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5, Three Prob Qe ms
o (H?!bef" schm/Chcw variely Pfﬂﬁlv,

Let k be afly. closed. Give eanples of
gmooth, projective k-schemss X such that:

iy X is “close to being rational s and

(i) the Hilbert cehemss /Chow varieties of rahvnsl

corves oa X are also “clue to being rationed*

M:(Elis*mu of rational pm'ﬂ*t)

Let (K,X) be a pair of a fred K = Hypically
not alg. closed — and a smooth, preojective,
gecme%r;cn!lr intesral K-scheme. Give

sufficienl  conditions on (K,X) For X fo have
a K-rational poiat,

Progrem 3: (Period ~ T ndex Problem)

Let (K,D) be a pair of o Fisld K and q
diviston “133"'"‘ D whose ceater s K. Find

a refationship brw inM{D)::-Jd;nK(DS and
periad (D) := order of (0] in the Braver 3"'?'“(



Observa"-'on. Probflam 2 (gxn’s*em o;ml“iontl.
points) is refated to the Braver grevr of K:
There is a short-eXach - Sequence

Pic (X) - Pic(Xg)>FM S g )
If X has a K-rational point, $hea & s zera,
So P s “a Braver cbstrucha® (bt olmest
certainly not “the only cohemolegical obstruchen®),

E xplanation. ™ Close to bsing rationed® equals

o rqf‘imquy connscted® A gmooth prejective schase

X over an aly. cflosed field k 7= rationelly

connected i there exisls an inteyral k-scheme

M and a k-morphism vt MxP' = X whowe

associaled wocphise uY: MelPlP XX s dominedt
(s b h) P> (i) o)

Pic+ufe . X

 Equivalent Formulation in Char O- X ic RC iff
X is comected cnd there gk
£:F X ob £ isample,

\:;.,-r Prei PQ+55714£ "Q'J"Vf'z,’




Some Angwers:
Progrem 1. (B.Kim € R. Pandharipends). T# X is

a projective homegyencws space, every connecled
companeal of the spece of rationel curwes on X

is ration ol (builds on eerlier work of Ketsylo and
Hirschow?n),

(T Hemis & —). TF d¥<n and X is a genenl
hypersorface of Jegeee d ia P", +hen for every
ezt,
ev:iM,. (X.€) — XX
?

L
HEERALRS lj;f Jeye o}, (fh0) > (F (). h,))

is Surjective and the yeomehic generic Fiber 13
ruhonql" comected (4 £, which T witl come b{:;é

(AT de Toay & =), TF A swil (ie, the
exbea ceses whea d'= M'J, the conclusion shill
holds But this wethsd does not give g™
(A'-T de Teny 2-). A very gimple arguwert gives
' Hhe conclision M+ £% for Grassmamims ,
or Htoaom!. Grassmaarions & symplectic Gucsmoms,
PEN_PROBLEN. What @ bout * 6 ez mostives * for

ALY b rave ':rv- .,__,‘i“;J C’/M-‘J:M\-Q quabp!;_' g;-’;s‘": égPOE‘IA”T
I



ProBLEM 2.(C. Tseo) It K/k i the
m of a curve over an aly. chosed diell,
anl B INE TP s e hypgrsw’-g of Jegre €1,

X has a K-rational peint

(C-T!Gl, L% L-ﬁ_g)- It K/k is the Funchion field
of an r-Ffold .ﬂ“J_ XclPy is a llyperwercCof
degree 9 satisfying. ! This resolt is

.—,(P € h 3 Sharr.ﬂFar dtzned,
thea X has a K-pationel point. iuec:::*er'
examples

(T- Graber, T.Haeris & — in chon o,

AT, Je, -Jona & - ia l;hw. p}.

IFf Kze s the Ponction )oagu of @ curve and
Xg 75 (separmbly) rationstly comechd, then

X has a K-cationel poinf.

PROBLEH 3. (C. Tsea) If K/t is +he Paschios
field of « curve, He Beaver groop ik teieeld, ie.,
index (D) = period (D)°

Challenge, Deduce iy From previos Tiees thooem!
(AT, do Jerg) 1 K/t is the fuschion fiekd of
4 Surtace and chelk) does not divide period(t]
index(0) = period (0



ExPLANATION OF “+5% } Eristese of ¢ @
very twistiag ‘p"""_‘L of pointed 3"«5, i

a J"“J'“" 3 s ol X
.‘-Q\? .J PE R V=
P SR [P'

where s a closel immersion of @ Fht Fomidy oF
Bings 2 X, & is a sechion of Xizplpoc ead
(7) the normed budle of i, N, i - ce Lot ively
2okt Jﬂlﬁ“z e, Nfz‘ is J'MJ”H v+,
D Tg (N(-=(®))) is ample, an .
(i) (s(P), = lP)) . 2 O

Ahe, ,_..Jilion te be
This coaditien is clese h¥a very free ro

jc.zu:m W P (K1) (bot it s shenyer).
Comechion bay Problaes 243 : A division alyebn
of iadexr A Jetermings a ”‘,o,o” Pl , - toesor T
over K For evy inttyer 1sfsn, thep ik

a K-scbemg T ¥ Gace(gyn) upfasg.h'-_, the

foactor of rg,‘rl- cderds fn D of rek 0.
& is zeo iFF £-[0] 5 zeo in BriK)




