7(0)*  FB(0)F'(0)  9F'(0)2F"(0)
t24g |2 /F(0)  AF(0p2 16F(0)2  F(0)2 * AF(0)3/2

(8.38)
We emphasize following inductive algebraic relations, which are important for simpli-
fying the calculation of each correction term based on the ones obtained in previous
steps.
1 F'(0) F"(0) £X? F7(0) &£X1X,
X1 =< , Xo=—F -5, Xs= - ;
€ 2X, 46Xy 2Xy 126X, Xo

CFW0) X7 £Xi1X5
48X, 2Xo Xy

(8.39)

4

We select € such that X is a standard normal variable, i.e. X; ~ N(0,1). Indeed,

xach(%)+m32(%),
& 2

¢ = a1§1 Vo n = 0252‘/0/.
26\/F(0)’ 26+/F(0)

we have

where

It is easy to find that

atEIVE 4+ a3&3Vi? + 2pajasé VoV

VarX = 1EF(0)E
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Thus, £ is selected according to

&=

1 [ai§VE + a3&3Vi® + 2paias§i§VoVy
3 4F(0) '

We rewrite the strike as K = 100 x (X, + £ey). Meanwhile, we define a translated

underlying variable

X
ve= S S =X+ eXo + X5+ EXy + O, (8.40)
€

REMARK 13. The reason why we define the translated variable Y€ is as follows.
We note that Y — X; ~ N(0,1), ase — 0 pathwise. The Malliavin non-degeneracy
of X7 allows us to obtain the uniform non-degeneracy of Y¢, which verifies the validity

of our asymptotic expansion. (See chapter [0 for detailed discussion.)

Let us denote f(z) = x. Thus, we have that
_7‘62
CYIX =100 x Eee SECF(Y —y).

In an appropriate weak sense,

o ok

@ =0 = Lo @), 5l 0) = 8,(0), oo —y) = 0, (0)

where 9, denotes the Dirac function centered at y. By Taylor expansion, we find that

N (n)
Fre—g) =S L pve )| ek o),

n! oz 0

n! 9z™

We denote @, (y) — 190 f(YE — y)L:O and recall that
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Y€ = X1 + €X2 + €2X3 + €3X4 + O<€4),

where

oY© 10%Y¢ 103y
X =Y’ X,= Xs=c—5 Xy=-—5| -
! T 0e |, TP 20|y T 6 0e |
Thus, we find that
Po(y) = (X1 —y)",
D1 (y) = L(y,4o0) (X1) X,
) (8.41)

Po(y) = D) [0, (X1) X5 + Ly 400) (X1)(2X3)]

1
D3(y) = 0,(X1) X X3 + 65;(X1)X§ + 1y 4o00) (X1) Xa.

Next, we calculate the correction terms E?[®q(y)], E?[®;(y)], E?[®y(y)] and EQ[®3(y)]
explicitly.
Preliminary Results on Brownian Moments

Our computation relies on the explicit knowledge of moments of the underlying Brow-
nian motion. In this section, we collect several auxiliary results which are useful for

the computation of each correction term.

PROPOSITION 14. For the two-dimensional Brownian motion {B;(t), Bo(t)} and
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any 0 < u < t, we have the following conditional normal distributions.

(Bi(t) +nBa(t) =y
Bs(t)

(8.42)
o[ u—20(C+pm) pu—usk(n+ pC)
Qoy pu — ufH (n + pQ) |

t —tQs(n + pQ)

and
By(t)
(Bi(t) +nBs(t) =y
BQ(U)
(8.43)
N Qy t =t (C+pn)  pu—ud(n+ pC)
4y 7 pu—uQi(n+pC) u— L0+ pC) |
and
BQ(U)
CBi(t) +nBs(t) =y
By(t)
(8.44)
N 7oy u— 20+ pC) u—u(n+ pC)
Qoy u—ulda(n+pC)  t—1tQa(n+ pC) 7
and

B1 (U) .
(Bi(t) + nBa(t) =y
B (1)
(8.45)
o[ u— "0 (C+pn) u—u(C+ pn)
My u —ufh (¢ + pn) |

t —tQ(C+ pn)
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where the various coefficients are defined in Theorem [3.

Without loss of generality, we verify the distributional property (842) for the case

1

= o= which is the key for deriving the first three correction terms. Let us
2

u ==t

denote

B (&
7, = 1<f2) ,ZQZgBl(i)+nB2<l2).

5 (&) K

We note that (7, Z,)7 is a three-dimensional normal variable N(u, ), where

H = (Ml, ,U2)T = ((Oa O)T> O)T
and

L p C+pn
211 212
Y= = p 1 n+p¢

S S ) S A
<C+p77 n+p§) CC+n" =+ 2pCn

1\3[\)'_‘

Thus, we have the following lemma, which appears as a special case of Proposition

T4

LEMMA 7.
where
T (y) . C+pm
= ' = p1 + X125 (Y — p2) = z (8.46)

. ) 249
CHrm 200\ 4 e
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and
_ a1 poioe 1 1 1—p? "=
Y= (Zij)2><2 = = Y11 —X19X55 Yoy = ?Cz +n2 +2pC
p_O'lﬁg E% 2 " paTl —CW C2
(8.47)
with p = —1.

Based on Proposition [[4l and Lemma [, we are able to compute explicitly some Gaus-
sian moments, which are important to the calculation of the correction terms. For
example, we consider the case of u =t = 1/£2. The conditional moment generating

function of (Bj(t), B2(t)) given X7 = (B (t) +nBa(t) =y is

| = 1 =
M(ﬁl, 192) = exXp {Hl(y)ﬁl + ﬂQ(y)ﬁg + 579%211 + 791192212 + 579%222} y 191, 192 € R.
Thus, the conditional moment satisfies

Mij = E[Bi(t)' Bo(t) |CBi(t) +1Ba(t) = y] = o

Using this idea, we explicitly compute the following conditional Gaussian moments,

which are useful for the derivation of each correction term.

COROLLARY 5. For the two-dimensional Brownian motion {B;(t), Bs(t)}, the

following identities on conditional moments hold.
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E (B (t) [¢B1(t) + nBy(t) = x) =,

E(B; () [CBi(t) + nBs(t) = ) =Qia* + 77,

E(B; () [(Bi(t) + nBa(t) = x) =Q32° + 3672,

E(BY (1) [CBi(t) + nBs(t) = x) =0z + 677002° + 377,

E (B; (t) [¢B1(t) + nBs(t) = x) =Qy,

E(B3 () |¢Bi(t) + nBa(t) = x) =Q32° + 53,

E(Bj (t) [¢Bi(t) + nBa(t) = x) =Q52° 4 35502,

E(Bg (t) |CB1(t) + nt(t) = :L') :ng‘l + 65%(2%;32 + 35%,

and

E(B1(u)|CBi(t) + nBa(t) = z) =
E(B}(w)[¢Bi(t) + nBs(t) = ) =py
E(Bz(u)|CBi(t) + nBa(t) = z) =

E(Bj(u)[¢Bi(t) + nBa(t) = x) =pas

120
E(B} (1) [CBi(t) + nBs(t) = x) =02 + 105{272" + 150,71z,
(8.48)
E(B3 (1) [CBi(t) + nBa(t) = x) =0’ + 1073052° + 150,73,
oo
t\/C+n2 +2pCn 1
u(t — u) U, I2 ,
o |
t +(t) g2+n2+2p<n]+( Pi3)t,
u T p
E/C 2l
ult —u)  u, 72 )
o |
t +<t) C2+7I2+2pﬁ7]]+( p23)u7

(8.49)
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and

E(B1(t)?By(t)[¢ Bi(t) + nBy(t) = x) =Q2002® — 26,501 + 718,
E(B;(t) By (t)*[¢ Bi(t) + nBy(t) = x) = Q2® — 26,5201 + 7280 7,
E(By (1) By(t)?[C By (t) + nBa(t) = 1) = — 661520 Q2® + (73 + 27Q3)Q2° + 657050 @
— 605021 + 3570 2(55 + 27Q3),
E(By(t)*Ba(t)*|CB1(t) + n1By(t) = 1) = — 601021 Q52° + (57 + 22Q7)Q52° + 6010580

— 6510501 + 355 02(57 + 2707,

(8.50)
and
BB (1) Ba(w)|C Br(8) + nBaft) = ) =pu — LE LI | 0t
2
E(B(1)Ba(w)| CBa(t) + nBalt) = 1) =up — uln + (o) + S
2 2 (8.51)
E(B: (1) B () |CBA(0) + nBalt) = 2) =00 o a1 = ),
2 2
E(By(t) Ba(w)|CBi(t) + nBa(t) = 1) =2 ——— u(l = ),

+
t C4n*+2p(n
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as well as

E(By (1) By (w)|¢Bi(t) + nBa(t) = &) =220 (u— u({ + 1p)h)
uzfy (22Q2 — (¢ + np) + 1)
+ ; ,
E(Bi(t)* Ba(u)|¢ Ba(t) 4+ nBa(t) = x) =220 (up — u(C + np)Q2)
uzQly (223 — t(C+np)Qy + 1)
+ ;
t (8.52)
E(B1(u)By(t)?[CBi(t) + nBs(t) = ) =220 (up — u(n + (p)h)
uzl (22Q3 — t(n+ Cp)Qa + 1)
+ ; ,
E(Bs(u) Ba()?|( By (t) + nBa(t) = ) =220 (u — u(n 4 (p)<s)

N uzQly (22Q3 — t(n+ Cp)Qa + 1)
t Y

where the various coefficients are defined in Theorem (Bl

Subsequently, we calculate each correction term explicitly. We exhibit the framework
and techniques employed in the computation as follows.

Calculation of the Leading Order Term: E%[®(y)]

It is easy to find that

EC[0y(y)] =EX(X, — y)* = / (r—y) d@)de = yN(y) + (y) —y.  (853)

Calculation of the Second Correction Term: E?[®,(y)]

To begin with, we observe that

EC[@1(y)] =E°[1(y+00) (X1) Xo] = / E°[1(y,100) () Xo| X7 = z]¢p(2)da
o " (8.54)
:/ EC[X,| X, = z]¢(z)dx.
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Thus, we focus on the calculation of conditional expectation E?[X,| X = ] as follows.

1 1
M=ok (6_%) b (5_%) |

By algebraic computation, we find that

B £2X12 FW(O) B 1 2 1 2
27 T0ex, ek _O‘(Bl <£_%)) ”(Bz (?%)) BRAR

where «, 3,7, 6, (,n are defined in Theorem Bl Hence, it follows from the computation

We recall that

of moments based on Lemma [] that
EQ[X2|X1 = [L’] = Q(E% + ,U%) + 6(53 + ,Ug) + Y + 51’2 = AO + A11'2,
where

Ay = oz + 355+

and

Ay = o + Q5 + 6.
Finally, we compute explicitly that

E9%, (y) = / (R + M?)d(@)dr = (Ao + A)(L = N(») + Aryoly).

Calculation of the Third Correction Term: E?[®,(y)]

By conditioning, we have that
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EODaly) = | B [,(X0)XF + 10 (X1)(23)| X; = 2] 6(a)da

1

N (8.55)
—BUGIX =)o) + [ ECGIX = a)ola)da,

2
Denote the two-dimensional normal variable (B1, By) ~ N(i, X). Thus, it is easy to
see that
E(X3|X1 = y) = E(aBy + B, +7 +y°)’.

By Lemma [, we decompose the correlated normal variables as:

By =o. W1 + 7y,
(8.56)
BQ 262(ﬁW1 + vV 1-— ﬁ2W2) + ﬁg = _E2W1 +H27
where W ~ N(0,1). Using the fundamental fact
EW; =0, EW? =1, EW? =0, EW}! =3, fori=1, 2,
we find that
Ay = E(X3]1X1 = y) = 3w (y) + wi(y) + wi(y) + 2wo(y)wa(y), (8.57)
where

wo(y) = (aQ] + B +0)y* +7, wi(y) = (20510 — 26020)y,  wa(y) = o) + (575.
(8.58)

Now, we compute the conditional expectation E(X3|X; = x). It is straightforward to

find that

E(X5| X, = x) = 072 + Og2° + E(F"(0)| X, = =)

1
126X,
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where
1 1 1 1 2 g
FW(O) = 9131 <—2>+9ng <—2)+9ng <—2>+94B§ <—2) —|—95 /52 udBl(u)—l—QG/% UdBQ(U),
'3 '3 & & 0 0
with the coefficients defined in the Theorem B By Corollary Bl we have that
1
E B1 g—g X1 =T ) = Qlﬂf,
1
E B2 g X1 =) = QQLIZ',
1
E (Bf <?> X, = x) =T + 31,07 = 32 + 37O T,
2
1 8.59
E (Bg’ <?) X, = x) = T3 + 37,02 = Qa4 3520z, (8.59)
2
5% P13 xz 0
E /2udBuX:x = = —u,
<0 )| ) 26/ C P+ 200 28
5% P23 xz Qy
E /QUdBuX:x = = —Sux,
< 0 )| ) 283\ /2 +2pCn 283
where
T S _ o+ pC
U +200n T PP+ 200
and

1 — C+pn _ n+p¢
V02 +2pln VE+n?+2pln

REMARK 14. (A Brownian-Bridge-Based Calculation) The above identities can

P23

be alternatively obtained from the Cholesky decomposition of correlated Brownian

motions and the properties of Brownian bridge. We let

_ (Bi(w) +nBy(w)
V1 +2p(n

B3<U1)
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which forms a standard Brownian motion {Bj;(t)} satisfying

COT”I“(dBl, ng) = plgdt, CO’I“T’(CZBQ, ng) = pggdt.

