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1. Definitions

Let g be a Lie algebra over algebraically closed field F of characteristic 0.

Definition 1.0.1. The derived algebra of g is [g, g].

Definition 1.0.2. A lie algebra g is said to be simple if it has no ideals except itself and 0, and
[g, g] 6= 0.

Definition 1.0.3. A Lie algebra g is

• solvable if the sequence g(0) = g and g(i+1) = [g(i), g(i)] terminates in 0, i.e. g(n) = 0 for
n� 0.
• nilpotent if there exists n > 0 such that adx1 adx2 · · · adxn = 0 for all xi ∈ g.
• semisimple if the maximal solvable ideal Rad(g) = 0.
• reductive if Rad(g) = Z(g). Equivalently, if to each ideal a there corresponds an ideal b

such that a⊕ b = g.

Remark 1.0.1.

• abelian ⇒ solvable;
• abelian ⇒ nilpotent;
• nilpotent ⇒ solvable;
• semisimple ⇒ reductive,
• abelian ⇒ reductive,
• simple algebras are not solvable.

Definition 1.0.4. An automorphism of the form exp(adx) is called inner.

Definition 1.0.5. The unique maximal solvable ideal Rad(g) of g is called radical of g. If
Rad(g) = 0, i.e. g has no nontrivial solvable (or even abelian) ideals, it is simple.

Definition 1.0.6 (Killing form).

κ(x, y) = Tr
(

adx ad y
)
,

Definition 1.0.7. Let φ : g→ gl(V ) be a faithful (i.e. 1− 1) representation with trace form

β(x, y) = Tr(φ(x)φ(y)).

The Casimir element is given by

cφ(β) =
∑
i

φ(xi)φ(yi),

where xi and yi are dual base with respect to β.

Definition 1.0.8. Let V be finite dimensional vector space. Then x ∈ End(V ) is semisimple if
the roots of its minimal polynomial over F are distinct.

Every element x ∈ End(V ) can be written

x = xs + xn

such that xs and xn commute with any endomorphism commuting with x.

Definition 1.0.9. Toral subalgebra is a nonzero subalgebra consisting of semisimple elements.1

1every toral subalgebra is abelian.
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Fix h ⊂ g, a maximal toral subalgebra. Since H-abelian, then adg h is family of commuting
semisimple endomorphisms of g, i.e. adg h is simultaneously diagonalizable

g =
⊕
α∈h∗

gα,

where gα := {x ∈ g : [hx] = α(h)x, ∀h ∈ h}.

Definition 1.0.10. Φ = {α ∈ h∗ : gα 6= 0} is the set of roots of g relative to h.

It turns out that h = g0 = Cg(h), so

g = h
⊕
α∈Φ

gα,

and κ
∣∣
h

is nondegenerate;2 hence h ' h∗ via κ.

Definition 1.0.11. A Cartan subalgebra (CSA) h ⊆ g is a nilpotent subalgebra with h = Ng(h).

Definition 1.0.12. The rank of g equals the dimension of any Cartan subalgebra.

Definition 1.0.13. A Borel subalgebra b ⊆ g is a maximal solvable subalgebra of g.

1.1. Root systems, Weyl groups and Weyl chambers. Let E be Euclidean space with positive
definite symmetric bilinear form (−,−).

Definition 1.1.1. The reflection with respect to Pα = {β ∈ E : (β, α) = 0} is

σα(β) = β − 2(β, α)

(α, α)
α = β − 〈β, α〉α.

Definition 1.1.2 (Root system). Φ ⊂ E is a root system if

(R1) Φ is finite, spans E, and 0 6∈ Φ.
(R2) If α ∈ Φ, then only multiples of α in Φ are ±α.
(R3) If α ∈ Φ, then σα leaves Φ invariant.
(R4) If α, β ∈ Φ, then 〈β, α〉 ∈ Z.

Definition 1.1.3 (Weyl group). The Weyl group W is the subgroup of GL(E) generated by {σα}α∈Φ.

Remark 1.1.1. An automorphism of Φ is the same as automorphism of E fixing Φ.

Definition 1.1.4. Two root systems (Φ, E) and (Φ′, E′) are isomorphic if there exists a vector
space isomorphism ϕ : E → E′ (not necessarily isometry) sending Φ to Φ′ such that

〈ϕ(β), ϕ(α)〉 = 〈β, α〉.

Definition 1.1.5 (Dual system). For α ∈ Φ, set α∨ = 2α
(α,α) . The set Φ∨ = {α∨ : α ∈ Φ} is the

dual root system of Φ.

Remark 1.1.2. The root Weyl group of Φ∨ is canonically isomorphic to the Weyl group of Φ.

Definition 1.1.6. ∆ ⊂ Φ is a base if

(B1) ∆ is a basis of E.
(B2) each root β can be written β =

∑
kαα, where α ∈ ∆ and kα have the same sign for all α.

The roots in ∆ are called simple. We say β is positive (resp. negative), denoted by β ∈ Φ+

(resp. β ∈ Φ−), if kα ≥ 0 (resp. kα ≤ 0). The height of a root (relative ∆) is htβ =
∑

α∈∆ kα.

2this, of course, assumes g is semisimple.
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Note that we can can order elements by α � β if α− β is a sum of positive roots.
For γ ∈ E, we may associate Φ+(γ) = {α ∈ Φ : (γ, α) > 0}3, which is a base of Φ.

Definition 1.1.7. An element γ of E is

• regular if γ ∈ E − ∪α∈ΦPα,
• singular otherwise.

Definition 1.1.8. An element α of Φ+(γ) is

• decomposable if α = β1 + β2, βi ∈ Φ+(γ),
• indecomposable otherwise.

The hyperplanes Pα, (α ∈ Φ) partition E into finitely many regions – the connected components
of E − ∪α∈ΦPα.

Definition 1.1.9. The connected components of E−∪α∈ΦPα are called (open) Weyl chambers.

Each regular γ ∈ E determines a chamber C(γ). We have

C(γ) = C(γ′)⇐⇒ Φ+(γ) = Φ+(γ′)⇐⇒ ∆(γ) = ∆(γ′),

where ∆(γ) is the set of all indecomposable roots in Φ(γ)+. Hence

{Weyl chambers of Φ} ←− {base of Φ}
C(γ) 7→ ∆(Γ)

We also have W
	 {Weyl chambers} via σ

(
C(γ)

)
= C(σ(γ)).

1.2. Cartan matrices and Dynkin diagrams.

Definition 1.2.1. Fix an ordering (α1, . . . , αl) of the simple roots. The matrix (〈αi, αj)〉 is the
Cartan matrix of Φ.

Remark 1.2.1. Even though the Cartan matrix depends on the choice of the ordering, it is inde-
pendent of the choice of ∆ since the Weyl group acts transitively on the collection of bases.

Fact 1. The Cartan matrix determines Φ up to isomorphism.

If α, β are distinct positive roots, then 〈α, β〉〈β, α〉 ∈ {0, 1, 2, 3}.

Definition 1.2.2. The Coxeter graph of Φ is a graph with g vertices, the ith joined to the jth by
〈αi, αj〉〈αj , αi〉 edges.

In case all roots are simple, then 〈αi, αj〉 = 〈αj , αi〉. Nevertheless, if one root is longer than the
other, the Coxeter graph does not show this information. This motivates the following.

Definition 1.2.3. A Coxeter graph having double or triple edges with arrows pointing to the shorter
of the two roots is called a Dynkin diagram for Φ.

