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ABSTRACT. We show that the matrix of chromatic joins, that is associated with the revised Birkhoff-
Lewis equations, can be expressed completely in terms of functions defined on a generalization of
the Temperley-Lieb algebra. We give a self-contained account of the aspects of the Temperley-Lieb
algebra that are essential to this context since these are not easily obtainable in this form. Of
interest in the theory of these equations are recursions for the inverse of the matrix of chromatic
joins. We show that the approach given here is a natural one which provides clear insight into the
investigation of the properties of the inverse, and we give an instance of a recursion. It is hoped
that these techniques will be of further value in the study of the revised Birkhoff-Lewis equations.

1. INTRODUCTION

This paper is concerned with the study of the coefficient matrix L, (q), whose elements are
monomials in an indeterminate g, for the revised system of Birkhoff-Lewis equations for the n-ring,
discovered by Tutte [Tul] that are associated with the Four Colour Problem. This matrix, whose
size is exponential in n, has been termed the matriz of chromatic joins. Of interest in the theory
of these equations are recursions for the elements of the inverse of this matrix. The value of the
determinant has been obtained by Tutte [Tu2], verifying that L, (¢q) is generically invertible, and
a recursion for the elements of the inverse has been obtained Dahab [D]. In fact, we shall study a
more general matrix M, (z,y) which specializes to L, (¢) through x = ¢ and y = 1.

The primary purpose of this paper is to show that there is an enrichment TL,(z,y) of the
Temperley-Lieb algebra T£,(q) that can be used to study recursions for the elements of the inverse
of M,,(z,y). We have used this algebra to derive such a recursion, and this is the main result
(Thm 5.4) of the paper. The recursion involves only the cover relations of the distributive lattice
L(Py,, <gi) of Dyck paths in the plane ordered by geometrical inclusion (<gi), with scalars that are
are square roots of rational functions of generalized Chebyshev polynomials (in the indeterminates
x and y). This strongly suggests that TL,(x,y) may be of further value in the examination of
the revised Birkhoff-Lewis equations. Generalized Chebyshev polynomials in two indeterminates
have also arisen independently in the work of Dahab [D] on the determinant of the chromatic join
matrix, but for different reasons. The secondary purpose of this paper is to provide a self-contained
and complete account of the aspects of TL, (z,y) that are relevant to this objective. We have used
TL,(q) extensively and, where we have been unable to find complete proofs of the results that we
require, we have supplied proofs which are extended to TL,(z,y). A number of the more technical
proofs appear in the Appendix to avoid distraction from the main argument.

We also remark that there is a close connexion between the present question and the classical
problem of counting meanders, that is associated with Hilbert’s sixteenth problem, by specializing x
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and y in the matrix M, (x, y). For recent developments on meanders see [dF2]. The connexion with
Hilbert’s sixteenth problem is discussed by Arnol’d [A]. A brief account of the relevant background
to the Birkhoff-Lewis equations is now given to motivate the study of the inverse of the matrix of
chromatic joins.

We hope that the material on TL,(z,y) given here will lead to further progress on the revised
Birkhoff-Lewis equations.

1.1. Background to the Birkhoff-Lewis equations. Let M be a planar map bounded by a
circuit J, with n vertices, such that each face of M within J is a triangle. J is called an n-ring. The
chromatic polynomial or chromial of M is a polynomial P(M,\) in A whose value is the number of
proper colourings of the vertices of M with A colours. Details of the theory of chromials of planar
triangulations, stated in the dual form, are given by Birkhoff and Lewis [BL]. The constrained
chromial on a partition 7 of the vertex set of J is the polynomial Q(M, 7, \) in A\ whose value
is defined to be the number of ways of colouring M so that vertices of J have the same colour if
and only if they are in the same block of 7. If T is a triangulation obtained from M by joining
vertices of m across the exterior face of M, then the chromial of T is called a free chromial of M.
The Birkhoff-Lewis equations express each free chromial as a linear combination of constrained
chromials, consistent with the new edges. Birkhoff and Lewis then try to solve these equations, to
express the constrained chromials in terms of the free chromials. They solved the equations for the
5-ring and considered the 6-ring [BL]. Further information on the Four Colour Problem is given
in [SK].

Tutte [Tu2] has shown that the equations can also be obtained with the more relaxed condition
that M be a triangulation and that the neighbouring elements on the n-ring be in distinct colour
classes. He derived his equations from the n-ring alone, without edges between neighbouring
elements, with the aid of planar partitions. A mnon-planar partition of the vertex set of J is a
partition such that two vertices of one block separate two vertices of another on J. The remaining
partitions are called planar. The chromatic join of a pair (m,~) of planar partitions is the partition
with the largest number of blocks that is refined by both of the partitions. The number of blocks in
the chromatic join is denoted by x(m, ). Tutte [Tu2] has shown that the Birkhoff-Lewis equations
are recoverable through the inverse of

1 L. () — { x(mv)] 7
(1) nla) = | I(n) x1(n)

the matriz of chromatic joins, where [(n) is the number of planar partitions of J. Planar and non-
planar partitions are also called, respectively, non-crossing and crossing partitions, and have been
studied extensively (see [E], for example).

1.2. Connexion with T£,(z,y). The idea behind the paper is to use a combinatorial correspon-
dence to express planar partitions of {1,...,n} in terms of planar diagrams called strand diagrams,
which themselves can be expressed as concatenations of irreducible strand diagrams. The latter
correspond to the generators ey, ..., e, of TL,(z,y). The number x(m, ) of blocks in the chromatic
join of 7 and « can be obtained from their corresponding T£, (x,y) elements by means of a trace
function. With this accomplished, we use TL,,(z,y) to construct a particular linear basis to assist
in a triangularization argument that expresses M, in the form

(2) M, = (P,")'D,P,",
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where P,, is upper triangular and invertible and D,, is diagonal. From this the inverse of M, is
readily determined.

A connexion between the Four Colour Problem and T£,(¢) has been observed by others, and
has been expressed, for example, by Kauffman and Thomas [KT] as a combinatorial word problem
in this algebra. However, the Temperley-Lieb algebra occurs in an entirely different way in this
paper, through the use of planar partitions. The authors would like to credit di Francesco [dF1],
and di Francesco, Golinelli and Guitter [dFGL] for describing the construction of the basis By of
T£,(¢g) and for indicating the central ideas behind the main results in Appendices B and C.3. We
have made extensive use of these papers. For further information on the Temperley-Lieb algebra
the reader is directed to [BR, GdIHJ, KLJ.

1.3. Organization of the paper. In Section 2 planar partitions are associated with elements in
TLy(x,y). The matrix of chromatic joins is then expressed as the Gram matrix of a bilinear form
on TL,(z,y). In Sections 3 we give the construction of another basis for TL,(z,y) that is used
in the diagonalization of the bilinear form. In Section 4 we show that there is an ordering of this
basis such that the change of basis matrix is triangular. In Section 5 we obtain a recursion for
the elements of P, (Thm. 5.4) and give an example of its use in obtaining an element of Pg. The
determinant of M, (x,y) (Thm 5.7) is also given. The Appendices contains proofs of the more
technical results that are needed together with examples.

2. PLANAR PARTITIONS AND THE TEMPERLEY-LIEB ALGEBRA

To make the connexion between planar partitions and elements of the Temperley-Lieb algebra
we use geometrical representations of planar partitions as arch diagrams and strand diagrams.
The latter two diagrams are standard ones in the theory of £, (q). To assist the discussion, we
demonstrate the action of the constructions on the two planar partitions 7o = {{1,2,6}, {3,4},{5}}
and vo = {{1,4},{2,3},{5},{6}}. Their chromatic join is {{1,2,3,4,6},{5}}.

2.1. Planar partitions. Let 7 be a planar partition of {1,...,n}. Then 7w can be represented by
distributing n points equally spaced on the circumference of a circle oriented in clockwise sense
in the plane, with one point on the circle distinguished. The circle is therefore rooted. We adopt
the convention that the points are labelled 1 to n starting from the root in clockwise order. If
{i1,...,4j}< is a block of 7, then edges {i1,42},...,{%;,71} are drawn in the interior of the circle
so that they intersect neither themselves nor the edges corresponding to other blocks. This defines
[(7) finite and mutually disjoint regions since 7 is planar. Figure 1 gives such a representation of
. The circle may be thought of as J and the points as the vertices in J, labelled clockwise from 1
to n.

FI1GURE 1. The planar partition my, with implicit labelling and shading
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The blocks of the chromatic join of 7 and « are the vertex sets of the components of the graph
constructed by drawing the edges of v in the exterior of the circle in the planar partition 7. This

gives the construction of the chromatic join of 7y and =y from their diagrams, since the number of
shaded components is equal to the number of blocks in the chromatic join.

In the planar diagrams throughout this section the labelling of points and shading of regions
are redundant since they are derivable from the rooting, but they are included to assist in the
descriptions of the constructions. Also, the number of planar partitions of {1,...,n} is C),, =
(*")/(n + 1), a Catalan number (see Appendix C.2).

2.2. A bijection between planar partitions and arch diagrams. A planar partition 7 may
be represented by 2n points 1,1’,...,n,n’ distributed at unit intervals along an infinite, directed
base line, drawn in the plane, together with non-intersecting semicircular arcs

{2,17 i2}7 {1/27 i3}7 sy {i;'—la Z]}7 {197 Zl}
centred on the line and drawn on the same side of it. A semicircular arc is called an arch and the
diagram is called an arch diagram. The construction is feasible since 7 is a planar partition, and is
clearly reversible. In Figure 2 the regions corresponding to the blocks of 7wy are shaded.

