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Abstract

Modularity of Generating functions of Special Cycles on Shimura Varieties

Wei Zhang

In this thesis we study special cycles on Shimura varieties of orthogonal type. We
confirm a conjecture of Kudla in [K2] on the modularity of generating functions of
special cycles of any codimension on Shimura varieties of orthogonal type, provided
their convergence. This is a generalization of theorems of Hirzebruch-Zagier, Gross-

Kohnen-Zagier and Borcherds to high codimensional cycles.
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Chapter 1

Introduction

1.1 Statement of main results

The study of algebraic cycles on algebraic varieties gives rise to various interesting
questions in arithmetic and algebraic geometry. On a Shimura variety there is a
large supply of algebraic cycles provided by sub-Shimura varieties and their Hecke
translations. In this paper, we will study certain special cycles defined by Kudla in
[K1] on Shimura varieties of orthogonal type. More precisely, assuming the conver-
gence we will prove the modularity of generating functions of special cycle classes
modulo rational equivalence. In codimension one, this is a theorem of Borcherds
([B1]), generalizing Gross-Kohnen-Zagier’s theorem (|GKZ]) for modular curves, and
Hirzebruch-Zagier’s theorem ([HZ]) for Hilbert modular surfaces to high dimensional
Shimura varieties of orthogonal type. Kudla and Millson in [KM)] also obtained the
modularity of generating functions of cohomology classes of special cycles on more
general Shimura varieties. We now describe our results more precisely.

Throughout this paper, for a Z-module A and a field k, we define Ay = A ®z k.
Let (L,q) be a nondegenerate even lattice ( i.e., ¢(v) is an even integer for every

v € L) with signature (n,2), and let (-,-) be the inner product associated to ¢. Let
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LY be its dual (thus L C LY), and let I' be a congruence subgroup of O(L) that
acts trivially on LY /L. Let D be the Grassmannian of Lg with points representing
negative definite 2-planes in Lg. In our situation, D is a Hermitian symmetric space
of dimension n. When n = 1, 2,3, D is the Poincaré upper half plane, the product of
two Poincaré upper half planes, and Siegel upper half space of genus 2, respectively.

Let Xt be the connected Shimura variety whose complex points are
Xr(C) =T\D.

When I' is neat, Xr is a smooth quasi-projective variety with a canonical model
generally defined over a cyclotomic extension of Q.

For an r-tuple v = (vy,...,v,) € A+ L" where A € (LY/L)", let Z(v) be the im-
age in I'\ D of all negative definite 2-planes perpendicular to all of vy, ...,v,.. Z(v) is
nonempty precisely when vy, ..., v, generate a positive definite subspace of Lg with di-
mension denoted by r(v). Obviously, Z(vyv) = Z(v) for v € I' where I" acts diagonally
Y(V1, ey ) = (YUL, ooy YU).

For an r-tuple A € (LY/L)" and an r X r symmetric positive semi-definite matrix
T = (T;;) € Sym,(Q)>o of rank r(7T'), let

AT, A) ={ve A+ LT =Q(v)}

where the 7 x r matrix Q(v) = 3((v;,v;)) is called the moment matrix of v. Kudla

defines a cycle ([K1], but there in adelic language) of codimension r(T")

Z(TA) = Z(T, AT = Y Z(v).

vel\Q(T,\)

These cycles are compatible with the nature pull-back map pr : Xpv — Xr for



I"CT, ie.,

prZ(T,\T) = Z(T,\TY).

Note that Z(T, ) is empty unless T;; = 1()\;, \;) (mod Z). In this paper, we call all
Z(T,\) special cycles of moment T and residue class A. All such cycles are defined
over abelian extension of Q.

As the most interesting examples, for small n our special cycles include:

1. (n=r =1) CM points (including Heegner points) on a Shimura curve (modular

curve included).

2. (n = 2,7 = 1) Hecke correspondences on the self-product of a Shimura curve,

and Hirzebruch-Zagier cycles on a Hilbert modular surface.
3. (n=3,r = 1) Humbert surfaces on a Siegel modular variety.
4. (n = 3,7 = 2) Shimura curves on a Siegel modular variety.

Let .Z = £ be the line bundle on X1 that descends from the tautological bundle
Zp on D, cf. Chap. (2.3).

Let CH"(Xr)c be the Chow group with complex coefficients. Let {Z(T,\)} €
CH™™(Xt)c be the cycle class of the codimension-r(7T') special cycle Z(T,)), and
let {£V} € CH'(Xt)c be the Chern class of the dual bundle of ..

We now define the generating function with coefficients in CH"(Xr)c by
Ox(r) =) {Z(T )} -{£ "}y "q"
T>0

2mitr(TT

where ¢! = e ), and

T e A = {1 € Sym,.(C)|Im(1) > 0}
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is the Siegel upper half space of genus r. Here the product is the intersection product
on Chow groups.

For a linear functional + on CH"(Xr)c, we define

(1,02)(1) = Y (e AAZ(T )} - {2V} )g"

T>0

where (1,v) = ¢(v) for v € CH"(X7)c.

Our first result is

Theorem A (Modularity Conjecture of Kudla, [K2]). Forn > 1,r € {1,2,...,n},
an even lattice L of signature (n,2) as above, and A € (LY/L)", assume that (1,0),) is
absolutely convergent on .. Then it is a Siegel modular form of genus r and weight

5+ 1 for a congruence subgroup in Sp(2r,7Z).

Remark. 1. Note that when n = r = 1, our special cycles are precisely CM points
on Shimura curves (including modular curves). When L is isotropic, this is a
consequence of the Gross-Kohnen-Zagier theorem ([GKZ]). Using his construc-
tion of a family of meromorphic automorphic functions in [B0], Borcherds in [B1]
reproves their theorem and generalizes it to the situation where the Shimura
variety is attached to any signature-(n,2) lattice L and the special cycles are

divisors (i.e., 7 =1).

2. We would like to point out that in Borcherds’ theorem, he also proves that
all linear functionals ¢ on CH'(Xt)¢ automatically satisfy the convergence as-
sumption above. But for » > 2, we do not know how to prove, though we
expect, that all linear functionals on the Chow groups should satisfy this as-
sumption (see Conjecture [I). By the conjecture of Beilinson-Bloch ([Be]) on
the non-degeneracy of the (conditionally defined) height pairing between coho-
mologically trivial cycles, we only need to check those linear functionals given

by height pairings. An particularly interesting class of linear functional is given
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by height pairing with special cycles of complementary dimension. We hope to

investigate this aspect in the future.

. In series of papers ([KM]), Kudla and Millson have proven the modularity of
generating functions of cohomology classes in a more generality for Shimura
varieties attached to orthogonal groups and unitary groups over not only Q but
also totally really fields. In the case of orthogonal groups, it is not hard to
check that a linear functional satisfies the convergence assumption above if it
factors through the cohomology group via the cycle class map. In fact, for a
closed (n — r,n — r) differential form 7 with compact support on Xr, we can
define a linear functional ¢ mapping Z(z) to the integral |, 2" if the moment
matrix Q(z) is positive definite, and modify the integral by shifting n by a power
of the curvature form = of ZY when Q(z) is only semi-positive. Then, since
|((Z(T, X)) < C-vol(Z(T, \)) is bounded above by a constant multiple of the
volume vol(Z(T, X)) = [ =n=(T) of the special cycle Z(T, )), it is not hard

to see the absolute convergence of +(0,).

