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1. Let F be a sheaf over a topological space X.

(a) For s P F pUq, define the support to be Suppx :“ tx P U | sx ‰ 0 P Fxu. Then
Suppx is closed in U .

(b) For F itself, define the support to be SuppF :“ tx P X |Fx ‰ 0u. Give an example
to show that SuppF need not be closed in X.

2. Let F “ M̃ be a quasi-coherent sheaf over an affine algebraic set X.

(a) For s P M “ H0pX,F q, show that Supp s “ VpAnn sq, where Ann denotes the
annihilator.

(b) For M finitely generated over OpXq (i.e. F coherent), show that SuppF “

VpAnnMq.

(c) Conclude that the support of a coherent sheaf on a variety is closed.

3. If S, T are coherent sheaves over a variety X, give an example to show that the presheaf
U ÞÑ SpUq bOpUq T pUq need not be a sheaf. (The tensor product S b T is defined to
be its sheafification.)

4. If M̃, Ñ are quasi-coherent over an affine X with OpXq “ R, then M̃ b Ñ – ČM bR N .

5. For S, T quasi-coherent over X Q x, the stalks satisfy pS b T qx – Sx bOX,x
Tx.

6. If D, E are Cartier divisors on a variety X, then OpD ` Eq – OpDq bOpEq.

7. Say that a module M over a local ring R is invertible if there exists another module
N such that M bR N – R. Then a finitely generated M is invertible if and only if it
is free of rank 1.

8. A coherent sheaf F over a variety X is locally free of rank 1 if and only if there exists
another coherent sheaf G such that F bG – O. (We refer to such sheaves as invertible
and to G as F´1.)