Thus,
L w
E / © wdBw)| X1 =2 | = E / wd Bi(u)| By (w) — v | (3.60)
0 0 VC+ 17 +2p(n
where w = 2. To compute this expectation, we first observe that

g.

w

/Ow“dBi(u)Zsz-(w)— /0 Bi(u)du. (8.61)

It is easy to obtain that, for i =1, 2,

Bi(t) = pisBs(t) + V1= piBi(t), (8.62)

where {Bi(t)} is a Brownian motion independent of {Bs(¢)}. So, equation (B60) can
be further deduced from interchanging the order of conditional expectation and the

Lebesgue integration on time, i.e.

E (/05 udB;(u)| X, = x)

- (wBi<w>‘B3(w) EETE +2p<n> - (/0 Bl ) = T +2p<77>
—wE (Bi(w) Bs(w) = N +2an> —/0 E (Bi(u) Bs(w) = NGRS +2p<n> du.

(8.63)
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Based on the property of Brownian bridge, we observe that

By(w) = ’ S ° . 64
) V4200 ) W/ + 2000 (561

This, we complete the computation of (860).

Finally, it follows that

E(X3| X, = 7) = Asx + Ay2®,

where
1 050 0682
Ag = 97 + — <9191 + QQQQ + 393Q16% + 394Q2E§ + ° 21 + > 22) )
126X, 26 2% (8.65)
1
Ay =05 + m (939‘1) + 94(2;’) )

Hence, by explicit integration we find that

/ T BOGIX = 2)6(x)ds = / " (st Aar®)o(a)dn = B(y)(As + (2 + )M,

Calculation of the Fourth Correction Term: E?[®;(y)]

We briefly outline the framework and techniques for computing the fourth order

correction term in this section. First, by conditioning, we have that

By = [ ™ B@y)X) = 2)p(a)da, (8.66)

[e.e]

where

E(®s(y)| X1 = x) =E(0,(X1) X2 X5/ X1 = x)
1 (8.67)
+ S0 (X0)X31X0 = ) + E(Ly 00 (X)) Xa| X = ).
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Therefore, we find that

E®s(y) = A(y) + B(y) + C(y),

where
Aly) = E(XoX3| X1 = y)o(y),

10

B(y) = _gg_y{E(X§’|X1 = y)o(y)}, (8.68)

Here, we have used the following integration by parts formula for Dirac Delta function,

i.e. for any function g and n € N,
o0 . +00 ag -
/_ g(x)él(/ z)dr = —/_Oo a—x(x)éé D (x)dx.

Next, we compute A(y), B(y) and C(y), respectively.

We begin with the following inductive algebraic relations, which allow us to make
use of the previous computation results to derive new ones. These observations are

helpful for reducing the computational load.

v, = ) Xt _F0) XX FO0) X7 £X1X;
PTAEX,  2X,) TP 126X, X, | YT 48X, 2X, Xy
(8.69)

For term A(y), we have that

100~ e | EFOF" 01 =) - SO =y o

- g(xgix, = y>}¢<y>,

where
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E(X3|X1 = y) = 3wi(y) + wiy) + ws () + 2wo(y)wa(y),

and

E(F"(0)| X1 = y) = 126X0[(As — O7)y + (Mg — 05)y”),

and E(F"(0)F"(0)| X, = y) is a new quantity to compute. Based on (&3D), F(0)F"(0)
can be expanded explicitly as a combination of polynomials and Lebesgue integrals,
with respect to time, of the underlying Brownian motions. Thus, we accomplish the
explicit computation of conditional moments by using the identities in Corollary Bl
Without loss of generality, we demonstrate the computation on one of such terms.

For example, we need to compute

502 ' Ba(u)dul¢By(t) + nBa(t) = 2

Indeed, this conditional expectation is equal to

/0 E(By (1) Bs(u)|CBy(t) + 1Ba(t) = 2)du

uzly (2203 — H(¢ + 1p) + t>] du

; (8.71)

— /Ot [2:,;91 (up — u(C+np)Sa) +

1 1 3 3
:th%Qng + <t2p91 + §t2Q2 — §t2<Q192 — §t277pQ1Q2) Y.
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For term B(y), we observe that

E?(X5|X1 =)
=E(aB, + BB, +7 + y°)°
=E(a(e\ W1 + 1y)? + B(—2 W1 + iy)* + 7 + 6y%)° (8.72)
=E(wa (y)WE + wi(y) W1 + wo(y))?

=15ws(y)* + Jwo(y)w2(y)* + 3(wo(y)*wa(y) + wo(y)wi(y)?) + wo(y)®.

For term C(y), we observe that

1 2 2z
E(X4| X, =2) = MIE(F(‘*)(O)\Xl =) — 25—)%1@()(22\)(1 =) — i(—OE(X3|X1 = 1),

where it is known from the previous computation that
E(XF| X, = 1) = 3ws(7) + wi(x) + wi(z) + 2wo(x)ws(z),

and that

E(X;;‘Xl = LL’) = Agl’ + A4LL’3.

For any constants ¢;, © = 1, ..., 5, we have that

/Jm(co + 17 + e + e37” + eyt p(x)dx
y (8.73)
:<C(] +co+ 304)(1 - N(y)) + ¢(y)[(01 + 203) + (Cg + 304)y + C3y2 + C4y3].

This fact renders an explicit calculation of term C(y).

Finally, the price of VIX option CJ /¥ (see (RZJ)) admits the following asymptotic
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expansion:

CYIX =100 x e % {€Oy(y) + €2Os(y) + €Os(y) + €'Ou(y) + O(D)},  (8.74)

where

©1(y) =¢(y) —y(1 — N(y)),

O2(y) =(Ao + A1) (1 = N(y)) + Ayo(y),
1

Os(y) =5A20(y) + b(y) (A3 + (2 + y*)Ay),

04(y) = (Asy™ + Aey® + A7y + Asy) d(y) + 2A9(1 — N(y)).

(8.75)



Chapter 9

Implementation and Numerical

Examples

In this chapter, we demonstrate the efficiency of our asymptotic expansion formula
in Theorem [ with some numerical experiments. First, we employ a bias-corrected
Monte Carlo simulation scheme as a benchmark, to which the implementation of the

formula is compared. We recall that

K +
CS/IX = 100 x 6_TTE <\/a1VT + CLQVJQ + azzs — m) .

9.1 Benchmark from Monte Carlo Simulation: Eu-
ler Scheme with Partial Truncation

Due to the positivity of the diffusion processes (V;, V/), we adopt a biased-corrected

Euler discretization scheme of partial truncation (see Lord et al. (2008)[76]). By the

132
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Cholesky decomposition of Brownian motion, we rewrite the dynamics of (V;, V}) as

follows

dVy =k(V} = V,)dt + & V,dBi (),

AV =c(z5 — V))dt + &V d[pdBi(t) + /T — p2dBa(t)

(9.1)

where {(51(t), F2(t))} is a standard two-dimensional Brownian motion. Thus the

partial truncation scheme can be designed as

Vier =Vi + w(V = V) At + &(V; vV 0)VALZY,

Vi =V + ez — V)AL + &V V0)[pVALZY + /1 — p2VALZ),

(9.2)

where {Zi(l), ZZ-(z)} is an independent two-dimensional standard normal sequences. In
the implementation, we choose a reasonable length of the time step and number of

simulation trials to minimize the mean square error.

9.2 Implementation of our Asymptotic Expansion
Formula

To demonstrate the numerical performance of our asymptotic expansion formula, we
use model parameters similar to those estimated in Gatheral (2008) [B0, 5], which
were found by calibrating the model to the market VIX option prices data in April
2007. We adjust the value of parameter &, slightly so that the stability condition ([L.T3)
is satisfied. We assume a risk free rate of 4.00%. Table gives this parameter set.
Accordingly, the initial value for VIX is calculated as VIX, = 17.47. We conduct
numerical experiments to compute the prices of options on VIX for different strikes

and maturities. Because of the large trading volume and the high liquidity of options
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on VIX with strikes around the initial value of the underlying VIX, we select the
range of strikes used for our numerical illustration to be from 14 to 23. For each case,
we compare the computing performance of the formulae employing the expansion
up to indicated order of convergence, including O(e®), O(e*), O(e?) and O(e?). We
regard the Monte Carlo simulation results as benchmark. In Table @2 all numerical
results are exhibited. It takes about 60 milliseconds to compute one value from our
asymptotic expansion formula while the simulation takes much longer time, on average
about 230 CPU seconds for each by sampling 10 time steps with 10° simulation trials,
in order to achieve satisfactory level of standard error (in the magnitude of 1075 in
our examples shown in Table 2). We can observe a significant saving in computing

time using our asymptotic expansion formula as compared to Monte Carlo simulation.

INPUT PARAMETERS Values
Risk Free Rate r 0.04
Time Horizon of VIX AT 0.082
Correlation p 0.57
Initial Instantaneous Variance V} 0.0137
Initial Intermediate Level V{ 0.0208
Long-Term Intermediate Level z3 0.078
Rate of Mean Reversion 5.5
Rate of Mean Reversion ¢ 0.1
Volatility of the Instantaneous Variance &; | 2.6
Volatility of the Intermediate Level & 0.44

Table 9.1: Input Parameters

4

Also, we plot the “value matching” between asymptotic expansion valuation and
Monte Carlo simulation. We observe that the satisfactory fitting of the VIX option
prices is obtained for actively traded short maturity (for example, up to one-month)
options as shown in Figure @1l Motivated by the geometric Brownian motion model

for VIX in Whaley (1993) [91], in the numerical comparison between our asymptotic

expansion formula and Monte Carlo simulation, we also convert the VIX option prices
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computed from both of the two approaches into the Black-Scholes implied volatility.
From Figure @2 we observe the fitting of the Black-Scholes implied volatility for the
relatively short maturities, one-month at least, and the deviation magnified at the
out-of-money side. We also plot and illustrate the computing errors from applying
the formulae with various convergence orders, including O(e°), O(e*), O(€*) and O(€?)
in Figure For the sake of completeness, we plot the absolute errors in Fig-
ure . We observe the significant improvement on the numerical performance
by adding more correction terms in our asymptotic expansion. All implementations
algorithms are programmed in C++ and executed on a laptop PC with a Intel(R)
Pentium(R) M 1.73GHz processor and 1GB of RAM running Windows XP Profes-

sional.



Strike K/100 [ 14% [ 15% [ 16% | 17% [ 18% [ 19% [ 20% [ 21% [ 22% [ 23%
One-Week Options (7" = 0.020)

Simulation 3.61737 | 2.61029 | 1.62319 | 0.791609 | 0.307392 | 0.102895 0.0288509 0.008203 0.0019101 0.000525892
O(ed) 3.61195 | 2.61458 | 1.62181 | 0.794438 | 0.309904 | 0.10202 0.0314812 0.0105287 0.00246737 0.000268122
O(eh) 3.61526 | 2.6117 1.61779 | 0.794843 | 0.31096 0.10765 0.0353047 0.00842071 0.00106723 6.38707e-005
O(e3) 3.60992 | 2.60225 | 1.62238 | 0.819213 | 0.334626 | 0.110925 0.0257443 0.00345634 0.000241747 8.45948e-006
O(e?) 3.46876 | 2.47755 | 1.53341 | 0.749812 | 0.259619 | 0.0575766 | 0.00757776 | 0.000561627 | 2.26518e-005 | 4.74539e-007
Two-Week Options (T" = 0.040)

Simulation 3.74353 | 2.73528 | 1.77447 | 0.999683 | 0.514822 | 0.253688 0.115983 0.0546813 0.0241671 0.0112798
O(ed) 3.76485 | 2.744 1.76633 | 1.001 0.518915 | 0.253306 0.117863 0.0602953 0.0371945 0.0199837
O(eh) 3.75286 | 2.72414 | 1.75957 | 1.00332 0.522148 | 0.266348 0.143391 0.0765393 0.0335712 0.0105687
O(e3) 3.7263 2.72042 | 1.80068 | 1.07601 0.593829 | 0.304875 0.13746 0.0496842 0.0134282 0.00261447
O(e?) 3.47802 | 2.5217 1.64916 | 0.936648 | 0.444189 | 0.169694 0.0506926 0.0115692 0.0019821 0.000251593
Three-Week Options (T' = 0.060)