. One of our main motivations for investigating special cycles is to obtain relations
between these cycles and special values or derivatives of certain automorphic
L-functions, generalizing the formula of Gross-Zagier and Zhang (|GZ],[Zh]) to
higher dimensional varieties. Once we know the modularity of the generating
function, we would like to know its spectral decomposition. For example, for a
cusp Siegel modular form f of genus r, weight 1 + % and the same level I'(V)
as Op, we can define an “arithmetic theta lifting” ([K2] and [KRY]) using the

Petersson inner product

o)== [ eurTIn() € CH (o)

Inspired by the theory of theta lifting of automorphic forms, we would like to



6

ask for a criterion for the (non-)vanishing of this lifting. One would hope for
the occurrence of central derivatives of certain automorphic L-functions in this
criterion in the same manner as the occurrence of central values of L-functions in
Waldspurger’s criterion on the non-vanishing of theta lifting for the reductive
pair (SL(2),0(3)). This method has been pursued by Kudla, Rapport and
Yang in [KRY] for n = r = 1. Based on Borcherds’ modularity result and
other ingredients, they succeed in relating the height pairing of certain special
points on Shimura curves to the central derivatives of L-functions of certain new
forms of weight 2, and thus establish a criterion of Waldspurger type. Further

speculations have been proposed in [K2].

The proof of Theorem A is in Chap. 2.4/ (Theorem 2.9) and it turns out to be
an application of Borcherds’ modularity theorem to a family of subvarieties on Xp.
In fact, we prove a criterion of modularity for formal power series. More precisely,
let L be an even lattice of signature (n,n’) with 2|n’ and let " be a congruence
subgroup of O(L). For an integer r € {1,2,...,n}, let F' be a function on I'\ L.
Define F/(T,A) = > craery F(2) for T € Sym,(Q)>o and A € (LY/L)". We define

formal g-series for A € (LY/L)",

Ora(r) ==Y F(T,A)q" € Cllq])-
T>0
Let py . be a fixed representation of the double covering %(27“, Z) of Sp(2r,7Z) acting
on the vector space S} . with a basis consisting of {¢3} (see Definition 2.2). The
representation pj . essentially comes from the (dual of) Weil representation attached

to Lg. Define vector valued g-series

Or= Y Om e 5, lldl

A(LY /L)
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For z = (z1,...,x,_1) € LfQ_l let Qz be the subspace ), Qu; of Lg. If Qx is
positive definite of dimension denoted by 7(x), let (Qz)* be its orthogonal comple-
ment. Let L, be the lattice LN (Qz)*, and let T', C T be the stabilizer of x. Assume
that F'(z) only depends on the space Qz and F'(x) = 0 if Qz is not positive definite.
The restriction F, of F'on L,q = Lyq x {x} C Ly is [';-invariant. Then we have

Theorem B (Criterion of Modularity). Under the notation above, the q-series

n+n’
2

Or € S} ,llql] is the q-expansion of a Siegel modular form of type p} ., weight

and genus 1 (see Definition|2.1) if F' satisfies the following two conditions:

1. O©F is absolutely convergent on JE,.

2. For every x € LV"=1 with positive definite Qz of dimension r(x), the q-series

OF

x

€ S7,1llql] is absolutely convergent on H# = A and defines a Siegel

i —r(z)

5 and genus 1.

modular form of type pj 1, weight

Remark. 1. As the simplest example, we can take a positive definite L of rank n

(i.e, n’ = 0). The the function F' =1 on Lg yields the classical theta function.

2. It should also be possible to extend the criterion of modularity to unitary groups.

The proof of criterion of modularity is mainly based on an expansion of Fourier-
Jacobi type, and an explicit list of generators of the double covering 51/)(27’, Z) of
Sp(2r, 7).

Finally, some development related to the subject of this thesis should also be
noted. The author joint with Xinyi Yuan and Shou-Wu Zhang have generalized the
Gross-Kohnen-Zagier theorem (i.e., the case of codimension r = 1) to totally real
fields ([YZZ1]). Hence by the argument of this paper we obtain the modularity of
generating functions for any codimension r over totally real fields. Moreover, the
modularity result has been used in a crucial way in the proof of a general Gross—
Zagier formula for the Rankin L-series ([YZZ2]) and of the central derivative of triple

product L-series in terms of heights of Gross—Schoen cycles ([YZZ3]).



1.2 The structure of this article

The organization of this paper is as follows: in Chap. 2.1, we define the Weil repre-
sentation of %(27", 7) attached to L, and we describe a simple list of generators of
:5?9(27“, Z). We then prove a criterion of modularity for generating functions in Chap.
2.2. In Chap. 2.3, we recall basic facts about our Shimura varieties and special cycles
following [K1]. As an application of our criterion of modularity, we prove in Chap.
2.4/the modularity of generating functions of special cycles. In Chap. 3, by an ad hoc
method, we prove the finite generation of the subspace of the Chow group generated
by special cycles of codimension two. In Chap. |4 we investigate the Hecke action on
the space of special cycles from a representation theoretical point of view. In partic-

ular, we prove a “multiplicity one” result (Corollary [4.4), generalizing the theorem of

Gross—-Kohnen-Zagier for Heegner points to special divisors of high dimension.



Chapter 2

Modularity of generating functions

In this chapter we prove the main theorem of this thesis, namely the modularity of

generating functions of special cycles assuming the convergence.

2.1 Siegel modular groups Sp(2r,Z) and Weil rep-
resentations

In this section we want to define the Weil representation of the double covering

Sp(2r,7Z) of the Siegel modular group Sp(2r,Z) and vector valued Siegel modular
forms. We then give a simple list of generators of Sp(2r,Z) and 5/71/9(27“, Z), which will

be used to check modularity of generating functions.

2.1.1

Let Sp(2r,Z) be the symplectic group of integral matrices, i.e. all g € GL(2r,7Z)

satisfying

tgdg=1J, J=

and note that Sp(2,Z) = SL(2,7Z).
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Let 7. be the Siegel upper half plane of genus r, i.e.
;. = {1 € Sym,.(C)|Im(r) > 0}.
The group Sp(2r,7Z) acts on 7, by

A B
v = (AT + B)(Ct+ D)™, ~=

Let Sp(2r, Z) be the double covering of Sp(2r,Z) ([S2]). For r = 1, this is also

denoted by 5’7)(2, Z) defined as in [B1]. It consists of all elements of this form
A B A B
v = , £/ det(CTt+ D) |, € Sp(2r,Z) (2.1)
¢ D C D

where /det(CT 4+ D) is a holomorphic function of 7 in the Siegel upper half plane

whose square is det(C'T + D). And the group law is given by

(P, f()(Q:9() = (PQ, F(Q())g(-))-

The group :9\]/9(27‘, Z) acts on 7 through its quotient Sp(2r,Z). And the auto-

morphic factor of the element v (2.1) is defined to be

Jj (v, 7) = £+/det(CT + D).



11
2.1.2

Now we give the definition of (vector-valued) Siegel modular form of half integral

weight. In the rest of the paper we have the following convention

Let p be a representation of %(27’, Z) on a (finite dimensional) complex vector space
V,. We assume that p factor through a finite quotient and V, is a direct sum of one

dimensional eigenspaces under the action of the subgroup

So we can choose {v;} as a basis of V,, consisting of eigenvectors and

I, B
p , 1| vy =e(tr(BT;))v;
0 I

where e(tr(BT;)) is the eigenvalue, and entries of T; € Sym,.(Q) are well-defined
modulo Sym,.(Z).

Definition 2.1. A Siegel modular form of genus r, weight k € %Z and type p for
a representation of :973(27", Z) on a (finite dimensional) complex vector space V, is a

holomorphic map f from . to V, such that

o) =3, 7)*p(0) f(7)

for all

A B —
v= A/ det(Ct+ D) | € Sp(2r,Z).
C

D
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and such that f has vanishing Fourier coefficients unless T' > 0 in its Fourier expan-
sion

f(7—> — Z v; Z CLTJ'(]T € Vp[[QH

i TeSym,(Q)>o
where {v;} is the basis above and q° = e(tr(TT)) (so that ar; = 0 unless T =
T; (mod Z )) , and here an element in V,[[q]] is allowed to have fractional exponents.
Note that the vanishing condition on Fourier coefficients is automatically verified if

r > 1 by Koecher principle.

