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My research centers on questions in contact geometry, low-dimensional topology, knot theory
and Riemannian geometry. Contact geometry is an odd-dimensional analogue of, and is deeply
connected with, symplectic geometry. My work addresses classification and structure problems
for contact 3-manifolds as well as the Legendrian and transverse knots they contain. I am also
interested in questions lying in the intersection between classical knot theory and Riemannian
geometry. Specifically, I study connections between invariants coming from maps into configu-
ration spaces, higher-order linking invariants for links in the 3-sphere or Euclidean 3-space, and
helicity invariants of fluid-flows.

Research Themes

EXPLORE CONNECTIONS AND CORRESPONDENCES BETWEEN CONTACT GEOMETRY AND
HEEGAARD FLOER HOMOLOGY. Evidence of deep connections between contact geometry
and Heegaard Floer theory has steadily mounted since the latter theory first appeared, ap-
proximately ten years ago. In one direction, Heegaard Floer homology supports an invariant
which is capable of distinguishing contact structures and detecting tightness. In the other,
much of the algebraic structure Heegaard Floer possesses reflects appropriate geometric prop-
erties and constructions arising in contact geometry. The first theme of my research is to
develop and clarify these connections and correspondences.

ANALYZE THE STRUCTURE OF OPEN BOOK DECOMPOSITIONS OF CONTACT MANIFOLDS.
Giroux’s correspondence theorem provides a bridge joining contact geometry and classical
3-dimensional topology via a structure called an open book decomposition. Giroux’s corre-
spondence underpins many of the results obtained in 3-dimensional contact geometry over
the past decade. My research seeks to illuminate connections between these two structures
by further developing the “dictionary” which translates between the two worlds.

INVESTIGATE AND CLASSIFY LEGENDRIAN AND TRANSVERSE KNOTS. Complete Legendrian
and transverse classification results are known for only the simplest knot types. To study
the geometry of a given contact 3-manifold, it is crucial to thoroughly understand the knot
theory supported by that space. Through a combination of geometric, algebraic and analytic
techniques, my research aims to develop new Legendrian and transverse invariants and to
apply these and other known invariants to classify Legendrian and transverse representatives
in a broad class of knot types.

STUDY APPLICATIONS OF TOPOLOGY AND GEOMETRY TO HYDRODYNAMICS. Helicity is an
invariant of vector fields which provides a lower bound on the Lo-energy of a field evolving
according the laws of ideal magnetohydrodynamics. The dream expressed by Arnol’d and
Khesin is to define a hierarchy of helicity invariants, each providing a lower Lo-energy bound
when all previous invariant vanish. The final aim of my research is to define a hierarchy of
higher-order helicity invariants by first computing geometrically natural integral expressions
for the Milnor p-invariants.
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1. CONTACT STRUCTURES AND HEEGAARD FLOER INVARIANTS

Background. Contact structures were introduced by Hamilton, Huygens and Jacobi in their
study of geometric optics. Contact structures are analogues of symplectic structures which
take the form of totally non-integrable hyperplane distributions on odd-dimensional manifolds.
Dormant for nearly a century, contact structures and their invariants have enjoyed a surge in
interest due to their many recently discovered applications to questions in physics, symplectic
geometry and the smooth topology of three and four-dimensional manifolds.

A pair (Y,¢) is called a contact manifold if Y is an oriented 3-manifold and ¢ is a 2-plane field
on Y satisfying a certain nonintegrability condition. The most elementary example of a contact
3-manifold is real 3-space with its “standard” contact structure £sq = ker(dz — y dzx). A related
example is provided by the 3-sphere S3, viewed as the boundary of the unit ball in complex
2-space. In this case, the set of complex tangencies to S® provides a natural contact structure,
called the “standard” contact structure on S®. Legendrian and transverse knots are embeddings
of the circle S', all of whose tangent spaces are either contained within, or transverse to the
contact planes, respectively.

Given a contact 3-manifold (Y,¢), Ozsath and Szabdé showed how to identify an invariant
EH(Y, &) which takes values in the Heegaard Floer homology of the 3-manifold —Y [OS05].
Honda, Kazez, and Mati¢ later presented an alternate description of the Ozsvath-Szabd contact
invariant which is defined explicitly in terms of open book decompositions [HKM09b]. They then
used this alternate formulation to produce a relative contact invariant for contact 3-manifolds
with nonempty (convex) boundary [HKMO09a].