1 223 3 4 45 566

FIGURE 2. The arch diagram of 7.

Let v be a planar partition of {1,...,n}. If the arch diagram of ~ is reflected in its base line, and
the points on the base line of this diagram are then identified with the points on the base line of
the arch diagram of 7, then the number of shaded regions in the resulting diagram is immediately
identified as x(m,~). Figure 3 shows that x(mp,v0) = 2 since there are two shaded regions in the
resulting diagram each of which corresponds naturally to a block in the chromatic join of 7 and ~.

2.3. A bijection between arch diagrams and strand diagram. If n is even, the strand di-
agram of 7 is obtained by cutting the base line of the arch diagram of 7 at the mid-point of the
segment [1,n'], and then rotating one of the semi-infinite line segments so that it is parallel to the
other, with j and j" opposite 2n — j and (2n — j), respectively, for j = 1,...,n. The arches are
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11 223 3 4 45 566

1T 2233 445566

Ficure 3. Calculation of x(m, 7o) from the arch diagrams of 7y and ~p.

smoothly transformed so that they do not intersect each other and are called strands. The diagram
is given a direction, called its orientation, from the line containing 1 (the head of the diagram) to
the line containing 2n (the tail of the diagram). The orientation is indicated by an arrow. The
strand diagram therefore has a top and a bottom. Furthermore, two strand diagrams are equivalent
if one can be deformed into the other smoothly while keeping each the endpoints i and 4’ fixed. For
example, the arch diagram of my and the corresponding strand diagram, with shading to indicate

the blocks of the partition, is
-

This construction extends naturally to odd n, although attention has to be paid to the shading.
For example, the strand diagram for the planar partition {{1,2,5},{3},{4}} is the same as the
right hand diagram of the three immediately above, with the sole difference that the final strand
in the right hand diagram is removed. Subsequent results hold uniformly across these two cases,
and therefore will not be considered separately.

R ——e

-

WwWNNR R
FNEF NI I )

11 223 3 4 45 566

The following operations on strand diagrams will be useful. The strand diagram 7!, obtained
from 7 by reversing its orientation, is called the transpose of w. The concatenation vy of m with ~
is the strand diagram obtained by identifying the i-th point from the top in the tail of © with the
i-th point from the top in the head of v, deleting closed loops that may be formed, and assigning
to it the orientation of 7 (or, equivalently, ). The closure T of 7 is the planar diagram obtained
by joining the i-th point from the top in the tail of = with the i-th point from the top in the head
of m, for all such points, with arcs that intersect neither themselves nor the strands of = and that
are drawn so that they appear at the bottom of the diagram. We will call such a diagram a loop
diagram. An example is given in Figure 4.

It is clear from the observation about the construction of the chromatic join that

(3) x(m,7) = #{shaded regions in 7y }
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FIGURE 4. A strand diagram and its closure

(or, equivalently, #{shaded regions in yn } since h is symmetric). The construction is illustrated
below, where the diagrams on the left and right correspond to the planar partitions my and o,
respectively.

- >

6 -6 1
| 5 o) 1

2
5. - 2
A4 -3 --
R . 3

These observations lead to the introduction of the following algebra in which (7, ) will be seen
to be the value of an appropriately defined trace function on an element in the algebra.

2.4. The Temperley-Lieb algebra. Throughout, sans serif symbols are used to denote elements
of the Temperley-Lieb algebra.

Definition 2.1. The Temperley-Lieb algebra on n elements is a free additive algebra with multi-
plicative generators 1,eq,--- ,e,_1 subject to the relations

Rl e =qe; fori=1,...,n—1,

R2 €;€; = €;¢; if ‘Z —_]| > 1,

R3 €;,€,4+1€; — €; fOT”i = 1,... , N — 1,
where the indeterminate q commutes with all the elements and 1 is the multiplicative identity.
Thus TL£,(q) = C(q)(1,e1,e2,...,e,—-1)/(R1, R2, R3).

It is readily seen that every strand diagram can be obtained by concatenating strand diagrams
selected from

1— 1~
1= &= i+I1,D C
n -
< -

The product in TL,(q) respects the concatenation of diagrams, with the convention that closed
loops formed in the concatenation are marked with the indeterminate ¢ and then deleted. To show
this, it is necessary only to verify the assertion for the generators. The sequences
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R1. ef= 1) @ C =) C =qe

R2. ee = | I = €€
i | G | Ga—
R3. ee,e.= :iI%D E E _= D C =e

of planar diagrams confirms this. The dimension of this algebra is therefore C,,, the number of
planar partitions of {1,...,n}.

Each planar partition corresponds to a unique strand diagram and thence to a monomial in
e1,...,ep—1. The set of all such (distinct) monomials, modulo relations R2 and R3, is a linear basis
of TL,(q) over C(q), and is denoted by By. For example, By = (1,e;1,e2,ej1e2,e9€;1) is a basis of
T L3(q). There is therefore a bijection between the set of all planar partitions of {1,...,n} and the
elements of the basis Bj.

There is a natural inclusion T£,(¢) C TL,+1(q) via e, = 0 in TL,4+1(g), which will be important
in the inductive constructions. For strand diagrams, this inclusion corresponds to removing the
strand diagram for e, in T£,,11(¢) and then deleting the bottom strand from the strand diagram
ofe; € TL,11(q) fori=0,...,n—1.

Definition 2.2. A function tr,,: TL,(q) — C(q) that satisfies conditions (1) and (2) among

1. tr, is a linear functional,
2. try(ab) = tr,(ba) for all a,b € TL,(q),

1s called a trace. If, in addition, try satisfies
3. tri(aex_1) = try_1(a) whenever a € (1,e1,...,ex_o) for k >1
then try is called a Markov trace.

It is shown in Appendix A that if a Markov trace exists then it is unique up to a multiplicative
factor.

Let #100p(e) be the number of loops in the loop diagram corresponding to the closure of the
strand diagram of e € TL,(¢). Then

tr, (e) — q#loop (e)

extends linearly to a trace function on ¥£,(¢q). To check this, it is enough to prove that the
trace properties hold for the generators. But this is straightforward. Omne contribution to the
number of loops comes from concatenation, which is recorded through relation R1, and the other
contribution comes from the closure of the element. Condition (3) for the Markov trace is shown
diagrammatically on Figure 5. Thus tr, is a Markov trace.
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1 1— 1 _—
2 2 — 2! —_—
e : :
! €
N n-1: = .
— 2.C N

FIGURE 5. The Markov condition for the trace

2.5. The generalized Temperley-Lieb algebra. The chromatic join can be incorporated into
this setting through a refinement of the above trace. Let e be the Temperley-Lieb element cor-
responding to . Let #qn(e) and #,sn(e) denote, respectively, the number of (finite) shaded and
unshaded regions in the loop diagram of the closure of e. Then

(4) #sh(e) + #ush(e) = #loop(e)'
We now show that
(5) ¢n(e) — x#sh(e)y#ush(e).

is a Markov trace on the following suitable generalization of T£,(q).

Definition 2.3. The generalized Temperley-Lieb algebra TL,(z,y) with trace is a free additive
algebra over C(x,y) with a trace function and with multiplicative generators 1,e1,--- ,e,_1 subject
to relations

S1 €2 =zie; fori=1,...n— 1, where x; = x if i is odd and x; =y if i is even,
S2 eje; =eje; if |1 — j| > 1,
S3 eiejr1e;=¢; fori=1,....,n—1

where the indeterminates x and y commute with all the elements and 1 is the multiplicative identity.

The parity condition in S1 is forced since tr(e;—1e;+1) = tr(e;—1€;€;41€i—1) = T;—1tr(e;ei+1€i—1)
and, similarly, tr(e;_1e;41) = tr(e;+1€,—1€i€i+1) = Tit1tr(e;—1€i€i11), SO equating these gives z;_1 =
xi+1. Note also that the dimension of TL, (z,y) is equal to C,, and that TL,(q) = T£L,(q,q). The
following result is now easily checked.

Lemma 2.4. ¢, is a Markov trace on TL£,(x,y).

We note that, from Lemma A.1, ¢,, is unique up to a multiplicative factor. From (5), ¢,(e) =
z#0(¢) When y = 1, so this trace function counts the number of parts in the planar partition e.
Moreover, from (4), it specializes to ¢y, (e) = x#100p(®) when 22 = 1, so this trace function also counts
the number of loops in the closure of e.

2.6. The matrix of chromatic joins. Since x(m,v) may be obtained through the construction
X(m,7) = #en(m!) on planar diagrams, we now complete the translation of the combinatorial
question to the Temperley-Lieb algebra, by defining the transpose of an element of T, (x,y) so
that it is consistent with this construction.

Definition 2.5. The transpose ! : TL,(z,y) — TL,(z,y) satisfies
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(1) ei=¢; fori=1,2,...,n—1,
(2) (ef)t = flet for all e,f € TL,(2,y),
(

t
2) (e
(3) (e +~fF)t = Nel +~ft for all e,f € TL,(x,y) and A\, € C(x1,...,2y).

Let
(6) (3 TLu(z,y) X TLu(z,y) — Clz,y): (e,f) — dp(eft).