For a given r, the complex vector space A(k, p) of Siegel modular form of weight
1 + 5 type p is finite dimensional by the finiteness result for cohomology of locally

free sheaves of finite rank.

2.1.3

One class of representations we will consider is the Weil representation associated to a
lattice. Let L be an even lattice of signature (n,n’). Let LY be its dual, thus L C LV.

Then we have an induced quadratic pairing on (LY /L)" valued in Q/Z given by

T

(,) = (6. \)

i=1

for 0, A € (LY/L)".
For r = 1,2,..., one can associate to L a family of unitary representation py ,
of :5?7(27“, Z) on the finite dimensional C-vector space Sr, = C[(LY/L)"]. In the

following, we use @, to denote the element in Sy, corresponding to A € (LY/L)".
Definition 2.2. The representation pr,, of 3’\]/9(27“, Z) on Sp, is given by

A 0 n'—n
1. pr, Vet @A) | | on = Jaer@m™
0 tA-1

ora-1, for A€ GL(r,Z).
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I, B
2. pr, L] | ea = e(tr(Q(A)B))pa-
0 I
0 -1 e(_M)
3. PL , \/det(T) P = —|L\//L8|7‘/2 de(LV/L)T e(—(d,A))ps-
L. 0

And we will consider its dual representation p7 , on the space S7 .. We fix a basis

of St ., i.e., the basis {3} dual to {¢,}.

Remark. 1. To see that pr, essentially comes from a sub-representation of Weil
representation on the Schrodinger model, let us consider the standard additive

character v of the group of adeles Q\A — C*
Y(r) = it per)

where = (z,) € A and for p < oo, x, + ), is the image under the natural

map by taking “partial fraction”:

Qy — Qp/Zp-

Let V' = Lg, and let the group of finite adeles be Ay = @ = Q ®z Z, 7 =
Hp <o Zyp. We denote by wy the Weil representation of the double covering
Sp(2r, Ay) of Sp(2r,Ay) on the space Z(V(Q)") of Schwartz functions. And
we consider the subspace .77, generated by characteristic functions of closures
v+ L" in V(@) of v+ L" for all v € LY" where L' = L' ® Z. Then clearly
Spr is canonically identified with .#7, by identifying ¢, with the characteristic
function of the coset v + L. Then we immediately see the relation between

Weil representation wy and pr,, defined above:

PLr(9)py = w(gr)py-
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where g € %(27“, 7) C %(QT, R) and gy is the unique element in the inverse
image in 5’\1/9(27’, Ay) of Sp(2r, 2) such that ggr € Sp(2r,Q). Here Sp(2r,Q)
is canonically identified with a subgroup of the double covering 573(27“, A) of
Sp(2r, A). See also Appendix II of [K2] and section 4.6 of [KRY].

2. If N is an positive integer such that N(\, x) and N(\, \)/2 are integers for
all \,u € LY, then the representation pr; of 5’1(2,2) on S factors through

the finite index subgroup I''(V), the inverse image of the principle congruence

subgroup I'(N) under the map §f/(2, Z) — SL(2,Z).

2.14

In the rest of this section we give a list of generators of Sp(2r,Z) and SA']?)(ZT, Z) which
will make it easy to check modularity of generating functions. Though the list seems
simple, we have not seen it before in the literature.

We consider embeddings of the group Sp(2i,Z), (1 < i < r) into Sp(2r,Z) in

Z,(T’"—lz), ways as follows:

A 0 B 0
A B 0 I,, 0 O
—
D ¢ 0 D 0
0O 0 0 I

defines an embedding

Wi (1,2,...,i) - Sp(2i,Z) — Sp(2r,Z).

Similarly, by changing the position of entries in I,_;, we can get other embedding
Wi, (1 gasgi)s L < 1 < J2 < ... < J; < r. Note that these embeddings correspond to

different choices of dimension-2: sub-symplectic subspace in the original dimension-2r
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symplectic space.

Lemma 2.3. Sp(2r,7Z) is generated by

A B
, AeGL(r,Z), Be Sym(r,Z) (2.2)
0 tA-!
and any one of the following
0 —I
wi,(jl,jz ..... Ji) ) 1 S l S r, 1 S jl < j2 <...< ]Z S r.
I, 0
—1I,
Proof. Tt is a standard fact (see [A]) that Sp(2r, Z) is generated by 2.2 and
I. 0
0 —I
So it suffices to prove that 2.2/ and any w; ¢, ju.....j,) , 1 <17 <r gen-
I, 0

erate Sp(2r,Z). Note also that for a fixed ¢ and two choices of (ji, jo, ..., J;) and
(k1, ko, ooy ki),

0 —1I
wi,(jth ~~~~~ ]z)
I, O
and
0 —1I;
Wi, (k1,k2,....k;)
I, O

are conjugate by an element in 2.2. It suffices to prove that for a fixed i < r,

0 —1I
all elements of the form w; j, j,. .. and 2.2/ generate Sp(2r,Z).
I; O

Since the standard fact implies that, for any fixed ¢ < r all elements of the form
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Wi, (1 jzseesii) and 2.2/ generate all

w17(1)w17(2)...w17(7«) =

]

Corollary 2.4. The double covering group :9\1/9(21", Z) is generated by (g, /det(CT + D))

A B
for g = € Sp(2r,Z) on the list of the previous lemma [2.5.

¢ D

Remark. By the above lemma, to check modularity of a generating function, we only
need to check the transformation law under elements in the lemma. One element we

will use is the following

wL{l} = . (23)

Write an element 7 in 7. as the form 7 = where 7/ € H_i, z €
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M—1)x1(C) and 7y € 5 = . After an elementary computation, we have

0 I,y 0 O 10 2 -1 Z
=1 ™ ™ . (2.4)
1 0 0 0 z 7 Z o=
70 70

0 0 0 I,

From now on, abusing notation, we denote by w; (j, j,,....;,) the element in :5’\1/9(27”, Z):

0 —I
Wi, (j1,525---J3) ’\/det(TO)

I 0

2.2 A criterion of modularity

In this section we will prove a criterion of modularity for formal power series. The
inductive nature of Fourier coefficients of Siegel modular forms are reflected in its

Fourier-Jacobi expansion and this is the key ingredient of the proof.

2.2.1

Recall that (L,q) is an even lattice of signature (n,n’) with n’ even. Let I' C
O(L,q) be a congruence subgroup which acts trivially on LY/L. For an integer
r€4{1,2,...,n}, let ' be a function on I'\ L. Here O(L, q) acts on Lg, diagonally.

For A € (LY/L)" and T € Sym,.(Q)>o, we denote by QIL& the set
QO = {zlQ(z) =T, zel+L}.

For simplicity, we denote by [z] the I'-coset of x = (x1,...,2,) € L. And for a
finite set A C I'\ L, we denote by F(A) = > _, F(a). Moreover we use F(T,)) to
simplify F (Q;g)
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For z € L with Q(z) > 0. Let r(z) be the dimension of the space Qz =

> i<r<r Qi C L. Let r(Q(z)) be the rank of the moment matrix Q(z). Obviously
one has r(z) > r(Q(z)) due to the possible presence of isotropic vectors.

In the following, we will only consider functions F' which satisfy:

Hypothesis 1. F'([z]) depends only on the subspace Qx of Lg and is zero unless this

subspace is positive definite (i.e., 7(z) = r(Q(z))).

2.2.2

Let pr, be the Weil representation on S, of the double covering group 5/?3(27“, 7)
defined in previous section and pj , its dual representation on 57 .

Now consider g-series

OF = Z @FASO/\ H Il (2.5)
AE(LV/L)"
where
FA_ZFT)‘Q € Cllq]l- (2.6)

As formal power series, we can rewrite this as

Ofy= 3 e,

[z]eA+Lr/T

This is allowed since the sum in F(T', \) is actually finite due to the Hypothesis 1
and the finiteness of I-orbits ([KM], in the middle of page 132) in Q;g for T > 0.

