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Mirror Symmetry

Complex manifolds: (X;J) locally' (C";i)
Look at complexanalyticcyclest holom.vectorbundlespr better: coherensheaes
Intersectiortheory= Morphismsand extension®f sheaes.
F)
Symplectic manifolds: (Y;!) locally' (R?"; dx;~ dy)

Look at Lagrangiarsubmanifold¢+ °at unitary bundles):
L" % Y2 with ! = O(locally’ R" % R?;in dimg 2, ary enbeddedcurwe!)

Intersectiortheory (with quarium correctionsy Floer homology
(discardintersectionghat canceby Hamiltonianisotory)

Mirror symmetry:

D-branes= boundaryconditionsfor openstrings.
Homologicamirror symmetry(Kontsevid): at the lewvel of derived categories,

A-branes= Lagrangiarsubmanifolds,
B-branes= coherensheaes.




HMS Conjecture: Calabi-Y au case

DPCoh(X) ' DF(Y)

X;Y Calabi-¥au (c; = 0) mirror pair ) DF(X) ' DPCoh(Y)

Coh(X) = categoryof coherensheaeson X complexmanifold.

D® = boundedderived category: |
Objects= complexe®! ¢¢¢! E I E*11 ¢e¢! O
Morphisms= morphismsf complexegup to homotop, + inversef quasi-isoms)

F (Y) = Fukaya A, -categoryof (Y;! ). Roughly:
Objects= (some)Lagrangiarsubmanifold¢+ °at unitary bunEIeS)
Morphisms:Hom(L; L9 = CF°(L; LY = T T if Lt LO (or  Hom(E,; E)
(Floer complexgradedby Masla index)

with: di®eretial d = my; productm, (commsition;onlyassaiative up to homotopy);
and higherproducts(my)k 3 (relatedby A -equations).



Fukaya categories

| L
Hom(L; LY = CF(L; LY =Y ifLt Lo (or:  Hom@,;ED)
p2L\ LO

2 Di®erehal d= my . HOIT('ZO; Ll) ' HOIT(LO; Ll)[l]
X
tma(p);ai = §expf  u”) L
cours pseudo-holomorphmaps :

(in dimg 2: immersedliscswith corvex corners) D2

2 Product my: HOIT(LQ, ) HOIT(L]_, 2)' HOfT(Lo,

my(p;Q); ri couns pseudo-holomorphmaps Q —

2 Higherproductsmy : Hom(Lg; L) - ¢¢¢- Horr(Ll<i L) ! HomlLg, LW[2i K]




HMS Conjecture: Fano( case

X Fano(ci(TX) > 0) Ai¥ \Landau-Ginzburgmodel® * (nrn-compactaniiold
W :Y ! C\superpotertial”

DPCoh(X) ' DPLag(W)
DF(X) ' DPSing(W)

DPLag(W) (Lagrangiansiand D"Sing (W) (sheaes)=
symplectiand complexgeometriesf singularitiesof W .

If W:Y! C isaMorsefunction(isolatednon-degeneraterit. pts):

Li %2 §¢ Lagrangiarsphere= vanishingcycleassaiatedto °;
(collapseso crit. pt. by paralleltransport)

Seidel:Lag(W;f°ig) nite, directedA, -category
Objects:Ly;:ig;Ly.
3 CF°(Li;Lj) = CE LT if i <

> )
Li
s\ | N
@ Hom(Li;L;) =_ ceid i = |
C 3 L
-0 ifi>]

Products: (mg)x, 1 = Floertheoryfor Lagrangian$2 §.

Y
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Categories of Lagrangian vanishing cycles

Li ¥2 §¢ Lagrangiarsphere= vanishingcycleassaiatedto °;

|

Seidel:Lag(W;f°;g) nite, directedA, -category
s\ O N Objects:Lq;: ‘aiLr.
: 3 CFo(Li;L;) = Cb\ LI if i<

HOrT(Li;Lj):BC(Nd if i =]
: C - 0 ifi> ]
Products: (mg)x 1 = Floertheoryfor Lagrangian$2 §.

2 mg : HomQg; Liy) - ¢¢¢- Hom(L, 1;L8) I Hom(Li,; Li)[2i K] istri].!é'al unlesdg < CCC< iy.
2 my courns discsin §¢ with boundaryin ~ L;, with coetcierts § exp( . u"!).
2 in our casé/»(8o) = 0,%(80; L) = 0,sono bubbling.

Remarks:

2 objectsalsorepresenLefstetzthimbles(Lagrangian discsboundedby L;, b ering above °;)

Theorem. (Seidel) Changingf °;g a®ets Lag(W: f °;g) by mutations; D Lag(W)
dependsonly on W : (Y;!)! C.



Example 1: weighted pro jectiv e planes
(Auroux-Katzark ov-Orlov, math.AG/0404281;cf. work of Seidelon CP?)

X = CP%(a;b;c) = (C3; fOg)=(x;y;z) » (t2x;tby;t°2) (Fanoorbifold).

(Homogeneousords.x; y; z aresection®of O(a); O(b); O(c))

Hom(O(1);O())) " deqg.(j i 1) part of symmetricalgebraC[x; y; z] (degsa;b;c)

All in degred (no Ext's); commsition= olvious.