3i.e. the roots lying on the ”positive side” of the hyperplane Pγ .
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1.3. Weights.

Definition 1.3.1. An element λ ∈ E is called a weight if 〈λ, α〉 ∈ Z, ∀α ∈ Φ.4 The set of weights,
denoted Λ, is a subgroup of E containing Φ.

Definition 1.3.2. The root lattice Λr is the subgroup of Λ generated by Φ. It is the Z−span of
the R−basis ∆.

Definition 1.3.3. For a fixed base ∆ ⊂ Φ, the weight λ ∈ Λ is dominant (resp. strongly
dominant) if 〈λ, α〉 ∈ N0 (resp. ∈ N) for all α ∈ ∆. Denote by Λ+ the set of dominant weights.

Let ∆ = {α1, . . . , αl}. Let λ1, . . . , λl be the dual basis of ∆∨ with respect to the inner product
of E, i.e given by

2(λj , αj)

(αj , αj)
= δij .

Definition 1.3.4. The elements λi ∈ Λ are called the fundamental dominant weights (relative
to ∆).

Since σαiλj = λj − δijαi, if we set mi = (λ, αi), we have

λ =
∑

miλi

As a conclusion, we get

Fact 2. The set Λ is a lattice with basis {λi}li=1 and λ ∈ Λ+ ⇔ mi ≥ 0 for all i.

Fact 3. Each weight is conjugate under W to one and only one dominant weight.

• If λ is dominant, then σλ ≺ λ, ∀σ ∈W.
• If λ is strongly dominant, then σλ = λ only when σ = 1.

Lastly, for λ ∈ Λ+, the number of dominant weights µ ≺ λ is finite.

Definition 1.3.5. A subset Π of Λ is saturated if for all λ ∈ Π, α ∈ Φ, and i ∈ {0, . . . , 〈λ, α〉,
the weight λ− iα also lies in Π.

Definition 1.3.6. A saturated set Π has highest weight λ ∈ Λ+ if λ ∈ Π and µ ≺ λ for all µ ∈ Π.

Example 1.3.1. The set Φ of all roots of a semisimple algebra, along with 0, is saturated.

Fact 4. A saturated set of weights having highest weight must be finite. For a saturated set Π with
highest weight λ, the following is true: if µ ∈ Λ+ and µ ≺ λ, then µ ∈ Π

1.4. Lie group and Lie algebra correspondence.

Definition 1.4.1. A Lie group is a topological group with a structure of a smooth manifold such
that multiplication and inversion are smooth maps.

For a closed linear group G, define

g = {c′(0) : c : R→ G is a curve with c(0) = 1 that is smooth as function into End(V )}.
The algebra g is closed under addition, scaling, and for all g ∈ G, it is closed under

Ad(g) : g→ g

X 7→ gXg−1

Consequently, g is also closed under [X,Y ] = XY − Y X.

4in fact, it suffices to check on simple roots α ∈ ∆.
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Definition 1.4.2. The algebra g defined above is the Lie algebra of G. Equivalently,

g := {X ∈ gl(n,C) : etX ∈ G for all real t}.

Conversely, we have

Theorem 1.4.3. Let g ⊆ gl(C). Let G be the topological closure of the subgroup in GLn(C)
generated by the matrices eA, A ∈ g. Then G is a Lie group with Lie algebra g.

The exponential function has derivative 1 at zero. Therefore, by the inverse function theorem

Theorem 1.4.4. The map

exp : g −→ G

X 7→ exp(X)

is a local diffeomorphism from some neighborhood of 0 in g to a neighborhood of 1 in G.

More precisely, we have

Theorem 1.4.5 (Baker-Campbell-Hausdorff formula). Let g ⊆ gl(k), where char k = 0. Then

exp(X) exp(Y ) = exp
(
X + Y +

1

2
[XY ] +

1

12
[[XY ]X] +

1

12
[[XY ]Y ] + · · ·

)
.

Note that Theorem 1.4.4 implies that g recovers G only locally. There is a salvation; namely

Theorem 1.4.6. For any finite-dimensional real Lie algebra g, there exists a unique connected

simply-connected Lie group G̃ with Lie algebra g. If G is any other connected Lie group with Lie
algebra g, then

G ' G̃/H,
where H ' π1(G) is a discrete subgroup of the center of G̃.

This reduces the classification of Lie groups to the simpler task of classifying Lie algebras

{connected Lie groups G} ←→ {discrete subroups of Z(G̃)}
G 7−→ π1(G)

G̃/H ←− [ H
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2. Basic results about Lie algebras

2.1. General.

Proposition 2.1.1. Let g be a Lie algebra. Then

• If g is solvable/nilpotent, then so are all subalgebras and homomorphic images.
• If aC g is solvable and g/a is solvable, then g is solvable.
• If g/Z(g) is nilpotent, then g is nilpotent.

Theorem 2.1.1. Let g be semisimple. Then

g = a1 ⊕ a2 ⊕ · · · ar,
where ak are simple ideals, and these exhaust all simple ideals of g. Furthermore, every finite-
dimensional representation φ : g→ gl(V ) is completely reducible.

Proposition 2.1.2 (Engel). The Lie algebra g is nilpotent if and only if adx is nilpotent ∀x ∈ g.

Theorem 2.1.2. The Lie algebra g is semisimple if and only if κ(x, y) is nondegenerate.

Theorem 2.1.3. If g is semisimple, then ad(g) = der(g), i.e. every derivation is inner.

Theorem 2.1.4 (Weyl). Let g be semisimple. If φ : g→ gl(V ) is a fin. dim. rep. Then

φ(xs) = semisimple,
φ(xn) = nilpotent.

2.2. Root system.

Proposition 2.2.1. For all α, β ∈ h∗, [gα, gβ] ⊆ gα+β. If x ∈ gα, α 6= 0, then adx is nilpotent. If
α+ β 6= 0, then κ(gα, gβ) = 0.

Lemma 2.2.1. Let α 6= ±β be two roots. If (α, β) > 0, i.e. they form strictly acute angle, then
α− β is also a root.

Using this result one can show that α−string through β is unbroken from β − rα to β + qα. In
fact q − r = 〈β, α〉.

Theorem 2.2.2. Every root system Φ admits a base.

Theorem 2.2.3. Let γ ∈ E be regular. Then the set of all indecomposable elements in Φ+, denoted
∆(γ), is a base of Φ. Furthermore, all base are obtained in this manner.

Remark 2.2.1. Key idea of the proof is the following: any subset of vectors lying on the same side
of a hyperplane forming pairwise obtuse angles is linearly independent.

Recall that W 	 {Weyl chambers} via σ
(
C(γ)

)
= C(σ(γ)). We have

Theorem 2.2.4. Let ∆ be a base of Φ.

(a) If γ ∈ E - regular, then there exists σ ∈W such that (σ(γ), α) > 0, ∀α ∈ ∆.
(b) If ∆′ is another base, then there exists σ ∈W such that σ(∆′) = ∆.
(c) If α ∈ Φ, then there exists σ ∈W such that σ(α) ∈ ∆.
(d) W is generated by σα, (α ∈ ∆).
(e) If σ(∆) = ∆, then σ = id .

Remark 2.2.2. To summarize, W acts simply transitively on bases and Weyl chambers.

Proposition 2.2.2. Let g be semisimple over a field of characteristic zero. Then the CSA’s of g
are precisely the maximal toral algebras of g.
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Definition 2.2.5. The rank of g is the dimension of any Cartan subalgebra.