For our convenience, here we re-state Theorem B in the introduction. For x =
(71, .0y, xp1) € LY"71 with 7(z) = r(Q(z)) (i.e., the space Qz is positive definite),
we have an orthogonal projector, denoted by p*, from Lg to Qz. And let p, be the
projector id — p% from Lg to (Qz)*. Let L, be the lattice LN (Qx)*, and let T, C T

be the stabilizer of . Note that L, is an even lattice of signature (n — r(z),n’) for
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the induced quadratic form. The restriction F, of F on L, = L,o % {z} C Ly

is I';-invariant. Omne can therefore associate to F, a vector-valued formal g-series

Or, € 57, 1llql)

Theorem 2.5 (Criterion of Modularity). Let L be an even lattice of signature
(n,n') with 2|n" and r € {1,2,...,n}. For a function F' on I'\ Ly satisfying Hypothesis
1, the g-series O is the q-expansion of a Siegel modular form of type py ., weight

n+n’ . . . .. .
=5 and genus r if F' satisfies the following two conditions:

1. ©F is absolutely convergent on J,.

2. For every x € LYY with positive definite Qz of dimension r(x), the g-series
Op, is absolutely convergent on H = 7 and defines a Siegel modular form of

n+n'—r(z

type py_ 1, weight T) and genus 1.

Remark. Theorem 2.5 will still be true if we fix any ' < r — 1 and replace “x €

n+n'—r(z)

LY=L on s# = 4 and defines a Siegel modular form of type P11, weight 3

and genus 17 by “z € LV",....on J_, and defines a Siegel modular form of type
PL, rprs Weight % and genus r — r’”. And the proof goes through with trivial

modification. Our particular choice comes from the application in the subsequent

sections.

2.2.3 Proof of Theorem 2.5
2.2.3.1

By the condition [1, the formal power series O defines a holomorphic map from .7,
to S} . Thus, it makes sense to talk of ©p(—77") for 7 € . We then need only
to check that O satisfies the transformation law under elements in Lemma 2.3. The

Fourier expansion gives the transformation law under elements in the unipotent group
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since for v € Q:Lpg, B € Sym,(Z), we have

tr(Q(v) B) = tr(Q(A\)B) (mod Z).

For the transformation law under elements in the Levi subgroup, by Equation 2.6/and

Definition of pr, (2.2), we need to check that, for any A € GL(r,Z),

F(T,\) = Jdet(A)" "\Jdet(A)" "F('AT A, \A).
This follows from 2|n’ and the following two equalities for v € LY"":

"AQ(v)A = Q(vA),

and

F(lo]) = F([pA]).

The first equality is obvious and the second one follows from the fact that the subspace
Qu of Lg is the same as Q(vA) and the hypothesis that the image F([v]) depends
only on the the subspace Qu.

Therefore, by Lemma 2.3 it suffices to check the transformation law under the

element wy (13.

2.2.3.2

Now we consider the Fourier-Jacobi type expansion of @ZL,’(/\’ ) for A € LY/L and

pe (LY/L)""" defined as follows.

To ‘iz m  'p/2

Write 7 = as in (2.4) and similarly T = . Fort e
z 7 p/2 t
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Sym,_1(Q)>o, we define

m  'p/2
gl ) = 1 PR welmmyetps. (2
p/2

Then, we have a expansion of Fourier-Jacobi type

OF () = > Ol 2)e(tr(tr)). (2.8)

teSym,—1(Q) >0
Therefore, for @L ) to have the right transformation law under the action of
the element wy (13 (2.3), it suffices to prove the corresponding transformation law
for 0y ), under (10,2) — (—% —) for all t € Sym,_1(Q)>o. Note that Oap.e 18
absolutely convergent on # x C"!, hence it makes sense to talk of Q(Ajﬁ),t(—i £).

After some easy computation, we see that the right transformation law for (6, ;) is

the following:

e (2 ) = v S (FE) S i) 29
(%) L]

To T 27
070 0/ yerLv/r

2.2.3.3
For x € LV~ satisfying r(z) = r(Q(x)), we define
O05:(10,2) = Z Z F([v,z]) | e(mm)e(*pz).
mn \vEA+L/T'z,Q(v)=m,(v,z)=tp

By Hypothesis I/ the other [v, z] € LY" will be mapped to zero under F. Therefore

we have an equality between formal power series

Ort(70, 2) = > 02 (70, ) (2.10)

zep+L™1/T,Q(z)=t
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This is allowed since the sum above is finite.
Note that for a functional F' such that ©p is absolutely convergent, it is not
necessarily true that 6, ,(79,2) is also convergent. However, under the condition 2
that ©p, is absolutely convergent, we will show that 6, ,(70,2) is also absolutely

convergent.

Proposition 2.6. For A € LV/L and any x € L"% with Q(z) =t > 0 and r(z) =
r(Q(x)), under the conditions 2 of Theorem 2.5, 0 (70, 2) is absolutely convergent

on S x C™=t. Moreover, it satisfies

1 =z
o (-12)
To To

= T"+2e(_n_Tn/)e etz e(— To, 2
—vat e (o) T -t

27'0
~ELV /L

Remark. For this proposition, we do not need the condition 1 of Theorem 2.5.

Proof of Proposition 2.6. We will express 0, as a sum of products of components
of O, and certain standard Jacobi forms associated to positive definite lattices.
Afterwards, the result will follow from the condition 2 and known facts about those
Jacobi forms.

More precisely, let L* = LNp*(L), L1 = L,® L% And when we havei € (L,)",j €
L%V, we will denote by (i,7) € L} the corresponding element. Obviously, we have

natural embeddings

Ly CLCLYCLY. (2.11)

Lemma 2.7. The map p* induces an isomorphism of (finite) abelian groups

L)L, ~ p*(L)/L~.
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Proof. Clearly p* induces a surjective map
p:L— pH(L)/ L%

We need to prove the kernel of p is Ly. Obviously p(L;) = 0. If p(a) = 0, i.e.,
B =pa) € LNp~EL). Then p,(a) = a — B € L. Therefore, p,(a) € LNp,(L). O

In particular, we have a decomposition
L= ][] oa+L.oL
o’epZ(L)/Le

where we fix a set of liftings o € L of o/ € p%(L)/L~.
Note that F([y,z]) = Fy([y]) for y € Ly o = (Qa)*, we have

0% () =3 > F(ly.a]) | e(mm).

m20 \ y€l'z\pz(A+a)+Lz,Q(y)=m

Then, we have

Ore(r0,2) = Y @Fz pa(nta) (T0)0pz (3t )+ L2.,2(T0, 2) (2.12)
a€Ll/Ly

where 023 ta)+12,2(T0, 2) is the theta function defined as in the following lem attached
to the positive definite lattice L=

Lemma 2.8. Let M be an even positive definite lattice of rank ri, MV be its dual.

For any A € MY /M and a fixzed x € MV with Q(z) =t >0, let
1 T2
Onenra(ro,2) = Y el (wuym)e(y ) zi(u, ).

uEA+M =1

Then, Oy (0, 2) absolutely convergent on  x C™ and it satisfies the transforma-



24

tion law

broal= 2) = /" ,M<v /L), (22) X At esstm )
JEMY /M

Proof. The proof is standard by applying the Poisson summation formula. O

Remark. From the lemma above we can recognize the transformation law of a Jacobi

form.

2.2.34

For a proof of Proposition 2.6, it is now easy to see the absolute convergence of

6).. We then proceed to prove the transformation law of 0, (79, z) under (79, 2) —
1 =z

(-1,2)

We have

Ly 1 1 =z
)= X O i sia(— o D) (213)

o T
a€L/Ly 010

1
9/\,£<__7

z
To To

Since Op, is a Siegel form of type pj_; and by Lemma 2.8 for ri = r(z) and 5 = r,

we obtain
pppe(—E) o Ls
Z V7o TV T e(_<)‘+a72>)@F;i(TU)
a€Ll/Ly Ly 2 i€(Lg)V/La

e _r(z) toty
X /T (szs )€<27t'0> Z e(=(A+a, )01 22(T0, 2).

