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1. The tensor product is defined by ¢ ® ¥ (vy, ..., vke) = O(v1, ..., V) V(Vkt1, - -+ Vkte)-

2. Yes. We proved in class that if f : R™ — R is smooth and Df(x) is surjective
for all z € f~'(c), then f~!(c) is a manifold of dimension m — n. In this case,
f(A) = det A = ad — bc with the usual coordinates. The Jacobian matrix is therefore
(d —c —b a), which cannot be 0 if ad — bc = 1. It therefore defines a surjection
R' — R, so SL(2) is a manifold of dimension 3.

Extra credit: expanding det A along the ¢th row and differentiating with respect to a; ;
shows that gjet_(A) equals + the 7,7 minor of A. By Cramer’s rule, these cannot all
5]

vanish for A invertible, so the Jacobian again defines a surjection R” — R, making
SL(n) a manifold of dimension n? — 1.

3. Consider the smooth map f: (p_,p;) X (¢, 04) x (0_,0,) — S given by f(p, ¢,0) =
(psin ¢ cosf, psin ¢sinb, pcos ¢). Since its Jacobian determinant is

sin ¢ cos 6 sin ¢ sin 6 cos ¢
pcospcosf  pcos¢sind —psing | = p*sing > 0,
—psingsinf psin ¢ cosf 0

f is alocal diffeomorphism by the inverse function theorem. Because of the descriptions
of p, ¢, 0, it is also injective, hence a diffeomorphism. By change of variables and Fubini,

/S1 - /p+/¢+/9+|deth|dpd¢d8

= pzdp/ smqbdqb/ do
(L~ P )(cos 6 — cos 64) (B — 0)/3,

4. (a) Both sides are bilinear in w and 7, so it suffices to take w(x) = f(z)dx; and
n(x) = g(z)dx;. Then

dwAn) = Z d:v Ndxp ANdzy
= i:( g)d:ck/\dxl/\de
8xk T
= 2:aafgala:k/\dyc[/\dac‘mL Z 8g d$l/\d$k:/\d$J
k —

= (Z of da:k/\d:w) Agdry+ (=1)Pfdx; A (Z % da:ﬂ\dag)

8xk k 18 k
= dwAn+(=1)PwAdn.
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(b) Using (a) twice,

dwAnAv) = dwAn) Av+ (=1)P %wAnAdy
= dwAnAv+(=1)PwAdyAv+ (=1)P 9w AnAdy.

Mw=f(x)dzy---dx, and n = g(y) dy; - - - dy,, are smooth forms supported in rect-

angles A C R™ and B C R" respectively, then by Fubini

[ mwxmn= [ f@g)dedy = [ f@yde [ gyay= [ w [

Now choose oriented atlases 1, and @/;/3 for M and N respectively, and choose partitions
of unity ¢, and ¢ subordinate to them. Then 1), X ¢ is an oriented atlas for M x N
with subordinate partition of unity 7j¢, m5¢z, and

Jrpow AT = 5[ (o x 09" (i (G) A i050)

= (Z /. wngau) (; I8 @E;&ﬁv)
e

(a) Tt is well defined since if [w] = [©] € H*(U), then w — & = dn and [;w — [}, & =
S dn =[50, n = 0 by Stokes.
(b) If M = ON, then by Stokes again [}, w = [5yw = [y dw = 0 since w is closed.

This means that U =V x R? where V = U N (R x 0 x 0) is an open set in R. Hence
H?*(U) = H*(V x R?*) = H*(V) = 0 since all 2-forms on an open set in R are zero.

Since dg*n = g*dn = 0, g*n is closed. By the Poincaré lemma, it is exact, say g*n = dv.
Then h*n = f*g*n = f*dv = df*v is exact too.

. If h is not surjective, missing some p € S™, then its image is contained in S™ \ p for some

p. Now there is a diffecomorphism g : R™ — S™\ p given by rotation and stereographic
projection; then f = g=! o h is also well defined and smooth, and h = go f. Since any
n € Q"(S™) is closed, h*n is exact by 8. Then by Stokes [, h*n = 0.

Since d(w—n) = 0 € Q?(R"), by the Poincaré lemma w —n = df for some f € Q°(R"™).
If C'and D have initial point @ and terminal point b, then by the fundamental theorem
of line integrals (aka Stokes again),

Lo=n=f®-f@= [ w-n

Another approach is to apply Stokes to a surface bounded by C' and D: morally
correct, but technically tricky since the surface may have corners at a@ and b.