Proposition 2.2.3. Let φ : g→ g′ be an epimorphism of Lie algebras.

• If h is CSA of g, then φ(h) is a CSA of g′.
• If h′ is CSA of g, κ = φ−1(h′). Then any CSA of κ is also CSA of g.

Theorem 2.2.6. Every two Borel algebras of arbitrary Lie algebra are conjugate.

Theorem 2.2.7. Every two CSA’s of arbitrary Lie algebra are conjugate.

Lemma 2.2.8. The Borel subalgebras of g are in 1−1 correspondence with those of the semisimple
Lie algebra g/Rad(g).

Theorem 2.2.9 (Levi-Malcev). Let g be a finite-dimensional Lie algebra. Then g = Rad(g) ⊕ h
as vector spaces for some (semisimple) Lie algebra h, which is a sum of simple non-abelian.

Definition 2.2.10. The Lie algebra h above is called Levi factor of g.

2.3. Classification of semisimple Lie algebras.

Theorem 2.3.1 (Ado). Every finite dimensional Lie algebra (over any field) is isomorphic to a
Lie subalgebra of gl(R) or gl(C)).

For a semisimple g, any isomorphism Φ→ Φ′ extends to h∗ → h′∗. By semisimplicity this yields
an isomorphism h→ h′.

Theorem 2.3.2. Let (g, h,Φ) and (g′, h,Φ′) be two semisimple Lie algebras. For any isomorphism
Φ→ Φ′, the corresponding isomorphism π : h→ h′ extends to an isomorphism π̃ : g→ g′.

2.3.1. Type Al.
Let dimV = l + 1. The special linear group is given by

sl(l + 1, F ) = {x ∈ gl(V ) : Tr(x) = 0}.

2.3.2. Type Bl.
Let dimV = 2l + 1. The orthogonal algebra is given by

o(n) = {X ∈ gl(V ) : X +X∗ = 0}

2.3.3. Type Cl.
Let dimV = 2l. The symplectic algebra is given by

sp(l, F ) = {x ∈ gl(V ) : xTJ + Jx = 0},

where J =

[
0 −1
−1 0

]
.

2.3.4. Type Dl.
Let dimV = 2l. The orthogonal algebra is given by

o(n) = {X ∈ gl(V ) : X +X∗ = 0}
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3. Highest weight modules

3.1. Universal enveloping algebra.

Definition 3.1.1. The universal enveloping algebra of g is a pair (U, i), where U is unital
associative algebra over F , and i : g→ U is a linear map satisfying

i([xy]) = i(x)i(y)− i(y)i(x), ∀x, y ∈ g,

and for any other pair (U′, i′), there is unique ϕ : U′ → U such that ϕ ◦ i = i′.

Standard construction is as follows. Fix finite dimensional vector space V over F . Set TnV =
{v1 ⊗ · · · ⊗ vn : vi ∈ V }. Let I(V ) = ⊕∞n=0T

nV . Then

U(g) = I(g)/{x⊗ y − y ⊗ x− [xy] : x, y ∈ g}
gives an example of a universal enveloping algebra.

Denote by π : I(g) → U(g) the canonical map. The filtration of I(g) is given by Tm = T 0 ⊕
T 1 ⊕ . . . Tm. Set π(Tm) = Um, and Gm = Um/Um−1. Let G = ⊕n≥0U

n. The induced maps
Tm → Um → Gm yields a map

π̃ : I→ G,

which factors through Sym(g).

Theorem 3.1.2 (Poincare-Birkhoff-Witt). The homomorphism

π̃ : Sym(g)→ G

is an algebra isomorphism.

Corollary 3.1.1. The canonical map i : L→ U(g) is injective.

Corollary 3.1.2. Let v1, . . . , vn be any ordered basis of g. Then

wσ(1) . . . wσ(m) = π(vσ(1) ⊕ · · · ⊕ vσ(m)), m ∈ N,
along with 1, form a basis of U(g).

3.2. Weights and maximal vectors.
Let g be a semisimple Lie algebra over algebraically closed field F of characteristic 0, h a fixed
Cartan subalgebra, Φ the root system, ∆ = {α1, · · · , αl} a base of Φ, W the Weyl group.

Let V be a finite-dimensional g-module. Then h acts diagonally on V . Thus

V =
⊕
λ∈h∗

Vλ,

where Vλ := {v ∈ V : hv = λ(h)v, ∀h ∈ h}. Recall that gα := {x ∈ g : [hx] = α(h)x, ∀h ∈ h}.
Note gα · Vλ ⊆ Vλ+α, α ∈ Φ.

Definition 3.2.1. A maximal vector of weight λ in an g-module V is nonzero v+ ∈ V killed by
all gα for α ∈ ∆ (i.e. by all positive roots).

If dimV < ∞, such a maximal vector necessarily exists by Lie’s theorem applied to the Borel
subalgebra B(∆) = H

⊕
⊕α>0Lα.
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4. Compact Lie groups

Theorem 4.0.1. Let G be a compact Lie group, and g its Lie algebra. Then the real vector space
g admits inner product (·, ·) such that

(ad(g)u, ad(g)v) = (u, v).

Proposition 4.0.1 (Schur’s lemma). Suppose Φ and Φ′ are irreducible representations of G on
finite dimensional spaces V and V ′. If T : V → V ′ is an intertwiner, then either g is isomorphisms
or g = 0.

Proposition 4.0.2 (Schur orthogonality relations).

(1) Let Φ and Φ′ be two inequivalent irreducible representations of finite dimensional spaces
with corresponding Hermitian inner products denoted by (·, ·). Then∫

G
(Φ(x)u, v)(Φ′(x)u′, v′)dx = 0.

(2) Let Φ be an irreducible representation of a finite dimensional space V with corresponding
Hermitian inner products denoted by (·, ·). Then∫

G
(Φ(x)u, v)(Φ(x)u′, v′)dx =

(u, u′)(v, v′)

dimV
.

4.1. Peter-Weyl theorem.
We now look at a generalization of Fourier’s theorem, which says that there is an isometry

L2(R/Z, dx) ∼=
⊕̂

k
e2πikx. (1)

(Here
⊕̂

means taking direct sum of the subspaces first, and then taking the completion.) From
the perspective of Lie theory, the summands e2πikx are 1× 1 irreducible representations of G.

Definition 4.1.1. Let G be a topological group. Let Φ : G → GL(V ) be unitary representation.
Then a matrix coefficient is any function of the form

x 7−→ (Φ(x)u, v), u, v ∈ V.
Equivalently, these are functions of the form

φ`,v(g) := `(g · v), v ∈ V, ` ∈ V ∗.
Theorem 4.1.2 (Peter-Weyl theorem).

(1) If G is a compact group, then the linear span of all matrix coefficients for all finite-
dimensional irreducible unitary representations of G is dense in Lp(G), 1 ≤ p <∞ and in
C(K).

(2) Any irreducible unitary representation is finite dimensional.
(3) If ρ is an unitary representation ρ of a compact group G on a complex Hilbert space H,

then H splits into an orthogonal direct sum of irreducible finite-dimensional unitary repre-
sentations of G.

(4) (in line with (1)) If V ranges over all irreducible complex representations of G, then

L2(G,µHaar) =
⊕̂

V
(V ∗ ⊗ V, (A,B) := (trA∗B)/ dimV )

where V ∗ ⊗ V are the matrix elements.

Corollary 4.1.1. Any compact Lie group G has a one-to-one finite dimensional representation
and hence is isomorphic to a closed linear group.
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4.2. Maximal tori.