1
2
jeLLV/Lg
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Interchange the order of summation,

i€(Lg)Y /Lg,jeL®Y /LE

ST el—{a, (i,9)) x e(— (A, (i, ) O i (10)0;4 L2 o (70, 2)
Note that for any § € (LY/L;)", we have

IL/Li| ifdeLY/Ly,

Y ellad) =

€L/l 0 otherwise.

By the following equality between discriminants of various lattices,

2 L\/

L

L=v
J

_ |
Ly

_‘L

Ly

‘ (L)
LQ

)

we get

n-+2 e(_%”’) tZtZ
\/T_O |LV/L|T216(27_0

XY e(— (N )OF 5 (10)0pz) 4 L.a(T0, 2),

S€LV /Ly

Note that e(—(\,d)) depends only on the coset v = § + L € LY /L. By the equation
(2.12) we can group terms in the above equation and end up with a sum of 6, ,(7, z)

where ~ run over all elements in LY /L

n+2€<_%ﬁ) Lotz
it () X el

27'0
veLY/L
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Thus we have proven the desired formula

1
HAJ (____7ji)
- To To

VAt Ee (F2) X el 2)

27b
~ELV/L

And this completes the proof of Proposition [2.6. O

2.2.3.5

By the equation 2.10, the proposition above immediately implies the transformation

law 2.9. Putting all together, by Lemma 2.3/ we have proved Theorem 2.5.

2.3 Special cycles and their generating functions

In this section we briefly recall Kudla’s definitions of special cycles on Shimura vari-
eties of orthogonal type and their generating functions. We refer to [K1] and [K2] for
more details.

Let (V,q) be a quadratic space of signature (n,2) defined over Q with induced
inner product (-, -). Let G be the similitude spin group GSpin(V'). And let D be the
associated Hermitian symmetric domain, i.e. the Grassmannian of oriented negative

definite 2-planes. This can be identified with the open subset of a quadric in P(V ®C)
D={veVaC|v,v) =0, (v,v) <0}/C*, dimcD =n.

The above data defines a Shimura variety Sh(G, D) = lim Xx with a canonical
K

model over QQ, where, for K C G/(Af) a compact open subgroup,

Xk(C) = G@)\ D x GA))/K.
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If we write

Ga) = [[C@GR)gK

J

then we can write X (C) as disjoint union of connected components
Xg(C)=J]T;\D, T;=G(@Q) NgKg "
J
We can pick a distinguished component Xt = Xr g corresponding to g; = 1,
Xr(C)=T\D, I'=GQ)nNnK

where we omit K without confusion in the context. Xr is defined over a cyclotomic
extension Eyx of Q depending on K. The Galois group Gal(FEg/Q) acts simply

transitively on the group of connected components ([K1], (1.10))

~ 93
Xp, ~ X}

~

where 0; € Gal(Ek /Q) is associated to g; € G(Q) under the reciprocity map, so that
([K1], (1.11))

Xe=][xr,= ] Xx¢ (2.14)
J

o€Gal(Ex /Q)

Let Zp be the tautological bundle of lines corresponding to points on D, or
equivalently, the restriction to D of the line bundle &(—1) on P(V ® C). The group
G(Q) acts equivariantly on .%p so that £p descends to a line bundle £ on Xk.
We will use .Z to denote the line bundle without confusion. It also has a canonical
model over Q ([K1] and references therein).

For a positive definite subspace W of V, and g € G(Ay), we define a cycle
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Z(W,g; K), at level K,
ZW,g; K) = Gw(Q) \ Dw x Gw(As)/ Ky — G(Q)\ D x G(Af)/K

Gw (Q)(z, W) Ky — G(Q)(2, hg) K

where Gy the spin group associated to the quadratic space W+, i.e. the stabilizer of
W and
Dw ={ve DLW}, K} =GwA;)NgKg"

This cycle is again rational over Q. For an integer r, 1 < r < n, and an r-tuple
z = (z1,...,2,) € V", we define Z(z,9; K) as Z(W, g; K) if the space W = ). Qu;
generated by x;,7 = 1, ..., r is positively definite, 0 otherwise. Note that the tautolog-
ical bundle Ly, on Z(W, g; K) is naturally isomorphic to the restriction of .Z.

For a K-invariant Schwartz function ¢ € . (V(@)T), and an r X r symmetric

positive semi-definite matrix T € Sym,(Q)>o of rank r(T'), let
Qp ={z e V'Q(z) =T, r(T) = r(z)}.

Decompose

Qr(Ayr) N supp(p HKg

for z € Qr(Q) and finitely many g; € G(Af). Then we define a cycle of codimension
r(T)

= Zso(gjlaf)Z(xjgj;K)-

The cycle Z(T, p; K) is compatible with the pull back map Xx — X for K/ C K
([K1], proposition (5.10)). Therefore, we can drop K from the notation and write
them as Z(T, ). The compatibility also holds for the tautological line bundle £ .

One can also consider special cycles on the connected Shimura variety X (2.14).
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If we denote the restriction of Z(T', p; K) on Xr by Z(T, ¢;T"), we have the following

decomposition

2T, oK)= Y, Z(T,¢T). (2.15)
c€Gal(Ex /Q)

We call all cycles Z(T, p; K) defined above special cycles. They are all defined
over Q and their components lying on the connected Shimura variety are defined over
Ey.

The generating function with coeflicients in CH" (X )¢ is defined to be

O,(r)= Y  {ZT.)} {2y 0" (2.16)

TesSymr(Q)>o0

where ¢7 = *™(T'7) and
T € A = {1 € Sym,.(C)|Im(r) > 0}

is the Siegel upper half plane of genus r. And the intersection product is taken
according to the intersection pairing between Chow groups. We use {Z(T,¢)} to
denote its class in the Chow group.

For a linear functional ¢ on CH"(Xk)c, let ©,, be the complex valued generating

function

Ope= Y 2T} {L D)

TGSymT(Q)ZO
2.4 Modularity of generating functions of special

cycles

In this section, as an application of the criterion of modularity proved in section 2.2,
we will prove the modularity of generating functions of special cycles. In the first

half of the section we will work in the classical setting as in [B1], while in the second
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half we will re-formulate the result in adelic language as in [K1]. The reason for this
treatment is that we want to work with connected Shimura varieties whose geometry
is more convenient to describe. Though they are generally defined over a cyclotomic
extension of Q, connected components are linked together via Galois action, and

special cycles on different components are Galois conjugate to each other.

24.1

Suppose we are in the situation of the introduction. Let (L, q) be a nondegenerate
even lattice of signature (n,2). For a neat I, let X1 be the connected Shimura variety.
Xr is a smooth quasi-projective variety with a canonical model generally defined over
a cyclotomic extension of Q depending on I'. Let Z(T,\) be the special cycle of
moment 7" € Sym,(Q)s>o and residue class A € (LY/L)" defined in Introduction [1.
All such cycles are defined over cyclotomic extension of Q. Note that the cycle Z(T, \)
is of codimension (7).

Consider CH] = CH"(Xr)c where we write down L to emphasize the dependence
on L. For a linear functional + on CH}, we associate a function F, on I'\Ly as
follows. For x = (x1,...,x,) € LY" with T = Q(z) > 0, F, maps the I'-coset [z] to
{2}V M) L Z(2)}) € C if the space Qz generated by z, ..., 7, is positive definite,

and maps the other [z] to zero. The function F, obviously satisfies Hypothesis [1.

Theorem 2.9. (Modularity Conjecture of Kudla, |[K2]) For anyn > 1,r € {1,2,...,n},
and any 1 € Hom(CH7,C), if O is absolutely convergent, then it is a Siegel modular

form of type py, ., weight 1+ 5 and genus .