This is a symmetric bilinear form on TL,(z,y), and the matrix of chromatic joins is the Gram
matrix

(7) M, (z,y) = [(ai7 aj>n]0n><cn )
of (-,-), with respect to the standard ordered basis By = (ai,...ac, ) of monomials in TL,(x,y).
In particular, from (1), (3) and (5),

For example, the Gram matrix of (-, -),, with respect to (1,e1,es,e1€9,e0e1) of TL3(x,y) is
2

22y 2?2 zy oz x

II)‘2 IIJ‘3 xr ZE2 £U2

Ms(z,y)= | =y « xy* zy ay
r 22 wy 2%y o«

r 22 zy x 2%y

Later, another ordering of {1,e;,eq,e1es,e9e1} will be used, and it will also be denoted by Bj.
At this point, however, there is no reason to prefer a particular ordering.

3. THE BASIS By

Hereinafter we work within T, (x,y) to construct an ordered basis By of £, (x,y) with respect
to which M,, has the form given in (2). The relations S1, S2 and S3 will be used extensively,
although explicit reference seldom will be made to them. In addition, it will be more convenient to
prove certain of the algebraic results by constructions based on strand diagrams. This is permissible
since, as observed earlier, strand diagrams with concatenation, transposition and closure provide a
combinatorial presentation of TL,(z,y) with a Markov trace.

3.1. Some special elements in TL, (z,y). We begin with some observations about the construc-
tion of the special elements, E,,, called the Jones-Wenzl projectors, for TL, (x,y) through an analogy
with the symmetric group. It is known that TL£,(z, x) is a quotient algebra of the Hecke algebra,
which in turn is a generalization of the group algebra CS,, of the symmetric group. The latter
can be represented as a free additive algebra with multiplicative generators 1,ty,...,t,_1 subject
to the relations

Tl t?=1fori=1,...,n—1,
T2 tit; = t;t if ‘Z —j‘ > 1,
T3 titiv1t; = tipititisn fori=1,...,n—2,

where t; is the adjacent transposition (i,i+1). By setting t; = 1—e; and taking the quotient modulo
the ideal generated by the elements e;e;11€; —e; we obtain T£,,(2,2). The relation e;e;+16; —e; =0
is equivalent to the relation t;jt;y1t; = 1 — t; — tiy1 + titiy1 + tip1t; and so TL,(2,2) = C6,,/1
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where [ is the ideal generated by the elements 1 —t; — t;41 — t;ti1t; + titir1 + tir1t;. In the
language of classical representation theory this quotient corresponds to reducing C&,, modulo the
representations corresponding to Young tableaux with more than two rows. This is because the
Young symmetrizers of tableaux containing at least three rows are equal to zero when evaluated
modulo the relations 1 —t; — t; 41 + titip1 + tig1ts = titiv1ti.

Recall also that the Young symmetrizer z corresponding to a tableau with only one column
satisfies t;z = z = zt; for i« = 1,...,n — 1 which is equivalent to e;z = 0 = ze;. Thus, in the next
section we shall construct elements E,, € TL,,(z,y) such that ¢;E, = 0 = E,e;. These elements will
play a role in T£,(z,y) analogous to that of the Young symmetrizers in CS,,.

With the above comments in mind, we therefore seek E, € TL,(z,y) such that (i) E,e; =
0=eFE, foralll <i<n-—1and (ii) E, — 1 € (e1,e2,...,e,-1). Now E, — 1 is generated by
el,...ep—1 so, from (i), E,41(E, — 1) = 0 = (E,, — 1)Ej,41 so E,+1E, = Enp1 = EuEpgq. Then
E.E.+1E, = En+1E, = Ep4q1. Thus E,4q = E,F,E, for some F,, € TL,1(x,y). However, the
only monomials that may appear in F,, are 1 and e, since, by (i), the others give no contribution
to E,F,E,. Hence F,, = \,1 — upe, for some \,, u, € C(z,y). Clearly, A\, = 1 from (ii). Thus if
E, exists then it must satisfy E,+1 = E,(1 — pnen)E, = E,, — pnEnenEy. The next result shows
that this recursion does yield idempotents satisfying the conditions and characterizes p,. Note
that TL£,(q,q) is the Temperley-Lieb algebra T£,(q), and the E, are known in this case as the
Jones-Wenzl projectors.

The above observations provide the motivation for the following lemma, whose proof is an ex-
tension of the proof for TL,,(¢), and is included for completeness. In the statement of the lemma,
condition 2 is redundant since 0 = E,,(E,,—1) by conditions 1 and 3 so E2 = E,,. However, condition 2
is retained since it is convenient to have it stated explicitly with the other two.

Lemma 3.1. There is a unique element E,, € TL,(x,y) satisfying the conditions that
(1) E, — 1 belongs to the algebra generated by ey, eq, ..., e,_1,
(2) E2 = E,,
(3) Ene; =0=¢E, for 1 <i<n-—1.

Moreover,

(9) En+1 - En - NnEnenEn

forn > 1 with E; = 1, where p; satisfies
(10) fi1 = (Tip1 — pi) "
for i >0 with py = 0.

Proof. We show that E, 1 satisfies conditions 1, 2, 3 and (En+1en+1)2 = N;}r1En+1en+l under the
inductive hypothesis that E,, does.

The result holds trivially for n = 1. Now E,+; — 1 = (E, — 1) — u,Ene E,, and is therefore
generated by e, ..., e, so condition 1 holds.
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Now from equation (9) we have E2 1= En—2p,Ene B + 12 (Enen)?E,. But E, — 1 is generated
by e1,e2,...,e,-1 so E, and e, +; commute. Then, from equation (9)
en+1En+1en+1 = €p41 Enen+1 - ,Unen—l—lEnenEnen—l—l
- xn—i—lEnen-l—l - NnEn(en-i-lenen-i-l)En

-1
= xpr1Enenir — pnEneni = ﬂn+1Enen+1-

where we had used the fact that E,e,+1 = e,+1E, since E, is generated by (e,...,e,—1). Multi-
plying on the left by E,, 41 gives (E,t1€,41)? = ,u;}rlEnHEnenH. But, from equation (9), E,+1E, =
E2 — p,EpenE2 = Enyq so (Epgiens1)? = M;i1En+1en+1- Combining these, we conclude that

E%H =E, — 2u,EnenEn + pnEnenEn = Eypq, from equation (9), so condition 2 holds.

From condition 3, by hypothesis and by equation (9), we have E,,y1e; = E,,e;—pn(Enen)(Ene) =0
for 1 <i<n—1. Also E,,1e, = Ene,, — pin(Enen)? = 0, so condition 3 holds.

Finally, from condition 3, (1 —E,)e; =e; = ¢;(1—E;) for i <i < n—1 in the ring (e1,...,e,-1),
so 1 — E,, is the multiplicative identity, which is necessarily unique, so E,, is unique. O

It follows from Lemma 3.1 that if V; = V;(z,y) is written in the form

(11) wi = Vi1 /Vi
for ¢ > 1 then V}, satisfies the recurrence equation
(12) Virr = 21 Ve — Vi

for k > 1 with Vy(z,y) = 1 and Vi(z,y) = =. Since this identifies Vi (g, ¢) is the normalized Cheby-
shev polynomial Uy of the second kind, we regard V;(z,y) as a generalized Chebyshev polynomial.
The inverse relation is

(13) Vie=(p )"

The appearance of Chebyshev polynomials is not entirely surprising. Trivially, planar partitions
are in bijection with planted plane trees through duality, and the generating series for the number
of the latter with respect to non-root vertices satisfies the functional equation 7' = z(1 — T)~!.
This generates a continued fraction whose k-th convergent has the form zQy/Qx1 where Qpiq =
Qr—2Qp_1fork>1and Q_1 =0, Qo = 1. This is easily transformed into the generating series for
Vi(x, z). The series ©Q /P11 counts planted plane trees with height at most k. The corresponding
series in x and y counts two-coloured trees, with height at most k, with respect to the number of
vertices of each colour.

Corollary 3.2. El = E,.

Proof. Trivially, conditions 1,2 and 3 of Lemma 3.1 hold with E, replaced with E{. But such an
element is unique by Lemma 3.1, and the result follows. ]

Corollary 3.3. For 1 <k <n —1 there is a unique element ng) € TL,(x,y) such that

(1) E%k) — 1 belongs to the algebra generated by ex,€xi1,.--,€n—1,
2) EVEY = EY,

(3) E,(f)ei =0= eiEglk) fOT k < /) <n-— 1,
Eszn) _ EgH_l)

where =1 by convention.
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Proof. This follows directly from above by considering T, _ry1(x,y) and shifting indices i —
i+k—1. O

Note that EY = E,,.

It follows from Corollary 3.3 that the strand diagram of each monomial in ESZ‘"‘“) is obtained

from the strand diagram of the corresponding monomial in E;, € T, (x,y) by attaching n — h — 1

E(n—h+1)

parallel strands at the top. Thus has the same structure as Ej, in TL£,(x,y). Moreover,

E&”‘h“) can therefore be obtained from E; by the substitutions e; — e,_p4; for i =1,...,h — 1,

where Ej, is obtained from the recursion given in (9). Note that this substitution is a bijective ring

)

homomorphism. It is also useful to observe that Egh is obtained from E,_p.1 by

(14) ej—epi1 and x; — xpy 1 fori=1,...n—h.