Definition 4.2.1. A Lie group T is a torus if it is a product of circle groups.

Proposition 4.2.1.

(1) An analytic group is abelian if and only if its Lie algebra is abelian.
(2) Any abelian analytic group G is of the form G = Rl × T k.
(3) Every compact abelian analytic group is a torus.

Theorem 4.2.2. If G is a compact connected Lie group and T is a maximal torus, then each
element of G is a a conjugate to T .

Remark 4.2.1. For G = U(n) and T -diagonal subgroups, we recover that every unitary element
is conjugate to a diagonal matrix via unitary matrix, i.e. the Spectral theorem.

Proposition 4.2.2. The maximal tori in G are exactly the analytic subgroups corresponding to the
maximal abelian subalgebras.

Corollary 4.2.1. Let G be a compact connected Lie group. Then

G =
⋃

T−max torus

T and ZG ⊆
⋂

T−max torus

T

Corollary 4.2.2. For any compact connected Lie group G, the exponential map exp : g → G is
onto.

Proof. The exponential map is onto for each maximal torus, and so the claim follows from Corol-
lary 4.2.1. �

4.3. Symmetric spaces.
Let G be a compact Lie group, and H a Lie subgroup. We have

L2(G/H) =
⊕

irreps V

V ∗ ⊗ V H .

What do we know about V H?

Definition 4.3.1. Let X be a compact (for simplicity) Riemannian manifold. It is X symmetric
if for every point x ∈ X, there exists an isometry sx which fixes x and acts by −1 on TxX.

Proposition 4.3.1. If X is symmetric, then X = Isom(X)/Stabx.

Proposition 4.3.2. For any x ∈ X, we have Gs ⊃ Stabx ⊃ (Gs)0, where Gs is the set of fixed
points under sx.

Let G be a compact Lie group with an involution s : G → G. Then Gs, the collection of fixed
points of s, may not be connected, but we can choose a subgroup H such that Gs ⊃ H ⊃ (Gs)0.
Then s descends to X = G/H, and the identity 1 is an isolated fixed point. Hence,

Proposition 4.3.3. Any symmetric spaces X is of the form X = G/H for compact Lie group G
and a subgroup H such that Gs ⊃ H ⊃ (Gs)0 where s2 = 1 is an involution.

Theorem 4.3.2 (Gelfand lemma). If X = G/H is a symmetric space, then dimV H ≤ 1 for any
irrreducible representation V .

Corollary 4.3.1. L2(X) =
⊕̂

dimV H=1V .

Corollary 4.3.2. G-invariant operators (of any nature) in L2(X) commute.
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4.4. Compact Lie algebras.

Definition 4.4.1. We set Int g to be the analytic subgroup of AutR(g) with Lie algebra ad(g).

Definition 4.4.2. A Lie algebra g is said to be compact if the group Int g is compact.

Proposition 4.4.1. The compact group of a compact Lie group is compact.

Proposition 4.4.2. If G is a compact Lie group with Lie algebra g, then the Killing form of g is
negative semidefinite. Conversely, if the Killing form a real Lie algebra is g is negative definite,
ten g is compact Lie algebra.

Remark 4.4.1. Note that for the purposes of the theory of root systems it is enough to substitute
the Killing form B with any nondegenerate invariant symmetric bilinear form that yields a positive-
definite form on the real subspace of the Cartan subalgebra, where the root are real valued.

4.5. Weyl’s theorem.

Theorem 4.5.1 (Weyl’s theorem). If G is a compact semisimple Lie group, then the fundamental

group of G is finite. In particular, the universal covering group G̃ is compact.
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5. Semisimple Lie groups

5.1. Semisimple Lie algebras.

Proposition 5.1.1. A semisimple Lie group G whose Lie algebra g is complex admits uniquely a
structure of a complex Lie group such that the exponential mapping is holomorphic.

Proposition 5.1.2. A complex semisimple Lie groups necessarily has finite center. Suppose K and
K ′ are the compact subgroups fixed by the global Cartan involution. Any homomorphism K → K ′

extends to holomorphic homomorphism G→ G′. Furthermore, if the former is an isomorphism, so
is the latter.

Corollary 5.1.1. If G is a complex semisimple Lie group, the G is holomorphically isomorphic to
a complex Lie group of matrices.

5.1.1. Real forms and decompositions.

Definition 5.1.1. A real Lie algebra g0 is a real form of a complex Lie algebra g if g = g0 ⊗ C.

Let g be a complex semisimple algebra, h a Cartan subagebra, and ∆ the set of roots. Then set

h0 = {H ∈ h : α(H) ∈ R, ∀α ∈ ∆},

and put

g0 = h0 ⊕
⊕
α∈∆

RXα,

where Xα ∈ gα.

Proposition 5.1.3. There exist a choice of Xα such that g0 is a real form of g.

Remark 5.1.1. Forms of this type are called split real forms.

Theorem 5.1.2. If g is a complex semisimple algebra, then g has a compact real form u0.

Definition 5.1.3. An involution θ of a real semisimple Lie algebra g0 such that the symmetric
bilinear form

Bθ(X,Y ) = −B(X, θY )

is positive definite is called Cartan involution.

Proposition 5.1.4. Every complex semisimple Lie algebra g viewed as a real Lie algebra gR admits
a Cartan involution. It’s given by a conjugation of g with respect to u0.

Corollary 5.1.2. Let g0 be a real semisimple Lie algebra. Then it admits Cartan involution. Any
two Cartan involutions are conjugate via Int(g0).

Given a Cartan involution θ on g0, we obtain a Cartan decomposition

g0 = k0 ⊕ p0

into +1 and −1 eigenspaces, whose brackets satisfy

[k0, k0] ⊆ k0, [k0, p0] ⊆ p0, [p0, p0] ⊆ k0.
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5.2. Parabolic subalgebras.
Let g be a complex semisimple Lie algebra, h be a Cartan subalgebra, i.e. maximal self-normalizing
nilpotent subalgebra, and ∆ = ∆(g, h).

Definition 5.2.1. A Borel subalgebra of g is a subalgebra b = h ⊕ n, where n = ⊕α∈∆+gα for
some positive system.

Definition 5.2.2. Any subalgebra q of g containing a Borel subalgebra is called a parabolic sub-
algebra of g.

It’s not hard to show that such q is necessarily of the form

q = h⊕
⊕
α∈Γ

gα,

where Γ is a subset of ∆(g, h) containing ∆+(g, h). The extreme cases are

(i) q = b with Γ = ∆+(g, h),
(ii) q = g with Γ = ∆(g, h).

Fix a subset Π′ of the set Π of simple roots and let

Γ = ∆+(g, h) ∩ {α ∈ ∆(g, h) : α ∈ span(Π′)}.

Proposition 5.2.1. Every parabolic subalgebra q is of the form

q = h⊕
⊕
α∈Γ

gα,

for some Γ as above.

Define

l = h⊕
⊕

α∈Γ∩−Γ

gα and u =
⊕

α∈Γ, α 6∈−Γ

gα

so that

q = l⊕ u.

Definition 5.2.3. In the decomposition of q = l⊕ u, the algebra the l is called Levi factor and u
is the nilpotent radical.

Theorem 5.2.4. Let g be a complex semisimple Lie algebra, h be a Cartan subalgebra, ∆+(g, h)
positive system for the set of roots, and n as in (5.2.1). Let q = l ⊕ u be a parabolic subalgebra
containing the Borel subalgebra b = h⊕ n.

