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Mirror Symmetry

Complex manifolds: (X ; J ) locally ' (Cn; i )

Lookat complexanalyticcycles+ holom.vectorbundles,orbetter: coherent sheaves
Intersectiontheory= Morphismsandextensionsof sheaves.

Symplectic manifolds: (Y; ! ) locally ' (R2n;
P

dxi ^ dyi )

Look at Lagrangiansubmanifolds(+ °at unitary bundles):
Ln ½ Y 2n with ! jL = 0 (locally ' Rn ½ R2n; in dimR 2, any embeddedcurve!)

Intersectiontheory(with quantum corrections)= Floer homology
(discardintersectionsthat cancelby Hamiltonianisotopy)

Mirror symmetry:

D-branes= boundaryconditionsfor openstrings.
Homologicalmirror symmetry(Kontsevich): at the level of derivedcategories,

A-branes= Lagrangiansubmanifolds,
B-branes= coherent sheaves.
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HMS Conjecture: Calabi-Y au case

X ; Y Calabi-Yau (c1 = 0) mirror pair )
D bCoh(X ) ' DF (Y)
DF (X ) ' D bCoh(Y)

Coh(X ) = categoryof coherent sheaveson X complexmanifold.

D b = boundedderivedcategory:

Objects= complexes0 ! ¢¢¢! Ei di
! Ei+1 ! ¢¢¢! 0.

Morphisms= morphismsof complexes(up to homotopy, + inversesof quasi-isoms)

F (Y) = Fukaya A1 -categoryof (Y; ! ). Roughly:

Objects= (some)Lagrangiansubmanifolds(+ °at unitary bundles)

Morphisms:Hom(L; L 0) = CF ¤(L; L0) = CjL\ L0j if L t L0. (or
L

Hom(Ep; E0
p))

(Floer complex,gradedby Maslov index)

with: di®erential d = m1; productm2 (composition;onlyassociativeupto homotopy);
andhigherproducts(mk)k¸ 3 (relatedby A1 -equations).
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Fukaya categories

Hom(L; L0) = CF ¤(L; L0) = CjL\ L0j if L t L0. (or:
L

p2L\ L0
Hom(Ep; E0

p))

² Di®erential d = m1 : Hom(L0; L1) ! Hom(L0; L1)[1]

hm1(p); qi =
X

u2M (p;q)

§ exp(¡
Z

D2
u¤! )

counts pseudo-holomorphicmaps
(in dimR 2: immerseddiscswith convexcorners)
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² Product m2 : Hom(L0; L1) ­ Hom(L1; L2) ! Hom(L0; L2)

hm2(p;q); r i counts pseudo-holomorphicmaps
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² Higherproductsmk : Hom(L0; L1) ­ ¢¢¢­ Hom(Lk¡ 1; Lk) ! Hom(L0; Lk)[2 ¡ k]

hmk(p1; : : : ; pk); qi counts pseudo-holomorphicmaps
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HMS Conjecture: Fano case

X Fano(c1(TX ) > 0) M :S:Ã ! \Landau-Ginzburgmodel"
(

Y (non-compact)manifold

W : Y ! C \superpotential"

D bCoh(X ) ' D bLag(W)
D¼F (X ) ' D bSing(W)

D bLag(W) (Lagrangians)andD bSing(W) (sheaves)=
symplecticandcomplexgeometriesof singularitiesof W.

If W :Y ! C is a Morsefunction(isolatednon-degeneratecrit. pts):
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L i ½ §0 Lagrangiansphere= vanishingcycleassociatedto ° i

(collapsesto crit. pt. by paralleltransport)

Seidel:Lag(W; f ° ig) ¯nite, directedA1 -category.

Objects:L1; : : : ; L r .

Hom(L i ; L j ) =

8
>><

>>:

CF ¤(L i ; L j ) = CjL i \ L j j if i < j

C ¢Id if i = j

0 if i > j

Products: (mk)k¸ 1 = Floer theoryfor Lagrangians½ § 0.
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Categories of Lagrangian vanishing cycles
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L i ½ §0 Lagrangiansphere= vanishingcycleassociatedto ° i

Seidel:Lag(W; f ° ig) ¯nite, directedA1 -category.

Objects:L1; : : : ; L r .

Hom(L i ; L j ) =

8
>><

>>:

CF ¤(L i ; L j ) = CjL i \ L j j if i < j

C ¢Id if i = j

0 if i > j

Products: (mk)k¸ 1 = Floer theoryfor Lagrangians½ § 0.

² mk : Hom(L i0; L i1) ­ ¢¢¢­ Hom(L ik¡ 1; L ik) ! Hom(L i0; L ik)[2¡ k] is trivial unlessi 0 < ¢¢¢< i k.
² mk counts discsin § 0 with boundaryin

S
L i , with coe±cients § exp(¡

R
D2 u¤! ).

² in our case¼2(§ 0) = 0, ¼2(§ 0; L i ) = 0, sono bubbling.

Remarks:
² hL1; : : : ; L r i = exceptionalcollectiongeneratingD bLag.
² objectsalsorepresent Lefschetzthimbles(Lagrangian discsboundedby L i , ¯b ering above ° i )

Theorem. (Seidel) Changingf ° ig a®ects Lag(W; f ° ig) bymutations; D bLag(W)
dependsonly on W : (Y; ! ) ! C.
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Example 1: weighted pro jectiv e planes
(Auroux-Katzarkov-Orlov, math.AG/0404281;cf. work of Seidelon CP2)

X = CP2(a;b;c) = (C3 ¡ f 0g)=(x; y; z) » (tax; tby; tcz) (Fanoorbifold).