Since the inception of Heegaard Floer theory in [OS04c], contact structures have played an
increasingly important role. For example, they appear in proofs that Heegaard Floer invariants
detect knot genus and fiberedness [OS04a, Ni07], and that the unknot, trefoil and figure-eight
knots are determined by their surgeries [OS04a, OS06]. More recently, Honda, Kazez and Mati¢
used contact structures to define “gluing maps” for Heegaard Floer invariants [HKMO08]. The
input for this map is a compact 3-manifold Y, possibly with sutured boundary, a submanifold
Y’ CY, and a contact structure £ on the complement of Y’ in Y. Using this data, Honda, Kazez
and Matié¢ define a map,

®¢ : SFH(-Y',T") — SFH(-Y,T).

If, in addition, the submanifold is endowed with a contact structure £, compatible with £ along
points of their common boundary, then ®¢ maps the contact invariant for (Y”,¢’) to the contact
invariant of (Y, U¢’).

In [EVZI11a], Etnyre, Zarev and I use a natural contact geometric construction, together with
the Honda-Kazez-Mati¢ gluing maps to give an alternate, geometric characterization of the minus
version of knot Floer homology. To a triple (Y,&, L) consisting of a contact 3-manifold (Y, ¢)
and a Legendrian knot L, we associate a graded Z/2[U]-module Sﬂ;(—Y, L) whose isomorphism
type depends only on the topological types of Y and L. By applying tools from bordered Floer
homology [LOTO08] and, specifically, bordered sutured Floer homology [Zar09, Zarll], we are
able characterize the module SFH(-Y, L).

Theorem 1 (with Etnyre and Zarev [EVZ11a]). If K is a null-homologous knot in a 3-manifold
Y, then there is a graded Z/2[U]-module isomorphism

¥ : SFH(-Y, K) — HFK™ (=Y, K),




David Shea Vela-Vick Page 3

identifying the SFQ(—Y7 K) with the “minus” version of knot Floer homology.

By generalizing the above construction, we are able to define Heegaard Floer type invariants
for noncompact 3-manifolds with 7?2 x [0, c0)-ends and a specified “slope at infinity”, which
extends the notion of a suture. The construction allows one to further identify an invariant of
contact structures on such 3-manifolds. This invariant takes values in our generalized version of
Heegaard Floer homology. Using these tools, we show:

Theorem 2 (with Etnyre and Zarev [EVZ11b]). Let Y denote any of the following spaces:
S1xR2, T?x(0,1) or T?x[0,1). If& and & are two tight, minimally twisting contact structures
on'Y with the same slope at infinity, then & is isotopic to & if and only if ]E;(Y, &) = @(Y, &2).

Little is known about contact structures on noncompact 3-manifolds. Eliashberg showed
that R? supports a unique tight contact structure [Eli91]. Later, he considered tight contact
structures on S! x R?, showing that this space supports uncountably many distinct tight contact
structures by defining an invariant equivalent to the “slope at infinity” from above [E1i93]. Tripp
completed the classification of tight, minimally twisting contact structures on S* x R?, T2 x (0, 1)
and T2 x [0,1) [Tri06]. In particular, he showed that each of these spaces support uncountably
many tight contact structures which cannot be tightly embedded in a compact contact 3-manifold
with convex boundary. The invariants we define in [EVZ11b] distinguish all tight, minimally
twisting contact structures with a given slope at infinity, and therefore can yield an alternate
proof of Tripp’s classification.

A byproduct of the techniques used to establish Theorems 1 and 2 is a robust computational
framework one can apply to effectively compute the Honda-Kazez-Mati¢ gluing maps. Prior
to these results, only elementary computations which relied on formal properties of the gluing
maps had ever been performed.