To prove iadex (D)= pecied(®, i+ ®
SUFFHC& to prove Hat for Xza twisted foem
of Grssl@n) , F & & zew, thea X hes
a K- rationd poiat? Fhiz +hen a‘mp!:'ts D
has o ryht el of rent Lo = L eqnb oy,
ie. peried (D) = iadex ¢D),
ng)'n‘on:wl'm# additionsl l!y,om‘-hc.m
are necessvy 5o that Fe 2O (mplies
¥ has a K-raticnsd poiot ¢ Do thece 4 po“.
hol) o X= Fwixted Loew of Gruss(ﬂ,u!?
On& Alﬂm’
(certany ast the * Final answer*)

- RecAw: This is ¢
M. ‘FK '3 36’0‘3 necessary faipo":{_-.i*

Hypethas) 2. Piliz) € Z,

Hypothesis 3. (i) Ye >, ev: My, (X, 0) K4
is sue & the geom. geseric frber X RC.
(MY + g% There exists a very twisting famify
of poited Qies on Xp.

(1) + (1) Togehier 7 RaFinally
Smgoﬁ)’ -comected




ey R

13 iy

sode  cWVE

P osd T Sugectie, Wecf"‘e wocphises, k(8) end
K «ad me e.?v-‘s X,
Hypothess 4, Th X : iecti
Hype . Thore e1ih « Fiberd projectie
() For « detse open 5%¢S, B%=s%E— S°
and X%z $%%X = B are both smeoth, and
(i) The evebugtion mocphis,

ev: M, (¥ ¥g® 1) — X°

[
£(b,L,x)[beB’, LeFC)e Luef 1) X
salL » rom}

s smooth asd the gmdm Lobor are RC.
TheoreM (de Tong & =) Let K/t be
the forchion field of @ surfee ov& ™ ody. chosed.
fidd of che O Lot X bee smooth, prap Kesehemg

Under Hypotheses 1—1, X has nk-r;.t:;o:-l



Usiag q slight teict, every twited fova @
of Grssllyn) cu be redvced to X swhihy
Hypotheses 1-H. So this gives another

proof of the Perisd- Tadex Theoem in
che. O

(In qu'l', de Joay ad T cw redue +Hhe
ositive cherackeacte cve — with Ao cosdition

hat cho L&) & peciad(D) — fo the Char O
case ; bot thats ancther stoey.)



V.. Very Rough Sketch of Pool @

*As  Joe Haeris expleined in b Lechwe 3,
thee 55 o Scheme Sec (¥78%9= fise))se S3
B ¥ o section of -f;:x‘-hr,z.
*To prove X°EB° hes @ mliond sechs,
H e!u-‘nlu‘)l o prove Sec(XY/BYst) —a g0
l\q; a rq‘,'a"dﬂ“ SC&J‘M.
Sime §° &« come, by the RC frbatm
Fheorem®, i} suffees To find « sebiiied
Y e Sec(X%/BYs%) sd. Y 5° 3 (esseatilly)
a tationdly centectd Fibation. {12
o Considsr the itreducible compenertsf
Sa(¥°/3°/S‘J (oF which them oo counhbdy o)
The idey is to pave thot as the componeat
1ncresse ((‘OVJ”?@/, as the Jg(\jfggg of He sechsn
cueves increese) the P bers of L.~
b&m ~ Mo f‘q+"o@-”, ngr.u’, .‘.g,J %
Jin of Fho MEC Fhockor deops.

s Thi (esseatill) no longer conceras
- §%; it oaly coactrs the geometi gerers filg



‘Hypothess 3ii) (esseatilly) implies @
the MEC quotiss of T, v not-incressty:

o Bl ¢ i -
£ | Lo B ) [T
&o ~—— B B n

o L at defomt
Iy B
I - ki

The very ’L'V'aﬁ_’ Foonily Jvmf'm we

coo F:d B4 in T, iohesediy Tur =

MRC ‘LH' OP T, Jdomintes MRC L‘H of Iv,.
3 SU) imp Diee thy MEC !nf':'ufr

of L. whol) derewe ? Given =5, 61y,

.‘I:ow-- ,)i B-;(b *-*)l%ﬁ)‘-%}‘h(
| M’J?—(x;b eV, Juf, 7rS, C ) . gg;};gg

BY HTR 2ch J ‘H)l:( 1S an RC 'P.'va‘h\dﬂ Ovieg
B. By“RC Fbration thm , there is o sectrs,



A section is the svme e & Jigam @

E = = ratisnd socce whee
t-"z X gerend Fber ovs B
! It is XIP, s (8= (B)
B Contelegd la E.

TF the impes of = (BL oulB) vader
the “Abel mp® wr Gul, the

(o8] - [ (B)] € CHy(Z) 2 Lingarly epvioded
Jo o Rinew combimbion of Jwed cph. of frbes
of ToE , le,

’ o L "."
The o Wy L ve

Ewh web 3 o polt in some Ly
50 these. ?u‘nﬁ n Tyt e f"v\""ulé conn®y).
Fb I."f 3 Moz (‘\i‘. M') then Te.

« Eventully, MEC g1 (L)= P(8), which
Hhen implies Lo —> Po%(B) i oa EL Ebalin
Singe Px%(R) cerh.hl, hy o poit ove kcs), the
tha. By fron the BC Rbaton #hm.