Simulation 3.85696 | 2.84889 | 1.90744 | 1.15636 0.66977 0.38257 0.207609 0.116959 0.0639251 0.0356879
O(e?) 3.9048 2.85061 | 1.88643 | 1.15137 0.671838 | 0.380767 0.206683 0.114592 0.0798014 0.0649857
O(eh) 3.85972 | 2.81643 | 1.87967 | 1.15701 0.678537 | 0.401012 0.254474 0.171235 0.108433 0.0573259
O(e3) 3.83055 | 2.84557 | 1.97562 | 1.29278 0.813076 | 0.493557 0.279588 0.139707 0.0586066 0.0200014
O(e?) 3.50327 | 2.58384 | 1.75956 | 1.08295 0.589673 | 0.278553 0.112243 0.0380465 0.0107281 0.00249429
One-Month Options (T = 0.083)

Simulation 3.97402 | 2.9668 2.04005 | 1.30086 0.81126 0.506535 0.304207 0.189602 0.116331 0.072158
O(€d) 4.03703 | 2.95017 | 1.9965 1.28147 0.804713 | 0.498159 0.296003 0.170324 0.114329 0.104945
O(eh) 3.9533 2.90465 | 1.99223 | 1.2926 0.817018 | 0.527392 0.367472 0.278368 0.211932 0.146608
O(e3) 3.94944 | 2.9942 2.16762 | 1.51541 1.03838 0.698638 0.451386 0.269705 0.143754 0.066617
O(e?) 3.54476 | 2.66137 | 1.87558 | 1.22434 0.730706 | 0.393925 0.189795 0.0809836 0.0303704 0.00994781
One-and-One-Half-Month Options (T = 0.125)

Simulation 4.15701 | 3.15166 | 2.24055 | 1.50635 1.00931 0.685393 0.451759 0.307855 0.20924 0.142487
O(e?) 4.2109 3.07856 | 2.13401 | 1.43862 0.966496 | 0.646782 0.414967 0.243632 0.139806 0.112256
O(eh) 4.07047 | 3.02339 | 2.1401 1.46437 0.993537 | 0.695583 0.527361 0.441224 0.38937 0.33528
O(e3) 4.17172 | 3.26713 | 2.49596 | 1.87892 1.4063 1.04625 0.763316 0.534019 0.350053 0.211046
O(e?) 3.63616 | 2.8024 2.06262 | 1.43938 0.945713 | 0.581203 0.332128 0.175556 0.0854423 0.03814
Two-Month Options (T' = 0.167)

Simulation 4.30802 | 3.30456 | 2.40238 | 1.66554 1.1602 0.823556 0.569775 0.406407 0.289565 0.207371
O(e?) 4.31628 | 3.14835 | 2.20539 | 1.52009 1.0522 0.727549 0.47945 0.276282 0.126356 0.0563953
O(eh) 4.13725 | 3.09444 | 2.22862 | 1.56638 1.09979 0.800743 0.633207 0.556767 0.52741 0.50376
O(e?) 4.39851 | 3.53538 | 2.80233 | 2.20809 1.73945 1.3684 1.06471 0.806773 0.585569 0.401381
O(e?) 3.73395 | 2.93583 | 2.22609 | 1.62023 1.12688 0.745763 0.467793 0.277145 0.154597 0.0809722

Table 9.2: The table above shows the prices of options on VIX for different strikes and maturities, computed from
different methods: Monte Carlo simulation and the asymptotic expansion formulae. We compare the computing per-
formance of the formulae computation employing the expansion up to each indicated order of convergence, including

O(e%), O(e1), O(e3) and O(e?).
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Figure 9.1: This set of graphs illustrates the comparison of the VIX option prices
computed from the Monte Carlo simulation and our O(e’) asymptotic expansion.
The maturities range from one week to two month.
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This set of graphs illustrates the comparison of the Black-Scholes implied
computed from the Monte Carlo simulation and our O(€®) asymptotic
The maturities range from one week to two month.
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Error Comparison among Different Expansions for One-month Option Values
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Figure 9.3: This graph illustrates the comparison of errors and absolute errors, respec-
tively, resulting from employing the asymptotic expansion formulae up to different
convergence orders, including O(e®), O(et), O(e?) and O(€?). For instance, we com-
pute the prices of options on VIX with maturity one month. The error is interpreted
by the difference between the formulae value and Monte Carlo simulation value. The
absolute error is the absolute value of the error.



Chapter 10

On the Validity of the Asymptotic

Expansion

In this chapter, we justify the validity of our asymptotic expansion in Theorem Bl

The following theorem characterizes the magnitude of the asymptotic error explicitly.

THEOREM 6. Let us denote CY1X (k) the price of VIX option with strike k. There

exists R > 0, such that, for any N € N, we have

2 N
CYIX(100 x (Xo + €€y)) — 100 x e Zek@k(y)‘ < RN
k=1

where the various quantities are defined in Theorem [A.

We employ the Malliavin-Watanabe-Yoshida theory on asymptotic expansion for gen-
eralized Wiener functional to justify Theorem For the reader’s convenience, we
document a brief introduction to the theory of Malliavin calculus and the Malliavin-
Watanabe-Yoshida theory on asymptotic expansion, where the Watanabe theory

(1987) [90] and its further refinement by Yoshida [93, 02, 94] are briefly surveyed.

140
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First of all, we establish the following proposition which leads to Theorem [l

PROPOSITION 15. For any arbitrary y € R and f(xr) = max(z,0), we have that

[ECf(Y = y) — E°[®o(y) + €P1(y) + €Pa(y) + €' P5(y)]| < Re’, (10.1)

for some constant R > 0, where ®;(y), i = 1,2,3,4, are defined in (&ZI]).

The proof of Proposition [[4 is carried out in several steps as follows. We sketch the
proof and omit some tedious routine details. In the proof, the notations related to

the Malliavin calculus are explained in Appendix [0

First of all, by the Cholesky decomposition, we identify a two-dimensional Wiener

process {Wy(t), Wa(t)} such that

By(t) = Wi(2),

B( —le +\/1— W2

(10.2)

In the following exposition, our justification is carried out on the two-dimensional

Wiener space associated to {Wy(t), Wx(¢)}.

Because the SDE system is linear, by Theorem 2.2.2 of Nualart (2006), the bivari-
ate random variable (V¢(t),V’¢(t)) is in D*°. Based on Theorem 7.1 in Malliavin
and Thalmaier (2004) [Z8] and Theorem 3.3 in Watanabe (1987), we find that the
coefficients for the asymptotic expansion of (V(t), V'“(t)) in Proposition [[3 are in

D>: the asymptotic expansion ([828) lies in D*. Let us regard X¢ as a function

G(v,v") = Vajv + axv’ + azzs acting on the positive diffusion {(V<(¢), V’*(t))}. Em-
ploying the chain rule and Proposition 1.5.1 in Nualart (2006) [80], we obtain that

X e D*>. Noticing the expression of the coefficients in the expansion of X ¢, we claim
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that X; € D> for+=0,1,2,.... Following an argument using elementary Taylor ex-

pansion as in Chapter. 7 of Malliavin and Thalmaier (2004) [78], we obtain that, for

any n € N,
1 ok Xe
X — ——— | | =0, forany s>0,p€N. (10.3)
k! Ok | _y |l ps
-0 €= i
ie.
i X — (Xo +€Z eka) = O(e"™), forany s>0,peN. (10.4)
k=1 Dg

Without loss of generality, we sketch the proof of (L)) for the case of n = 1:

[ X — (Xo 4 €§.X1)]

py = O(€). (10.5)

Indeed, by the integral form of Taylor expansion and integration variable substitution,

we deduce that

8X
X — (XQ—}—EgXl) =X° XQ - =
dsdu (10.6)

// 82X
0e? | _,

// e AF( )) L

€

€=

Because

2F" (re)F(re) — F'(re)?
4F(re)?

[ X — (Xo + e£X1)|

drdw, (10.7)

Dy

Ds<€
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(@) follows from the fact that

H 2F"(re)F(re) - F'(re)?
A4F (re)?

< 400, (10.8)
DS

P

uniformly for 0 < r,e < 1. Indeed, ([LY) can be routinely proved via some explicit
computation based on (834) and ([83H). Without loss of generality, we focus on the

LP-norm. Because of the triangle inequality and the fact aq,as,as > 0, we obtain

that
2F"(re)F(re) — F'(re)? 1 "(re)F(re) — F'(re)?|
H AF (re)? Lpg(fagzg)?’HQF roFtre = Fres (10.9)
<;(2||F”(T6)F(T€)|Im + [ F(re)?| o).

~ (Vasz)®

We further express F, F’ and F” in terms of the explicit solution of V and V' in
(B34)). The application of the triangle inequality and the Holder inequality as well as
the explicit computation of moments of the geometric Brownian motion components
in (B34) yields (LY) uniformly for 0 < r,e < 1. We omit the tedious details, as a

very similar argument is given momentarily in the subsequent verification procedure.

It is straightforward to find that the case of n = 4 of (L4 implies the asymptotic

expansion of D> random variable Y€ in D> up to the third order, i.e.

|V — (X1 + eXo + €2 X3 + X))

Dy = O(e*), forany s>0,peN.

Next, we only need to verify that the underlying variable Y€ is uniformly non-
degenerate in the sense of Malliavin. We follow the approach proposed in Yoshida

(1992) [93] to verify a truncated version of the uniform non-degenerate condition on
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the Malliavin covariance of Y¢. Denote the Malliavin covariance matrix

2
S(e) == (DY, DY) paoryme) = Y _(D*Y, DXY) poo.1) Z/ (D*Y€)2ds.

k=1
(10.10)
By the definition in (8Z0) and the chain rule of Malliavin differentiation,
) DZ € Dz /e
piye = WPV + DV (10.11)
2e€\/F(e)
The limiting distribution of Y satisfies that
Y — X; ~N(0,1), ase—0, ae. Q.
We thus define the limiting Malliavin covariance as
2(0) := (DY", DY) Z / (DFX1)2ds. (10.12)
It is obvious that v LV
a1§1 Vo + a262 Vg p
DX, = “1io(s),
264/ F(0 ’
EVEQ) (10.13)

2 o a2£2‘/a V 1- p2
1[07t}(8).

D = e VPO

It follows from a direct computation that 3(0) > 0.

Let us define
t t

e = / DY — D.YO]2ds = ¢ / (DY — DY) + (D2Y* — D2Y*)ds, (10.14)
0 0

where ¢ > 0. In the following proposition, we justify a truncated version of the

Malliavin uniform non-degeneracy condition (69) as proposed in Yoshida (1992) [93].
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LEMMA 8. The Malliavin covariance ¥(€) defined in ([OI0) is uniformly non-
degenerated under truncation, i.e. there exists co > 0 such that for any ¢ > c¢o and
any p>1,

sup E[1{n: < 1}(det(X3(e)))7F] < +o0. (10.15)

e€[0,1]

Proof. By the triangle and Cauchy-Schwarz inequality,
|D.Y¢(D,Y)" — D,Y°(D,Y°)"| < |D,Y* — D,Y°|> +2|D,Y°||D,Y* — D,Y"|.
Noticing that n: <1 is equivalent to

t
/ DY — D,Y°ds <
0

[

we thus have

t t
15(e) — £(0)] g/ ID,Y* — D,Y°ds + / 2|D,Y°||D,Y* — D,Y°|ds
0 0

t t % 3 2
g/ |DSYE—DSY0|2ds+2</ |DSY°\2) </ |DSY6—DSY0|2ds)
0 0 0

1 )y
Lo /20
c c
(10.16)
Hence, there exists ¢y such that, for any ¢ > ¢y > 0,
1 (0
(0] > 5(0) = [S(e) - 5(0)] > £(0) — | =+ 2,/
Co Co
O

In order to apply the theory of Yoshida [03], we need to justify that the truncation
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in Lemma [ is negligible in probability by verifying condition ([Z0).

LEMMA 9. Following the definition of nS in ([0I4), we have

P (Inl>3) =0l (10.17)

foranyn=1,2,3,...