Description of Plan. One of the guiding principles of my work moving forward is that geo-
metric properties of contact structures are inexorably tied to the algebraic structure underlying
smooth topological invariants like Heegaard Floer homology, embedded contact homology and
monopole Floer homology. Theorem 1 shows how a natural contact geometric construction can
imprint itself in the algebraic structure of Heegaard Floer theory. Given a null-homologous
knot, our process reconstructs one of the two filtrations which are naturally defined on knot
Floer homology. One could, therefore, sensibly ask the following:

Question 1. Do there exist contact geometric constructions which recover the filtered chain-
homotopy types of knot Floer homology and Heegaard Floer homology?

There are good reasons to believe that the answer to this question is “yes”. A similar procedure
can be used to recover the second filtration defined on knot Floer homology. This lends credence
to the belief that similar methods can be applied to recover the entire filtered chain-homotopy
types of either knot Floer homology or Heegaard Floer homology. Furthermore, a key feature of
the constructions used to establish Theorems 1 and 2 is that the resulting algebraic objects are
effectively, combinatorially computable. In joint work with Zarev, I will address the following:

Question 2. Do there exist contact geometric constructions which can be used to obtain com-
binatorial descriptions of HF T, HF~ and HF* (and their knot Floer homology analogues) which
are effectively computable?
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There is a combinatorial method for computing the Heegaard Floer invariants of closed 3-
manifolds [OMT09]. Unfortunately, the computational complexity of this general method makes
it ineffective to use in practice. A positive answer to Question 2 should provide a tractable
combinatorial method for computing the Heegaard Floer theory of a closed 3-manifold (or knot)
and would, therefore, constitute a significant advancement in the field.

In a different direction, one can apply these same ideas and constructions to study other
invariants of smooth 3-manifolds and the knots they contain. Specifically, gluing maps similar to
those defined by Honda, Kazez and Mati¢ exist in Seiberg-Witten Floer homology and embedded
contact homology. Thus, Theorem 1 indicates that analogues of the minus, plus and infinity
versions of knot Floer homology should exist within these alternate frameworks. Accordingly, 1
will investigate the following general question:

Question 3. What structures and constructions from Heegaard Floer theory can one mimic in
Seiberg-Witten Floer homology and embedded contact homology?

I plan to apply the techniques used to establish Theorem 2 to define Heegaard Floer invariants
for noncompact 3-manifolds with cylindrical ends. I further plan to investigate the extent to
which these invariants can be used to distinguish and to classify contact structures on other
noncompact 3-manifolds. Evidence suggests that a generalized suture in the sense of Theorem 2
for an arbitrary cylindrical ends is equivalent to a measured lamination on the boundary at
infinity. This suggests that one can use these general techniques to address:

Question 4. What relationships exist between hyperbolic and contact geometry?

In light of Lisca and Stipsicz’s recent classification of Seifert-fibered spaces admitting tight
contact structures [LLS09], bridging the gap between hyperbolic and contact geometry is the last
major step in deciphering which closed 3-manifolds admit tight contact structures. I hope to
use the study of tight contact structures on non-compact 3-manifolds with cylindrical ends as
an avenue towards establishing a connection between hyperbolic and contact geometry.

2. OPEN BOOK DECOMPOSITIONS OF CONTACT 3-MANIFOLDS

Background. The Giroux correspondence theorem [Gir(2] is a foundational result establishing
a correspondence between contact structures and topological objects called open book decom-
positions. An open book decomposition of a 3-manifold Y is a pair (B, n), where B C Y is an
oriented, fibered link, and 7 : (Y — B) — S! is a fibration of the complement of B by oriented
surfaces whose oriented boundary is B. An open book decomposition (B, ) of a 3-manifold Y is
said to be compatible with a contact structure £ if B is a transverse link and if, after an isotopy of
& through contact structures, the contact planes appropriately approximate the tangent spaces
to the fibers Xy = 771(6).

