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History
Main Results

Braid Invariants
Correspondences

Motivation

This is a talk about invariants of Legendrian and transverse
knots in contact 3-manifolds.

Definition
A contact structure ξ on a 3-manifold Y is a “totally
non-integrable” plane filed. If ξ = ker(α), then

α ∧ dα > 0.

Definition
A knot K ⊂ (Y , ξ) is Legendrian or transverse if its tangents
either lie within, or transversally intersect ξ respectively.
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Motivation

There are two invariants of Legendrian and transverse knots
taking values in knot Floer homology - GRID and LOSS.

GRID invariant appeared first and are combinatorial in nature.
They are relatively easy to compute – a fact which underpins
most results on transverse non-simplicity (NOT, Vé, Ba, KN).

LOSS invariants came later and are defined more
geometrically. This allows one to prove general properties
which would be difficult in the GRID setting (OS, Sa, SV, Ve).

If we knew GRID = LOSS, we could combine the intrinsic
advantages of both invariants to prove great theorems.
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The GRID invariant

In 2006, Ozsváth, Szabó and Thurston defined an invariant of
Legendrian knots.

λ(L) ∈ HFK−(−Y ,L)

The invariant λ is unchanged under negative Legendrian
stabilization. Thus, if K is transverse and L is a Legendrian
approximation, OST define:

θ(K ) := λ(L).
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Legendrian↔ Transverse

Recall the relationship between Legendrian and transverse
knots.

Given a Legendrian knot, we
can find its transverse
pushoff.
Given a transverse knot, we
can find a (non-unique)
Legendrian approximapion

Two Legendrian approximations related by “negative
stabilization”.
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Given a Legendrian knot, we
can find its transverse
pushoff.
Given a transverse knot, we
can find a (non-unique)
Legendrian approximapion

Two Legendrian approximations related by “negative
stabilization”.
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The LOSS invariant

In 2008, Lisca, Ozsváth, Stipsicz and Szabó defined an
invariant of Legendrian knots.

L(L) ∈ HFK−(−Y ,L).

Like the GRID invariant, L is unchanged under negative
Legendrian stabilization. Thus, if K is transverse and L is a
Legendrian approximation, LOSS define:

T(K ) := L(L).
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The correspondence theorem

Theorem (with Baldwin and Vértesi)

Let K be a transverse knot in the standard contact 3-sphere.
There exists a isomorphism of bigraded (Z/2Z)[U]-modules,

ψ : HFK−(−S3,K )→ HFK−(−S3,K ),

which sends T(K ) to θ(K ).

Since both λ and L can be defined via transverse pushoff, if
follows immediately from this result that there exists a similar
isomorphism identifying the Legendrian invariants L and λ.
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The BRAID invariant

To prove the correspondence given on the previous slide, we
first define a new invariant, dubbed the “BRAID invariant”.

Our BRAID invariant t takes values in HFK− and is defined for
transverse knots K ⊂ (Y , ξ) which are braided with respect to
an open book decomposition (B, π) of the ambient space.

Note that our BRAID invariant is manifestly a transverse
invariant – it is defined in terms of transverse knots rather than
in terms of Legendrian knots via Legendrian approximation.
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Right-Veering braids

Our invariant also lends itself more naturally to understanding
the connections between transverse links, braids and mapping
class groups, a rich area of exploration even for knots in
(S3, ξstd). As a preliminary step in this direction, we prove the
following:

Theorem (with Baldwin and Vértesi)

Suppose K is a transverse braid with respect to some open
book for (Y , ξ). If K is not right-veering, then t̂(K ) = 0.
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Transverse braids

Definition
Suppose (B, π) is an open book compatible with the contact
structure (Y , ξ). A transverse knot K in (Y , ξ) is said to be a
braid with respect to (B, π) if K is positively transverse to the
pages of (B, π).
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Pavelescu’s Thesis

Theorem (Pavelescu)

Suppose (B, π) is an open book compatible with (Y , ξ). Then
every transverse link in (Y , ξ) is transversely isotopic to a braid
with respect to (B, π).

