HomoTo Py THESRM AND THe MAPRIG
CLAYS GROUP: MUMFESRD's COMIECTURE

Ty Hadse,
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L. THE CLASSICAL ™MovuLl SPACE

F-= (-'—; closed | onended smasni, surdacs , Zeuus 9422,

A ey Complex styuctures _ {moa hot. abasses
¢L " Leompakible w. oriat, Compahble w. ovient
A

.8¢(Tr-') = {3: TF=TF \ 3'7'.._\ , LV, 3v\ o\.;,,d-l vg'\t}

GQowmss © A& iy o bigtchen \

Give Rf(F) topolegy from & (TF)

L (R = Gl (RV/ge ey 2% (0w bk ble)
£ (TR = T(F, 4P (1)) ax s & (Fyax

DIFR(F) group of oviad. oliffes® of Fs
@cts o, aﬁ:(_F')
MFY = £ (P /vige (2)

Uniformaza kow ( koth,) :

Medi(; 3pace

RS C upper hagt plawe ; hypesbolic mebic ds’s Wsf4
TCH) = { oviad, pres, (semehies)= { € - audomorphisnsy
P -eg._.(l-') = Fu H = T H/m hye. space Jora

(F?emrk'-

A (F) = L Wrp. mekies on F’E/ICH))



DL-Q{"(F-'B c Diff(F)  componed of tae (du Ry,
DL (F) /i, (F) = digf (FY=TU(FY  (MeG)
THEORE M. (i) Ditf(F) ackh freely an X .(F) and
L (F) = L (F)/Ditg,(F)  privcipal fibee bl,
Gy TR = 25 (F)/pigg,(F) = (S
i) C(FY actlh o TCR) w. fHwile isetrepy 9ps
( ¢y: Corle-Eells , G Teichmiller )
Nete :  MIF) = L F)oige(ry = TR /M(F)
L+ = BdifL (FY = £.(M/oigg, (F) 2 *
=2 BOifL(F) = BM(FA) . e

Let ENFEY = BI(F) be wuniversal °-°V¢|‘;Mq. Spacg

BUR) < EMAx, _T(E) =5 U (F)
" H (G ®) ~isom

Conclusim 3

BI(F) ~ Boige(F) — M(F)
Lneluces \somerphism on H*C*Sfﬁﬂ



I EMBREDDED SORFACES
&?;P(F-') = set of owed. Submawidelds = c R"T2
wkicds ate A £feomerphic o F
Topelogy o 2 (F) : Take tubular neighberhal
@z - 'LP"'\' € R“n\ P&ZJv.L'T;Z) lv\&{k
(].>o SMQH) 3 di :1_—:.'5 - 3 WCP-\-\J\:-.P , “‘{P)= p
C9£ = Ope t-odlslkk nermal buuedle
{s(2Yec R™* | s¢ TCZ, 00 are cpen ngbh? o !
Alkernahive descriphion of .n:ﬂ.:'. (F):
Ewmb (F, R™) space sf Smookl, &mbeddigs
Diff (F) acls JT&‘\( Cloy composikion )
£ (FY= Ewmb(F ") /"ba\eg (&Y

tep

THEOREM ( Kriegl— Michor) The orbit map
n

Emb(F, R™) —  Emb(F R ) /Ditf(F)
LS & Prine. bundle of Smooth Bk dim. mel!

DEFINITION )&w (FY s Hie wmiom of
:bP (F) — *P-t:-f (€Y — :é’:(:(:} e
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Whitney . 7 Emb (F, R™) =0 for i< -2
= Emb(F, R**\
= Ewmb (F, R®Y)/bite(Fy ¢ BDEE(F)
Conclusions:
A (F) 2 BDIpL(R) ¢ BI(F)
Hy (& (F),Z) = H, (B8r(FY;z)
Hy (BF(FA;R) = H (MF);RY

UL THE MAP o : h',('-'-')—' Qf cps,
G(’- ") = Grassmanuiom of 2-planes i R"2
am - {\'V‘O [ Ve Gl2,w V-LV}

( n- dimensional vector bu.u.d.fe sver G(R,n)

The one-poit  Compachificakion of 'U;::
w calle? the Thow spaw (in topelegy.) aug
vs oensled Tk('U;,,‘)



LY

é Ke\( ta//:o-w"ﬁ.c Pﬂ:pk’t‘ of Thow comelo :
ThlS\\ nghly of O-secha, M ® \‘

o Key algebraic property :
HY (Twesy;z) & Wz

3 n-Rim , onetl veehr buandle swer X,
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Give. 2. € ;3{:? schoose +ubular. Mdakbﬂf(ﬂo@@
T é c9s el R"'™2 Get clagrawm
Q= Y

l a'h

L ~
T 2, Glm  Ee=(RE, ten (F)Y)