For a decade, Giroux’s theorem has catalyzed a flow of tools, techniques and information be-
tween two distinct subfields of mathematics. Despite this, much about how geometric properties
of contact structures are reflected in their supporting open books is unknown. Thus, a pri-
mary aim in modern contact geometry is to develop a dictionary translating between important
contact-geometric concepts or structures and topological properties of supporting open book
decompositions. For instance, Akbulut and Ozbagci [AO01] and independently Giroux [Gir02]
show that a contact 3-manifold is Stein-fillable if and only if it possesses an open book decompo-
sition whose monodromy can be expressed as a sequence of positive Dehn twists. Another such
correspondence is provided by Honda, Kazez and Matié’s characterization of tightness in terms




David Shea Vela-Vick Page 5

of right veering monodromies [HKMO7]. Etnyre and I establish the following result, generalizing
the main theorem from [Velll]:

Theorem 3 (with Etnyre [EV10]). Let (B,m) be an open book decomposition for a contact
manifold (Y, &), then the complement of the binding (Y — B,{|y_p) has no Girouz torsion.

Giroux torsion is the only known mechanism by which a 3-manifold can support more than
finitely many tight contact structures [CGH09]. Therefore, understanding how torsion interacts
with open books is an important step in deciphering the Giroux correspondence. Theorem 3
tells us that the relationship between torsion and open books is complicated, as the binding of
any open book for a contact manifold must intersect all Giroux torsion layers.

Given a contact 3-manifold (Y,§), the smallest genus page of an open book supporting ¢ is
called the support genus, and was originally defined by Etnyre and Ozbagci [EO08]. A related
invariant, dubbed the binding number, is equal to the minimum number of binding components of
an open book supporting ¢ and realizing the support genus. Etnyre showed that all overtwisted
contact structures have support genus equal to zero [Etn04]. Etnyre further proved that support
genus is a nontrivial invariant by exhibiting contact structures with support genus equal to one.
Since that time, further obstructions to support genus zero have been found through Heegaard
Floer theory.

Description of Plan. I will continue exploring connections between geometric properties of
contact structures and topological properties of open book decompositions. Developing a thor-
ough understanding of the support genus and binding number represents an important step in
this program.

Question 5. Is the support genus additive under the operation of connected sum? In particular,
are there contact structures with support genus greater than one?

If either of the two contact structures involved in the connected sum are overtwisted, then
Etnyre’s theorem shows that the resulting contact 3-manifold must have support genus zero.
Experts expect that overtwisted contact structures provide the only counterexamples to Ques-
tion 5. I hope to address Question 5 through a combination of convex surface theory and classical
3-dimensional topology. Despite subtle differences in the two problems, it is reasonable to be-
lieve that the standard proof of Heegaard genus additivity can be suitably generalized to provide
a positive answer to Question 5. Relatedly, in joint work with Baldwin, I hope to address the
following related problem:

Question 6. Is the binding number of a tight contact structure bounded below by its Giroux
torsion number?

One can view Theorem 3 as a first step in establishing a positive answer to Question 6. It
provides a concrete link between bindings of open book decompositions and Giroux torsion layers
contained in contact 3-manifolds. In a tight contact structure, Giroux torsion manifests along
incompressible tori. This places a substantial enough restriction on the underlying geometry
that understanding the relationship between torsion and open books is possible.

3. LEGENDRIAN AND TRANSVERSE KNOTS

Background. Legendrian and transverse knots feature prominently in the study of contact
structures on 3-manifolds. Their study yields subtle information about the spaces they live in,




David Shea Vela-Vick Page 6

and, like their topological counterparts, provides a rich background structure which one can
exploit in various situations. Legendrian and transverse knots also appear in solutions to many
seemingly unrelated problems in classical 3-dimensional topology. Therefore, understanding
these knots and their invariants is crucial to the advancement of 3 and 4-dimensional geometry
and topology.

There are two “classical” invariants of Legendrian knots, the Thurston-Bennequin number and
rotation number. Transverse knots possess a single classical invariant, the self-linking number.
A smooth knot type is called Legendrian or transversally simple, if two Legendrian (respectively
transverse) representatives of that knot type are isotopic if and only if their classical invariants
agree. Although there are numerous examples of Legendrian and transversally simple knot types,
most are not.

