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Differentiable Manifolds
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Due April 21, 2014

1. If X ⊂ Rm and Y ⊂ Rn are orientable manifolds, prove that X × Y ⊂ Rm+n is too.

2. Prove that the cylinder {(x, y, z) ∈ R3 |x2 + y2 = 1, −1 < z < 1} is orientable.

3. (a) If a k-dimensional manifold M ⊂ Rn is oriented, prove that there exist an open
U ⊃ M and a form ω ∈ Ωk(U) such that for every oriented chart ψα : Vα → Uα ∩M ,
we have ψ∗

αω = f(x) dx1 ∧ · · · ∧ dxk with f(x) > 0 for all x ∈ Vα.
Hint: show that, after shrinking Uα and Vα if necessary, each chart may be extended
to a diffeomorphism Vα ×Wα → Uα; let U =

⋃
α Uα and add up suitable forms using

a partition of unity.

(b) If a k-dimensional manifold M ⊂ Rn is oriented, prove that there exist an open
U ⊃M and a form ω ∈ Ωk(U) such that for every chart ψα : Vα → Uα∩M whatsoever,
we have ψ∗

αω = f(x) dx1 ∧ · · · ∧ dxk with f(x) 6= 0 for all x ∈ Vα.

4. (a) Explain why the Möbius strip M is the image of f : R× (−1, 1)→ R3 given by

f(t, u) = (2 cos 2t, 2 sin 2t, 0) + u(cos 2t cos t, sin 2t cos t, sin t).

(b) Describe an atlas for M given by restricting f to open subsets.

5. Prove that the Möbius strip is not orientable.
Hint: pull back a suitable form by f .

6. Let M ⊂ Rm and N ⊂ Rn be compact oriented manifolds of dimensions k and `,
respectively, and let ω ∈ Ωk(Rm) and η ∈ Ω`(Rn) be differential forms. If π1 :
Rm+n → Rm and π2 : Rm+n → Rn are projection on the first and last factors, prove
that ∫

M×N
π∗
1ω ∧ π∗

2η =

∫
M

ω

∫
N

η

when M × N is suitably oriented. Also show that, if ω and η are forms of any other
degree, then the left-hand side vanishes.

7. If f : M → N is an oriented diffeomorphism of oriented n-dimensional manifolds, and
if ω is a differential n-form defined on an open neighborhood of N , prove that∫

M

f ∗ω =

∫
N

ω.