Y= T,Ec R

Netlx, - j,: 0‘.&9 rPh*z opom | 'i': s popeC 2

A
e SR R™M LG 5 WYL (awa)
(3\ ts the ’Pmtrm ~Thew colapse. ‘Mq.‘,s

We @t a  well- defined howmotopy class
g £, (F) — Map (" () = U Thly; a,,gu

Choumging fom W T \w‘\ ¢

L
G(’-;“\ = G(-Q'J“+4) U‘ el \Gua’ﬁ U i R

L, L.
The wclusion tfa,n“‘“z ik -U-a,n-t-tL"s Pt =5
Tw(uy h\ £ 8 =2 Th (T na)

nm\b%lsts call {,'T'lnL s Y, L 1} o SPRCttm
A, Aewele & @_( \
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Snﬂ.: S'm" S‘, %o usd‘g £, we g
Map, ( 8" Th(U53) — Map, (8™ Thluy,,D
Qund el.hgmms

L 1Ry e EE -

[ i 1. \.U::,, - -9“-.\"1."&“;:*154 i
DEFIN\TIOND SL”C'P_: = eo&',w,“ S{*’amw:h\
C fm-?: nmte leop Space o(_ sPec‘hM CP:\B

eqdu-a.&.-t. Let S?_:C'P_’,', be leth component, Get
X o A (FY — D_";_lq:Pi‘. . a=g(F) gewus,

all componena ate hometopy

Rewmew ber ,@wm 2 BMCFD

THEOREM A (M.- Weiss) The wap
e » BT(F) —> Df's_, cP?
moluces isomorphism on Hg(-3iZ) fov
29 < ¢4-1.
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W HoMoloGgY oF SL CPS

U, = W | Ve, veVk 2-plane bundle /G (2,

n
U'a':; —g U;L“Q U= G, x R ﬂ', prope
(W= Wo)

= TRy o Gem,c ST Car, = Qe s
= O™, (U;:',\\ o, :):n-z( QA SM")

Let = o and use G(?-,'\ ~CP® B qff‘
w: QSCPS — O (CrAS

Fect: w i» homeotopic T a Secre Abmho,
wil, fber DTS
Q“(Q“*é“s Q=0 (sine v‘(ﬂ'ﬂS"\ﬁn&t;Sem}

) Ho(w, ®) is au tsomorplaism

Lnfinite loop spaces are Huw abelion Groups
of homotopy theory, 07S"(2)= QZ(2%5 AS™)

Ls He fee Wlinik leep space genembel bé-x;
stmifar w Spivit B Hie fee abelion Foup

Z(XY  Gemraikest by a set,
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The Cavowical couwplox Liue ‘ounmd fves

L: CP*® — RU
BU ©w o whwitn 2009 sywace ( Rett, peﬁeﬂi@
%0 L extuds o a wap

Ce. QST (P — =

(2> T te split surjschoe Cup & homotory) e
H*(t3@3 is O Lsowmerpliisua
( Segel),
W+ =
HY(SN et @) = @ 32, %, ... 7]
R = «.:*L"( tlehy)
(ft; cotresponds T bl Miller - Movidn- Muan fot R
classes under X of Fhesren AY
CHCQD CPE FLD was colealabed by Galakus;Topoleyy bt
H*(QDC‘P_\ 3 &) Contain totsiow of all orelry

Let W o (SULCPEY e HYLTPLG) inbeaml Gohin
THEOR EM ( Galakus - M - = Tt (lmamn) 3-(,; ts cdivsible
w3y precisely 2 Q,;_, by pretisely olenom ( Bi/zi)
rha \'qu«.( Latice
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¥ HWARER STABILITY

Notalhow : Fé:b gewus 4 surdace, b bouwndary
ciceles | s markeR poinld Cin Hia duderior)

: s
Gh = To(PHR(RL; 2R LR vy
Cow\ponht o{_ 'Di{.f(;) ate contmebble Ca.she,}on:

. Br;b —s M F;'bﬁ s o hometory equivating

i.-(_ b>Cc OFC S 2.&-\-2.

F:@ E;‘m

o,1 '

s S s s
Nel. - F-a,b-n - Fs',\, :—’,1 Ft:)..t.,; Fi-\'\,h.: F:Sab %‘ F'-a?.

° s 3 s
Get waps r;;h_’ F;'b_{ ) r;'h—-» r;-rl,b

STABILITY THEOREH ( Harer ; Tvanew) For bdo
e wops
s s s
B';cb-l i Bq:h ik Br;‘i'(,b
Woluce LSomecplhism own Hh(-';‘Z.S Jor

2k < 94-1.