(a) If V is a finite-dimensional irreducible representation of g, then V u is a finite-dimensional
irreducible representation of l.

(b) If two irreducible finite dimensional g-representation V1 and V2 are such that V u
1 and V u

2 are
isomorphic as l-representation, then they are isomorphic as g-representations.

5.3. Semisimple Lie groups.

Definition 5.3.1. A Lie group G is semisimple if it is connected and its Lie algebra is semisimple.

Remark 5.3.1. Similarly, solvable and nilpotent Lie groups are these connected Lie groups,
whose Lie algebra are solvable and nilpotent, respectively. Note that these are forced to be connected
by definition. In contrast, the reductive groups will be allowed to have (moderate) disconnectedness.
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5.3.1. Cartan decomposition on Lie groups.

Theorem 5.3.2. Let G be a semisimple Lie group, θ a Cartan involution of its Lie algebra g0,
g0 = k0⊕ p0 the corresponding Cartan Lie algebra decomposition, and K an analytic subgroup of G
with Lie algebra k0. Then

(1) there exists an involution Θ of G with differential θ. (global Cartan involution)
(2) the subgroup of G fixed by Θ is K.
(3) the map

K × p0 → G

(k,X) 7→ k exp(X)

is a diffeomorphism onto.
(4) K is closed and contains Z(G).
(5) K is compact if and only if Z(G) is finite. In such case, it is a maximal compact.

5.3.2. Iwasawa decomposition.
Let G be a semisimple group and g0 = k0 ⊕ p0 be the Cartan decomposition relative the Cartan
involution θ. Since p0 is finite dimensional, it contains a maximal abelian subspace a0. Hence

p0 = a0 ⊕ n0,

where n0 can be shown to be nilpotent.

Proposition 5.3.1 (Iwasawa decomposition). With above notation, we have g0 = k0⊕a0⊕n0 with
a0-abelian, n0-nilpotent, and a0 ⊕ n0 a solvable Lie algebra, and [a0 ⊕ n0, a0 ⊕ n0] = n0.

Theorem 5.3.3 (Iwasawa decomposition). Let G be a semisimple Lie algebra. Let g0 = k0⊕a0⊕n0

be the Iwasawa decomposition of its Lie algebra. Let A and N be the analytic subgroups of G with
Lie algebras a0 and n0. Then

K ×A×N → G

(k, a, n) 7→ kan

is a diffeomorphism onto. The group A and N are simply connected.

Theorem 5.3.4 (Cartan-Helgason). Let G be a real semisimple Lie group with a maximal compact
subgroup K, and a minimal parabolic Q = MAN . Then a finite-dimensional irreducible representa-
tion (ρ, V ) of G has a K-fixed vector if and only if it has an MN -fixed vector5. Such representations
are called spherical.

5which is then a highest weight vector v+ of ρ.
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6. Reductive Lie groups

6.1. Reductive Lie algebras.

Theorem 6.1.1. Any of the following are equivalent conditions for g to be reductive.

(1) Rad(g) = Z(g),
(2) for each ideal a there corresponds an ideal b such that a⊕ b = g.
(3) g = [g, g]⊕ Z(g) with [g, g]-semisimple.
(4) The adjoint representation of g is completely reducible.
(5) g = s⊕ a for a semisimple Lie algebra s and an abelian Lie algebra a.

Proposition 6.1.1. Let g be a real Lie algebra of matrices over R or C. If g is closed under the
operation of conjugate transpose, then g is reductive.

6.2. Definition of reductive Lie group.

Definition 6.2.1. A reductive Lie group is actually a 4-tuple (G,K, θ,B), where

• G is a Lie group;
• K compact subgroup of G; (maximal compact subgroup)
• a Lie algebra involution θ of g0; (Cartan involution)
• nondegenerate Ad(G) invariant, θ invariant, bilinear form B on g0. (invariant bilinear

form)

are such that

(i) g0 is reductive Lie algebra,
(ii) the decomposition of g0 into +1 and −1 eigenspaces under θ is g0 = k0 ⊕ p0, where k0 is the

Lie algebra of K,
(iii) k0 and p0 are orthogonal under B, and B is positive definite on p0 and negative definite on k0,
(iv) multiplication K × exp(p0)→ G is diffeomorphism onto, (global Cartan decomposition)
(v) every automorphism Ad(g) of g = (g0)C is inner.

Harish-Chandra also adds the assumption

vi) Gss has finite center.6

Example 6.2.1.

(1) Any semisimple Lie group with finite center.
(2) Any connected closed linear group G of real or complex matrices closed under conjugate trans-

pose inverse. Then θ(A) = − tA.

Here is a result justifying some of the names of the components.

Proposition 6.2.1. Let G be a reductive group. Then

(a) K is maximal compact,
(b) K meets every component of G, hence G = KG0,
(c) the identity component G0 is also a reductive Lie group,
(d) ZG is a reductive Lie group.

Proposition 6.2.2 (Global Cartan involution). If G is a reductive group, then the function

Θ : G→ G

k exp(X) 7→ k exp(−X)

is an automorphism of G with differential θ.

6Gss is the analytic subgroup of G with Lie algebra [g0, g0].
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Let G be reductive. Then ◦G := KGss is a subgroup of G. The vector space p0∩Zg0 is an abelian
subspace of g0, and so

Zvec = exp
(
p0 ∩ Zg0

)
is an analytic subgroup of G.

Definition 6.2.2. The closed subgroup Zvec is called the split component of G.

6.2.1. Iwasawa and Cartan decompositions.
Let G be a reductive with Lie algebra g0 = Zg0 ⊕ [g0, g0]. Let a0 be a maximal abelian subspace
of p0. It certainly contains p0 ∩ Zg0 . Hence,

a0 = p0 ∩ Zg0 ⊕
(
a0 ∩ [g0, g0]

)
.

Proposition 6.2.3. Let G be a reductive Lie group. If a0 and a′0 are two maximal abelian subspaces
of p0, then Ad(k)a′0 = a0 for some k ∈ K ∩Gss. Hence,

p0 =
⋃
Kss

Ad(k)a0.

Since (adX)∗ = − ad θX, the set {adH : H ∈ a0} is a commuting family of self-adjoint trans-
formations. Hence, we have decomposition

g0 = (g0)0 ⊕
⊕
λ∈Σ

(g0)λ, (2)

where (g0)λ = {X ∈ g0 : (adH)X = λ(H)X, ∀H ∈ a0}.

Definition 6.2.3. If (g0)λ 6= 0, then λ is restricted root of g0, or root of (g0, a0). The restricted
root space is denoted by Σ.

Remark 6.2.1. Note that θ
(

(g0)λ

)
= (g0)−λ and (g0)0 = a0 ⊕ Zk(a0).

Fix a notion of positivity for a∗0, and let Σ+ be the positive roots. Set

n =
⊕
λ∈Σ+

(g0)λ.

In a similar fashion to the semisimple case (cf. Proposition 5.3.1), we have

g0 = k0 ⊕ a0 ⊕ n0.

Theorem 6.2.4 (Iwasawa decomposition). Let G be a reductive Lie algebra. Let g0 = k0⊕ a0⊕ n0

be the Iwasawa decomposition of its Lie algebra. Let A and N be the analytic subgroups of G with
Lie algebras a0 and n0. Then

K ×A×N → G

(k, a, n) 7→ kan

is a diffeomorphism onto. The group A and N are simply connected.