In the past decade, many new Legendrian and transverse invariants have been defined. The
first non-classical invariant of Legendrian knots, dubbed Legendrian contact homology (LCH)
appeared as an outgrowth of symplectic field theory (SFT) [EGHO00]. It was rendered combi-
natorially computable by Chekanov [Che02] and has proven immensely helpful in discovering
knot types which are not Legendrian simple. Further, through its connections with SFT, LCH
provides a robust set of tools for understanding contact 3-manifolds in general [EES09]. In joint
work with Shonkwiler, I showed:

Theorem 4 (with Shonkwiler [SV11b]). There exist Legendrian knots with non-mazimal Thurston-
Bennequin invariant having nonvanishing Legendrian contact homology.

Prior to this result, it was conjectured that the LCH of a Legendrian knot was nonzero if
and only if that knot realized the maximum value for the Thurston-Bennequin number. Our
techniques have since been applied by Sivek to compute examples of knot types containing
non-destabilizable Legendrian knots with both vanishing and nonvanishing LCH [Siv10b].

In a related direction, Sabloff, Shonkwiler and I have begun studying Ng’s abelianized charac-
teristic algebra [Ng01] through the language of bordered Legendrian knots [Siv10a]. Using tools
developed by Henry [Henll], we are able to establish the following result, generalizing prior
work of Ng and Sabloff [NS06]:

Theorem 5 (with Sabloff and Shonkwiler [SSV11]). For a bordered Legendrian knot K, there is
a surjection from the set of partial Morse complex sequences on K to the set of augmentations of
the bordered contact homology Ch(K). In particular, the bordered LCH of K possesses a graded
augmentation if and only if K possesses a graded normal ruling.

Recently, a number of Legendrian and transverse invariants have appeared within the frame-
work of Heegaard Floer theory. The first invariant of Legendrian and transverse knots in S% (or
R3) was defined using grid diagrams and appeared in the work of Ozsvath, Szab6 and Thurston
[OSTO08]. Later, Lisca, Ozsvath, Stipsicz and Szabd used open book decompositions to de-
fine an invariant of (null-homologous) Legendrian and transverse knots in arbitrary 3-manifolds
[LOSS09]. For several years, it was widely expected that these two invariants agreed where they
were simultaneously defined. I recently established this in joint work with Baldwin and Vértesi:

Theorem 6 (with Baldwin and Vértesi [BVV11]). The Legendrian and transverse invariants
defined via grid diagrams [OSTO08] and open book decompositions [LOSS09] are equal where they
are simultaneously defined.

To prove Theorem 6, we define yet another invariant of transverse knots which are presented as
braids with respect to an open book decomposition. Our invariant can then be characterized in
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terms of a filtration coming from the pages of this same open book. The key step in the proof of
Theorem 6 is to show that both the grid and the LOSS invariant can be similarly characterized.
In a different direction, Etnyre, Zarev and I define a Legendrian/transverse invariant Eﬂ, which
takes values in SL}; Through its construction, it is apparent that the invariant E_}; is very
closely tied to the geometry of a Legendrian/transverse knot’s complement.

Theorem 7 (with Etnyre and Zarev [EVZ11a]). The Legendrian/transverse invariants EH and

L defined in [EVZ11a] and [LOSS09] respectively are identified under the isomorphism ¥ given
in Theorem 1.

Each of the Legendrian/transverse invariants discussed above possess unique attributes which
can be applied to address problems in contact geometry. Thus, Theorems 6 and 7 provide a
crucial nexus, allowing these characteristics to be applied simultaneously to a given problem.

Description of Plan. Moving forward, my research will address a number of questions regard-
ing Legendrian and transverse knots and their relationship with contact structures in general.
Over the past several years, we have gained a much clearer picture of what the geography of
possible Legendrian and transverse representatives of a given knot type looks like. Despite such
progress, there is much work to be done. For instance, the answer to the following question
regarding the geography of th-r mountain ranges is unknown:

Question 7. Do there exist topological knot types whose tb-r mountain ranges have low peaks?

Based on computational evidence, Chongchitmate and Ng conjecture the existence of such
knot types [CN10]. Although they identify several potential examples, their methods provide no
hint to a possible proof. Their examples can all be expressed as negative braids and, therefore,
have fibered complements. This fact, together with other geometric restrictions placed on these
knots based on their classical invariants, implicates convex surface theory applied to the fiber
surface as an effective tool. It further suggests that attention be paid to:

Question 8. What are all possible Legendrian representatives of knot types which can be
expressed as a negative braids?