Proof. To apply Theorem (2.5), we need to verify the condition 2 that for z € LV"!
with Q(z) > 0 and r(z) = r(Q(z)), the generating function ©r,, € Sj_[[q]] is
absolutely convergent and defines a modular form of type p7 ; and weight %@

Note that we have a morphism between Shimura varieties f, : Xr, — Xr. The

morphism f, is a closed immersion (Theorem 5.16 in [Mi]), hence proper. This induces
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a push-forward map

(fo) : CH;;@ — CH;.

Shifting by a power of £, we define
i = (fo)e - {LYY 7@ CH} — CHJ.

Then to4, € Hom(CHj,,C) and we can associate a generating function O, €

Loix

St.allgl]. Tt is a theorem of Borcherds ([B1]) that ©F,,, is absolutely convergent and

%’”@). For a sketch of the proof,

defines a modular form of type p7; and weight
we refer to [K2], Theorem 3.2.

Thus, to verify the condition 2, it suffices to prove that O, , = ©p,,, € S7_,[[q]]-
To simplify notations, let y' = p,(y) € Ly q. Let Z,(y') be the special cycle on Xp,
and let .Z, be the tautological line bundle on Xp,. Abusing notation, Z(y, z), Z,(y')
etc. will also mean their cycles classes in the Chow group. Then, we only need to

prove that for any y € Lg such that Qy + Qu is positive definite, we have an equality

Z(y,x) - LD =4 (Z,(y) - L)) € CHJ. (2.17)

If y is in Qz, then ' = y and we have Z(y,z) = Z(x) € C’HZ@, and Z,(y') -
L = 7 (0) - &, =%, € CH}_. But the tautological line bundle ., on Xr,
is isomorphic to the restriction of .Z. Equation 2.17 now follows easily. If y is not in
the subspace Qz, the proof of Equation 2.17 is similar and even more straightforward.

Therefore, by Theorem 2.5, we complete the proof of Theorem 2.9. m

Remark. The convergence assumption for the linear functional ¢ in the case r > 2 is
necessary and it seems that we can not deduce it from Borcherds’ theorem for r = 1.
In fact, we can only obtain the convergence of each individual Fourier-Jacobi coef-

ficient. Heuristically, we may look at the following question. Consider a generating
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function © = ZTesme(Z)>0 arq”, ar € C, with the property that

. o . m  n/2
1. The T-th coefficient ap is invariant when we switch T = to
n/2 t
o t n/2
n/2 m

2. The m-th “Fourier-Jacobi” coefficient 6, is absolutely convergent and defines a

Jacobi form of index m ([EZ]).

But only these information does not imply the convergence of the series © since the

property 1) is not sufficient to yield a uniform control for the convergence of all 6,,,.

Nevertheless, we would like to propose the following conjecture whose proof may

need some new ideas.

Conjecture 1. For any linear functional v on CH"(Xr)c, the generating function

Op, is absolutely convergent on .

Let SC"(L) be the subspace of CH"(Xr)c generated by codimension-r cycle
classes {Z(T,\)} - {LV}y @ for all A € (LY/L)" and T € Sym,(Q)so. Let SC;(L)
be the maximal quotient of SC"(L) on which any linear functional is of convergent
type (i.e., such that O is absolutely convergent). Then the dual space SC{ (L)Y =
Hom(SC{(L),C) is canonically identified with the space of all linear functionals of

convergent type on SC"(L). The conjecture above amounts to say SC"(L) = SC{(L).
Corollary 2.10. Forr =1,2,....n, the space SC{(L) is finite dimensional.

Proof. The assignment ¢ — ©p, defines a linear map from Hom(SC{(L),C) to the
complex vector space A(1+ 3, pj ) of Siegel modular form of weight 1+ 3, type pj ..
The map is injective since the value of + on the generator {Z(T,)\)} - {ZV} 1) of

SCy(L) can be recovered as the Fourier coefficient ar ) of the modular form ©F,. Since

the space A(1+3, pj, ) is finite dimensional, so are Hom(SCy(L), C) and SCi(L). O
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2.4.2

We now re-formulate our results in adelic language. We proceed from the previous
section where we have defined special cycles etc. on Shimura varieties Sh(G, D) =
lim Xk associated to a rational quadratic space V. Recall that w; is the Weil repre-

K

sentation of 557%(@) on y(V(@)T) (see Remark [1] after the definition of py, ).

Theorem 2.11. Let n > 1, € {1,2,..,n}, and ¢ € Z(V(Q)")X for a com-
pact subgroup K € G(Ay). Let O, be the generating function (2.16). Let v €

Hom(CH"(Xk)c) Then, assuming Conjecture 1 for all lattices L, we have

O,u(17) = §(3, 7)™, (1), (T)s 7 € Sp(2r,Z).

for any linear functional v. Here vy is the unique element in %(27“, @) such that

v € Sp(2r, Q).

~

Proof. Any function ¢ in . (V(Q)") is a linear combination of characteristic functions
of A\ L" for \ € V(Q) and a certain Z-lattice L C V (we require that all lattices
have full rank).

When A € V", we can assume A\ € LY by replacing a smaller lattice. Then, if ¢
is the characteristic function of A + [Af, A € LY, by the relation 2.15 between special

cycles on Xg and special cycles on its connected component Xr , we have

O,= > e
c€Gal(Ex /Q)
where the Galois group Gal(Ex/Q) acts on ©, via acting on its coefficients.

Now the assertion follows from Conjecture!l, Theorem 2.9 and the relation between

adelic Weil representation wy and our pj ,. O

Now it is routine that we can extend the generating function as a function defined

over :5'79(27“, A). Note that we have identified Sp(2r, Q) with a subgroup of %(27’, A).
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For g € %(27“, A) and g = Y(goo, k) where v € Sp(2r,Q) and k € :5?7(27“, Z), we define

. _nt2

@cp,b(g) = ](gom V _1]7“) 2 ®wf(k)<p,b(900(\’ _1]r))- (2-18)
Then, by the above corollary, this is independent of the choice of decomposition
9 = Y(9goo, k) and is invariant under Sp(2r,Q), i.e.:

Corollary 2.12. Let n,r, ¢ and the linear functional v be as in Theorem|2.11. Then,

assuming Conjecture 1l for all lattices L, we have

O,.(79) = O,.(g), 7€ Sp(2r,Q), g € Sp(2r,A)

for any linear functional v. Further, for ¢ € :S;}/?(Qr, Ay),

@so,b(gg/) = ®wf(g’)¢7b(g)‘

Proof. The first half is obvious. For the second half, the proof is completely parallel

to the proof for the case n = r =1 in section 4.7 of [KRY]. O



Chapter 3

Finite generation of special cycles

of codimension two

3.1 The result

In this chapter we prove the finite generation of the subspace SC?*(L) of C H*(Xt)c
generated by special cycles of codimension two (without assuming Conjecture1). Un-
fortunately our method for codimension two cycles is ad hoc and does not generalize

to higher codimension cycles.
Theorem 3.1. The space SC?*(L) is finite dimensional.

Remark. 1t is generally very hard to detect rational equivalence for cycles other than
divisors. This can be illustrated by the example of Mumford ([Mum]) for zero-cycles
on a surface with a non-trivial holomorphic 2-form. According to the conjecture of
Beilinson-Bloch, it is expected for a smooth variety defined over a number field, the
Chow group should have finite rank. In the case of divisors, the finite generation
essentially follows from Mordell-Weil theorem for abelian variety. Little has been
proved for cycles of codimension larger than one. We can think of our result as a

piece of evidence for their conjecture.
35
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The proof relies the following simple observation. From Borcherds’ theorem, we
can not only obtain the finite generation of the space SC*(L) of special divisors but
also find a basis of SC*(L). In fact the first several terms already form the basis.
Otherwise, we would find a modular form with very high vanishing orders at all cusps.