3.2. Paths. A path p of length 2n is a sequence of points (P, ..., Ps,) in R?, such that Py = (0,0)
and P, — P,y = (1,£1) for i = 1,...,2n. Let P, denote the set of all such paths with P, = (0,0)
and such that no point has negative y-coordinate. This is the set of Dyck paths. It is convenient
to connect P;_1 and P; by an edge for i =1,...,2n.

The height, h;(p), of p is the y-coordinate of P;. Then p has a rise at position i if h;+1(p) > h;(p),
and a fall at position i if hi11(p) < h;(p). Also, p has a minimum in position i if h;—1(p) = h11(p) =
hi(p) + 1. Similarly, p has a mazimum in position 7 if h;_1(p) = hir1(p) = hi(p) — 1. In addition, p
has a double rise in position ¢ if h;—1(p) +1 = h;i(p) = hi+1(p) — 1, and a double fall in position i if
hi—1(p) —1 = hi(p) = hi+1(p) + 1. We say that p has a slope in position 7 if there is either a double
rise or a double fall in position i. Note that if a maximum or minimum occurs in position 7 and
height m then ¢ = m mod 2.

The steps (1,1) and (1,—1) are called, respectively, a rise /" and a fall \,. A path in P, can
therefore be regarded as sequence of rises and falls, starting at the origin, with no point below the z-
axis. Given a path, the corresponding arch diagram is constructed by first associating the step (1,1),
with the beginning of an arch and the step (1,—1), with the end of an arch and then completing
this uniquely to an arch diagram. The correspondence is clearly bijective. Here and throughout,
paths are denoted by Gothic minuscules. Figure 6 shows the path diagram 2\ _/73\,2 "\ 2€ P
and its corresponding arch diagram.

<O mm

11 223 3 445566

FIGURE 6. A path and the corresponding arch diagram
Combining the above bijection with those from Section 2 gives a bijection
()1: Pn = By
between P,, and B;, which is a basis of both T£,(¢) and TL,,(x,y),
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The path corresponding to a monomial a € B; is denoted by [a]. In this notation therefore
[e?] = [e;]. Also, if a is any monomial, then ([a]); is the element in B that is equal to it. For brevity
we shall use [a]; to denote ([a]);. In particular, if a € B; then [a]; = a.

Finally, we shall need the transpose of a path. If s denotes a step define s = 7 if s =\, and
st =\, if s =/ (ie. s' denotes the step complement of s). If p = 51 - - - s, where s1,...,5 are steps,
then 5’,; -+ 5t is called the transpose of p and is denoted by p’. Thus p’ is obtained from p by reading
the latter backwards and then specifying (0,0) to be its origin. If v and [ are paths, let 6, = 1 if
[ =t and 0 otherwise.

3.3. Box addition on paths. If p € P, has a minimum at position i, let p H o; denote the path
obtained combinatorially by complementing the steps incident with position ¢ to make a maximum
at position 7. We can notionally regard pHo; as having been obtained from p by “adding a box” ¢; at
the minimum in position 7 in p, and we shall refer to this operation as box addition. The operation
is undefined if p does not have a minimum at position i. The reverse operation will be useful. If
p € P, has a maximum at position ¢ then p H¢; denotes the path obtained by complementing the
steps incident with position ¢ to make a minimum in position . We can regard this operation as box
deletion. It is easily verified that the basis By of monomials may be obtained through box addition
by means of the following algorithm, in which

3= (N (NF) (N e Py
where k 4+ 25 =n and 0 < k < n. Such a path is called a base path.

Algorithm 3.4. Let the mapping (-)1 act on Py by (In)1 =1 and, for k <n, by

(jﬁ)l = €183 ... €n—k—1,
where n = k mod 2. The rest of the mapping is defined iteratively by

ei(p)1 ifi <n andp has a minimum at position 1,
(15) (pBo)1 =< (pP)iean—i ifi > n, and p has a minimum at position i,
undefined ifi=n

Then the basis By of TL,(x,y) is the set (Pp)1 of images of Py, under (-);.

The construction is not defined for i = n since e, € TL,(q), so a box cannot be added to the
midpoint of a path. This observation is a crucial one since it explains the significance of the midpoint
of a path in P,, which plays a key role in the later algebraic and combinatorial constructions.

The height of the midpoint of p € P,, is called the mid-height of p and is denoted by h(p). Figure 7
shows the determination of [b] = [eses] H oy and [c] = [eses] Hog in TLs(q). Every path in P,, with
mid-height & can therefore be obtained, not necessarily uniquely, by means of (15) through box
addition from the base path 3% where k = n mod 2. The number of base paths in P,, is [1(2n+1)].
The path [J3]; = ejeses is given in Figure 8.

If p € P, and h(p) = h, then the number of box additions required in the construction of p from
Jh using (15) is referred to as the number of bores in p, and is denoted by #(p). Thus, #,(3) = 0.
This number will be used in some of the inductive proofs.
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/NN

FIGURE 8. The path J3 = [e1eses).

ERVAVAN

3.4. The construction of the basis B;. Another basis Bs is constructed in a similar way to By,
from the same set of base paths but with a revised action of box addition.

Definition 3.5. Let the mapping (-)2 act on Py, by (I%)2 =1 and, for k <n, by
(16) (32)2 = w_("_k)ﬂESL"_kH)eleg k-1,

where n = k mod 2. The rest of the mapping is defined iteratively by
\ /“L—;l (&5 — p51)(p)2 if i <n andp has a minimum at position i,

(pHoi)2 =19 | /”L—?l (p)2(e2n—i — p;1) if i > n, and p has a minimum at position i,
undefined ifi=n

where j = h;(p) + 1. Let By be the set (Pyn)2 of images of Py, under (-)a.

Note that the e;s for 1 < i < n — h — 1 commute with the E"" ™ term in (3k)9. This
construction is well defined since ({[a] Ho;} B o;)2 = ({[a] Bo;} B ;)2 whenever |i — j| > 1 by S2.
If a is a monomial, we denote ([a])2 by [a]2 for brevity.

For example, ([eges] Hoz)o = | /%(eg — o) [eses]o and ([eqes] Hog)o = [ezes)a, /%(e;l — pg3). For
brevity, here and subsequently, we replace ;1 by u; where the context permits.

Any path p € P, can be uniquely decomposed into p +— ([,r) where p = [r, and [ and v are
paths of length n. We shall call [t the midpoint decomposition of p. The main result regarding the
elements in Bs may now be stated.

Theorem 3.6. If [a] = [t and [a'] = 't/ are midpoint decompositions, where a and a’ are monomials
in TL,(z,y), then

[a]g[a/]g = 5tt’[/([t/)2.
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The proof of Theorem 3.6 is technical and so, to avoid interrupting the present development, it
is deferred to Appendix B. The theorem shows that By is a semi-orthogonal basis for TL,(z,y)
and it provides us with an easy way of multiplying elements of By. Moreover, it gives the following
structure theorem for TL, (z,y).

Theorem 3.7.

Qﬂn(a:,y) = M/ﬂ ((C(a:,y)) X Mkz ((C((L’,y)) X X ./\/lkn((C(x,y)),
where M;(C(x,y)) is the ring of i X i matrices over C(x,y) and k; = ((n—TZ)/z) - ((n—ii2)/2)’

Proof. We index the rows and columns of matrices in My, (C(z,y)) by the paths of length n with
terminal height i. Consider map v given by (It!)s — e where h is the mid-height of the path

v
[t! € P, and eE ) denotes the matrix in My, (C(z,y)) with a 1 in position (I,t) and 0’s elsewhere.
The matrices from the other constituents are zero. Then, from Theorem 3.6, 1) is a homomorphism
and a dimension argument proves that it is also bijective. Now k; is identified as the number of
paths of length n with terminus at height i. The result follows from Lemma C.1, g

An example of the isomorphism is given in Appendix D.4.

Corollary 3.8. By is a basis of TL,(x,y).

Proof. Suppose that By is linearly dependent. Then there exist scalars o; € C(x,y), i =1,...,Ch,
not all zero, such that Zfﬁl a;laile = 0. Assume that oy # 0. Let [a;] = [;v; be midpoint decompo-
sitions for ¢ = 1,...,C,. Then, from Theorem 3.6,

Ch Cn
= (), (Z a;(a; > tht)g = ZO‘Z (Ielh)2(lt:)2 (ther)2 = Z%‘;lz (O v, (Liti)2 = aag.

=1 =1

Thus o, = 0, which is a contradiction, so Bz is linearly independent. Finally, since dim(T£,(x,y)) =
Cy, = |Bs| it follows By is a basis. O

It follows immediately that
()2: Pn = Bay
is a bijection.

It is now possible to indicate informally the motivation behind the construction of basis Bo
in Definition 3.5. Following the example of the symmetric group algebra, it is natural to obtain
construct the elements of By recursively by multiplying left and right by selected factors. It remains
to justify why these factors should be e; —p; precisely when the corresponding path diagram contains
a minimum at position 1.

