
Mathematics GU4042
Introduction to Modern Algebra II

Assignment #1
Due January 27, 2017

Caution: Unlike our texts, we require all rings (and subrings) to be commutative and contain 1.

1. Let R be the real numbers. Prove that the set of all differentiable functions R → R, with
pointwise addition and multiplication, is a ring. What are its units?

2. (a) Is Q[x]× {0} a subring of Q[x]×Q[x]? Is it an ideal? Why or why not?

(b) State and prove a necessary and sufficient condition on rings R and S for R×{0} to be a
subring of R× S.

3. In Modern Algebra I you learned the Chinese Remainder Theorem for groups: if m and n are
coprime, then the map φ : Zmn → Zm × Zn given by φ([i]) = ([i], [i]) is an isomorphism of
additive groups. Use this to prove the Chinese Remainder Theorem for rings: if m and n are
coprime, then the same map φ is an isomorphism of rings. (Don’t use the proof of the more
general result in §7.6 of D&F.)

4. Recall that Euler’s totient function φ(n) is defined as the number of positive a ≤ n with
(a, n) = 1 (see A4#5 last fall, or D&F §0.2, p. 7, or Fraleigh §2.3 Ex. 44, p. 128).

(a) Show that φ(n) = #Z×
n .

(b) Show that if p is prime, then φ(pi) = pi−1(p− 1) (cf. A4#5b last fall).

(c) Use the Chinese Remainder Theorem to show that if (m,n) = 1, then φ(mn) = φ(m)φ(n).

(d) Prove that for any natural n = pi11 · · · p
ik
k , we have φ(n) = pi1−1

1 (p1 − 1) · · · pik−1
k (pk − 1).

(e) Have a look at the graph of this function at
http://en.wikipedia.org/wiki/Euler’s_totient_function

5. Polynomials are not just functions. Let R be any ring. We defined a polynomial in R[x] to
be a formal linear combination a0 + a1x+ · · ·+ anx

n (with all subsequent ai = 0), for ai ∈ R
and x an indeterminate. As such, two polynomials are equal if and only if, for all i ∈ N,
their ith coefficients are equal. Now a polynomial determines a function f : R→ R by taking
f(r) = a0 + a1r + · · · + anr

n. That is how we normally think of polynomials on the real
numbers: as functions.

However, let p be a prime and let Fp be the field with p elements. Use Fermat’s Little Theorem
(A6#7b last fall, or D&F §3.2#16, p. 96, or Fraleigh §5.3, p. 271) to find two polynomials
f, g ∈ Fp[x] such that the functions f(r) = g(r) for each r ∈ Fp, but nevertheless f 6= g as
polynomials.

6. (a) Prove that if V is any vector space over Fp of dimension n, then #V = pn.

(b) State and prove a formula for #GL(n,Fp). Hint: by starting with small values of k, guess
and prove a formula for the number of ordered k-tuples of linearly independent vectors in Fn

p .

(c) Write down all of the elements of GL(2,F2) and prove that it is isomorphic to a familiar
group from Modern Algebra I.

7. (a) Prove that in a field F , if a 6= 0 6= b, then ab 6= 0.

(b) Prove that F [x]× = F×, i.e. the only units in F [x] are polynomials of degree zero.