Proof. We prove that, for any n € N there exist a constant ¢, such that
€ 1 2n
P |ns| > 5 ) <eae (10.18)
Noticing the fact that

t 1 t 1
{\né\ > %} C {c/ (DY — DIY%)%ds > 1} U {c/ (D?Y — D*Y%)%ds > Z}'
0 0

we have,

1 t 1 t 1

P (\ng\ > —) <P (/ (DlY® — DY%)2ds > —) +P (/ (DY — D?Y%)%ds > —) .
2 0 4c 0 4c

(10.19)

It is sufficient to prove that,
Lo . 1
P (/ (DY — DYY%)%ds > 4—) = O(*), (10.20)
0 C

for i = 1,2 and any n € N. Without loss of generality, we provide the proof for the

case of 1 = 1.
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By the Chebyshev-Markov inequality, we have

t
P (/ (DY — DIY%)%ds > i)
0 4c
t n
<(4¢c)"E (/ (Dlye — D;Yo)%) (10.21)
0

~aeye ([ o) + o) as)

_ 2 ([ DV()  &Vip g @ (DVED) &V
hils) = 25(6\/]7(6) \/F(O))’ da(s) 25(6\/F(6) \/F(O)>' (10-22)

By the Holder inequality and the convexity property of power functions, we deduce
that

E < /O i (s) + d2(s)]2ds)

n

<E ( /0 ldy(s) + do(5)]” ds) A

. (10.23)
<oy / [E(dy(5))*" + E(da(s))>"]ds
0
where % + % =1.
Without loss of generality, we justify that
t
/ E(d,(s))*"ds = O(*™). (10.24)
0

By the Malliavin differentiation chain rule and the fact DiW;(t) = §;;1{s < t}, a

direct computation based on the explicit solution in (B34l yields that

1
DIV'(t) =e&opliy(s)V'(t) — e czglopexp {—€2Ct + €& Bo(t) — 56252%}
(10.25)

t 1
) / exp {ezcu — €& By(u) + 562§§u} Lio,u)(s) du-
0
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Thus,
E td nds = E t[ L(s)™"d 10.26
| @ynas = [ (06) + s (10.26)
where
_ Ve W
Li(s) = &p <\/F<€) \/F(O)) (10.27)
and
IQ(S)
B €2Eypezs exp {—620t + €& Bs(t) — % 2§§t} fot exp {ezcu — €& Bo(u) + %ezfgu} Lio,u)(s)du

F(e)
(10.28)

Following a similar inequality estimate as in ([TIL23), it suffices to show that
t
IE/ (It(s))*" ds = O(e™), for k=1,2. (10.29)
0

Indeed, based on the fact of a; > 0,a, > 0,a3 > 0, we deduce that

Cn (VR = R TA
E/O(]l(s)) ds-tE( L= +<\/W \/W>VO>

ver - vy \ 1 1\
CE | ——" Co
= E( F(e) ) i < VF(e) \/F )

C_ gty — vy - F(0) "
SF(O)"EW ) e E( VE(e) + \/F \/F(e)F(O)>
C11 le 2n "
< (O)NE(V (t) = Vo) ( )

F
<CLE(V'(t) — V))*" + CoE(VE(t) — Vo)
(10.30)
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Thus, it is sufficient to show that

E(V'(t) — V§)* = O(e*") (10.31)

and
E(VE(t) — Vo)™ = O(e*). (10.32)
Without loss of generality, we briefly justify (ITL31]) here. Indeed, we have that
1
Vet) — Vg = (exp {—€2Ct + €& Bo(t) — 56252215} — 1) vy
1 t 1
+ e2czg exp {—e2ct + €& Bs(t) — iezfgt} / exp {e%u — €& By (u) + 562§§u} du.
0
(10.33)
It is straightforward to obtain that
1 2 L 50 o
ll_r% €2—nE exp { —€ ct + €&y Bs(t) — 3¢ gty —1
i LES (2 k6o Ba(t) — ket — ~ke2t b (—1)20F
=lim — ; L) XD ek&aBa(t) — ket — SEkeGtp (1) (10.34)
2n

IR 2n Loy 2 ok _ gan (20)NE"
_11_%62—” ; < I ) exp { [§§2k(k —-1)— k:c} € t} (—1) =&

and

1 t 1 2n
E <ezcz3 exp {—e2ct + €& By(t) — §€2£22t} / exp {e2cu — €& By(u) + 56252%} du)
0
=0(eh).

(10.35)
Hence ([3T) is proved and (L32) follows quite similarly.
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Similarly, we find that

e [ ()" as

1 ! 1
<Cs(t)e'™E <exp {—ezct + €&y Bs(t) — 56252215} / exp {620u — €& Bo(u) + 562622’&} du)
0

=0(e™).
(10.36)

Therefore, (1Y) is verified, which is equivalent to ([ILIT).

Hence, for the tempered distribution T}, € §'(R) defined as

Ty(x) = flx —y) = (x—y)",

we apply the Malliavin-Watanabe-Yoshida theory surveyed in Section [Z to conclude
the validity of the asymptotic expansion in Proposition [l Therefore, Theorem B is

proved accordingly.



Glossary

arbitrage

CBOE

diversified portfolio

the practice of taking advantage of a price dif-
ferential between two or more markets: strik-
ing a combination of matching deals that capi-
talize upon the imbalance, the profit being the

difference between the market prices, [

Chicago Board Options Exchange, located
at 400 South LaSalle Street in Chicago, the
largest U.S. options exchange with annual
trading volume that hovered around one bil-

lion contracts at the end of 2007, [l

a risk management technique, related to hedg-

ing, that mixes a wide variety of investments

within a portfolio,
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Glossary

European option

hedge

implied volatility

out-of-the-money

a financial contract between two parties, the
buyer and the seller of this type of option. It
is the option to buy (sell) shares of stock at
a specified time in the future for a specified

price,

a position established in one market in an at-
tempt to offset exposure to price fluctuations
in some opposite position in another market
with the goal of minimizing one’s exposure to

unwanted risk,

the volatility implied by the market price of
the option based on an option pricing model
(i.e. the volatility that, when used in a partic-
ular pricing model, yields a theoretical value
for the option equal to the current market

price of that option),

For a call, when an option’s strike price is
higher than the market price of the underlying
asset; For a put, when the strike price is below

the market price of the underlying asset, [[4]
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Glossary

over-the-counter

portfolio insurance

price sensitivities

realized variance

realized volatility

S&P 500

A decentralized market of securities not listed
on an exchange where market participants
trade over the telephone, facsimile or elec-

tronic network instead of a physical trading

floor,

a method of hedging a portfolio of stocks
against the market risk by short selling stock
index futures,

the quantities representing the sensitivities of
derivatives such as options to a change in
underlying parameters on which the value of
an instrument or portfolio of financial instru-

ments is dependent,

the variance of the return of a financial instru-
ment over a specified period,
the volatility of a financial instrument over a

specified period,

a free-float capitalization-weighted index pub-
lished since 1957 of the prices of 500 large-cap
common stocks actively traded in the United

States, fi
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Glossary

Societe Generale

timer option

variance swap

VIX

volatility

one of the main European financial services
companies and also maintains extensive activ-

ities in others parts of the world,

an Exotic option, that allows buyers to specify
the level of volatility used to price the instru-

ment,

an over-the-counter financial derivative that
allows one to speculate on or hedge risks asso-
ciated with the magnitude of movement, i.e.
volatility, of some underlying product, like an
exchange rate, interest rate, or stock index,
the ticker symbol for the Chicago Board Op-
tions Exchange Volatility Index, a popular
measure of the implied volatility of S&P 500
index options, [l

most frequently refers to the standard devia-
tion of the continuously compounded returns
of a financial instrument within a specific time

horizon, [
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A Joint Density of Bessel Process

at Exponential Stopping

In this appendix, we give detailed derivation of the joint density in equation B.20. We
begin with a useful result on a Laplace transform involving Bessel process stopped at

an exponential time.

LEMMA 10.
/T du
ex — —_—
pL—7 X,

VO3t ) ([
T Var(2r+ 1) (70

E

XT = {L'] ]PQ(XT € dl’)

)V+§ . M_\/LQ_A’V(2(XO A x)\/ﬁ) : W—\/%,V(2(XO \% I)\/ﬁ)d{t,
(37)

where M and W are the Whittaker functions defined as follows:
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ala+1) - (a+k—1)a*
M(a,b,z) = 1
(a.b,7) +Z b+ 1) -(b+k:—1)k!’

T [ M(a,b,x) oM +a—0,2-0bx)
sin(mb) [T(1+a— b)) T(a)T(2 — b) © (38

o 1
My (x) = 2™ 2 5 M(m — n + 5,2m +1,2),

Ula,b,z) =

o 1
Whm(x) = xm+%e_5U(m —n+ 5,2m +1,x).

Proof. Let us assume that X; is a Bessel process with drift x4 under the probability

measure P* and S is an exponential random variable with parameter n. Thus

+00 +oo
PHXs <y) = / PHX, <ylS=t)P(Set)= 17/ e "PH(X, < y)dt
0 0

+0oo ¢
Zn/ e MEP {1{X v exp{ u(Xo — Xy) — u/ 2 - 1u2tH dt
0 0

too (e v 1\ (1
:77/ e <n+2>t / e HX=AED lexpd —p (v + = /—du ; Xy €dz| | dt
0 0 2 0 Xu
v N (M1
S 2/ e HXORP foxp & —p (v + = / —du p; Xr €dz|,
n+ 5 Jo 2)Jo Xu

where T' is an exponential random variable with parameter n -+ ”72, which is indepen-

(39)

dent of the underlying Bessel process with drift. By differentiating both sides of the
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above equation, we obtain that

1 ("1
PH(Xg € dy) = an e Koy gho [exp {—,u (1/ + 5) / fdu} ; Xp € dy] :
n+ 5 0 u

Now let us identify

1 2
7= wv+3), n+%=k- (40)
It follows that p = -1t and n = A — % Therefore
2
1
P
E° [exp {—7/ —du} ; X € dy}
o Xu
4ou2
—PH(Xg € dy) - T2 gmnlXo—y) (41)
n

2 +o0
o+ e [y (6 X,y
0

Thus, by Lemma 1 (Resolvent Kernel) in Linetsky (2004) [74], we identify s with n

as well as
v
k(s) =k(n) = ——.
(s) = r(n) T
Thus, the result in Lemma [ follows immediately. O

Next, it deserves to notice the following explicit Laplace transform inversion.

LEMMA 11. (A Closed-form Inversion of a Laplace transform involving
Whittaker functions) For v > —% and 0 < x < z the following explicit Laplace

transform inversion holds
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L’ (F (% + v+ 7) M_,, (%) W-W(ZQ)) (v)

v +1az exp {_ (22 + 2%) cosh (¥) } s ( 2 )

2 sinh (%) sinh (%) sinh (%)

where the Hyperbolic functions are defined as
) 1 _ 1 B
sinh(z) zi(e”” — e ), cosh(z) = §(ew +e ).

Here
+0o z\2(v+

Iy (x) = kz:% KD(2v + k + 1)

1s a modified Bessel function of the first kind with index 2v
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(42)

(43)

Finally, the joint density B.220 can be obtained by inverting the Laplace transform in

Lemma

Proof.

T
du
IP)O <XT S dl’,A E S dt)

_ 1
:571 {EPO {exp {—7/0 Zdu} ; Xr € d:v] }

g V2l (2v +1) Xo

o {\/XF<7+ it 7 ( @ )V+§ M (2K AWVIN) - W (2(X, w)@)}
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By using the scaling property of Laplace transform:

Lifan}s) = ok (2,

lal

where L{f(t)}(s) = F(s). By letting a = v2\, we find the joint density expression

in equation B.20 ]



Detailed ADI Scheme

In this appendix, we document the detailed formulation of the ADI scheme in Sec-
tion In the implementation of (BIZ), for each step n, we use a matrix U™ =
(U)(1+1)x(s+1) to store the approximated values. In the first iteration of the ADI
scheme (12, for each fixed j € {1,2,...,J — 1} we set up an I + 1 dimensional linear
system to solve for Uil;r%. The system consists of two boundary conditions at ¢ = 0
and ¢ = [ respectively as well as I — 1 equations for inner points. The specification of
equations of inner points is straightforward. Here we need to figure out the boundary
conditions for the ADI middle step points U nt3. For i = 0, it follows from the the

Dirichlet boundary condition that
Uy ? = (1= MU + A AUY, = 0.

However, at i = [ we operate 1 — AAs on both sides of the Neumann boundary
condition

Uptt = Ut = As.
Thus, we find the implied boundary condition for the ADI middle step as

n+i n+l At
Uljz _ U,ffj = MU, — MU + (1 + 27;'Av) As.
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Hence the first iteration of the ADI scheme (B.12) is translated to a tri-diagonal linear

system which can be solved efficiently by the Thomas algorithm of linear complexity.

)
n+

UO"] 2 — 07

(1= M)U? = [1+ A + (1= \)Ay + AU7,

(45)
L
(1= AMDUZ = 1+ Ao+ (1= A + AJU7
nty nt3 n n r
| UL U = AU, AU+ (1+445) As,
i.e.
1 Uy 0
ay bl,j C1,5 U1n7;|-§ [1 + Ao + (1 - )\)Al + AQ]U{LJ
ar—1.5 b]_17j Cr—1,5 U;Ljf] [1 + A(] + (1 - )\)Al + AQ]U}L_L]-
11 Uyt MRUP; = MU+ (14 735 ) As
where
AriAt  Ni2At ArAt AriAt  Ni2At
R — | 2At. ¢ = — — ]
Ui = YAy T g e T, PATAL G = ot T

Similarly we handle the second iteration of the ADI scheme (B.12) as follows. We

fix i € {0,1,2,...,1} and set up a linear equation system for solving U[’f“. We also

impose the boundary conditions at v = 0 and v = co. It follows that
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i.e.
x0 r6
T A Av
€15 fl,j 91,5
€115 fl_l,j gr—1,j
1
where
Ao2At Mk 6 At
i == - —1)—, fi; =
Cid 2Av2+2 (jAv )Av Jis

U;le = max(iAs — K, 0),

n+1
Uio

n+1
Ui,l

n+1
Ui,J—l

n+1
Ui,J

Ao2At

(1= MU = U7 — AAUYY,

(1= AU, = U3 = MNAUP

ArAt

x0 n+1 n+1 . n+1 n+1 n+l
E(Ui,l - Ui,O )+ ”(Ui,o - Uz’—l,o) - TUz’,o =0,

_Ti(UZ,LoJrl - Uz'n—Jrl%o)

U™ — AU

U™z — AU,
max(iAs — K, 0)

Ao2At Mk

=1A Tya0 99T Toae 2
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Consideration of Jump Combined

with Stochastic Volatility

In this appendix, we outline some ideas on pricing timer call options under stochastic
volatility models with jumps (see Bates ] and Duffie, Pan and Singleton [37]). Unlike
the case of Heston’s model, the stochastic volatility with jump models might not
render semi-closed form formulae for the valuation of timer options. However, we
may still propose a conditional Black-Scholes-Merton formula and implement it via

Monte Carlo simulation.