Theorem (Pavelescu)
Suppose K1 and K2 are braids with respect to an open book
(B, π) compatible with (Y , ξ). Then K1 and K2 are transversely
isotopic if and only if there exist positive Markov stabilizations
K+

1 and K+
2 around the binding components of (B, π) such that

K+
1 and K+

2 are transversely isotopic with respect to (B, π).
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The BRAID invariant

Here’s how to construct our BRAID invariant in one picture.
ON THE EQUIVALENCE OF LEGENDRIAN AND TRANSVERSE INVARIANTS 17

S S

p1 p2p1 p2

x

γ

S1/2

−S0

z1 z2

w1 w2

Figure 7. An example in which S is the genus one surface with one bound-
ary component and n = 2. The diagram in the middle shows a basis for
(S, {p1, p2}). The diagram on the right is the Heegaard diagram H associated
to this basis and the pointed open book (S, {p1, p2},Dx ◦ d−1

γ ), where Dx is a

right-handed Dehn twist around the curve x shown on the left and d−1
γ is a left-

handed half-twist along the arc γ. The orange boxes represent the generator
x(H).

which sends [x(H1)] to [x(H2)].
6 Likewise, there is an isomorphism of graded F−modules,

ψ̂ : ĤFK(H1) → ĤFK(H2),

which sends [x(H1)] to [x(H2)].

Proof of Theorem 3.1. From the discussion at the end of Subsection 2.5, it suffices to show
that for a pointed open book (S, {p1, . . . , pn}, ϕ̂) and basis {a1, . . . , ak} for (S, {p1, . . . , pn}),
each of the five operations

(1) change of the basis {a1, . . . , ak},
(2) isotopy of ϕ̂ fixing {p1, . . . , pn} point-wise,
(3) positive open book stabilization,
(4) conjugation of ϕ̂,
(5) positive Markov stabilization,

gives rise to an isomorphism on knot Floer homology which sends t to t. For (1), (2) and
(3), this follows from the proofs of [HKM09a, Proposition 3.4], [HKM09a, Lemma 3.3] and
[LOSSz09, Theorem 2.11], respectively. We first remind the reader of the basic ideas in these
proofs before proving invariance of t under (4) and (5).

(1): After relabeling the ai, we can assume a1 and a2 have adjacent endpoints on ∂S; that
is, there exists an arc τ ⊂ ∂S with endpoints on a1 and a2 whose interior is disjoint from all
ai. We define a1 +a2 to be the isotopy class (rel. endpoints) of the union a1 ∪ τ ∪a2, as shown

6Here, we are assuming that the smooth link type represented by K1 and K2 has l-components and that Ui

is the formal variable associated to the ith component.

The monodromy map is Dx ◦ d−1
γ .
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The BRAID invariant

Let (S, {p1, . . . ,pn}, ϕ̂) be an open book decomposition
encoding (Y , ξ,K ) and {a1, . . . ,ak} a basis.

By Pavalescu’s results, it suffices to show that, for each of the
following operations, the element t(K ) is fixed under the
induced isomorphisms on knot Floer homology:

1 change of the basis {a1, . . . ,ak},
2 isotopy of ϕ̂ fixing {p1, . . . ,pn} point-wise,
3 positive open book stabilization,
4 conjugation of ϕ̂,
5 positive Markov stabilization.
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BRAID = LOSS

A proof of BRAID = LOSS in two pictures.ON THE EQUIVALENCE OF LEGENDRIAN AND TRANSVERSE INVARIANTS 23

K ′ K ′
LK ′′

Figure 14. On the left, a page of (B,π) in a neighborhood of the binding
component K ′. On the right, a page of the stabilized open book (B′, π′) near
K ′. L is a Legendrian approximation of K ′ and K ′′ intersects each fiber of π′

in exactly one point.

Since K is transversely isotopic to K ′, there are isomorphisms of knot Floer homology
identifying t(K) with t(K ′) and T(K) with T(K ′). It therefore suffices to show that there
is an isomorphism of knot Floer homology which identifies t(K ′) with T(K ′). But T(K ′) is
defined to be L(L), and t(K ′) is defined to be t(K ′′). Thus, to prove Theorem 5.1, it is
enough to show that there is an isomorphism of knot Floer homology which identifies L(L)
with t(K ′′).