= s s
Ten ™ r;-et,b_" e Coflme Tp

Harer stabifisy = & *(BF::,_) wdpeadast of bre,

Dependlomer on 8¢ There ls a 4roup Wdeusio,
v ‘;,b-\-s—" I';:L T Onclicees Sevee fbmation

B(;.b*rs ke Bgfb E; LC'P“)S

gar B B T B, Wl

Conc\usion :
*
W(Bre V= H(er D& Zle, el
C € = e

Hiller = Mowvda - Hu.u.,tcr&. classes €, & Hn(.Bl':.s'l)

L
CP® «— B‘:' [ Br; (7 forgele Warked et)
L4

®, =T el ) (W lalegradion alayg fber)

(g? 3)
Quillew's plus constrehion l';:\_= [\';‘: ' I;;] =

Q er;,’b -_ LB\';;)* wik, +we properhies
WY H (BT ZY — HU(BEE T T) issmorihing
G @IS & siwely comwetel
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. (T.8.C. Whittheal)
Ho (B .Z) wmdspandat of & =D

0o,

LBF:.\.\* is mdipeadant f o wp to homotopy!

THEOREM™M A (™.~ Weiss) There is a howmotopy equinale
+ &~ 0o -
Y B = 35, el

N
Movreover  XM(H:N = Xy

E xample, : '/"f°‘1= MR, seace of complux
Omwell, wilkh pamnuRitel boundlacies,

Stecdarl auw - A.={tec (rs lalﬂ‘_\' re ()
Rbfal.“:ag_ parameiizakion of D, omy Auwuulus is
equrnut B sewme Ac, the heolomerpdic
equivaluieny of Ar are Hae rotebas, =
Mo = DI () :og)if:ﬁ(sw » Lo, )

cBa= Z (Dehm buists) = BT, = 81
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Vi COBORDIS™M CATEGORIES

.Sea&f’s Qn.k@bfg_ ,95' : obS = {0,1,2,...3

A mocphism fromm M B R W & R, surdae wily
W Unoming parmciited D-cireles anl wooutgaing,
Com posikion b& Sew(ug_ sucdace, Togetbar
mer § = &,'H'M S “h”‘%“‘%

. Embedded coborditm categery G

ob G = space of closed ovienkd -wid® Cec Layx® ™

wier 3 = Bpace of cpt. oviantel 2-mfk® T.c La, o= ﬂe"ﬂ
thal meele M walls 13> R R eﬂ&opm(%‘

(5% = TniadxR™ = TnladxR™!; — = oppetit evied)

. T -
Lomposibion = Unien W ﬂ?al?"f

Absﬁncl%) C& L\Ts‘ . TN F;?“*“ (or umion of such)
b = LlBhigf(L8Ye U BUT,SDiff (S
ma® 2 L\ BDIPL(F N ;)

(as w sechon T,



Skewmabic picture of T:C—C w &

i~
Sa M +o 5’!,0-%0
L/\EMH

.

:&«.,M n,

Qb‘” Qh'ﬂ a‘ »® Rﬁ-ﬂ



-3 -

Cla.ssxw Srace o{_ e (hpoloq&uﬂ\ Qa_kg-or%x :
Nk} = { Xo=> X, = ... x,;g C vati)k ; R nerve
Ryt N X — N _X (bt %D ; t=0,1,..,
A% standard R~ simplon; d*: A et Ri6 face
BX := é—}o N, *x "Ah/@:.r.,tha Ch,d-aiﬂ
(re N X, tea™),

, Foet : 83 s BE.

Examples: 1) obX=%, moc X =G (top. moneid)
BX is e classifying spae BG§.

T dop. Moneid  Since
o Grilhy, B T R—-.
oy %&"L‘&' r;:z”r:.z_’ f;%ﬁ_ﬁ Bg"-xe“'?e%ﬂf%

. Quilien QB(,L\B!;“\ & 7 > BC‘,: \

'7-) b3 oy fop. Bpace % = Rath (X) -
cbX = R»X
- X
How (e, %) )(a‘,)q\\ = Spae of, pqm.g '5=[Q.,Gﬂ
" wilh X(Q =Xe X(a)= >4,

R Tl (X & X!
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THEORE HB( Gablatius, M. Tilwmauw, Welss) The
classifying space of Hue embedded Cobordimm
Lhegoty & i homotopy equivalt o

o ~ters

(O ePs, = toline SO TRITENN D)

The wmap BE — Q"'CP2, ¢ Let Tclaa«R
vepreset o merphitm m ©, & adubular ngbh.