Definition 6.2.5. The normalizer of H in G is

{x ∈ G : Ad(x)(h) = xhx−1 ∈ h, ∀h ∈ H}.
The centralizer of T in K is

{x ∈ G : Ad(x)(h) = xhx−1 = t, ∀h ∈ H}.

Set M := ZK(a0). It is compact as closed subgroup of K and it has Lie algebra Zk0(a0).
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Definition 6.2.6. The Weyl group W (Σ) of Σ is the group generated by reflections in the restricted
roots. We also have the equality

W (Σ) = NK(a0)/ZK(a0) =: W (G,A).

Proposition 6.2.4. If G is reductive, then M meets every component of K, hence every component
of G.

6.3. Decompositions.

6.3.1. KAK decomposition.

Theorem 6.3.1 (KAK decomposition). Every element g ∈ G may be written as

g = k1ak2, k1, k2 ∈ K, a ∈ A.
The element a is unique up to conjugation by W (G,A).

6.3.2. Bruhat decomposition.
Recall that M := ZK(a0) is a compact, and from the Iwasawa decomposition we have that M×A×
N →MAN is a diffeomorphism onto. We will describe the double coset space MAN\G/MAN.

Theorem 6.3.2 (Bruhat decomposition). The double cosets of MAN\G/MAN are parametrized
by W (G,A). Each coset is represented by

(MAN) ω̃ (MAN),

where ω̃ ∈ NK(a0) is any representative of ω ∈W (G,A).

6.4. The structure of M = ZK(a0).

Proposition 6.4.1. The Lie group M is reductive.

Fix a maximal abelian subspace t0 of m0.

Proposition 6.4.2. Every component of M contains a member of M that centralizes t0, so that
M = ZM (t0)M0.

Proposition 6.4.3. The subgroup ZG(t0) of G is reductive with Lie algebra Zg0(t0).

We assume for the rest of this chapter that G is connected.

Definition 6.4.1. The semisimple subgroup ZG(t0)ss whose Lie algebra is [Zg0(t0), Zg0(t0)] is called
the associated split semisimple subgroup.7 We denote it by Gsplit.

Let Ksplit and Asplit be the analytic subgroups with Lie algebras given by the intersections of k0
and a0 with [Zg0(t0), Zg0(t0)]. Then set F = Msplit be the centralizer of Asplit in Ksplit.

Lemma 6.4.2. The subgroup F normalizes M0, and M = FM0.

Definition 6.4.3. A semisimple group G has complexification GC if GC is a connected Lie group
with Lie algebra g such that G is the analytic subgroup corresponding to the real form g0 of g.

Theorem 6.4.4. Suppose that the reductive group G is semisimple and has a complexification GC.
Then

(a) F = Ksplit ∩ exp(ia0),
(b) F ⊆ Z(M) and M is the commuting product M = FM0,
(c) F is finite abelian, and every element 1 6= f ∈ F has order 2.

7the ”split” part comes from the fact that its Lie algebra is a split real form.
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6.5. Parabolic Subgroups.

Definition 6.5.1. A minimal parabolic subalgebra of g0 is any subalgebra of g0 that is conjugate
to qp,0 = mp,0 ⊕ ap,0 ⊕ np,0 via Ad(G) (or, equivalently by the Iwasawa decomposition, via Ad(K)).

Definition 6.5.2. A parabolic subalgebra of g0 is a Lie subalgebra containing some minimal
parabolic subalgebra.

Idea. Each parabolic subgroup Q of a reductive group G will have a ”Langlands decomposition”
Q = MAN. A lot of arguments for reductive groups will be follow by induction on dimensions
of the group. To this end, it’s convenient to reduce a statement about G to that for M of some
parabolic subgroup.

In this section we shall add a subscript p to all subgroups just to indicate that we are in pursuit
of parabolic subgroups.

Let Π be the set of restricted roots, fix a subset Π′ ⊆ Π, and let

Γ = Σ+ ∪ {β ∈ Σ : α ∈ span(Π′)}.

Proposition 6.5.1. Every parabolic subalgebra q0 is of the form

q0 = ap,0 ⊕mp,0 ⊕
⊕
β∈Γ

(g0)β,

for some Γ as above.

Introduce

a0 =
⋂

β∈Γ∩Γ

kerβ ⊆ ap,0,

m0 = a⊥0 ⊕mp,0 ⊕
⊕
β∈Γ∩Γ

(g0)β,

n0 =
⊕

β∈Γ, β 6∈Γ

(g0)β.

(3)

Definition 6.5.3. The decomposition

q0 = m0 ⊕ a0 ⊕ n0

is called the Langlands decomposition of q0.

Let A and N be the analytic subgroups of G with Lie algebras a0 and n0, and let M = ◦ZG(a0).8

Proposition 6.5.2.

(a) MA = ZG(a0) is reductive, M = ◦(MA) is reductive, and A is Zvec for MA,
(b) M has Lie algebra m0,
(c) G = KQ.

Theorem 6.5.4. The subgroups M,A, and N satisfy

(i) MA normalizes N , so that Q = MAN is a group,
(ii) Q = NG(q = m0 ⊕ a0 ⊕ n0), and hence Q is a closed group,

(iii) Q has Lie algebra q = m0 ⊕ a0 ⊕ n0,
(iv) M ×A×N → Q is a diffeomorphism.

8Recall that ◦G := KGss, where K is the maximal compact.



20 STANISLAV ATANASOV

Definition 6.5.5. The group Q = MAN is said to be the parabolic group corresponding to
the parabolic subalgebra q0 = m0 ⊕ a0 ⊕ n0. The unique decomposition Q = MAN is called the
Langlands decomposition.

Definition 6.5.6. A parabolic subalgebra q0 of g0 and the corresponding group Q = MAN are
cuspidal if m0 has a θ-stable compact Cartan subalgebra.

Idea (Parabolic induction). Let G be a reductive algebraic group and P = MAN is the Langlands
decomposition of a parabolic subgroup P , then parabolic induction consists of taking a representation
of MA, extending it to P by letting N act trivially, and inducing the result from P to G.

Example 6.5.1. If G = GL(n), the standard Borel subgroup B is the group of upper triangular
matrices. For λ1, . . . , λr with

∑
λi = n, we have a standard parabolic subgroup Pλ consisting of all

matrices of the form 
A1 ∗ · · · ∗
0 A2 ∗
...

. . .
...

0 0 · · · Ar

 ,

where Ai is a nonsingular λi × λi block matrix.
For GL(2) the only parabolic subgroup is the Borel subgroup. Let F be a local field and let χ1, χ2

be two quasicharacters of F×. We may define the quasicharacter

χ

(
y1 0
0 y2

)
= χ1(y1)χ2(y2),

and extend it to the parabolic P (F ) (or, equivalently in this case, Borel B(F )) subgroup by

χ

(
y1 ∗
0 y2

)
= χ1(y1)χ2(y2).

The induced representation Ind
GL(2)
P χ, when irreducible, is called principal series.
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7. Functional analysis on Lie groups

Since left translation on G commutes with right translation, dl(∗ · t) is a left Haar measure for
any t ∈ G.

Definition 7.0.1. The modular function ∆G : G→ R+ of G is given by

dl(∗ · t) = ∆G(t)−1dl(∗).

Proposition 7.0.1. If G is a Lie group, then the modular function for G is given by

∆G(t) = |det Ad(t)|.

Definition 7.0.2. A group G is unimodular if every left Haar measure is also a right Haar
measure, i.e. ∆G(t) = 1, ∀t ∈ G.