D bCoh(X ) hasan exceptionalcollectionO; O(1); : : : ; O(N ¡ 1) (N = a + b+ c)

(Homogeneouscoords.x; y; z aresectionsof O(a); O(b); O(c))

Hom(O(i ); O(j )) ' deg.(j ¡ i ) part of symmetricalgebraC[x; y; z] (degs.a;b;c)
All in degree0 (no Ext's); composition= obvious.

Mirror: Y = f xaybzc = 1g ½ (C¤)3, W = x + y + z. (Y ' (C¤)2 if gcd(a;b;c) = 1)

Z=N (N = a + b+ c) actsby diagonalmult., the N crit. pts. arean orbit; complexconjugation.

We choose! invariant underZ=N andcomplexconj. () [! ] = 0 exact)

Theorem. D bLag(W) ' D bCoh(X ).

(this shouldextendto weighted projective spacesin all dimensions;for technicalreasonswe only have

a partial argument whendimC ¸ 3).
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Non-comm utativ e deformations

X = CP2(a;b;c); Y = f xaybzc = 1g ½ (C¤)3, W = x + y + z,

Theorem. If ! is exact, then D bLag(W) ' D bCoh(X ).

CandeformLag(W) by changing[! ] (and introducinga B-¯eld).

Chooset 2 C, andtake
R

S1£ S1[B + i! ] = t (S1 £ S1 = generatorof H2(Y; Z) ' Z)

! deformedcategoryD bLag(W)t.

This correspondsto a non-comm utativ e deformation X t of X :
deformweighted polynomialalgebraC[x; y; z] to

yz = ¹ 1 zy; zx = ¹ 2 xz; xy = ¹ 3 yx; with ¹ a
1¹

b
2¹

c
3 = eit

Theorem. 8t 2 C, D bLag(W)t ' D bCoh(X )t.
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Example 2: Del Pezzo surfaces
(Auroux-Katzarkov-Orlov, math.AG/0506166)

X = CP2 blown up at k · 9 points, ¡ K X ample(or moregenerally, nef).

D bCoh(X ) hasan exceptionalcollectionO; ¼¤TP2(¡ 1); ¼¤OP2(1); OE1; : : : ; OEk

u u u uHH©©
3

HH©©
3

>2 >
>

O T(-1) O(1) OEi

Compositionsencodecoordinatesof blown up points. For genericblowups,Hom(OEi ; OEj ) = 0.

In¯nitely closeblowupsgive pairsof morphismsin deg.0 and1 (recover OC (-2-curve) asa cone).

Mirror: mirror to CP2 compacti¯esto M = resolutionof f X YZ = T3g ½ CP3,
with elliptic ¯bration W = T¡ 1(X + Y + Z) : M ! C [ f1g .

W is Morse,with 3 crit. pts. in fj Wj < 1g ; ¯b er at in¯nit y has9 components.

Mirror to X = deform(M ; W) to bring k of the crit. pts. over 1 into ¯nite part.
Get an elliptic ¯bration over fj Wkj < 1g : Wk : Mk ! C, with 3+ k sing.¯b ers.

(symplecticform to be speci¯edlater)

Theorem. For suitablechoice of [B + i! ], D Lag(Wk) ' D bCoh(X k).
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The vanishing cycles of Wk
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Symplecticdeformationparameters:[B + i! ] 2 H 2(Mk; C) :

² Areaof ¯b er: ¿ = 1
2¼

R
§ (B + i! ) Ã ! cubiccurve CP2 ¾ E ' C=(Z + ¿Z)

(all blowups are at points of E; think of E as zeroset of ¯ 2 H 0(¤ 2T).)

² Areaof C (@C = L 0 + L1 + L2): t = 1
2¼

R
C(B + i! ) Ã ! ¾2 Pic0(E)

(sameparameteras in Example 1; commutativ e deformationscorrespond to t = 0; takesvaluesin C=(Z + ¿Z).)
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The vanishing cycles of Wk
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Symplecticdeformationparameters:[B + i! ] 2 H 2(Mk; C) :

² Areaof ¯b er: ¿ = 1
2¼

R
§ (B + i! ) Ã ! cubiccurve CP2 ¾ E ' C=(Z + ¿Z)

(all blowups are at points of E; think of E as zeroset of ¯ 2 H 0(¤ 2T).)

² Areaof C (@C = L 0 + L1 + L2): t = 1
2¼

R
C(B + i! ) Ã ! ¾2 Pic0(E)

(sameparameteras in Example 1; commutativ e deformationscorrespond to t = 0; takesvaluesin C=(Z + ¿Z).)

² Areasof cyclesCj (@Cj = L3+ j + : : : ): t j = 1
2¼

R
Cj

(B + i! ), take valuesin C=(Z + ¿Z):

= positionsof blown up points on E.

For t i ¡ t j = 0 mod (Z+ ¿Z), L3+i ; L3+j becomeHam.isotopic,acquireH F ¤(L3+i ; L3+j ) ' H ¤(S1).

This correspondsto in¯nitely closeblowups,where¡ 2-curvesappear.
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