Suppose a factor contains a monomial e = e;,e;, ...e;,. Then multiplying by e on the right is
the same as first multiplying by e;, and then by e;, and so on. So one may as well assume that the
monomials are equal to e; for some 7. Thus the factors ought to be polynomials in e; and since e; is
idempotent each factor ought to have the form e; + ¢ for some scalar ¢ € C(x,y). Now if the path
diagram [a] has a slope at position i then [a]s(e; + ¢) = c[a]s since, as is shown in Appendix B.1,
[a]2e; = 0 if [a] has a slope at position . Similarly if [a] has a maximum at position i then

[a]a(e; 4 ¢) ~ [a']2(ei — pj)(&i 4 ¢) ~ [a']a(ei + &) ~ [a]2 + [3']2
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where ¢ € C(z,y) and ~ denotes that we have ignored scalar factors. This shows that multiplying
[a]2 by e; + ¢ has no effect if [a] has a maximum at position 7. So to multiply by e; + ¢ there ought
to be a minimum at position ¢ in [a]. This justifies all the conditions in Definition 3.5 except why
¢ = ;. This can be deduced from the proofs of Theorem 3.6 in Appendix B where ¢ must satisfy
a recursion enforced by the induction.

4. THE MATRIX OF CHROMATIC JOINS

It is now possible to give a procedure for determining the elements of the inverse of the matrix
L,, of chromatic joins. We now show that the basis Bs is such that the Gram matrix of (-,-) with
respect to it is diagonal. Moreover, we show that there is an ordering of the elements of By such
that the matrix P,, that expresses the basis By in terms of B is a triangular matrix.

4.1. The Gram matrix. Some preliminary results on the evaluation of the Markov trace ¢,, are
required.

Lemma 4.1. (37)5(3")y = Sp,pe (T0)2-

The proof of this is given in Appendix B.1.
Lemma 4.2. ¢,(E,) =V, (z,y).

Proof. We use induction on n. If n = 1 then E; = 1 and V; = 2 = ¢1(1). Now suppose that
Or—1(Ex—1) = Vik_1 for k < n. The lift of Ex_; from TLy_1(z,y) to TL(z,y) appends a strand
to each of the strand diagrams, and therefore a region whose (implicit) shading is specified by
the parity of k. Then ¢p(Ex—1) = zxodr—1(Ex—1) = 2xVik—_1, by hypothesis. From (9) we have
Ok (Er) = 21 Vi—1 — pk—10k(Ex—1ex—1Ex_1). But ¢y is a Markov trace and Ex_1 is idempotent, so
Ok (Ex) = 21 Vi1 — 10k (Bx—1er-1) = 21 Vi1 — ph—19k—1(BEr—1) = 2 Vi1 — Via = Vi
from (12) and the induction hypothesis. The result follows. O

We remark that this is another result in which the parity condition S1 of Definition 2.3 is required.

Lemma 4.3. ¢,,((37)s) =V, whenever 3" exists (i.e. when n = h mod 2).

Proof. Recall that (J0)y = 2= (=1)/2 E,(Tn_hﬂ)eleg ...ep_p—1. But, from the remark following Corol-

lary 3.3, E&”"‘“) has the same structure as Ej, € TLy,(x,y). Now n—h+1 is odd so, by considering
the number of regions contributed by Ej, and the fact that each eg; 1 contributes a shaded region,
it follows from the diagram

1 B
n-h+1 n-h-1 - -
gD = [ R

n €13 €pn1 T (hYy

n
v

that ¢n(E,(1n_h+1)e1e3 e Cp_pho1) = x(”_h)/2¢h(Eh), 50 ¢n((3M)2) = én(Ep) = Vi, from Lemma 4.2.
O
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We may now give an explicit expression for the entries of the Gram matrix (-,-),, with respect
to the basis Bs.

Corollary 4.4. If a,a’ are monomials and [a] has mid-height h then

<[a]27 [a/]2>n = a,a’Vh'

Proof. Let [a] = Iv and [a'] = 'Y/ be midpoint decompositions. Then, from (6) and Theorem 3.6,
([al2, [@]2)n = @n((It)2(t'I")2) = Orwdn((I)2). Since the trace is invariant under a cyclic shift of its
argument, then ([alz, [a'l2)n = ¢n((v'I')2(Iv)2) = d1r dn((¥'v)2). Thus (a2, [']2)n = 0 if [a] # [a'].

In particular, ([a]s, [a]2)n = ¢n((Il)2) and is therefore independent of . Similarly, it is independent
of [ so it depends only on h and n. Therefore, ([al2,[ala)n = ((3)2, (37)2)n = én((3M)2(I1)E),
from (6). But (374 = (1) so, from Lemma 4.1, ¢,((37)2(3")%) = #,((3")2) and the result
follows from Lemma 4.3. O

Let Dy (z,y) be the matrix of (-,-), with respect to the basis By = {[a]e: i = 1,...,Cy,} of
TL,(z,y). Let P, be the matrix that expresses the elements of By in terms of the elements of
Bi. Then P! M,,(z,y)P,, = D, (z,y). Now D,, = [(a,2")]a wexs, (2,y) 80 from Corollary 4.4, D, is
generically invertible. Thus M, (z,y) is also. Moreover,

(17) M, ! (z,y) = P,D,, (z,y)P.

z,y)

4.2. The change of basis matrix. We shall be able to select an ordering of By such that the
change of basis matrix P,, is a triangular matrix. This ordering will assist in the explicit deter-
mination of elements of M, !(z,y). For this purpose, let £(P,, <g) be the lattice of paths in P,
where p; <4 p2 (geometric inclusion) if ps may be obtained from p; by box additions.

Lemma 4.5. The basis By = {[a;]2: i =1,...,Cy} of TL,(z,y) has the property that
(anl2 € spanciy.y) {2 € Bus 3] <g [an]}
form=1,...,C,.

Proof. We use induction on #,(a,,). The base case is 3", where h is the mid-height of [a,,],
since #,(3") = 0. Now (37)y = z=(=h)/2¢ 64 . ..en_h_lESL"_hH) where Egl"_hﬂ) is generated by
€n—hals--->€n—1. Thus every term in the expansion of (’JZ)Q has the form a = eje3 - - - e,_,_1f where
f € (en—ht1,---,en—1). Now consider the concatenation of the strand diagrams of ejes...e, 1
and f to obtain the product a. Since the last h strands of the strand diagram of eje3...e,_,_1 are
horizontal and since f € (e,,_p+1,...,€en—1), concatenation with the strand diagram of f affects only
these last h strands. So

o] = [eres - ennafl = (/N p (/N
for some p € Pp. But "\ is the maximal element of the lattice L(Ph, <gi) s0 p =g /"N .
Moreover,

[eres - en—n—a] = T = (N (N O\,
where j is determined from n and h by n = h — 2. It follows that [a] <4 J". Thus

(’Jﬁ)g € spang (g ) {a € Bi: [a] <g JZ} ,

establishing the base case.
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Now consider b € By, where #,(b) > 0. As the inductive hypothesis we assume that the result is
true for all monomials with fewer than #,(b) boxes. Then [b] = [a,,]Ho; for some ¢, so [a,,] <gi [b].
We assume that i < n; the proof for the case i > n is similar and is therefore not included. Now

[bla = ([am] B <)o = 4 /“Z—T(ei — pj)am where j = hi([ap]) + 1. Then, by hypothesis,

bl € spance,fe@— psa: (2] =g [and)
C  spang(y ) {eia: [a] <gi [am]} Uspang(, {a: [a] <gi [am]}

We now consider the expansion of e;a. There are three cases, and in each of them we show that
[e;a] <gi [b] for each [e;a] in the span.
Case I: Assume that [a] has a maximum in position 7. Then [a] = [g;f] for some f € TL,(z,y).
Thus [e;a] = [e2f] = [eif] = [a] <gi [am] <gi [b], 50 [e;a] <4 [b] in this case.
Case II: Assume that [a] has a minimum in position i. Then [e;a] = [a] B ¢; <4 [am] B o; = b, so
[e;a] <gi [b] in this case.

Case III: Assume that [a] has a slope in position i. We assume that the slope is a double rise. The
proof for a double fall is similar and is therefore not included.

The arch diagram of a has two arches with heads in consecutive positions. In [a], these correspond
i-1 i (i-1) (i)

to rises " and " in positions ¢ — 1 and i, together with matching falls \, and \, respectively

(the bracketted index indicates the matching), corresponding to the ends of the two arches. Thus

i—1 [ i (@) (i—1)
[a] =a / </’ b\\) c N\, 0

for some paths a,b, ¢, 0. Now consider the concatenation of the strand diagram e; and the strand
diagram a. This affects precisely two strands in the strand diagram a, leaving all the other strands
untouched. This is illustrated in Figure 9. It is immediately seen that the corresponding path is

X X—

y - ) Y- ;
: - I

Z W Z... LI I )

FIGURE 9. The strand diagram a on the left and e;a on the right.
this next expression should be forced to appear before the diagram.
i-1 (i () (i—=1)
[eial=a / |\, b 7| ¢\, D
Thus [e;a] <gi [b] in this case. Combining these cases, we have
[bl2 € spang, ) {a € Bi: [a] <gi [b]}
so the inductive step holds, which completes the proof. ]

We may now establish that P, is triangular and obtain the elements on its diagonal. The
following path statistic is needed. Let p € P, with p = [v its midpoint decomposition. Then the
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i-th fall in [ marks a diagonal strip as does the j-th rise in t. In Figure 10 the shaded regions are
the strips of length three. Note that the strips have different orientations depending on whether
they occur before or after the midpoint. This means that there are n — h strips in a path p € P,
with middle height h.

FIGURE 10. Strips of length 3 in path.