Proposition 7.0.2. The following types of Lie groups are always unimodular

(1) abelian;
(2) compact;
(3) semisimple;
(4) reductive;
(5) nilpotent.

7.1. Decomposition of the Haar measure.

Theorem 7.1.1. Let G be a Lie group, and S and T be closed subgroups such that S∩T is compact,
S×T → G is open map, and ST exhausts G possibly except for a set of Haar measure 0. Then the
left Haar measures on G,S, and T can be normalized so that∫

G
f(x) dlx =

∫
S×T

f(st)
∆T (t)

∆G(t)
dls dlt.

Theorem 7.1.2. Let G be a Lie group, and H be a closed subgroup. The G/H admits a nonzero
G−invariant Borel measure dµ(gH) if and only if ∆G

∣∣
H

= ∆H . In this case, we may normalize
this measure such that ∫

G
f(g) dlg =

∫
G/H

[ ∫
H
f(gh) dlh

]
dµ(gH).

for all continuous functions with compact support f ∈ Ccpct(G).

7.2. Reductive groups and parabolic subgroups.
Since G is unimodular, we will be interested in computing the modular functions for parabolic
subgroups Q = MAN . By Proposition 7.0.1, we need to compute

∆MAN (man) = |det Adm+a+n(man)|.

Since M is compact ∆MAN (m) = 1. The element a acts as 1 on m and a, so det Adm+a+n(a) =
det Adn(a). On gλ, a acts by eλ log a, and so

Adm+a+n(a) = det Adn(a) = e2ρA log a,

where ρA =
∑

λ∈Σ+ λ is the sum of the positive roots with respect to a counted with multiplicities.
Lastly, n is nilpotent, so ∆MAN (n) = 1. Thus,

∆MAN (man) = | det Adm+a+n(man)| = e2ρA log a.
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Hence, we obtain

dl(man) =
∆N (n)

∆MAN (n)
dl(ma) dln = dm da dn,

dr(man) = e2ρA log a dm da dn.

Proposition 7.2.1. If G = KApNp is the Iwasawa decomposition of the reductive group G, then
we can normalize the Haar measures so that

dx = dk dr(an) = e2ρA log adk da dn.

If, instead, we pick the Iwasawa decomposition G = ApNpK, then

dx = dl(an) dk = da dn dk.

Proposition 7.2.2. If G is reductive and MAN is parabolic (so that G = KMAN), then we can
normalize the Haar measures so that

dx = dk dr(man) = e2ρA log adk dm da dn.

7.3. Weyl integration formula.

Theorem 7.3.1 (Weyl Integration Formula). Let T be a maximal torus of the compact connected
Lie group G, and let the invariant measures on G, T and G/T be normalized so that∫

G
f(x) dx =

∫
G/T

[ ∫
T
f(xt) dt

]
d(Xt)

for all continuous f on G. Then every Borel function F ≥ 0 on G satisfies∫
G
F (X) dx =

1

|W (G,T )|
=

∫
G/T

[ ∫
T
F (gtg−1) d(gT )

]
|D(t)|2 dt,

where
|D(T )|2 =

∏
α∈∆+

|1− ξα(t−1)|2

Here ξα(t) is the multiplicative character such that

Ad(t)X = ξα(t)X, ∀t ∈ T, X ∈ gα.

on the 1−dimensional subspace gα.
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8. Linear algebraic groups and their representation theory

The exposition of this chapter borrows heavily from [3].
Fix a field k. Then a group scheme over k consists of a group scheme G/k together with maps

m : G×k G→ G,

e : Spec(k)→ G,

i : G→ G

forming a group object in the category of schemes. In terms of functor of points viewpoint, we can
phrase these in the following form.

Definition 8.0.1. A group scheme over k is a functor F :
(

Sh /k
)op → Grp such that compo-

sition of F with the forgetful functor Grp → Set is representable, i.e. is naturally isomorphic to
Homk(−, G) for some scheme G over k.

Definition 8.0.2. An isogeny is a surjective homomorphism of algebraic groups G → G′ with
finite kernel.

Example 8.0.1.

(1) The additive group Ga is defined to be SpecOS [t] with the group structure given by m∗ : t 7→
1⊗ t+ t⊗ 1, s∗(t) = −t and e∗(t) = 0. Alternatively, the group structure can be described
as Ga(T ) = Γ(T,OT ) with usual addition for any S-scheme T .

(2) The multiplicative group Gm is defined to be SpecOS [t, t−1] with the group structure given
by m∗(t) = t⊗ t, s∗(t) = t−1, e∗(t) = 1. Alternatively, the group structure can be described
as Gm(T ) = Γ(T,O×T ) with usual multiplication for any S-scheme T .

(3) The multiplication-by-n map n : Gm → Gm is defined to be n(T ) : Gm(T ) → Gm(T ),
n∗(t) = tn. The kernel µn = kern is a closed group subscheme and µn(T ) = {f ∈ Γ(T,O×T ) :
fn = 1} for any S-scheme T .

(4) Let X be an S-scheme. The the Picard functor PicX/S : Sch/S → Grp, sending T to the
isomorphism classes of line bundles on XT modulo the isomorphism classes of line bundles
on T , is a group functor. Moreover, if PicX/S is representable, then the corresponding
scheme is called the Picard scheme of X/S.

8.1. Linear algebraic groups.

Theorem 8.1.1 (Chevalley). Let k be a perfect field, and G/k finite type group scheme. Then
there is (essentially unique) decomposition

1→ H → G→ A→ 1

in the category of group schemes, where H is linear algebraic, and A is an abelian variety.

Definition 8.1.2. An algebraic group G/k is said to be connected if it has no proper open sub-
group. Equivalently, if Γ(G,OG) has only idempotents 0 and 1.9

Theorem 8.1.3. A group scheme G/k is connected if and only if Gk is irreducible.

Definition 8.1.4. A group scheme G/k is linear algebraic group if G/k is of finite type and
affine.

The name is justified by the following.

9Note that whether or not the group is connected depends only on the underlying algebraic variety, and not on
the group structure.
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Theorem 8.1.5. Let G/k be a group scheme. Then G/k is linear algebraic group if and only if
G ↪−→ GLn for some n.

Regarding the smoothness of a linear algebraic group, we have

Theorem 8.1.6. Let G/k be linear algebraic group. Then

G is smooth ⇐⇒ G is geometrically reduced.

Thus

• if k is perfect, then G is smooth if and only if reduced.
• char k = 0, then G/k is automatically smooth.

8.2. Reductive and semisimple groups.

Idea. Reductive groups are the ones with well-behaved representation theory! Alternatively, there
are groups with no parts having worst representation theory.

Definition 8.2.1. A linear algebraic group G/k is unipotent if any of the following equivalent
conditions hold.

(i) It admits an embedding to Un ⊆ GLn of unipotent matrices.
(ii) All representations have fixed points. In other words, U has no nontrivial simple representa-

tion.
(iii) It admits a decomposition

{1} = U0 ⊆ U1 ⊆ · · · ⊆ Un = U

with Ui normal in Ui+1 and Ui+1/Ui isomorphic to a subgroup of Ga.

Example 8.2.1.

(1) Un for any n.
(2) Gm

a for any m.

Definition 8.2.2. The unipotent radical of a linear algebraic group G/k, denoted Ru(G), is the
largest connected, smooth, normal, unipotent subgroup of G.