Under the risk neutral probability measure, Bates’ [ stochastic volatility with jump

model is specified as

das, -
g = (= Xt VoW /T R 4 36 1>] S
— i=1 47

Vi = k(0 — Vi)dt + 0,/ VidW D,

where {(Wt(l), Wt(z))} is a two dimensional standard Brownian motion; r is assumed
to be the constant instantaneous interest rate; {V; } is a Poisson process with constant

intensity A; & is the relative jump size in the stock price. At time ¢;, when jump
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occurs, we have that

St = S,-&i-

2

S

Let us assume that &° follows a lognormal distribution with mean u, and variance o
ie.

55 ~ 'CN(,US?U?)'

Because

f=FE& —1=REetstosZ — 1

where Z ~ N(0, 1), the parameter p, and ji are related to each other by the equation

1
s = log(1+ 1) — 507

Under Bates’” model ({T), the theoretical realized variance consists of not only the

diffusion part but also the compounded Poisson part (see Carr and Wu (2006) [22]).

PROPOSITION 16. Under Bates” model (M), we have that, for t = mAt,

m S, 2 t Ny
lim (log b ) =1 = / Vids + Z log(€)]?, a.s. (48)
j=1 j 0 i=1

In the continuous-time setting, we consider the first-passage-time:

T/ = {u >0, /0 Vids + Z log(€7)]” = B} : (49)

Let us denote
J N_;

1,1 =B~ [ Vds+ 3 log(&r) - B (50)

i=1
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the size of overshoot over the variance budget B by the total variance. Similar to
Proposition B, we have the following conditional Black-Scholes-Merton formula for

pricing timer options under Bates’ stochastic volatility with jump model.

PROPOSITION 17. The timer call option with strike K and variance budget B

can be priced by the following conditional Black-Scholes-Merton formula:

N_; v , N_s
CO :EQ SO H gls 3 6d0(VTJ7TJ72i:TlJ [log(if)] ’TO)N(dl(‘/;-J, TJ, Z [log(gls)]Z ,TO))
i=1 i=1
N (51)
— Ke " N(dy(Vyo, 77 " [log(€)) . T,)) |
i=1

where

N(z) = —/ e_u2_2du,

and

p*(B—p+q),

N~

do(v,§,p.4) = L-(v = Vo = w0 + (B = p+q)) -

v

S 1
h0.6..) = o (52) 7+ 5B = p+ )L = ) + ol

1
VA =p?)(B—-p+q)
1 So 1 2
da(v,&,p,q) = ) {log (?) +7rf — 5(3 —p+q)(1—p )+6(i;(21;,€,p, q)] :

Proof. First, we express (S;,V;) as

1 [t t t Ny
S, = Sy exp {rt—§/ Vsds+p/ \/V;dWS(l)Jr\/l—p?/ \/Vdef)}Hgf,
0 0 0 i=1

t t
Vi = Vo + kOt — /-z/ \/sds+av/ Ve dW W,
0 0
(53)
By conditioning on the variance budget consumption time 77/, the variance V., the

total number of Poisson jumps N_s, the jump sizes (ff)fiff , the total quadratic varia-
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tion contributed by jumps Zfi’l" log(£2)]* and the overshoot size of the total variation

T,, we find the conditional distribution of S,.;. We note that all the conditions are
based on the variance process and the jump part of the asset dynamics, which are
both independent of the Brownian motion Wt(l). Similar argument to the proof of

Proposition B yields that

N_;

T

TJ =1, VTJ =0, NTJ =n, (gf)jV:TIJ = (52)?:1 ’ Z [1Og(£f)]2 =D T, = q

i=1

S.;

N
1
- <SOH§feXp{”J - §(B —p+q) + ﬁ(VrJ — Vo — k07" + k(B —p+q))

i=1 v

Tl = t,Ves =v, Ny =mn, (gzs)jvalj = (gl)?:l )

7_J
+4/1 —p2/ \/Vsdws@)}
0

Ejm%@ﬁf=pﬂ2=q>

1=1

n 1
:zawsongiexp{N@-§<B—p+q>+ﬁ<v—Vo—%@t+%<3-p+q>>’
i=1

G—fﬂB—p+®>}

Therefore, by conditioning and further computation based on the standard normal

(54)

distribution, we obtain that

N_;

(gf)zN:Tl] ) NTJ7 TJa ‘/'r‘]a Z [10g(€f)]2 >To

i=1

Co =E® { E? |7 max(S,s — K, 0)

N_; N ; N_y
—EQ So H gf . edo(VTJﬁJin:TlJ [IOg(ﬁf)] ’TO)N(dl(VTJ, 7_J’ Z [log(ﬁf)F ’TO))
i=1 i=1

N_j

T

— Ke N(da(Vio, 7,3 [log(€)] . )|

i=1
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O

A conditional Monte Carlo simulation scheme can be implemented based on Propo-
sition [l Similar to Algorithm [, we perform the exact simulation of the path
of variance process {V;} and the jump components in (). By the definition of
7/ in @), we simulate it by a “time-checking” algorithm (see [M). Meanwhile, we
record the size of overshoot T, and the quadratic variation contributed by jumps, i.e.

Zfi*l" log(£)]” . Based on all these steps, we calculate the estimator:

So H£ DN (dy) — Ke ™ N(dy), (56)

where dy, dy, dy are evaluated as in Proposition [



The Malliavin-Watanabe-Yoshida

Theory: A Primer

In recent years, various researches on the applications of Malliavin calculus in quan-
titative finance are vividly carried out. For example, Fournie et al. (1999) [45] pro-
posed to use Malliavin integration by parts formula to derive Monte Carlo simulation
estimator for computing price sensitivities. Among many other applications, Malli-
avin calculus provides researchers a powerful tool to justify asymptotic expansion of
derivative security payoffs and thus its no-arbitrage price approximation. Some ex-
amples applied to interest rates modeling can be found in Kunitomo and Takahashi
(2001) [70] and Osajima (2007) [82], etc. More topics on the applications of Malliavin

calculus in finance can be found in Malliavin and Thalmaier (2006) [7§].

.1 Basic Setup of the Malliavin Calculus Theory

The Malliavin calculus, also known as the stochastic calculus of variations, is an
infinite-dimensional differential calculus on the Wiener space. It was originally tai-
lored to investigate regularity properties of the law of Wiener functionals such as

solutions of stochastic differential equations. The theory was initiated by Malliavin
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and further developed by Stroock, Bismut, Watanabe, et al. Roughly speaking, the
Malliavin calculus theory consists of two parts. First is the theory of the differen-
tial operators defined on Sobolev spaces of Wiener functionals. The second part of
the theory establishes general criteria for a given random vector to possess a smooth

density.

Instead of making an exhaustive survey of the Malliavin calculus theory, we briefly
list some terminologies related to the asymptotic expansion theory of Malliavin-
Watanabe-Yoshida. To learn more about the fundamentals of Malliavin calculus,
readers are referred to Nualart (2006) [80], Malliavin (1997) [, Kusuoka and Stroock

(1991) [72] and Fritz (2005) [E6], etc.

Let us denote (Q2,P,F,{F;}) the d-dimensional filtered Wiener space, where Q0 =
Co([0,T],RY). The coordinate process {w(t)} is a d-dimensional Brownian motion

under the Wiener measure P. Let H be the Cameron-Martin subspace of €2, i.e.

"= {h _ (/0 i1 (s)ds, /0 hd(s)ds) . e LQ[O,T]} |

The inner product of Hilbert space H is defined as
d T . .
(hy, ho) g = Z/ hE(s)hk(s)ds,
k=170
for any hq, hs € H. The norm is equipped with

||h||H=<Z / |h’f<t>|2dt) ,

for h € H. Let F': Q2 — R be an Fr measurable random variable, which is also called

Wiener functional. We further assume that F' € LP(Q2), where p > 1. Given h € H,
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we define the directional derivative of I’ as

Dy F(w) = % _OF (w+eh) = 112%% [F (w+€eh) — F(w)]. (57)

Thus, D.F(w) is defined as a linear functional on Hilbert space H. By Riesz represen-
tation theory, there exists an element D,F(w) := (D'F(w), D*F(w), ..., DYF(w)) €

H such that
DyF(w) = (h,DF(w))g = /0 h¥(s)DFF(w)ds. (58)

Denote LP(Q2 : H) the collection of measurable map f from Q to H such that
| fllg € LP(Q). If DF € LP(Q2 : H), DF is defined as the Malliavin derivative
of F'. It can be regarded as an H-valued random variable or a d-dimensional stochas-
tic process. Consequently we are able to define higher order Malliavin derivatives.

Let P denote the collection of polynomials on the Wiener space 2. Let us define the

s-times Malliavin norm || - ||, as
1
S ) P
I1Fllsp = |EIFIP+ D E[DVF|E., | (59)
j=1
By completing P (in L?(2)) according to norm || - ||s,, we construct a Banach space

denoted by D;, which collects all s-times Malliavin differentiable variables.
It is well known that, for s € N, norm (B9) is equivalent to the one defined as follows.

For any Wiener functional g, let

glllso =l (I = £)29 |z, (60)

where £ is the Ornstein-Uhlenbeck operator. However, using norm (&), we can obtain
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space D, for any arbitrary real number s € R by completing the Wiener polynomial
space P. For any s € N, the equivalence ensures that the completion using norm
I - |||sp also generates the space D;. It is well known that the dual space of D is

D7®,ie. (D3) = D.*®, where

If s < 0 the elements in D, may not be ordinary random variables and they are
usually interpreted as distributions on the Wiener space. If F' € D, and G € D_*,

we denote the paring (F, G) by E(F'G). Thus, we interpret norm || - ||_s, as
|G| -s,g = sup E(F'G),

where the sup is taken over set
{F e Dy ||F|lsp <1}

Consider the intersection

pr=NNDL o==NUD"

p>1k>1 p>1k>1

Here, D> is the set of Wiener functionals. D™ is the set of generalized Wiener

functionals.

The original motivation of the Malliavin calculus theory has been to give a proba-
bilistic proof of Hérmander’s “sum of squares” theorem. The key task in this regard
is to establish general criteria in terms of the Malliavin covariance matrix for a given
random vector to possess a smooth density. In the applications of Malliavin calculus

to specific examples, one usually tries to find sufficient conditions for these general cri-
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teria to be satisfied. To apply the Malliavin-Watanabe-Yoshida thoery of asymptotic
expansion, it is crucial for us to justify the validity through the Malliavin covariance

of the underlying variables.

Let G be a m-dimensional random variable G = (G, G?, ..., G™) and denote

DG = (DjGi>m><d7

which appears as a m x d-matrix of H-valued random variable. The Malliavin covari-

ance matrix is defined as

2(G) = (B(G)ig)msxm, (61)

where

(DFGY, DG .

]~

¥(G)i; = (DG, DG7Y y =

B
Il

1

REMARK 15. The analog of Malliavin derivative operator in finite dimensional
space R™ is the gradient operator. Given a C!'-function f : R® — R, the derivative
along direction 7 can be computed as

of

5 =Vf-n.

3]

The resemblance to (BS) convinces us that the Malliavin calculus generalizes the
ordinary finite dimensional calculus to infinite dimensional settings. For more such
analogies between the Malliavin calculus and the ordinary finite dimensional calculus,

see Friz (2002) [46].
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.2 The Malliavin-Watanabe-Yoshida Theory of Asymp-
totic Expansion

Suppose the random variable G(€) admits the asymptotic expansion in D>, i.e.
G(e) = Gy + €G1 + EGy + - -+ "G + O(e™™h),  in D™, (62)

In other words,

1
limsup EHG(E) — [GO + EGl + €2G2 +- - +€nGnH
e—0

ps< too, foranyp>1,s>0,
(63)
where G; € D* for i =0,1,2,3, ....

Let S be the real Schwartz space of rapidly decreasing C'*°-functions. Denote S’ the
space of Schwartz tempered distribution, which is the dual space of S. Now, for

T € &', the question is under what condition we have that

E[T(G(¢))] = Edg + €ED; + EEDy + - - - + €"ED,, + O(e™), (64)
where
or 10°T or
Dy =T(Go), P1=7—(Go)G1, Pr=-%5(Go)G;+ ==(Go)Ga, ... (65)
ox 2 Ox or

It is sufficient to answer under what condition we have the asymptotic expansion for

generalized Wiener functional 7'(G(¢)), i.e.