This would contradict Riemann-Roch !

3.2 Preliminary on modular forms

Before we prove Theorem 3.1, we need some preparation. Recall that we have g-series

with coefficients in SC% for A\, u € LY/L,

Oru = Z(T; A\ m)q"

T>0

Fix ¢ > 0 and consider the ¢-the Fourier-Jacobi coefficients of O, ,,
9)\,#(7-7 Z) = 9>\7M§t(7—7 Z) = Z Z)\,,u(map)qmépa q= 6(7)75 = 6(2)
m,p

where the sum runs over (m, p) such that mt— ip2 > 0and Zy ,(m,p) = Z(T; \, ) for

1

T = (cf. Equation 2.7, we change the letter 7y to 7). Since the theorem

1
bt

of Borcherds verifies the condition 2/ of Theorem 2.5, by Equation 2.10 and Proposition

2.6/ we know that ¢(6),) is convergent for all linear functionals ¢+ on SC?(L). Thus

for simplicity we can drop ¢ keeping in mind that all equalities hold when we apply

linear functionals. Now we see that 0, , obviously satisfies the following equations:

for a,b,c € Z,

1) (=2, 2) = V7P e () 0 (0 7))y (T, 2).

2) Oxu(T+a,2) = e(2a(X, )0y u(T, 2).
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3) Oxu(7, 2+ b) = e(b(A, 1))0>u(7, 2).
4) Oy (7,2 4 1) = e(—2tcz — tAAT)Or—cp (T, 2).

Note that 4) is equivalent to
Zyu(m,p) = Zx_cppu(m + pe + tc2, p + 2tc). (3.1)

Let N be a positive integer such that & kills LY /L. Then, if N|c we have Z ,(m,p) =
Zy u(m+pe+tc?, p+2te). We can therefore define Z), ,,.,(d) = Zy ,,(m, p) for one (hence

for every) choice of representative p of w (mod 2Nt) and m such that d = m — Z—i. We

now have
Oou(1.2) = > O (T 0uane (7, 2).
w (mod 2Nt)
where
O pus(T) = Z Z/\,u;w(d)qd
d>0
and

Ow,2ne (T, 2) = Z q%fp-

p=w (mod 2N't)
Lemma 3.2. For \,u € LY/L and w(mod2Nt), 0y ,.,(7) is a modular form for
I"(2N?t) of weight k = ™. Further, 0 4.(—2) is a linear combination of O

for N,p/' € LY/L and w' (mod2Nt).

Proof. By our choice of N, the representation pj ; factors through I'"(N) (cf. Remark
2). Consider the one dimensional lattice Ze with a quadratic form g(e) = 2N?t.
Then, applying Lemma 2.8 to x = %e we know that 6, 9n:(7, 2) is a Jacobi form of
weight 1/2 and index ¢ on IV(2N?t) (also by Remark 2). It follows that 6 ,..,(7) is
a modular form for I"(2N?t) of weight k = 14", For the second statement, we just
compare the formula of 6, ,(—2, 2) with that of 6y, 2n¢(—2, 2) using Equation 2.9/ and

Lemma 2.8 This completes the proof. O
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3.3 Proof of Theorem 3.1

We claim that SC?(L) is generated by Z(T;\, ) for all A,y € LY/L and all T > 0

of the form

1
m 5
T = 2P ,m<4(k+1)

sp 1

It follows from this claim that SC?(L) is finite dimensional.

For ¢t > 0, let S; be the space spanned by cycle classes of Z(T; A, u) for T =

m ip

and all \,u € LY/L. Let S} be the subspace spanned by Z(T; A, u) for
ot

A p € LY /L and T with det(T) < (k+1)t. We claim that S; = S;. In fact, if S} # S;,

one could construct a nontrivial linear functional ¢ on S; that vanishes on S;. Thus

at least one of 6, ,,.,, is a nonzero modular form. Since ¢(Z) ,(m,p)) vanish for all X, u

and m, p with m — Z—j = dett(T) < k + 1, it follows from Lemma 3.2/ that, at all cusps,

the Fourier expansion of ¢(f) ,.,,) vanishes up to (k + 1)-th coefficients. But this is

impossible due to the following lemma applied to the group I'"(2N?t).

Lemma 3.3. For any integer N > 0, there does not exist a nonzero modular form f
of weight k on I''(N) with vanishing Fourier coefficient a,; forn < k+1 at all cusps

1 € Xn. Here Xy is the set of all inequivalent cusps.

Proof. 1f such f exists, one can assume that f is actually a form on I'(N) after taking
square of f. At the cusp i € ¥y, since the uniformizer for I'(V) is gy = e(%), the
vanishing order of f is at least N(k+1). Comparing with the degree of the line bundle

of modular form of weight k& on I'(N) (see [S1], page 23), we have an inequality:
kun > Y N(k+1)
IEXN

where py = [SLy(Z) : T(N)]. But I'(N) has exactly & cusps. Contradiction! This

completes the proof. O
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Moreover, by Equation 3.1, we can assume that S; is generated by Z(7T’; A, u) for

m 3P

all \,p € LV/L and T = > | with det(T) < t(k+1) and —t < p < t. Thus
b

we have m < k+1—l—i. Ift > @, we have m < t. Since t, m are symmetric, we can

switch them and repeat the argument above. We thus prove that SC?(L) is generated

1

m. 5P

by Z(\, u; T) for all \, p € LY/L and T = 27| > 0 with m,t < 2 This
b 1

completes the proof of Theorem 13.1.

Remark. 1. Lemma [3.3 also implies that the dimension of SC'(L) is at most

(ngrg)'|Lv/L| and moreover that SC'(L) is generated by the first @M’v/m

terms.

2. We give an explicit example. Consider the self-product S = Xo(NV) x Xo(N)
of the level-N modular curve Xo(N) defined over Q. A point z on Xy(N)
represents a pair (F, G) consisting of an elliptic curve E and a cyclic N-subgroup
G of E. For T € Symay(Z)~o, let Zr be the zero cycle on S defined summing
all points (x1,xs) such that Hom(zy,xs) represents T. Here Hom(xy,z) is
endowed with the quadratic form defined by the degree of morphism from z; to
Zo. Then it follows from Theorem 3.1/ that for all 7" > 0, the rational equivalence

classes of zero-cycles Zr generate a finite dimensional subspace of C'H?(S)q.



Chapter 4

Hecke action on the space of

special cycles

In this chapter, we investigate the Hecke action on the space of special cycles from a

representation theoretical point of view.

4.1 Hecke action

Recall that V is a quadratic space over Q of signature (n,2) and we have the Q-
algebraic group G = GSpin(V). Let G' = Sp,, be the double covering of Spa,.
Although G’ is not an algebraic group, we still denote by G'(Q,,) (G’'(Af), respectively)
the double covering of Sps,(Q,) (Sp2-(Af), respectively). Let wy be the restriction of
WEeil representation of G(A) x G'(A) to G(Af) x G'(Ay)) on L (V(Ay)").

Let CH" be the inductive limit lim CH" (X )c of Chow groups with respect to
pull-back maps. Let SC"(Xk) be theKsubspace of CH(Xk)c generated by classes of
special cycles Z(T, ) for all T € Sym,(Q)so and ¢ € L (V(A)")%. Similarly, we
form the inductive limit

SC™ = lim SC"(Xk).

K

40
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The group G(Ay) acts on CH" via Hecke correspondences. More precisely, for
g€ G(Ay), and K, = gK g™, there are two morphisms p1, ps : Xxnx, — X with p;

induced by the inclusion K N K, C K and p, the composition

XKnK, Xk, 2> Xk .

g

Then g acts on the Chow group via py.p5. One can check that SC" is G(Aj)-stable
and we have a G(Af)-equivariant map from . (V(As)") to SC” (see Corollary 5.11
of [K1]), i.e.,

9gZ(T, ) = Z(T,ws(g)p)- (4.1)

And this induces an action of G(Af) on the smooth dual space
SC™ = Hom(SC",C).