Proposition 8.2.1. The unipotent radical Ru(G) exists and Ru(G)L = Ru(GL) for any separable
extension L/k.

In light of condition ii) of Definition 8.2.1, we introduce

Definition 8.2.3. A linear algebraic group G/k is said to be reductive if Ru(Gk) = {1}.
Remark 8.2.1. For perfect fields k, we don’t need to pass to algebraic closure by Proposition 8.2.1.

Theorem 8.2.4. A linear algebraic group G/k with char k = 0 is reductive if and only if Rep(G)
is semisimple.

Definition 8.2.5. A group scheme T/k is a torus if Tk ' Gr
m for some r. It is split if Tk ' Gr

m

over the ground field k.

Definition 8.2.6. A reductive group G/k is said to be

• split if it has a maximal torus that is split over k.
• quasisplit if it has a Borel group defined over k.

Theorem 8.2.7. Let G/k be a connected smooth commutative linear algebraic group. Then G '
U ×k T, where U is unipotent and T is a torus. Hence, a torus is a connected, smooth, reductive,
and commutative linear algebraic group.
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Definition 8.2.8 (Cartan involution). Let G/R be a linear algebraic group. Then an involution
θ : G→ G is called Cartan involution if

Gθ(R) = {g ∈ G(C) : θ(g) = g}10,

which is a Lie group, is compact.

Theorem 8.2.9. Let G/R be a linear algebraic group. Then

(1) All Cartan involutions on G are conjugate.
(2) G is reductive if and only if it admits a Cartan involution.

Remark 8.2.2. The involution θ(A) =
t
(A−1), the inverse transpose, on GLn. Then GLθ(R) are

precisely the unitary matrices, which are compact.

In a sense, this is the only example

Theorem 8.2.10. Let G/R be a linear algebraic group. Then G is reductive if and only if there is
a faithful representation G ↪−→ GLn, whose image is stable under transpose.

Definition 8.2.11. A smooth linear algebraic group G/k is solvable if either of the following
equivalent conditions hold

• The group G(k) is solvable.
• There is a filtration

{1} = G0 ⊆ G1 ⊆ · · ·Gn = G

such that Gi is normal in Gi+1 and Gi+1/Gi is abelian.

Example 8.2.2.

(1) Any unipotent group.
(2) The Borel group Bn.

Theorem 8.2.12 (Lie-Kolchin theorem). Let G/k be smooth solvable connected group. Then it
admits an embedding G ↪−→ Bn.

Definition 8.2.13. The radical of G, denoted R(G), is the largest normal, smooth, connected,
solvable subgroup of G.

Proposition 8.2.2. The radical R(G) exists and R(G)L = R(GL) for any separable extension L/k.

Definition 8.2.14. A linear algebraic group G/k is semisimple if R(Gk) = {1}.

Definition 8.2.15. A semisimple algebraic group G is almost simple if it is connected and is
not isogenous to a product of semisimple groups of lower dimension.

8.3. Parabolic and Borel subgroups.

Definition 8.3.1. A closed subgroup B ⊆ G is Borel if it is connected, smooth, solvable and Bk
is maximal among the subgroups of Gk with this property.11

Definition 8.3.2. A parabolic subgroup of a linear algebraic group G/k is a subgroup P ⊆ G,
closed in the Zariski topology, for which the quotient space G/P is a projective algebraic vari-
ety. Such G/P is called homogeneous projective varieties. Equivalently, a closed subgroup of G
coinciding with the normalizer of its unipotent radical.

10there is, in fact, an algebraic group Gθ with Gθ(R) coinciding with its real points.
11We impose maximality over k since Borels may not exist over k. Such for which Gk admit Borel are called

quasi-split.
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Idea. [4, p.35] For ”classical groups” G, i.e. given by nondegenerate pairings over finite-dimensional
semisimple algebras over Q, the parabolic subgroups arise as stabilizers of increasing sequences of
maximal isotropic subspaces12.

Lemma 8.3.3. Let Q ⊂ P ⊂ G be parabolic subgroups of G. Then Q ⊂ G is also parabolic.

Lemma 8.3.4. If P ⊂ G is parabolic, then any Q ⊃ P is parabolic. Also, P is parabolic if and
only if P 0 ⊂ G0 is parabolic (connected components).

Proposition 8.3.1. A subgroup P ≤ G is a parabolic if and only if it contains some Pk contains
a Borel subgroup of the group Gk.

Proposition 8.3.2. A connected group G contains a non-trivial parabolic subgroup if and only if
G is not solvable.

Theorem 8.3.5 (Borel’s fixed point theorem). Let G be a connected solvable linear algebraic group.
Let X be a complete G-variety. Then there exists a point x ∈ X fixed by G.

If G acts on V , then G also acts on V . If there is a line L ∈ V fixed by G, then there is an
eigenvector for the group G.

Definition 8.3.6. Let P ⊆ G be a parabolic subgroup. Then

• a Levi subgroup (determined up to conjugacy) is a maximal reductive subgroup M of P.
• a unipotent radical U of P is its (uniquely determined) maximal unipotent subgroup.

Proposition 8.3.3. We have a semidirect product P = M n U.

Idea. Minimal parabolic k-subgroups play the same role over k as Borel subgroups play for an
algebraically closed field.

Theorem 8.3.7. Let G/k be a linear algebraic group.

(1) All Borels are conjugate over k.
(2) Any two minimal parabolic k-subgroups of G are conjugate over k.
(3) If two parabolic k-subgroups of G are conjugate over some extension of the field k, then they

are conjugate over k.
(4) A connected solvable subgroup N ⊆ G is Borel if and only if G/N is projective (or, equivalently,

proper).

The connection between Borel subgroups and semimisimple algebra is contained in the following.

Theorem 8.3.8. Let G/k be a linear algebraic group over an algebraically closed k. Then

R(G) =
( ⋂
B−Borel

B
)◦

red
.

We also record the following useful result.

Lemma 8.3.9. Let G/k be a linear algebraic group and T/k a torus. Then any action of G on T
is trivial.

Theorem 8.3.10. Let G/k be a linear algebraic group with k - perfect. Then

G− semisimple⇐⇒ G− reductive and Z(G) is finite.

12Vector subspaces V such that 〈v, v〉 = 0 for all v ∈ V , where 〈·, ·〉 is the pairing in the definition of the classical
group G.
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If we change the category in which we work, we may derive the following characterization.

Theorem 8.3.11. Let G/k be a linear algebraic group. Then

(a) G is reductive if and only if G is isogenous to a product of simple groups and tori.
(b) G is semisimple if and only if G is isogenous to a product of simple groups.

⋃
|S|<∞
S∩S∞=∅

(∏
s∈S

Kv ×
∏
v 6∈S
v-∞

OK,v

)
and

Ẑ⊗Z K

8.4. Decompositions.

8.4.1. Levi decomposition.

Theorem 8.4.1 (Levi decomposition). Let G/k be an algebraic group with char k = 0. Then there
is a (unique up to congugation by Ru(G)) subgroup M ≤ G such that M0 is reductive and

G = MRu(G).

Theorem 8.4.2. Let P be a parabolic subgroup of P . Then

P = Ln U,

where L is a Levi subgroup, and U is the unipotent radical.

8.4.2. Iwasawa decomposition.

Theorem 8.4.3 (Iwasawa decomposition). Let G be a reductive group over a global field F and let
P ≤ G be a parabolic subgroup. There exists a maximal compact subgroup K ≤ G(AF ) such that

G(AF ) = P (AF )K.
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