Corollary 4.6.
1) P, is triangular,
2)  [Palrk = [Tiey (VEa)*,

where s; 1, is the number of strips of length i in the path [ag].

Proof. 1) A linear extension of the lattice £L(P,,, <gi) can be constructed by shelling the lattice from
its top element. This shelling order gives a labelling aj, as,...,ac, of the monomials of TL,(z,y)

such that [a;] <gi [a;] = ¢ < j. Let 1 < m < C,. Then there exist Y1 m,v2.m;- - Ymm € C(z,y)
together with a labelling of aq,...,ac, such that [ap,]o = > ¥ima;. Thus P, is triangular.

2) From Lemma 4.5, [P,]; 1 is equal to the coefficient of aj in the expansion of [a;]o in the basis
Bi. Suppose [a;] has mid-height h. We determine [az]2 by box addition to 37 to build [ag]. From
Definition 3.5, each box addition at height j—1 contributes a multiplicative factor , /% to [Pp]k k-

A strip of length i therefore contributes a multiplicative factor

[ Hi [Hi-1 /ﬂ: [ i
Hi—1 Mz‘—zm 241 ,u1'

From (16), (3"), = g (n=h)/2 E%"_hﬂ)eleg ...ep_p11 contributes the multiplicative factor z—(n=h)/2

and, from Corollary 3.3 (1), the coefficient of 1 in E,(@n_hﬂ) is 1. Since there are Y ;" | s;x =n—h
L e ~Sik .
strips in a; and p; = 1/ we have [Py,] = 2~ ("P/2 ], [ = | RV TS O

As an example of orderings of By, Figure 11 gives a possible ordering for By in £(P4, <) as the
(e1e3,e1e3e0, €1, e2e1€3, €1€9, €2€1 €362, €2€1, €3€2€], €2, €] €2€3, €3€2, €2€3, €3, 1).

Similarly, a possible ordering for By in L(P3, <gi) is (e1,ezeq1,e1e2,e2,1). Then, by explicit compu-

tation, [ege]o = /E2(ea — p1)p1e1r = Juipiz(—pie1 +egeq) and it is noted that this is independent

p1
of the elements ejes, 5 and 1 in Bj.

5. A RECURSION FOR THE ELEMENTS OF M, !(z, y)

We may now address the matter of constructing a recursion for the elements of M, !(z,y), and
therefore, by specialization, a recursion for the elements of L, (q). We propose to do this by first
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obtaining a recursion for the elements of P,,, for then the elements of M, !(z,y) may be obtained
through (17).

The determination of M, *(z,y) has been reduced to the problem of expressing the basis By in
terms of the elements of B;. This, in principle, can be done through the recursive of Definition 3.5
by means of box additions. However, the construction terminates on the base path ’Jfl, which
contains no boxes and, to complete the construction of Bs, it would be necessary to use the difficult
non-linear recursion given in (9) for Egﬂ). Recall that box additions cannot be made at the midpoint
of a path. We now show that it is possible to avoid this difficulty and to give a recursion for the
elements of By that operates uniformly down to the base path 3% or 3&1). To do this, we append a
particular fixed path to the paths p in P, so the midpoint of p, at which box addition cannot be
carried out, is no longer the midpoint. It is on the augmented path that the desired box addition

can be made. This means that we work in a left ideal of Ty, (z, ).

5.1. The ideal Ry,(x,y). We begin by defining a natural map from TL,(z,y) to Rop(x,y) =
TLon(z,y)(e1e3...e2,-1). This map is defined on monomials by e — ([e] (,"\,)")1, and extended
linearly to L, (z,y). Thus I'(e) is the element of Ko, (z,y) whose path is obtained from [a] by con-
catenation on the right by ()", the path corresponding to ejes...eq,_1. Clearly I' is bijective.
To simplify subsequent expressions we shall abuse notation slightly and denoted by I'((p)1) by I'(p)
where p is a path.

Lemma 5.1. (1) T'([a] + ;) =T[a] +¢; for [a] € Py and 1 <i < 2n —1.
(2) T'(eje) =eI'(e) foree TL,(z,y) and 1 <i<n—1.
(3) T'(ee;) = ean—il'(e) fore e TL,(x,y) and 1 <i<mn—1.

Proof. Part 1 follows immediately by considering box additions on paths. Parts 2 and 3 follow
immediately by considering concatenation of strand diagrams. O

The next result shows that the basis By for TL,(z,y) and Ko, (z,y) are directly related. This
correspondence and the fact that box additions at position n in paths associated with Ko, (z,y) are
allowed will enable us to obtain a general recursion for all elements in the basis By of TL,(z,y)
without resorting to the E;’s.

Lemma 5.2. Let [a] € P,. Then
I'([a]2) = Va" V[l ([a])le,
where k = h(a).
Proof. First note that [['(a)] is a path corresponding to a monomial in Ra,(z,y). The correspond-
[

ing By basis element [I'([a])]2 is obtained by regarding R, as a subset of TLo,(x,y). Then, by
Theorem 4.5, the element [I'([a])]2 belongs to Koy, (x,y).

We will prove the result by induction on the number of boxes in [a]. The base case is [a] = J*
since #,(3%) = 0. Recall from (16) that (J5)y = o= (=R2E M Ve e e, 1 1 where, from

Corollary 3.3, E&”"““) is generated by e,_f+1,...,en—1. Let

(18) F =0 (3h)).
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so F € £, (x,y). Our intention is to show that F is equal to (3%)5, up to a multiplicative scalar in
C(z,y). Now if n —k+1 <i <n—1 then ¢F = T~!(e;(3%)9) = T~1(0) = 0 since, by Lemma B.1,
3% has a slope in position i. Similarly Fe; = 0 and thus

(19) e;F =0=Fe; fori=n—k+1,...,n—1.

Moreover, from Lemma 4.5,

(Fjlri)2 = Z Bee

e€Rgp (z,y)
[e]<gTTE]
where . € C(z,y), so
-1
F= Z Bel' e = Z Osf.
e€Rop (z,y) e€TLn (z,y)
[e]=<gi"35] =gk

But 3% = (/) (/*N\F) ()7 where 25 = n — k, so [f] = (/\)7p(,/\)7 where p <g FN\F .
Then F has the form F = ((eje3...e,_r_1)F, for some § € C(x,y), where F/ — 1 is generated
by €,_k+1,---,en—1, and where the 1 arises from the contribution to the sum from [f] = Jfl.
Then, from (19), 0 = e;F = (B(ejes...e, rr1)(e;F) so F' = 0 and, similarly, F'e; = 0, for
i=n—k+1,...,n—1.

Then, by Corollary 3.3, F/ is unique so F' = E®. Thus F = ﬁ(eleg...en_k_l)Egk) = 4(3k),
where v € C(z,y). Thus (I'3F)s = AT ((3%)2) . We determine v by comparing the coefficients of
I(ees...ep—p—1) in (I'T%)s and T ((3F)2) .

In the construction of ( ("k)) each box addition at height j contributes a factor of \/f1j11/p1
to the coefficient of I'(ejes3...e,_x_1). This coefficient is equal to

n k/2
/Mk /Mk 1 s
:ul

by counting strips, using the argument in the proof of Corollary 4.6. Moreover, the coefficient
of I'(eje3...e4_—1) in T ((’Jﬁ)g) is equal to the coefficient of ejes...e,_p_1 in (J3%)y, which is

ugn_k)/ % Thus v~ = \/z"V},, and the base case of the induction is established.

For the inductive step, we assume that the result holds for [a], and we consider the addition of
a box at position ¢ and height j in [a]. It will be assumed that ¢ < n. The case ¢ > n is similar and
will not be given. From Definition 3.5,

T (([a] Bos) = ’“‘;’—jr«ei — 5)[al)

— /B e — p)T([a)2)  (by Lemma 5.1)
Hj

= %\/l’"vk (e — ;) [I'(@)]2
J
by the induction hypothesis. Thus, by Definition 3.5,

I'(([a] B 0i)2) = Vam Vi, ([['(a)] B 0i)y = 2" Vi [[([a] B oi)],

from Lemma 5.1. This completes the induction, and the result follows. ]
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The next example shows the use of I in constructing Es in TLs (2, y) by box addition rather than
by the non-linear recursion given in (9).

Example 5.3. From Definition 3.5 we note that Ex = (J%),. Then, by considering the concatenation
of paths, we have [['J3] = 39 B o9, so (I'J3)s = (3Y B og)2. Thus

Ex = 2/ VoI (33 Bo)s)
from Lemma 5.2. To evaluate this expression we work in TL4(z,y). From Definition 3.5, it follows
that (39 B og)2 = v/pa/u1 (e2 — 11)(39)2 where (39)2 = 27 2eje3 from (16) and the convention of

Corollary 3.3. Thus
(33 B og)s = 95—2\/ %(929193 — j1eres).

To apply I'"!, note that [eres] = (/\)2(/\)? s [ Llere3)] = (/\) = [e1] whence eje3 =
I'e;. Similarly, by path concatenation, [eseres] = (/2\2)(,/\)? so [["!(ezere3)] = 2\.2= [1]
whence egejes = I'l. Thus esejes — preres = I'(1 — pgeg), so E2 = o/ Vax =2/ pa/p1 (1 — pier). But
Vo=1,Vi =z and V5 =2y — 1 from (11) and (12) SO ,ul =z~ and pp = z(zy — 1)~'. Therefore,

=1-

Es
This is, of course, in agreement with the recursion for the Jones-Wenzl projectors given in (9).