Mirror: Y = fx3Pz¢= 1g% (C"3, W = x+y+ z. (Y ' (C?%if gcd(a; bic) = 1)
Z=N (N = a+ b+ c¢) actsby diagonaimult., the N crit. pts. arean orbit; complexconjugation.

We choose! invariart underZ=N andcomplexcon,. () [']= Oexac)

Theorem. DPLag(W)' DPCoh(X).

(this shouldextendto weigtied projective spacesn all dimensionsfor technicalreasonsve only have
a partial argumenh whendimg ;| 3).



Non-comm utatliv e deformations

X = CP%(a;b;c):; Y = fx3yP2°= 1g % (C%)3, W = X+ y + z,
Theorem. If | is exact,then DPLag(W)' DPCoh(X).
CandeformLag(W) by changing[! ] (andintroducinga B - eld).

R

Chooset 2 C, andtake ”81£ qalB+1]=1t (ST £ S'=generatoof Hy(Y;Z)' Z)
| deformedtategoryD "Lag(\W);.

This correspndsto a non-comm utativ e deformation X; of X :
deformweighed polynomialalgebraClx; y; z] to

yz=112y; ZX=13Xz; Xy =1layx; with 1{155=¢

Theorem. 8t 2 C, DPLag(W);' DPCoh(X):.



Example 2: Del Pezzo surfaces
(Auroux-Katzark ov-Orlov, math.AG/0506166)

X = CP?blovnupatk - 9poirts, j Kx ample(or moregenerallyne).

k
/’_>—\\

P _— \\

O % T(-l)% 0(1) Ok,
Compositionsencale coordinatesof blovn up points. For genericdolovups,HomQOg,; Og,) = 0.
In nitely closeblowupsgive pairsof morphismsn deg.0 and 1 (recaver O¢ (-2-cune) asa cone).

Mirror:  mirror to CP? compacti esto M = resolutionof fXYZ = T3g ¥ CP?,
with elliptic bratonW =Ti}{X +Y+Z):M ! CJ[ fig .

W is Morse,with 3 crit. pts.in ffWj < 1g ; beratin nity has9 commners.

Mirror to X = deform(M ; W) to bring k of the crit. pts.over 1 into nite part.
Getanelliptic bration over fjy Wyj < 1g : Wi : M ! C, with 3+ k sing. bers.
(symplectidormto be speci edlater)

Theorem. For suitablechoice of [B + il ], D Lag(Wx) ' DPCoh(Xy).
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The vanishing cycles of Wy

XllQ o rj(
AA ¢& : QQ ¢¢ :AA
A ¢ o+ 9 i A Lo — —
Ag i ,'¢¢ 20 QQ i A
" Vi e Q ghe’a L,
Kok i 8 i+ Wi, L,
&a?Q@¢: ‘P "
¥Z1 ¢ -
A CQ ¢ A .
£ Qg e N
AA -+ Qg ¢ ¢&AA
AL yothQ | ¢ A
A ¢ Qr ¢ A
X X1

Symplecticdeformatiorp&rameters[B +il 12 H?(My;C) :
2 Areaof beri¢ =4, ((B+il) Al cubiccuneCP°%E "' CHZ+ ¢2Z)
(all blowyps are at points of E; think of E aszeroset of ~ 2 HOx?T).)

2 AreaofC (@= Lo+ Li+ L)l t = 5, (B +i1) Al %2 Pig(E)

(sameparameterasin Example 1; commnutativ e deformationscorrespnd to t = 0; takesvaluesin C=Z + ¢Z).)



The vanishing cycles of Wy

X X
AA ¢& EQQQ ¢¢ . EAA
A ¢ : L LA Lo — —
Ag ,,¢¢ 5 Q Q : A
A F ! ¢¢ QQ A
A/' |
XO }g |¢ ¢ QéAXO L2 _______
kolQ Qg: i ;ol
YZ1 ¢ S
¢ - .
" (:SQQ o A bei
AA | QQ» ¢ ! ¢&AA
AL oZo o ¢ A
A ¢ Qr -- ¢ A
X X1

Symplectlmleformatlorplgrameters[B +il 12 H3(M;C) :

2 Areaof beri¢ =4, (B+il) Al cubiccuneCP*%E "' CHZ+ ¢2Z)
(all bIOWLl;Qs are at points of E; think of E aszerosetof ~ 2 H%(a?T).)
2 AreaofC (@ = Lo+ L1+ Ly t = 21/ (B +1il) Al 32 Picy(E)
(sameparameterasin Example 1; comrrutatlvedeformatlorlscorresp)nd to t = O; takesvaluesin C=(Z + ¢Z).)
2 Areasof cyclesC; (@ = La.j + 1)1 1) = 21/4 CJ(B + 1! ), takevaluesin C=(Z + ¢Z):
= positionsof blowvn up points on E.
Fortij t; = O0moad (Z+ ¢Z), Lasi; Ls+j becomeadam.isotopicacquireH F*(Lasi;Ls+j) " H °(SY.
This correspndsto in nitely closeblovups,wherej 2-cunesappear.
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