K ′

S

K ′L

S′
a1ai

Figure 15. On the left, the surface S near the binding component K ′. In
the middle, the stabilized surface S′ with the Legendrian approximation L of
K ′. On the right, our choice of basis. We let a1 be the co-core of the attached
1-handle and require that no other ai intersects the boundary component of S′

corresponding to K ′.
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S′
1/2 −S′

0
S′

1/2 −S′
0

z
w

zw

Figure 16. On the left, the Heegaard diagram associated to (S′, ϕ′) and
our choice of basis, as used to define the invariant L(L). On the right, the
Heegaard diagram associated to the 1-braid K ′′ and the same basis, as used to
define the invariant t(K ′′). The arrows on the boundaries of S′

1/2 and −S′
0 in

each case indicate how the surfaces are glued together to form the Heegaard
surface. These two Heegaard diagrams only differ in that z and w have been
moved slightly. The orange boxes on the left and the right correspond to the
generators representing L(L) and t(K ′′), respectively.

Let (S,ϕ) be the abstract open book correponding to (B,π), and let (S′, ϕ′) be the abstract
open book corresponding to the positive stabilization (B′, π′). Figure 15 shows a portion of
S′ near the region in which the stabilization occurred. As illustrated in that figure, we let
a1 be the co-core of the 1-handle attached in the stabilization, and we require that no other
basis arc intersects the outermost boundary component. The left side of Figure 16 shows the
corresponding portion of the Heegaard diagram associated to (S′, ϕ′) and this choice of basis,
as defined in Subsection 2.4.

Now, observe that if we simply isotop the basepoint z to the −S′
0 portion of Σ, as shown

in Figure 16, then we obtain the Heegaard diagram associated to the transverse 1-braid K ′′

and the above basis, as described in Subsection 3. In other words, the Heegaard diagrams
defining the invariants L(L) and t(K ′′) are exactly the same (well, isotopic). Moreover, the
generators representing L(L) and t(K ′′) correspond to the same sets of intersection points.
This completes the proof of Theorem 5.1. !

6. A Reformulation of the BRAID invariant t

Suppose that K is a transverse knot in (S3, ξstd), braided with respect to the standard
disk open book decomposition (U, π), where U is an unknot and the fibers π−1(t) are open
disks. In this section, we give an alternate characterization of t(K) in terms of a filtration
on the complex CFK−,2(−S3,K) induced by −U ⊂ −S3. In Section 7, we show that the
invariant θ(K) admits an identical formulation. We will use these reformulations in Section 8
to establish an equivalence between the invariants t and θ.
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Characterizing BRAID

Let K ⊂ (S3, ξstd) be a transverse knot. Then K can be braided
with respect to (U, π), the standard open book decomposition
of (S3, ξstd) whose pages are disks.

The unknot −U ⊂ −S3 induces an Alexander filtration on
CFK−(−S3,K )

∅ = F−U
m ⊂ F−U

m+1 ⊂ · · · ⊂ F−U
n = CFK−(−S3,K ).
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Characterizing BRAID

Let
b = min{j |H∗(F

−U
j ) 6= 0},

and let Ht(F
−U
b ) denote the summand of H∗(F

−U
b ) in the top

Maslov grading.

Theorem (with Baldwin and Vértesi)

The summand Ht(F
−U
b ) has rank one and that t(K ) can be

characterized as the image of the generator of Ht(F
−U
b ) under

the map
H∗(F

−U
b )→ HFK−(−S3,K )

induced by inclusion.
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Characterizing GRID

We use grading an non-vanishing results proved by
Ozsváth-Szabó-Thurston for the GRID invariant to establish the
following characterization:

Theorem (with Baldwin and Vértesi)

The element θ(K ) can be characterized as the image of the
generator of Ht(F

−U
b ) under the map

H∗(F
−U
b )→ HFK−(−S3,K )

induced by inclusion.
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LOSS = GRID

The fact that the filtered quasi-isomorphism type of the filtration

∅ = F−U
m ⊂ F−U

m+1 ⊂ · · · ⊂ F−U
n = CFK−(−S3,K ).

is an invariant of the link K ∪ −U ⊂ −S3 implies that there is an
isomorphism of knot Floer homology which identifies t(K ) with
θ(K ).

Since we already showed that the LOSS = BRAID, it follows
that LOSS = GRID.
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Thanks for listening!

Shea Vela-Vick Legendrian and transverse invariants


	History
	Main Results
	Braid Invariants
	Correspondences