5.2. The recursion. We may now give a linear recursion for the elements of P! that operates
on paths by box addition in L(P,,, <g) using scalars from C(z,y). The following notation will be
used for this purpose. Let p be a path in P, with a double rise at position 7. Then p has the form

i—1 (i (@) (i—1)
Pza/</b\>t\0

i (@) i (4)
where " denotes a rise at position ¢ and \, denotes the matching step, so /" and *\, are associated
with the same arch (the bracketted ¢ indicates this pairing and not the position of the step). There

is a similar form for p if it has a double fall at position 4. So, if p has a slope at position 4, let
i—1 i (4) (i—1) i—1 i (@) (i-1)
a /" [N\.b \Dif p=a /[ /b ]c N\, 0
I{Z(p) = (Z) (Z 1) i—1 i (Z) (i—l) i—1 7
a /b N, c /N0 if p=a b 7 o\, ] W0

Thus k;(p) is obtained by collapsing p according to the type of step at position i. In the first case
the subpath b is ‘lowered’ by the complementation of the rise at position ¢ and the matching step;
in the second case the subpath ¢ is ‘lowered’ by complementation of the fall at position 7 and the
matching step. We shall call x;(p) the collapse of p at the slope at position i.

If q is a path in P, with a slope at position 4, let x~!(q) denote the set of all paths p such that
ki(p) = q. For example, x5 (/" \)%) = {,/2\2 "\, /N /N2

It is a straightforward matter to show, by carrying out the product through concatenation of
arch diagrams, that

(20) [ei(p)1] = ri(p)

where p has a slope at position i. We may now state the recursion for elements of P,,.
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Theorem 5.4. Let a,b € P, and let b have a minimum at position i. Then

[Pn]a,bﬁﬂoi - _Ai,b M Hi41 [Pn]a,b + 5i,aAi,b ath xi[Pn]a,b + [Pn]aEloi,b + Z [Pn]e,b

K een;l(a)
where
5 — 1 if a has a mazimum at position i, A — gj—i if i=mn,
1 0 otherwise ' Wb = 1 if itn

and j = h;(b) + 1. The initial condition is
o 0 if a 7égi [J,
[Pn]mb - { H?:l qu,si,a if a= 57

where s; o is the number of strips of length i in a.

Proof. If a,b € P,, and let [(a);](b)2 denote the coefficient of (a); in (b)s. Therefore, in this
notation, [Py]qpm0, = [(a)1] (bH¢;)2. From Lemma 5.2, for 1 <i < 2n —1, we have I'((bH ¢;)2) =
Va"Vi(T(b B ¢;))2 where k = h(b B ;). But, from Definition3.5, (I'(b B ¢;))2 = /fj+1/p5(e —
ui)(L'(6))2 where j = h;(b) + 1 and, from Lemma 5.2, (I'(b))2 = v/2"VjyI'((b)2) where &' = h(b).

Then
P((b B op)a) = ,/%@ — 1 T((6)2).

By considering the effect of box addition at position ¢ = n, we have k = k' + 2 if i =n and k =k’
otherwise so

(bEHoi)2 =Ap ijl (&5 — p15)(b)2.
J

Thus
Hjt+1
(21) [Pr]a 6o, = Aip ;—Jr [(a)1] ((ei — p25)(b)2) .
j
There are two cases to be considered.
Case I: Suppose a does not have a maximum at position 4. Since [e;(b)2] has a maximum at posi-

tion i then [(a)1][e;(b)2] = 0 so the contribution to [Py]q pmo, from this case is —A; p\/mj11/45 [(a)1](b)2,
which is equal to

—Aj o /T 115 [Pr]ap-

Case II: Suppose a has a maximum at position . Then, using part of the argument from case I,
we see that the contribution to [Py]q pmo, is

~Agy/Fi7G Prlas + Ay /S [(@a]fei(0):)
j
We now consider [(a);][e;(b)2]. From Lemma 4.5, (b)y = Z[e]_<gibaee where o € C(z,y). Then
[@1]eid)o = Y aef(a)i]eie+ > acl(alec+ > aef(a)i]ese.

[e]<gib [e] <gib [e] =gi®
le] has max. at i le] has min. at le] has slope at @
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There are therefore three cases to be considered. First, suppose that [e] has a maximum at position .
Then e = e;e’ for some monomial & € TL,(x,y). Thus e;e = x;e;¢/ = z;e. For a contribution to
[(a)1] ei(b)2 it is necessary that (a); = e;e = x;e so a = [e]. Then [(a)1] e;e = [e]x;e = ;. Thus

Z aef(a)i] eje = zijan = 2;[Pp]a.
[e]<gib
le] has max. at 4
Next, suppose that [e] has a minimum at position 7. For a contribution to [(a)1] e;(b)2 it is necessary
that [e] = aEH¢;. Then

> ae[(a)1] ese = cragio, = [Pr]agio, 6.
[€]<gih

[e] has min. at i

Finally, suppose that [e] has a slope at position i. Then, from (20),

D ael(a)y]ee = S ael@n] (mile))r = D> ce= Y [Puler

[e] <gib [e] <gib [e] <gib [e] < gib
le] has slope at i le] has slope at i [e]enfl(a) [e]enfl(a)

The contribution to [P]g pmo, from case II is therefore

Ai,b,/% 2ilPulap + [Palaons + Y. [Pules | -
J _

eER; La)

The recursion now follows by combining cases I and II by means of d; 5. The initial condition follows
from Corollary 4.6. g

This is a linear recurrence equation with at most |n/2] + 2 terms and with coefficients that are
square roots of rational functions of generalized Chebyshev polynomials. The k + 1-st column of
P,, involves therefore at most [n/2] + 2 elements from the k-th column of P,,. Often there will be
a position ¢ at which b has a maximum and a does not. This will yield a recurrence equation with
only two terms.

5.3. Example: Computation of an element of Pg. We conclude this discussion of the recursion
with a specific example of the computation of an element of Pg, namely [Pg|qp, where

a=//NNNNNN =N NN NN

This will require several invocations of the recursion given in Theorem 5.4. To simplify the discus-

sion, = will be used to indicate an equality between two expressions that follows immediately from
the use of the recursion at position ¢. In addition, pEHog, k,. k, denotes pEHoy, B---Hoy, , where the
k;’s are not necessarily distinct since there may be more than one box above position ¢ in p. In the
interests of brevity, the determination of A,y and J; 4 at each stage are suppressed, but these are
readily checked by hand from the information that is provided. The strategy is to remove maxima
from b and to drive the recursion towards the boundary conditions. It is clear that the boxes in
b\a, where a <4 b, play an important part in this calculation.

The path b has maxima in positions ¢ = 3 and ¢ = 9, and a does not have a maximum at these
points, so

3 9
Pelao = — 112113 [P6a 6805 = 12143 [P6]a,6505-
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Since b Ho39 has a maximum at position ¢ = 10, and a does not have a maximum at this point,

10
P6lao = —pop3v/1112 [P6labFos010

Now b Ho3910 has a maximum at ¢ = 6, the midpoint of the path, and a also has a maximum at
this point. Moreover, a H o5 and a H o7 have a slope at i = 6, so /16 ={aHBHoz,aBHor}. Then

/ IVy
[PG] Cl,bElOgglo : \/ /’1/3/’[/ P6 a, 65039106 V;l 'u4

f= y[PG]mbEOSgloa + [PG]aEIOS,bEIOIBQlOtS + [P6]QEB<>575E‘039106 + [PG]GEBO7,5E|<>39106'

where

We now determine each of the four matrix elements in f. The path b H¢39106, that appears in
each case, does not have maxima at ¢ = 5 or ¢ = 7. First, a does not have maxima at i =5 or i = 7,
SO

[Pﬁ]a,bEQ?,gloﬁ i v H2/3 [Pﬁ]a,bEO391065 K23 [Pﬁ]a a— M21u3(/~£1/ M2/2)
since b Ho3910657 = a. The last equality is by the boundary condition. Second, a H ¢g does not
have a maximum at 7 = 6, so

9

5 7
[Pﬁ]aEIO&bEQSQlOtB = TV H243 [Pﬁ]aElos,bEbsgloﬁ.%: K243 [PG]GE‘Q&[’E‘Q3910657

6 [V Vs 3/2
= —uaus3 \/ulu [P6]aBos,aB05 = —H2lt3 \/,Ul,u /)7

since b Ho39106576 = a Hog, and the last equality is by the boundary cond1t10n. Thirdly, a Hos
does not have a maximum at i = 7 so

7 1/2 1/2
[PG]C[EBO5,[]E|<>39105 = TV N2ﬂ3[P6]aEH<>5,aEH<>5 = TV /~L2/U/3(/“L1/ #’2/1/3/ )7

since bHo391067 = alHo5. The last equality is by the boundary condition. Finally, aH o7 does not
have a maximum at ¢ = 5 so

5 1/2 1/2
[P6]aEB<>7,bEk>39105 = TV M2 3 [P6]aﬁﬂ<>7,aEEk>7 = TV /~L2/~l3(lu1/ /~L21u3/ )7
since b Ho391965 = a H o7. The last equality is by the boundary condition.