T(G(e)) = g + €@y + Py + - - - + "D, + O("™), in D™, (66)
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In other words, there exists s > 0 such that, for all p > 1

1
lim sup EHT(G(G)) — [By + €y + €Dy + - - - + €D,
e—0

|Ipoe< +o0,  (67)

where ®; € D%, fori=0,1,2,3,....

Watanabe (1987) successfully interpreted the composition functional T'(G(€)) as gen-
eralized Wiener functionals (i.e. the Schwartz distribution on the probability space.)
He justified that the asymptotic expansion in (B8) and (&) is valid if the Malliavin

covariance of G(¢) is uniformly non-degenerated in the sense that

lim sup E[det(X(G(€)))F] < oo, for all p € (0, +00). (68)

e—0

A crucial step to apply this successful theory is to verify the non-degeneracy of the
Malliavin covariance. This is even not easy to do for some simple cases where the
underlying Malliavin covariance is expressed by an integration of some adaptive pro-
cesses. Yoshida (1992, 1993) [93, 92, 04] not only successfully applies the theory to
statistical inference, but also gives a truncated version of the asymptotic expansion
theory, in which verification of the uniform non-degeneracy of Malliavin covariance
becomes easier. According to Yoshida (1992, 1993) [93, ©2, O4], the validity of the
expansion can be obtained if there exists a random sequence {n°} £ D> such that

the following two conditions are verified.

Condition.1: Uniform Non-degeneracy under Truncation

sup E[1{n < 1}(det(3(G(e)))) "] < +oo; (69)

e€[0,1]
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Condition.2: Negligible Probability of Truncation

e—0 €™

1 1
lim —P <|n6| > 5) =0, foranyn=1,2,3,.. (70)

By reasonably modifying Watanabe (1987), Yoshida (1992, 1993) [03, 92, ©4] es-
tablishes that the generalized Wiener functional W (n)T'(G(e)) admits the following

expansion

U()T(G(e)) = By + €@y + Py + -+, in D™, (71)

where ¥ : R — R is a smooth function such that 0 < ¥U(z) < 1 for z € R,
U(x) = 1, for |x| < 1/2 and ¥(z) = 0, for || > 1. Thus, ([E4) follows directly.
Interested readers are also referred to Uchida and Yoshida (2004) [89], Kunitomo
and Takahashi (2001) [0, [71] for the development and application of the Malliavin-

Watanabe-Yoshida theory in the valuation of contingent claims.
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In this appendix, we document some source code of our numerical implementation.

Listing 1: C++ Code: Asymptotic Expansion Formula for the Valuation of Options

© 0 N s W N

WOWw NN NN NN NN NN R R R e s e s
R, O © 0 N O O A W N R O © 0N O W N RO

on VIX

//This routine runs the asymptotic expansion formula for pricing VIX options
//under Gatheral’s double mean—reverting model

//Author: Chenzu Li

//Date: May 1st, 2010

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

#include <iostream>

#include”’ normal.h”

void DMR_MC_Formula_four(double dRate,
double dStrike,
double dRho,
double dRhoOne,
double dRhoTwo,
double dVZero,
double dUZero,
double dKappa,
double dC,
double dXiOne,
double dXiTwo,
double &dVIXOptionValue,
double dA_1,

187
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double dA_2,
double dA_3,
double dZ3,

double dMat)

const double PI = 3.1415926;

double dEpsilon=dXiTwoxsqrt(dMat);

double dFO0=dA_1xdVZero+dA_2xdUZero+dA_3*dZ3;
double dX0=sqrt(dF0);

double dXi=(1/dXiTwo)x*sqrt(dA_-1xdA_1xdXiOne*dXiOne*dVZeroxdVZero+dA_2+dA_2xdXiTwo*dXiTwoxdUZeroxdUZero
+2+dRho*dA_1%dA_2xdXiOne*dXiTwo*dVZeroxdUZero)/(2+xdXO0);
double dY=(dStrike—dXO0)/(dEpsilon*dXi);

double dZeta = dA_1%dXiOnexdVZero/(2xdX0*dXi);

double dEta = dA_2xdXiTwoxdUZero/(2xdX0xdXi);

double dAlpha = dA_1xdXiOnexdXiOnexdVZero/(4*dXixdX0);

double dBeta = dA_2*xdXiTwoxdXiTwoxdUZero/(4xdXixdX0);

double dGamma = (1/(dXiTwoxdXiTwo))x(2+dA_1xdKappa*(dUZero—dVZero)—dA_1xdXiOnexdXiOnexdVZero+2+dA _2+dCx
(dZ3—dUZero)—dA _2xdXiTwoxdXiTwoxdUZero) /(4xdXixdX0);

double dDelta = —0.5xdXi/dX0;

double Omegal = (dZeta+dRhoxdEta)/(dZetaxdZeta+dEtaxdEta+2+dRhoxdZetaxdEta);
double Omega2 = (dEta+dRhoxdZeta)/(dZetaxdZeta+dEtaxdEta+2+xdRhoxdZetaxdEta);

double mul = dY*Omegal;

double mu2 = dY*Omega2;

double sigmal = sqrt(1/(dXiTwo*dXiTwo)*(1—dRhoxdRho)*dEtaxdEta/(dZetaxdZeta+dEtaxdEta+2*xdRhoxdZetaxdEta));
double sigma2 = sqrt(1/(dXiTwo*dXiTwo)*(1—dRhoxdRho)*dZetaxdZeta/(dZetaxdZeta+dEtaxdEta+2+dRhoxdZetaxdEta));

double mul_2 = mul*mul;
double mu2_2 = mu2*mu?2;
double sigmal_2 = sigmalx*sigmal;

double sigma2_2 = sigma2x*sigma2;

double thetal = (—6xdA_1xdKappa*dXiOnexdVZero—3+dA_1xdVZeroxdXiOnexdXiOnexdXiOne)/(dXiTwoxdXiTwo);

double theta2 = (6xdA_1xdKappaxdXiTwoxdUZero+dA_2x(—6+%dCxdXiTwoxdUZero—3xdXiTwo*xdXiTwoxdXiTwoxdUZero))
/(dXiTwoxdXiTwo);

double theta3 = dA_1xdXiOnexdXiOnexdXiOnexdVZero;

double theta4d = dA_2+%dXiTwoxdXiTwo*dXiTwo*xdUZero;

double thetab = 6xdA_1xdKappa*xdXiOnexdUZero;

double theta6 = 6xdA_2xdXiTwoxdCxdZ3—6+dA_1lxdKappaxdXiTwoxdUZero;

double dLambda0 = dAlphaxsigmal_2+4dBetakxsigma2_24+dGamma;
double dLambdal = dAlpha*Omegal*Omegal+dBeta*Omega2xOmega2+dDelta;

double omega0 = dLambdal*dY*dY+dGamma;
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double
double

double
double

double

double

double

double

double

double

double
double

omegal = (2xdAlphaxsigmal*Omegal —2+dBeta*sigma2*Omega2)*dY;

omega2 = dLambda0—dGamma;

theta?7 = —dXixdLambda0/dX0;
theta8 = —dXixdLambdal/dXO0;

dLambda2 = 3xomega2*omega2+omegals«omegal omegaO*omegal+2+xomega2xomegal;

dLambda3 = theta7+1/(12%dXi*dX0)=*(thetal*Omegal+theta2*Omega2+3+theta3+*Omegal*sigmal_2+43*«thetads*
Omega2x*sigma2_2+40.5xtheta5*xOmegal/(dXiTwoxdXiTwo)+0.5*theta6xOmega2/(dXiTwoxdXiTwo));

dLambda4 = theta8+41/(12%dXi*dX0)=*(theta3*Omegal*Omegal+*Omegal+thetadx*Omega2+Omega2+Omega2);

dPhiY = exp(—dY*dY/2)/sqrt(2xPI);

dNY = CumNormal(dY);

dThetal = dPhiY—dY=(1—dNY); //1st Correction

dTheta2 = (dLambda0+dLambdal)*(1—dNY)+dLambdal*dY=*dPhiY; //2nd Correction
dTheta3 = 0.5x*dLambda2+xdPhiY+dPhiYx(dLambda3+(2+dY=*dY)xdLambdad); //3rd Correction

//Implement the fourth order correctin, April 26th, 2010

double
double
double
double
double

double

c = dC;

t = 1/(dXiTwo*dXiTwo);

y = dY;

dRhoOneThree =(dZeta + dEtaxdRho)/sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho);

dRhoTwoThree =(dEta 4+ dZetaxdRho)/sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho);

dThetad = dA_1x((pow(t,2)*pow(dKappa,2)*(—dUZero + dVZero))/(8xdX0) + (cxpow(t,2)xdKappa
*(—dUZero + dZ3))/(8%dX0) +

(t+*dKappaxdUZero*(—2xpow(dXiOne,2)*pow(dRhoOneThree,2) + pow(dXiTwo,2)*pow(dRhoTwoThree,2)))
/(24% (pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*dXO0) +

(dVZero*pow(dXiOne,4)*pow(—t + sigmal_2 + pow(Omegal,2),2))/(32xdX0) +

(txdKappax*(3*dV Zerokxpow(dXiOne,2)*(t — sigmal_2 — pow(Omegal,2)) +

dUZero*(— (t*pow(dXiTwo,2)*pow(dRhoTwoThree,2)) + pow(dXiOne,2)*(—3xt + 3*sigmal_2 +
2xt*pow(dRhoOneThree,2) + 3xpow(Omegal,2)) —

dXiOnexdXiTwo*Omegalx(t*dEta + txdZetaxdRho — Omega2))))/(24*dX0)) —
(pow(dXi,2)*(pow(dGamma,2) + 3xpow(dAlpha,2)*pow(sigmal_2,2) + 3xpow(dBeta,2)*pow(sigma2_2,2)
+ 2x*dGammaxdLambdal 4 3xpow(dLambdal,2) + 2xdLambda3 + 6xdLambda4 +
2xdAlphaxsigmal_2*(dGamma + 3xdBetaxsigma2_2 + dLambdal + 2+dAlphaxpow(Omegal,2))

— 8+dAlphaxdBetaxsqrt(sigmal_2)*sqrt(sigma2_2)*Omegal«Omega2 +

2xdBetassigma2_2+(dGamma + dLambdal + 2+dBeta*pow(Omega2,2))))/(4xdX0) +
dA_2x((pow(c,2)*pow(t,2)*(dUZero — dZ3))/(8+*dX0) — (cxt*xdZ3*pow(dXiTwo,2)*xpow(dRhoTwoThree,2))
/(12%(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*dXO0) +

(dUZero*pow(dXiTwo,4)*xpow(—t + sigma2_2 + pow(Omega2,2),2))/(32xdX0) +
(cxtkpow(dXiTwo,2)*(3xdUZerox*(t — sigma2_2 — pow(Omega2,2)) + dZ3*(—3xt + 3ksigma2_2 + 2xtx
pow(dRhoTwoThree,2) + 3xpow(Omega2,2))))/(24xdX0)) +
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(2+dNY —1)#(dA_1((pow(t,2) *pow (dKappa,2)+(dUZero — dVZero))/(8xdX0) + (c+pow(t,2)+dKappas*
(dUZero — dZ3))/(8+*dX0) +

(t+*dKappaxdUZerox*(2*pow(dXiOne,2)*xpow(dRhoOneThree,2) — pow(dXiTwo,2)*pow(dRhoTwoThree,2)))
/(24% (pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*dX0) —
(dVZero*pow(dXiOne,4)*pow(—t + sigmal_2 + pow(Omegal,2),2))/(32xdX0) +
(txdKappas*(3xdVZerokxpow(dXiOne,2)*(—t + sigmal_2 4+ pow(Omegal,2)) +
dUZerox(txpow(dXiTwo,2)*pow(dRhoTwoThree,2) — pow(dXiOne,2)*(—3x*t + 3xsigmal_2 4 2xtx*
pow(dRhoOneThree,2) + 3xpow(Omegal,2)) +

dXiOnexdXiTwo*Omegalx(t*dEta + txdZetaxdRho — Omega2))))/(24*dX0)) +
(pow(dXi,2)*(pow(dGamma,2) + 3xpow(dAlpha,2)*pow(sigmal_2,2) + 3xpow(dBeta,2)*
pow(sigma2_2,2) 4+ 2xdGammaxdLambdal 4 3xpow(dLambdal,2) 4+ 2xdLambda3 + 6xdLambda4 +
2xdAlphaxsigmal_2%(dGamma + 3xdBetaxsigma2_2 + dLambdal + 2+dAlphaxpow(Omegal,2)) —
8xdAlphaxdBetaxsqrt(sigmal_2)*sqrt(sigma2_2)*Omegal*xOmega2 +

2xdBetassigma2_2+(dGamma + dLambdal + 2+dBeta*pow(Omega2,2))))/(4xdX0) +

dA 2% ((pow(c,2)*xpow(t,2)*(—dUZero + dZ3))/(8+dX0) + (cxt*dZ3xpow(dXiTwo,2)*
pow(dRhoTwoThree,2))/(12+(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*dX0) —
(dUZero*pow(dXiTwo,4)*pow(—t + sigma2_2 + pow(Omega2,2),2))/(32%dX0) +
(cxtkpow(dXiTwo,2)*(3xdUZerox(—t + sigma2_2 + pow(Omega2,2)) — dZ3x*(—3%t + 3*sigma2_2