Complete classification results are known for only a handful of knot types [EHO1, EH03, EF98,
ENV10]. Any progress on Question 8 would substantially enlarge the class of knot types for
which complete classifications are known. As discussed above, the topological and geometric
restrictions placed on Legendrian representatives of negative braids suggest that a complete
answer to Question 8 is a reasonable expectation.

Relatedly, one can define Legendrian-theoretic invariants by studying Seifert surfaces. Specif-
ically, let L C (Y, &) be a null-homologous Legendrian knot and ¥ a Seifert surface for L. This
Seifert surface ¥ can be made convex by an appropriately small perturbation assuming tb(L) is
nonpositive. Kanda first observed that the collection of Legendrian knots which appear as sub-
sets of a given convex surface is, generally speaking, restricted and moderately understandable
[Kan98]. Thus, in joint work with Etnyre and Sabloff, I will address the following:

Question 9. Can the Legendrian knot theory supported by Seifert surfaces produce effective
invariants of Legendrian knots?

We expect to establish a positive answer to Question 9 by studying the Legendrian knot
theory supported by convex Seifert surfaces of Legendrian twist-knots.
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Additionally, I will address questions in Legendrian knot theory arising from Legendrian
contact homology. Ng identified a computable outgrowth of LCH dubbed the “characteristic
algebra” [NgO1]. Ng’s invariant is useful in studying Legendrian knots and Legendrian contact
homology in general. He conjectures that the abelianized version of the characteristic algebra
should yield an invariant of topological knots. Though phrased in different language, Theorem 5
and similar results by others can be viewed as small steps toward affirming Ng’s conjecture. 1
will address the following specific version of Ng’s conjecture, which generalizes Theorem 5:

Question 10. If L is a Legendrian knot with nontrivial abelianized characteristic algebra, must
L possess a graded normal ruling?

The techniques used to establish Theorem 5 and, in particular, Sivek’s theory of bordered

Legendrian knots provide a framework one can apply to this problem. More generally, I hope
to characterize Legendrian knots whose Legendrian contact homology is nontrivial (or, equiva-
lently to characterize Legendrian knots with vanishing LCH). Again, Sivek’s theory of bordered
Legendrian knots can be used to address this problem.

4. HELICITY AND HIGHER-ORDER LINKING INVARIANTS

Background. The Helicity of a vector field V defined on a compact domain  C R? is computed
by the following integral formula:
X-Y

Hel(V) = /QXQ Vi(x) x V(y) - x — yP3

Helicity was defined by Woltjer as a tool to study the Crab Nebula [Wol58]. Woltjer observed
that the quantity Hel(V') remains constant as V' evolves according to the laws of ideal magne-
tohydrodynamics. It further provides a lower bound for the Lo-field energy of V under such
evolutions. As a result, helicity has proven an invaluable tool for physicists studying plasma and
fluid flows. Unfortunately, there exist vector fields defined on domains  C R3 whose helicity
vanishes, but whose Ls-energy cannot be made arbitrarily small. Thus, Arnol’d and Khesin
posited:

dVoly dVol .

The dream is to define such a hierarchy of invariants for generic vector fields such
that, whereas all the invariants of order < k have zero value for a given field and
there exists a nonzero invariant of order k£ + 1, this nonzero invariant provides a
lower bound for the field energy. — Arnol’d and Khesin [AK98]

Experts expect that higher helicity invariants correspond to field analogues of higher-order
linking invariant. This belief is primarily motivated by a theorem of Arnol’d [Arn86], who showed
that ordinary helicity of a field V' can be obtained by considering the average asymptotic linking
numbers of the flows given by V. This belief is further reinforced by considering the following
famous formula of Gauf, which computes the linking number of two curves K = {z(s)} and
L= {y(t)} in R3:

Lk(K, L) = / dv Ty
Kxp ds dt |z —y]?
One cannot help but observe the analogy between Gauf’s formula for the linking number and
the above formula for helicity. It is this analogy that motivates a search for geometrically natural
integral expressions which compute higher-order linking invariants. Of these invariants, Milnor’s
triple-linking number is first in line.
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Many have been motivated by this analogy to develop integral expressions to compute Milnor’s
triple-linking number, and to apply these formulas to the problem of defining higher helicities —
most notably in the work of Monastyrsky and Retakh [MR86] and Berger [Ber90]. The principal
sources for these formulas are Massey triple products in cohomology, quantum field theory in
general, and ChernSimons theory in particular. A common feature of these integral formulas is
that choices must be made to fix the domain of integration and the value of the integrand. In
[DGK™*11], we prove the following:

Theorem 8 (with DeTurck, et. al. [DGK'11]). If the pairwise linking numbers of a three-
component link L in S are all zero, then Milnors u-invariant of L is given by an explicit,
geometrically natural integral expression which is evaluated over the 3-torus parametrizing the
components of L.

Notably, the formulas obtained in [DGK™'11] are explicit, computable and geometrically nat-
ural — in contrast with previously obtained integral formulas for u(L).

To define our integral expression, we associate to a given 3-component link L C S3 a char-
acteristic map ey, from the 3-torus to the configuration space Conf(S3,3) of three points in the
3-sphere. Link-homotopies of L are seen to induce homotopies of the map er,. More generally, if
L(M,n) denotes the set of link-homotopy classes of n-component links in a space M, then one
has an evaluation map

e: L(M,n) — [T", Conf(M,n)].
From the perspective of helicity, it is natural to work with configuration spaces since they
remember the geometry of the space M. We think of the map e as defining a representation
from the world of link-homotopy to the world of homotopy, and one can ask whether or not this
representation is faithful.

The evaluation map e was first studied by Koschorke [Ko0s97] who proved that the map e is
faithful in certain very restricted situations. The key step in obtaining Theorem 8 is to establish
the following:

Theorem 9 (with DeTurck, et.al. [DGKT™11]). For 3-component links in the 3-sphere and
Euclidean 3-space, the evaluation maps e : £(S3,3) — [T3,Conf(S3,3)] and e : L(R3,3) —
[T3, Conf(R3,3)] are faithful representations.

Description of Plan. My future research will involve better understanding the topology and
geometry of the evaluation map e : £(M,n) — [T™, Conf(M,n)]. When M = S3 and n = 2, the
configuration space Conf(S3,2) has the homotopy type of S® and the corresponding evaluation
map e is easily seen to be trivial. Experts expect that, other than this single example, the
evaluation map is always faithful.

There are two proofs of Theorem 9 which appeare in [DGK™'11] (see also [DGK™'08]). The
first is by way of framed cobordism of links in 7%, while the second proof goes by way of link-
homotopy of string links and torus homotopy groups. The key idea involved in this second proof
is to impose algebraic structures on £(S3,3) and [T, Conf(S3,3)] respectively. In this case,
the faithfulness of e is equivalent to an algebraic property of an associated collection of group
homomorphisms. For general n-component links, one expects a similar approach to establish
the faithfulness of e. Indeed, the same algebraic structures which were used in [DGK™11] in
the case n = 3 are present for any number of link components. However, for general n, these
algebraic structures take on a subtle form and establishing the analogue of Theorem 9 requires
more delicate analysis. Thus, we plan to address the following:
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Question 10: Can homotopy string-links and torus homotopy groups be used to establish the
effectiveness of the evaluation map?

As more about the effectiveness of the representation e is established, I will turn attention
to the development of geometrically natural integral expressions for yet higher-order Milnor pu-
invariants and to applying these formulas to the development of higher-order helicity invariants.
Komendarczyk has already applied the integral formula from Theorem 8 to obtain a second-order
helicity for certain domains in S® and R? [Kom09, Kom10]. There are subtleties in establishing
the general form of Theorem 8 which are not present for 3-component links in S2. Thus, we are
left with the following:

Question 11: Are there geometrically meaningful integral expressions for all of Milnor’s -
invariants, and can these expressions be wielded to obtain higher-order helicity invariants?

Despite its noncompact isometry group, we have already observed how to define a geometric
integral expression which compute the triple linking number in Euclidean 3-space. We expect to
establish similar formulas for all of Milnor’s p-invariants and to apply these formulas to define
higher-order helicity invariants.
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