Ponkjagin = Thom collapse. map 8ives
la,a], A S™— & — Th(vyh) =
N,& —> N, Pabh (™ Thitgly) ~»
NG = N Path (UM THITL) ) k2o g
tompakibde with Hu foce opematers d =
GG -» BRk{ ey SMcr,

This mae turns out T be a hometopy equivnBug
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Uil THE REDUCED COBORDISH CATEGORY

P Om.y {,‘ep. Qa{-&%cng‘ 3 MY € oh X ('-‘-‘ Ho§3
How\x Cx,y4) X o ey N % > A — B =
Hrom o (2,4 — Q,"%BB: « QBX if ,BX<=e,

C embeddel cobordism Cakegory . Sdoe.atam(y QN&

ob ™% i ; T € Wec @"& ({4 each conneckd
componet of I has abt Least ene oubgoung. S,

THEOREH C ( Galahas, N.:ﬁ wann ,\ﬂusﬁ
B'@“‘\'—" @Y is o homolory eq,ulou-&um.

ek -
THEOEEH"(TH\Muwhi QBB 8 Z™~ Br; -

(Twoud. 1427).

Sevre : f: XN omy Wap, vyeX
WF($), = L (e, a) | At path e\ from ¥ % poa

o Neties £y — WEW, ; take ALY tomsbult;
L X = w the, hFD, = QYY'



o £ » homelopic T a Serve Hlbmbon wikh Loews
hewotopy equivalwt to WE(E), .

T peached one alse has -

- TL -@ Cg,\ are all howolopy equiv. tke., -g_(pf" WE($),

=Tt M (€0 ave all isomerplic the, B c{‘q\)gH,_Cuwg)

(ef. MeDufl - Segal | Tvet. 197¢)
Skddq Proef of TTUwmann’s theotun 1 Congidter

fuuc.ﬁ-m-s B, B g™ Sepacss (.eor\ﬁtvanmﬁ'>
a(C\ = !-l.bmeﬂ‘ (C S*

E(Q) = ealim ( £ (VS E B gy .. By
(F= R, &), 8. Eylc) L&

(¢=u’sh
YCakgoy E52™ . ob=iC,0]re £
W\OT( b.g é“) {.t' C°—'#C'.4 ,&ue€ ECC1\][

NLLESE™ ) =, N g™ Meie
. BLEIE™ —» BE™



CenNg™; ()= E() » Zx BT
nw= # s'uC.
3) o Harer stabifiby =5 H, (T(CY) indupeadastsf C
= T (C) = hFw), H-isemorphitm,

W

Now, B(ESE™)= BIEYE™ILF) ot
BIESE™) 2% sina 558"

has o teewminal ebgeet (& 14Y)

= RESE™) 2 x , s0

reed H-uow\
SLBE ~ M—'—‘Cw)d “ Z 3[‘1
= 7ZxBnv e Oeeg™t =

Mumford’s Congecture.
a0 =\
Theoran @ © BG ¢ 120 CF
Theetrtn C.: BE™e B8C e =
TUlmanw's Hheorem : Z* B = S1LBE

\k"ﬁ’\%m A Z * Br' T o Q aP ‘ and, heue

T BR @) 2 M (SN P TR ¥
@EH“) =" -j
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ADDENDUM @ Theottuw B audh Theowu C are

twe w all dimeasims |

éd A~ dimessional eubeddid Cobovdism Chkgn?'
b8y = ‘}_QhS&&, OV\N{'.I d-1 dimeusional
bubmanidolds of {azx R™™YX

Wor G g2 Compact A dimeusionel | ovient cobordivis
o Lag,al)> R*™Y

They

BZa x BE™ & i O B mta,)
wheve

U:Q-L n-dim, Utckor bundly ever G4, n)

’9\

Gla,n) = Qrassmanwionm of oriat, d-diw,
Livear subspace cf i

Bub we XLack the analogue of Haver
stability |
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IX SURFACES m A BACKGROUND SPACE
(Joint wore, wite, R.Cohed)

Y conneckd ®pace wil kase pouft * e VY

F = F;,b , b>o .

:M.} o (Y) = EDif(F)x Map ((F3F) 07, »))
'Do'«(F D)

« &, f-ﬂ\ Z R.sutface of type F o)
- (:.3\ """LY, *) CAHHMG(&SS
STABILITY THEOREM - '.E‘g el siMp(u’

connected the, H L '/th (M) is ek penclant
Uﬁ % ud b>o fer ‘2*<g-l,

TH-E‘DQEH There w a ho‘malo?g_ equi vaBuce
M) = (TP A

Rewarle: Y+ T (T(CPTavY @ o
(govaniliral) homslogy Haeory
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X AN ANRNOUNE MENT

Let F, be the few Group m N generaters
amd  Apk (RN the qoup of auto merphims
ot R,

Aok (FD = Co%.’\un Ak (RN

Z“C M-%CFA ) '2—.“ S‘-lW\W'Wm ¥O4p on 0 Lders
B2 BAK (RN cud heuneg
R, — BAK(FD,

Guille. : BZ) 2QfS"
Matcher ©  BIF — BAKIEIY (s e
wigee Hre (Up % homotopy)

Oprun Galahus has gusk proved +hak
‘3:: — BAuk (BN » a howmotopy €quivefure,

~
CorsLLARY : M (BAKIF); &) =O.