+ 2xt*pow(dRhoTwoThree,2) + 3xpow(Omega2,2))))/(24%dX0))) +
((pow(y,7)*pow(dLambdal,3))/(6xsqrt(2xPI)) + pow(y,5)*((pow(dA_1,2)xpow(dVZero,2)

*pow (dXiOne,5)xpow(Omegal,5))/(48x*sqrt(2xPI)*pow(dXi,2)*pow(dX0,2)) +
(pow(dA_2,2)*pow(dUZero,2)*pow (dXiTwo,5)xpow(Omega2,5))/(48xsqrt(2xPI)*pow(dXi,2)
+pow(dX0,2)) +
(dA_1xdA_2xdUZero*dVZeroxpow(dXiOne,2)*xpow(dXiTwo,2)*pow(Omegal,2)xpow(Omega2,2)
*(dXiOnexOmegal + dXiTwoxOmega2))/

(48#sqrt (2+PI) xpow (dXi,2)+pow(dX0,2)) + (dXixthetas8 + (—2+dXi + (dGamma +
dAlphassigmal_2 + dBetaxsigma2.2)+dX0)*pow(dLambdal,2) — 2«dX0*pow(dLambdal,3)

— dXikxdLambda4 +

4xdX0xdLambdalxpow(dAlphaksqrt(sigmal_2)xOmegal — dBetasksqrt(sigma2_2)*Omega2,2))
/(2xsqrt(2xPI)*dX0)) +
pow(y,3)*((dA2xdUZeroxpow(dXiTwo,4)*xpow(Omega2,4))/(48x*sqrt(2xPI)*dX0) +
pow(dA_2,2)x((cxt*dUZerox(—8+xdUZero + 5%dZ3)*pow(dXiTwo,3)*pow(Omega2,3))
/(48xsqrt(2+PI)*xpow(dXi,2)xpow(dX0,2)) +

((—2xt + 5xsigma2_2)xpow(dUZero,2)*pow(dXiTwo,5)*pow(Omega2,3))/(24*sqrt(2xPI)

xpow (dXi,2)xpow (dX0,2))) +

pow(dA_1,2)#(((—2*t 4+ Bksigmal_2)xpow(dVZero,2)*pow(dXiOne,5)*xpow(Omegal,3))

/(24%sqrt (2+PI)xpow(dXi,2)*pow(dX0,2)) +
(txdKappa*xdVZeroxpow(dXiOne,2)xpow(Omegal,2)*(—8+dVZeroxdXiOnexOmegal +
dUZero*(5%*dXiOnexOmegal + 3%dXiTwoxOmega2)))/

(48*sqrt(2+PI)*pow(dXi,2)xpow(dX0,2))) + (dXixtheta? — (pow(dXi,2) 4+ 4x(dGamma

+ dAlphaxsigmal_2 4+ dBetaxsigma2_2)+*dX0)*pow(dLambdal,2) — dXixdLambda3 —
2xpow(dXi,2)*dLambdad —

8xpow(dAlpha,2)*dXiksigmal_2xpow(Omegal,2) + 4xpow(dAlpha,2)*dGammasxsigmal_2
*dX0xpow(Omegal,2) + 16«dAlphaxdBetaxdXixsqrt(sigmal_2)*sqrt(sigma2_2)xOmegal*Omega2 —
8xdAlphaxdBetaxdGammasxsqrt (sigmal_2)*sqrt(sigma2_2) *dX0xOmegal *Omega2 — S8xpow(dBeta,2)
xdXixsigma2_2+pow(Omega2,2) + 4xpow(dBeta,2)+dGammassigma2_2+dX0*pow(Omega2,2) +
dLambdalx(3+pow(dAlpha,2)*pow(sigmal.2,2)*dX0 + 3xpow(dBeta,2)*pow(sigma2_2,2)*dX0

+ dGamma*(—4+dXi + dGammaxdX0) +

2xdAlphaxsigmal_2%(—2+dXi + dX0#(dGamma + 3*dBetaxsigma2_2 — 8xdAlphaxpow(Omegal,2)))
+ 32xdAlphaxdBeta*sqrt(sigmal_2)*sqrt(sigma2_2)*dX0+xOmegal *Omega2 —
2xdBetaxsigma2_2+(2xdXi — dX0%(dGamma — 8xdBetaxpow(Omega2,2)))))/(2*sqrt(2+«PI)xdX0) +
dA_1x((dVZeroxpow(dXiOne,4)*pow(Omegal,4))/(48%sqrt(2xPI)*dX0) +

190
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dA_2x((cxtxdVZeroxpow(dXiOne,2)*pow(Omegal,2)*(—2*dUZerox(dXiOnexOmegal + 3xdXiTwo
*Omega2) +

dZ3%(2%dXiOnexOmegal + 3x*dXiTwoxOmega2)))/(48xsqrt(2xPI)xpow(dXi,2)*pow(dX0,2)) +
(txdKappaxdUZerox*pow(dXiTwo,2)*pow(Omega2,2)*(—2xdVZero*(3xdXiOnexOmegal + dXiTwo
*Omega2) + dUZerox(3*dXiOnexOmegal + 5*dXiTwoxOmega2)))/

(48xsqrt(2xPI)xpow (dXi,2)*pow(dX0,2)) — (dUZeroxdVZeroxpow(dXiOne,2)*pow(dXiTwo,2)*
(dXiTwoxOmega2*(3*(t — sigma2_2)*pow(Omegal,2) + 6xsqrt(sigmal_2)xsqrt(sigma2_2)
*Omegal+*Omega2 + (t — sigmal_2)xpow(Omega2,2)) +

dXiOnexOmegal*((t — sigma2_2)xpow(Omegal,2) + 6x*sqrt(sigmal_2)*sqrt(sigma2_2)
*Omegal+*Omega2 + 3*(t — sigmal_2)*pow(Omega2,2))))/

(48*sqrt(2+PI)*xpow(dXi,2)*pow(dX0,2))))) + y*(dA_2x(—(cxt*dZ3*pow(dXiTwo,2)
xpow(dRhoTwoThree,2))/(6+sqrt(2+PI)*(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEta

xdRho)*dX0) +

(cxtx(—dUZero + dZ3)*pow(dXiTwo,2)*pow(Omega2,2))/(4*sqrt(2xPI)*dX0) +
(dUZero*pow(dXiTwo,4)*xpow(Omega2,2)*(—2xt + 2xsigma2_2 + pow(Omega2,2)))/(16*sqrt(2xPI)xdX0)) +
(—6%pow(dGamma,2)*dXi + pow(dGamma,3)*dX0 + 15+pow(dAlpha,3)*pow(sigmal_2,3)+dX0 +
15xpow(dBeta,3)*pow(sigma2_2,3)*dX0 — 9k«pow(dBeta,2)xpow(sigma2_2,2)*(2xdXi —

dX0*(dGamma — 2xdLambdal)) —

9xpow(dAlpha,2)*pow(sigmal_2,2)*(2xdXi — dX0x(dGamma + 5*dBetaxsigma2_2 — 2xdLambdal))

— 6xdGammasxpow(dXi,2)*dLambdal — 6xpow(dGamma,2)*dX0xdLambdal — 9xpow(dXi,2)*pow(dLambdal,2) —
6xpow(dXi,2)*dLambda3 — 18x«pow(dXi,2)xdLambda4 — 3xdAlphaxsigmal_2x(—15%pow(dBeta,2)
*pow(sigma2_2,2)*dX0 + 6xdBetaxsigma2_2x(2xdXi — dX0*(dGamma — 2xdLambdal)) +
dGammaxdX0*(—dGamma + 4xdLambdal + 8«dAlphaxpow(Omegal,2)) + 2*xdXix(2xdGamma +
dXixdLambdal + 2xdAlphaxdXixpow(Omegal,2))) +
24xdAlphaxdBetaxsqrt(sigmal_2)*sqrt(sigma2_2)*(pow(dXi,2) + 2xdGammax*dX0)*Omegal+*Omega2 —
3xdBetaxsigma2_2%(dGammaxdX0%(—dGamma + 4x*dLambdal + 8xdBetaxpow(Omega2,2)) +
2+dXix(dXi*dLambdal + 2+(dGamma + dBetaxdXixpow(Omega2,2)))))/(6xsqrt(2xPI)xdX0) +
pow(dA_2,2)x(((pow(t,2) — 4xtxsigma2_2 4+ 5xpow(sigma2_2,2))xpow(dUZero,2)*pow(dXiTwo,5)
*Omega2)/(16x+sqrt(2xPI)*pow(dXi,2)*xpow(dX0,2)) +

(pow(c,2)*pow(t,2)*(dUZero — dZ3)+dXiTwox(2+sqrt(pow(dZeta,2) + pow(dEta,2) +
2xdZetaxdEtaxdRho)*dUZeroxOmega2 + dZ3*(dRhoTwoThree — 2xsqrt(pow(dZeta,2) +

pow(dEta,2) + 2xdZetaxdEtaxdRho)*Omega2)))/

(8xsqrt(2xPI)*pow(dXi,2)*sqrt(pow(dZeta,2) + pow(dEta,2) 4+ 2xdZetaxdEtaxdRho)*pow(dX0,2)) +
(cxt*dUZerospow(dXiTwo,3)*(4+sqrt(pow(dZeta,2) + pow(dEta,2) + 2+dZetaxdEtasdRho)

*(t — 2xsigma2_2)*dUZeroxOmega2 +

dZ3*(t*dRhoTwoThree + sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtax*dRho)+*Omega2
*(8xsigma2_2 + tx(—7 + 3x(dEta + dZetaxdRho)*Omega2)))))/

(16xsqrt (2+PT)xpow (dXi,2) xsqrt (pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)xpow(dX0,2))) +
pow(dA_1,2)x(((pow(t,2) — 4dxtxsigmal_2 + Sxpow(sigmal-2,2))*pow(dVZero,2)*pow(dXiOne,5)
*Omegal)/(16x+sqrt(2+xPI)*pow(dXi,2)*xpow(dX0,2)) —

(pow(t,2)xpow(dKappa,2)*(dUZero — dVZero)*(2*sqrt(pow(dZeta,2) 4+ pow(dEta,2) + 2xdZetaxdEtaxdRho)
*dVZeroxdXiOnexOmegal +

dUZero*(—(dXiTwoxdRhoTwoThree) 4+ dXiOnex(dRhoOneThree — 2xsqrt(pow(dZeta,2) + pow(dEta,2)
+ 2xdZetaxdEtaxdRho)*Omegal))))/(8*sqrt(2+xPI)*xpow(dXi,2)*sqrt(pow(dZeta,2) + pow(dEta,2)

+ 2xdZetaxdEtaxdRho)*pow(dX0,2)) +

(t+dKappa+dVZeropow(dXiOne,2)(4+sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetasdEtaxdRho)

*(t — 2xsigmal_2)*dVZeroxdXiOnexOmegal +

dUZero*(dXiOnex(t*dRhoOneThree + sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)
*Omegal*(8*«sigmal_2 + tx(—7 + 3x(dZeta + dEtaxdRho)*xOmegal))) —

txdXiTwox(dRhoTwoThree + sqrt(pow(dZeta,2) 4+ pow(dEta,2) + 2«dZetaxdEtaxdRho)*(—Omega2

+ Omegal*(—2+«dRho + 3%(dZeta + dEtaxdRho)*Omega2))))))/
(16xsqrt(2xPI)xpow(dXi,2)*sqrt(pow(dZeta,2) + pow(dEta,2) + 2+xdZetaxdEtaxdRho)*pow(dX0,2))) +
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dA_1x((txdKappa*dUZero*(—2+pow(dXiOne,2)xpow(dRhoOneThree,2) + pow(dXiTwo,2)*
pow(dRhoTwoThree,2)))/(12%sqrt (2«PI)* (pow(dZeta,2) + pow(dEta,2) + 2xdZetasdEtasdRho)*dX0) +
(dVZero*pow(dXiOne,4)*pow(Omegal,2)x(—2xt + 2xsigmal_2 + pow(Omegal,2)))/(16xsqrt(2xPI)*xdX0) +
(t+*dKappa*xdXiOnexOmegal(—3*dVZeroxdXiOnexOmegal + dUZero*(3*dXiOnexOmegal + dXiTwo*Omega2)))
/(12%sqrt (2+PT)*dX0) +

dA_2%((dUZeroxdVZeroxpow(dXiOne,2)*pow(dXiTwo,2)x*

(dXiTwox(2*sqrt(sigmal_2)*(t — sigma2_2)*sqrt(sigma2_2)*Omegal — sigmal_2x(t — 3xsigma2_2)*Omega2

+ t*(t — sigma2_2)xOmega2) +

dXiOnex((—(sigmal_2x%(t — 3*sigma2_2)) + t*(t — sigma2_2))*Omegal + 2x(t — sigmal_2)*sqrt(sigmal_2)
*sqrt(sigma2_2)*Omega2)))/