Here a linear functional is smooth if it is fixed by some open compact subgroup K of

G(A).

4.2 Multiplicity one

Let .7(G’) be the space of automorphic forms on G'(A) on which G'(Af) x (¢4, K.)
acts by translation from the right. Let the (¢, K/_)-module Oso,14n/2 b€ the holomor-

phic discrete series of weight  + 1. Define a G'(Ay)-module
n
%(5 + 1, G/) = Hom(gvKéo)(aooyHn/g, ,Qf(G/»

Proposition 4.1. Assume Conjecturell. Then there is a G(Ay)-equivariant injective
map

n !
SCT,\/ (SN HomG/(Af)(wf, %(§ —|— 1, G ))
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Proof. Firstly we have
n
Homera,)(wy, %(5 +1,G") = Homer(ayx @, k1) (W5 @ oo 14my2, 7 (G')).

For . € SC", we can define a linear map O(¢) from .7 (V(Af)") ® 0o 15n/2 to o (G')

as follows. Let u be the lowest weight vector of oo 14n/2 (unique up to scalars). For

p e L (V(A)), let ©()(p ® u) be O, as defined in Equation 2.18. By Corollary
2.12, this defines an element in &7 (G’). Since u generates 0o 14,/2 under the action
of (¢, K,), we can extend the map (¢, K/ )-equivariantly to . (V(Af)") ® 0o 14n/2-
By Corollary 2.12, ©(¢) is G'(Ay)-equivariant.

This gives rise to a map from SC™ to Homgr(a,)(wy, (5 +1,G’)). It is injective
since the generators of SC” can be recovered from Fourier coefficients of generating
functions. By the equation (4.1), the map ¢ — ©(¢) is G(Ay)-equivariant. This

completes the proof. n

We now consider an irreducible G(A)-module 7y = [[ __ 7, We assume that

p<oo
the local Howe duality conjecture holds for the reductive pair (O(V'), G') for all non-
archimedean places. Recall that the local Howe duality conjecture asserts that for any
irreducible representation m, of G, there is at most one irreducible representation o,
of G! such that Hom(w,®m,,0,) # 0 and the Hom is at most one dimensional. Note
that our assumption does not hurt too much since the local Howe duality conjecture
is proved for reductive pairs over p-adic field with p # 2 by Waldspurger ([W2]), and
for any p and m, supercuspidal by Kudla ([K0]).

Note that G = GSpin(V') and the action of G(Ay) on .(V(Ay)") factors through

the special orthogonal group SO(V')(Ay).

Lemma 4.2. Let V' be a quadratic space over a mon-archimedean local field with

dimV > r+ 1. Assuming the local Howe duality conjecture for (O(V),G'), then for
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an irreducible representation w (o, respectively) of SO(V') (G', respectively) we have
dim Homgowyxe (w, 7@ o) < 1.

And for each m, there exists at most one o such that the dimension of Hom is one.

Proof. Recall that SO(V) is the kernel of the determinant homomorphism det :
O(V) — {£1}. Take any element 7 with determinant —1 and let 77 be the twist of 7
by 7. Let w, be the O(V)-module Home¢(w, o). Then we have Homsowyxa (w, T ®

o) = Homgow)(We|sow), m). We distinguish two cases.

1. When 7 # 77, the induced representation [ ndggz‘)/)ﬂ is irreducible. And the
space Homsow)(ws|sov), ) is isomorphic to Homoy(w,, Indgg(‘)/)ﬁ). By the
local Howe duality for the reductive pair (O(V'), G’), the latter is at most one

dimensional and it is one dimensional for at most one o.

2. When 7 = 77, the representation [ ndggf‘)/)w split into two components. In this
case, we can extend 7 to an irreducible representation of O(V') in exactly two

ways. We denote them by 7t and 7. Then, 77 = 7~ ® det and we have
Homgo(v) (wg‘so(v), 7T) = HOmo(V) (wg, 7T+) + HOmo(V) (wg, 7'['7).

Now note that dimV > r 4+ 1. By a result of Rallis (appendix of [R], see also
[P] sec. 5, page 282), at most one of 77 and 7~ @ det appears in the local Howe
duality. Then it follows that dim Homgow)(ws|sow), ™) < 1 and for at most

one ¢ the dimension is one.
This completes the proof. m

Now Lemma 4.2 implies that, for an irreducible G(Ay)-module 7y = [ __ 7,

p<oo
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there exists at most one G'(A¢)-module, denoted by 0(ms) =[] _._ 60,(m,), such that

p<ooO
dime Home(a,yxcr(ap)(mp @ wy, 0(my)) = 1.

If such 6(7) exists, we only focus on the situation that the G'(Ay) X (¢, K )-module

0(7f) ® Ooo14n/2 is cuspidal automorphic. For such 7y, we define
. n
m(ﬂ'f) = dimc HomG’(Af)(e(ﬂ'f), @/0(5 +1, G/)>

Theorem 4.3. Assume Conjecture 1 and that the local Howe duality conjecture holds
for the reductive pair (O(V'),G") for all non-archimedean places. Then for an irre-
ducible G(Ay)-module 7y, we have dimc HOmg(Af)(ﬂ'f,SCS’v) = 0 if O(my) does not
eist and dime Homg,) (s, SCy") < m(mp) if 0(7f) @ Ooo14my2 is a cuspidal auto-

morphic representation.

Proof. By Proposition 4.1, we have
. n
Homa (w5, SC5) © Homa (7, Homana ) (wy, (5 +1,G)).
The latter is isomorphic to

n
Homaapyxarap (g © wp, (5 +1,6)).

If [ is a non-trivial element in this space, let o; be an irreducible G’(Af)-invariant
subspace of the image of I. By Lemma 4.2, Homga)xc/a,)(Tf @ wy, o) = 0 unless
oy =~ O(ms). This proves the first assertion.

Since the space of cuspidal automorphic forms decomposes discretely and each
irreducible cuspidal automorphic representation has finite multiplicity, the argument

above shows that the image of any non-trivial linear functional [ is actually a direct
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sum of finitely many of #(m¢). The local Howe duality also implies that the image of
[ is actually irreducible. Therefore, any [ factors through (7)) and it follows that
the dimension of Homga,)xar(a,)(mr @ wy, (5 +1,G")) is the same as m(my). This

completes the proof. O
In particular, when r = 1, we get the following unconditional result.

Corollary 4.4. Suppose r =1, i.e. G' = SL,. And suppose that O(7¢) @ Tog14n/2 5

a cuspidal automorphic representation. Then we have
dimc Homg(Af)(ﬂ'f, SCLV) <1

Proof. In this case, Conjecture [1 holds. And the local Howe duality conjecture is
known for (O(V), SNLQ) for all non-archimedean places. The multiplicity one for cus-
pidal automorphic representations of SLy is proved by Waldspurger ([W1]). Thus
under the assumption that 6(7) ® 0ue145/2 is a cuspidal automorphic representation,

we have m(ny) = 1. This completes the proof. O

Remark. 1. One expects that the multiplicity one holds for cuspidal automorphic
representations on the group %QT(A) with » > 1. But it seems to be unproven

at this moment.

2. One of the most interesting questions is to find a criterion when the space
Homga,(m, SC™) is non-trivial. In the classical case of Heegner points, the
answer is given by Gross-Zagier’s formula in terms of central derivative of certain
L-functions. We expect that the non-triviality of Homga, (7, SC™) is also
controlled by a formula of Gross-Zagier type. For more discussion, we refer to

K2].

3. Gross-Kohnen-Zagier in |[GKZ] proves that Heegner points with different dis-

criminants contribute at most one-dimension to the Mordell-Weil group of the
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elliptic curve attached to a newform of level N. Using the corollary above,
one can recover this result. This avoids computing Neron-Tate height pairing

between pairwise Heegner points.
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