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1. A divisor
ř

aiDi on Pn is principal if and only if
ř

ai degDi “ 0. (You can do this
using the theorems proved in class, but it’s more stylish to proceed directly from the
definition.)

2. Cartier effective ‰ effective Cartier: on X “ Vpx3 ´ y2q Ă A2, the effective divisor
D given by 1 times the origin (a) is Cartier but (b) is not of the form Zpfq for any
regular f P krXs.

3. Let f : PM Ñ PN be a morphism. If f˚Op1q – Opdq, then (a) d ě 0, (b) d “ 0 iff f
is constant, and (c) d “ 1 iff f is the inclusion of a linear subspace.

4. (a) If S : Pm ˆPn Ñ PN is the Segre embedding, then S˚Op1q – π˚
1Op1q b π˚

2Op1q.
(b) If Vd : Pn Ñ PN is the degree d Veronese embedding, then V ˚

d Op1q – Opdq.

5. The divisor D defined by a “ b “ 0 in the variety X Ă A4 defined by ad ´ bc “ 0
(the cone on a smooth quadric surface) is not locally principal. That is, Weil does not
imply Cartier on X. Hint: if D X U “ X X Vpfq X U for some f P kra, b, c, ds and
some open neighborhood U of 0 P A4, show first that we may assume f homogeneous
and U “ A4.

6. We have PicpPm ˆPnq – Zˆ Z, generated by π˚
1Op1q and π˚

2Op1q.

7. (a) Suppose that X, Y are smooth varieties and that there is a rational map f :
X 99K Y that restricts to an isomorphism X zA – Y zB, where both A and B have
codimension ą 1. Then PicX – PicY .

(b) Give a counterexample when the codimension equals 1.