(16%sqrt(2+PI)*pow(dXi,2)*pow(dX0,2)) + (txdKappaxdUZeroxpow(dXiTwo,2)*

(2+sqrt(pow(dZeta,2) + pow(dEta,2) + 2+dZetaxdEta*dRho)*dVZerox((t — sigma2-2)+dXiTwo*Omega2 +
dXiOnex((t — sigma2_2)*Omegal + 2*sqrt(sigmal_2)*sqrt(sigma2_2)xOmega2)) +
dUZero*(dXiTwox(—(t*dRhoTwoThree) + sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*Omega2
*(t + 2xsigma2_2 — 3*t*(dEta + dZeta*dRho)*Omega2)) +

dXiOnex(t*dRhoOneThree + sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*(—2*(t*dRho +

2xsqrt(sigmal_2)*sqrt(sigma2_2))*Omega2 + Omegal*(2*sigma2_2 + 3xtx(—1 + (dEta + dZetaxdRho)*Omega2)))))))/

(16xsqrt(2xPI)xpow(dXi,2)*sqrt(pow(dZeta,2) + pow(dEta,2) + 2+xdZetaxdEtaxdRho)*pow(dX0,2)) +
cx((pow(t,2)xdKappas(dVZeroxdZ3*(—2xsqrt(pow(dZeta,2) + pow(dEta,2) + 2«dZetaxdEtaxdRho)+*dXiOnexOmegal
+ dXiTwox(dRhoTwoThree — 2xsqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*Omega2)) +
pow(dUZero,2)*(dXiOnex(dRhoOneThree — 2xsqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*Omegal)
— dXiTwox(dRhoTwoThree + 2xsqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*Omega2)) +

dUZerox*(2+sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*dVZero*(dXiOnexOmegal + dXiTwoxOmega2) +

dZ3%(—(dXiOnex(dRhoOneThree — 2xsqrt(pow(dZeta,2) + pow(dEta,2) 4+ 2x«dZetaxdEta*dRho)*Omegal)) +
2xsqrt(pow(dZeta,2) + pow(dEta,2) + 2+dZetardEtaxdRho)+dXiTwoxOmega2))))/
(8*sqrt(2+PI)xpow(dXi,2)*sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetardEtaxdRho)*pow(dX0,2)) +
(t+dVZeroxpow(dXiOne,2)*(2xsqrt (pow(dZeta,2) + pow(dEta,2) + 2+dZetaxdEtaxdRho)+dUZerox

((t — sigmal_2)*dXiOnexOmegal + dXiTwox*(2*sqrt(sigmal_2)*sqrt(sigma2_2)*Omegal + t*Omega2 —
sigmal_2xOmega2)) +

dZ3x(2xsqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*(—t + sigmal_2)*dXiOnexOmegal +
dXiTwox*(txdRhoTwoThree + sqrt(pow(dZeta,2) + pow(dEta,2) + 2«dZetaxdEtaxdRho)x*((—3*t + 2*sigmal_2)
*Omega2 + Omegal*(—4*sqrt(sigmal_2)xsqrt(sigma2_2) + t*(—2xdRho + 3x(dZeta + dEtaxdRho)*Omega2))))))
)/ (16xsqrt(2xPI)*xpow(dXi,2)*sqrt(pow(dZeta,2) + pow(dEta,2) + 2xdZetaxdEtaxdRho)*pow(dX0,2)))))))
#sqrt (24 PI)xdPhiY;

//Compute up to the 4th term
dVIXOptionValue =dXixexp(—dRatexdMat)+*(dEpsilonxdThetal+dEpsilonxdEpsilonxdTheta2

+dEpsilonkxdEpsilon*dEpsilonxd Theta3+dEpsilonxd Epsilon
*dEpsilon*dEpsilonxdTheta4);

//Multiply By 100 to obtain the VIX option price
dVIXOptionValue = dVIXOptionValuex100;

Listing 2: C4++ Code: Benchmark Monte Carlo Simulation for Pricing VIX Option
under Gatheral’s Double Lognormal SV Model

//This routine runs the Monte Carlo simulation for pricing VIX options under
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//Gatheral’s double mean—reverting model. We employ Euler discretisation with

//LKYV partial truncation.

#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#include <iostream>
#include”’ normal.h”

#include’mt19937ar.h”
using std::cout;

void DMR_Simulation(double dRate,
double dStrike,
double dRho,
double dRhoOne,
double dRhoTwo,
double dVZero,
double dUZero,
double dKappa,
double dC,
double dXiOne,
double dXiTwo,
long 1SimTrial,
long ISteps,
double dDeltaT,
double &dSimVal,
double &dStdErr,
double dA_1,
double dA_2,
double dA_3,
double dZ3,
double dMat)

double dV;
double dU;
double dSqrt=sqrt(dDeltaT);

double dConstl=dKappaxdDeltaT;

double dConst2=dCxdDeltaT};

double dConst3=dSqrt*dXiOne;

double dConst4=dSqrtxdXiTwo*dRho;

double dConst5=dSqrt*dXiTwox*sqrt(1—dRhoxdRho);
double dConst6=dA_3xdZ3;

double dTempNormall;
double dTempNormal2;

double dOptVal; //The Option Valve computed from each simulation trial
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double dSum=0.0;

double dSumSq=0.0; //the sum of squares

for (int i=1;i<=I1SimTrial;i++)

{

dV=dVZero;

dU=dUZero;

for (int j=1;j<=ISteps;j++)

{

//save normal variables to implement a 2— dimensional Brownian motion;
//we use Mersense Twister RN generator;
dTempNormall=CumNormallnv(genrand-_real3());

dTempNormal2=CumNormallnv(genrand_real3());
//Euler Scheme
dV+=dConstl*(dU—dV)+dVxdConst3x*dTempNormall;

dU+=dConst2x(dZ3—dU)+dUx*(dConst4*dTempNormall+dConst5*dTempNormal2);

//LKYV partial truncation

if (dV<0)
{

dV=0;
}
if (dU<0)
{

dU=0;
¥

double dTemp = sqrt(dA_1xdV+dA_2xdU+dConst6)—dStrike;

if (dTemp>0)

{

dOptVal=dTemp;

dOptVal=0;

if(i%1000 == 0)

{

}

cout<<dOptVal<<”\n";

dSum+=dOptVal;

dSumSq+=dOptValxdOptVal;

}//end of for
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dSimVal=exp(—dRatexdMat)*dSum/1SimTrial;
dStdErr=sqrt((dSumSq—dSum*dSum/1SimTrial) /((1SimTrial—1.0)x1SimTrial));

//Multiply by 100 to obtain the VIX option value
dSimVal = 100xdSimVal;

Listing 3: MATLAB Code: Computing Timer Option Price via the Black-Scholes-

Merton Type Formula

% This routine computes the timer option price via the Black —Scholes—Merton

% type formula.

S0 = 100;

K = 100;

r = 0.04;
rho = —0.5;
VO = 0.0625;
kappa = 2;

theta = 0.0324;

sigmav = 0.1;

B = 0.0265;

nu = kappa * theta / (sigmavxsigmav) — 0.5;

X0 = VO / sigmav;

maxrealdouble = realmax(’double’);

%% Main Routine

tic;

u = 0.01:0.01:0.99;
z = 0.90:0.01:0.99;

n_u = length(u);
n_z = length(z);

integrand_value = zeros(n_u, n_z);

forl = 1linz
for k = 1: n_u
integrand_value(k,l) = integrand(u(k),z(1),nu,X0,B,S0,K,r,rho,V0,kappa,...
theta,sigmav,maxrealdouble);
(k1]
end

end

mesh (u,z,integrand_value’);
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xlabel(’x—u—axis’),ylabel("t—z—axis’),zlabel(’integrand_value—axis’);

%%

%Compute the Integral

trap_weight_u = linspace(0,0,n_u);

trap_weight_u(1) = 0.5;

for k =2 : (n_u—1)
trap_weight_u(k)=1;

end

trap_weight_u(n_u) = 0.5;

trap_weight_z = linspace(0,0,n_z);

trap_weight_z(1) = 0.5;

for k =2 : (n.z—1)
trap_weight_z(k)=1;

end

trap_weight_z(n_z) = 0.5;
grid = 0.01;

trap_-weight_uxintegrand_valuextrap_weight_z’xgridxgrid

Listing 4: MATLAB Code: Computing the Integration Kernel of the Timer Option

Valuation Formula

%This routine evaluates the integrand of the Black—Scholes—Merton type formula for
%pricing timer option. It implements the Bessel joint density and the

Y%rotation couting algorithm for Laplace transform inversion.

function e = integrand(u,z,nu,X0,B,S0,K,r,rho,V0,kappa,theta,sigmav,maxrealdouble)

x = —log(u);

t = —log(z);

%% Compute the joint density via Trapezoidal Rule

% select the total number of steps,
N = 10000;
Y%choose gamma for computing the Bromwich integral

gamma = 1000;

h = pi/B;

y = linspace(0,0,N+1);
y(1) =0;
for 1 = 2:(N+1)

y(1) = y(I=1)+h;

end
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%% Compute the density
%find the square root of lambda
lambda = gamma-+ixy;

rootLambda = sqrt(lambda);

= real(rootLambda);

o

= imag(rootLambda);

Q2

argRoot = 0.5%angle(lambda);

%Replace a frequently computed quantity
E = exp(t+p/sart(2));

Esquare = exp(sqrt(2)*t*p);

%Rotation couting algorithm for nonoverflowed case
if (Esquare<maxrealdouble)
%compute the phase and radius of the numerator
N = 4xsqrt(2+X0*x)*sqrt(p. 2+q."2).xE;
argN = argRoot+txq/sqrt(2);

%compute the phase and radius of the denominator

%rD = sqrt(E."4—2xE."2.xcos(sqrt(2)*t*xq)+1);

rD = abs(Esquare.xexp(ixsqrt(2)xtxq)—1);

Y%rotation counting number

m = floor((sqrt(2)*txq+pi)/(2*pi));

%compute the phase of the denominator

argD = angle(Esquare.xexp(ixsqrt(2)*t+q)—1);

Y%rotation number of the bessel argument
ArgA = argN—argD —2*mx*pi;
n = floor((ArgA+pi)/(2xpi));

%principal phase of the argument

argA = ArgA—2xnx*pi;

Y%evaluation of Bessel

MYBESSEL = besseli(2*nu,(rN./rD).xexp(ixargA)).xexp(4*n*nuxpixi);

Yevaluation of the function value
SIN_H = 0.5%(E.xexp(ixt*q/sqrt(2))—(1./E).xexp(—ixt*xq/sqrt(2)));
COS_H = 0.5%(E.xexp(i*t*q/sqrt(2))+(1./E).xexp(—ixt*xq/sqrt(2)));

f = real(sqrt(2)*(p+ixq)*x"(nu+1)./((X0 nu)*SIN_H).*xexp(— (X0+x)*sqrt(2)*(p+ikq).*...

COS_H./SIN_H).*MYBESSEL);

else

%overflowed case
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%radius of the bessel argument
rA = 4xsqrt(2+X0xx)*sqrt(p. 2+4q."2).xexp(—t*p/sqrt(2));
ArgA = argRoot—t=*q/sqrt(2);

Y%rotation number

n = floor((ArgA+pi)/(2xpi));

%principal phase

argA = ArgA—2knx*pi;

Y%corrected Bessel value;

MYBESSEL = besseli(2*nu,rA.xexp(ixargA)).xexp(4*n*nuxpixi);

%function value of this case

%Q: do we need to use dot product before exp

f = real(2xsqrt(2)*sqrt(p.”24+q."2)*x" (nu+1) /(X0 nu).xexp(—t+*p/sqrt(2)+ix(argRoot —txq/sqrt(2))...
—(X0+x)*sqrt(2)*(p+ixq)).*MYBESSEL);

end

%% Compute density by trapezoidal rule

%the trapezoidal weight

weight = linspace(0,0,N+1);
weight(1) = 0.5;
weight(2) = —1;
for k = 3:(N+1)
weight(k) = —weight(k—1);

end

%computation of the density

d = exp(gammaxB)/Bx(weightx*{’);

%%
%An Alternative Way of Computing BS with change of measure
v = sigmav*x;

xi = t/sigmav;

d0 = (rho/sigmav)*(v—VO0—kappaxthetaxxi+kappa*B)—0.5%rho*rhoxB;
dl = (1/sqrt((1—rhoxrho)*B))=*(log(S0/K)+rxxi+0.5%Bx(1—rho*rho)+d0);
d2 = (1/sqrt((1—rhoxrho)*B))=*(log(S0/K)+rxxi—0.5%Bx*(1—rho*rho)+d0);

bs_change_measure = (SO*exp(d0)*normecdf(dl)—Kx*exp(—r*xi)*normecdf(d2))=*exp(kappax(VO—v)/...

(sigmav*sigmav)-+kappaxkappa*thetaxxi/(sigmav*sigmav)—0.5xkappaxkappa*B/(sigmav=sigmav));

%%
%evaluation of the integrand

e = bs_change_measurexd/(ux*z);
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