Combining these evaluations and using (10), we have

[P6la,o = papspis (papis — ypo + papia +2) = papisps (14 piops) -

5.4. Direct determination of [P, . To confirm the above calculation independently, we deter-
mine [Pg|, p directly through the explicit computation of [(a);](b)2 in TLs(z,y). Note that (a); =
esejey, by decomposing the strand diagram corresponding to a in terms of the strand diagrams of
the generators of TLe(z,y). From (16) we have (J3)2 = 2 'Ee;. Now e3(J¢)2 = (J¢)2e3 = 0 from
Lemma B.1, since ’Jé has a slope at position 3 so, from Definition 3.5,

—1HM3
(b = = 1;(93 — p2)(e2 — p11)Eder(e2 — 1) (e3 — piz)
= pus(ezes — poes + pipo)Eper (eaes — poes + 1)
From (14), E} is obtained from E4 by the substitutions e; — e;42 and z; +— @49 for i = 1,2,3. Under
these transformations p; is unchanged since the displacement in i is even. Thus, from recursion (9)
for E;, we have E4 = E3 — ugEsesEs where Es = 1 — py (1 + pypo)er — poes + ppoeres + g fioeges.
Then E} = F3 — pusFsesFs where F3 = 1 — 1 (1 + pyju2)es — pgeq + pi1poeses + i1 poeses. We shall
write p ~» q, where p,q € TLs(2z,y), if [Pglap is unaffected by the replacement of p by q. We need
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retain in F only terms having an occurrence of e4 and no occurrence of es, since (a); = ezejey. This
is because, in the formation of (b)s, E% is multiplied on the left and the right by terms involving
only ey, es and es, and such terms do not lower the suffix of e5 and cannot introduce an e4. Then

FsesFs ~ p3eseses = pdes, so Ef ~ —po(1 + pops)es + pipoeses + pipoeses. Then
(b)2 ~ —p1pspsesEer ~ ppspus(1 + pops)eseres,
50 [Pglap = p1p3us(1 + pops), in agreement with the result of the recursion.

5.5. The determinant of the Gram matrix. We conclude by confirming that det L,, can now
be determined. A preliminary result about path enumeration is needed for this purpose.

Proposition 5.5. Let b; be the total number of strips of length i in all the set of all paths in P,,.
Let ¢; is the number of paths in P, with mid-height at least 1. Then

<2n> < 2n >
bi +c¢i = - . :
n—1 n—it—1

The proof of this is given in Appendix C.
Theorem 5.6.

T 2 2 2
det(M,,(z,y)) = HVZ "t where ay; = (n ilz> - 2<n B Z,l_ 1> + (n B ?_ 2>.

i=1

Proof. Let By now denote the ordered basis (a1, ..., ac,) of TL,(x,y) such that [a;] <4 [a;] =i < j
for 1 <4,5 < Cp. From (7), My (z,y) = [(3i,3;)n]cn,0, the Gram matrix of (-,-), with respect
to Bi. Let D, = [([ai]2, [aj]2)n]c, c, s the Gram matrix of (-,-), with respect to By for TL,(z,y).
Then P, M, (z,y)P, = D,. Now from Corollary 4.4, {[a;]2, [a;]2)n = 0; ;Vs where h = h(a;), the
mid-height of [a;]. Then det D,, = [[;_, V' where ay, is the number of paths in P, with mid-height
exactly h. Thus, from (13), so det Dy, (z,y) = [ p, ™ where ¢, is the number of paths in P,, with
height at least h. Now from Corollary 4.6, det P,, = Hg;l [T, E"* so (detPy)? = [, ,u?"
where b; is the number of strips of length i in the set of all paths in P,. Then det(M,(z,y)) =
det(P,,)~2det(D,,) = [[i-, (1) %< The result follows from (11) and Proposition 5.5. O

We may now obtain the expression given by Tutte [Tu2] for the determinant of the matrix of
chromatic joins.

Theorem 5.7. The determinant of the chromatic join matriz is given by:

2n 2n 2n

det(L,,) = ﬁ Vi(q, 1)(n7i)_2(n7i71)+(n7i72)‘
i=1

Proof. In view of (8), the result follows from Theorem 5.6 by setting y = 1. U

The lattice of planar partitions is not closed under chromatic join so the evaluation of det L,
does not appear to be feasible through the lattice theoretic approach discussed by Jackson [J] for
determinants of matrices of meets and joins in the lattice of partitions or the lattice of planar
partitions.

We note in passing that the number of occurrences of x in M,,(z,x) is the number of configu-
rations of the type that appears in the right hand diagram in Figure 3, with the condition that
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there is a single loop (the indicated diagram has three loops). Such configurations are called closed
meanders, and they are the topic of extensive study. The number of closed meanders is therefore
the number of occurrences of the monomial x in M, (x, z).

5.6. Closing remark. An important aspect of the recursion given in Theorem 5.4 is that, in
principle, it gives a starting point for the further study of the matrix L, !(q). Although we have
been unsuccessful in solving the recursion, it is clearly natural to ask whether the induced recursion
for the elements of L, !(q) = P,,D,, ' (¢)P!, might have a solution. It appears that this is a question
for which the incidence algebra of L(P,,, <gi) is natural setting and that the properties of this lattice
will be important to the investigation of this question.

(E]
[dF1]
[dF2]
[dFGL]

[GAIFL]
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APPENDIX A. UNIQUENESS OF THE MARKOV TRACE

The following result shows that the Markov trace in TLg(z,y) is unique up to a multiplicative
constant.

Lemma A.1. A Markov trace Try in TL(x,y) is uniquely determined by any one of its evaluations.

Proof. 1t is sufficient to prove the result for a monomial g. We may fix the evaluation of any
monomial so, for convenience, we fix Try(1). We show, using the relations (i) Try(ef) = Try(fe) and
(ii) Trg(eeg—1) = Tri_1(e) for e € (1,eq,...,ex_2) from Definition 2.2, that Tri(g) can be reduced
to Tri(1). Suppose that g # 1. Then g = ej, ...ej, for some integers ji,...,j; € [1,k —1]. The
strategy is to use S3 of Definition 2.3 (viz. e; = e;e;11€;), to force the appearance of precisely one
er—1 and then, by (i), to move e;_; to the end of g. We then use (ii) and repeat this procedure,
terminating at the evaluation of Try(1). To do this, let M = max{j1,...,7}. Then g = giepgs for
some g1,82 € TLy(z,y). If M < k—1 then

Tri(g) = Trr(giems2) = Tre(gegiens)  (by (i)
= Trp(gegienmenr+1 - - €k—2€k—1€k—2 - .. €N+1€01) (by (iii))
= Tri(er—2k—3...emg281emen+1 - --k—2ek—1)  (by (i)).

Since e;_1 has been forced to appear as the rightmost generator in g, we may suppose without loss
of generality that M =k — 1.

If g now contains two eg_1’s, it is rewritten with them as close together as possible. If they are
adjacent, ei_l is replaced by xj_jer_1, removing an e;_;. If not, g = ---ep_1e;,€1, - - e €61
where 1 = k — 2 for otherwise we could use e;_1e;, = e;,e5_; to make the e;_;’s closer. Similarly
lo =k—=3,...,ls = k—1—s.If s > 1 we commute ¢, and e;_;, making the e;_;’s closer.
Therefore, s=1and g =---e,_1€x_o2€x_1---=---€x_1--, removing an e,_1. Repeating this, we
may assume that g contains exactly one e;_;. But then g = g'e;,_; where g’ € (1,e;,...,e,_2) so
Tri(g) = Trr—1(g’) by (ii). Repeating this gives Tri(g) = Try/(1) for some integer k' > 1. Finally,
to determine Try/(1), we have

Trk/(l) = Trk/+1(ek/_1) = Trk/+1(ek/_1ek/ek/_1) = Trk/+1(ek/_1ek/_1ek/) (fI‘OIIl (11), 83, (1))
= a1 Trppi(ep—ien) = Tp—1 Trp (e —1) = 2 Trp—1 (1) (from S1, (ii), (ii))
Iterating this gives Trp/ (1) = xp 12 —2 ... 21 Tr1 (1), so Trr(g) = zp 12k —o ... 21 Tr1(1). O

APPENDIX B. INDUCTIVE PROOF OF THEOREM 3.6

The main idea behind the determination of [a]z[a’]s is to obtain a recurrence equation for it
by moving a box from t to I, where [t and ['t/ are the midpoint decompositions of [a] and [a'],
respectively. This idea leads to the statement of the theorem, which is now proved by an induction
that is based on the recursion.

The base case of the induction is given in Appendix B.1 and the inductive step is given in

Appendix B.2. Throughout, let
0; = JHitl
Hj
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B.1. The base case of the induction.

Proof. (Lemma 4.1): For (37); and (37)5 to exist we require that n = h mod 2 and n = h’/ mod 2,
so h/ = h mod 2. Now

(30)2(3)y = g~ (n=h)/2=(n=h)/2 (Esl"_hﬂ)ele?, : --en—h—1> <E£L"_h/+1)eles e en—h’—1> =0

)

since en_h_lE%n_hurl =0 for h < b/ from Corollary 3.3. Similarly, by reorganizing the products,

(I)a(38 o = 2= RO (o5 ey BRI (BN e, oy eger) =0

n

since E1(1n—h+1)en_h,_1 =0 for h > R/ from Corollary 3.3. Finally,

2
(33 = = (=) <E£z"_h+l)) efed...e_,_ =a ("MRENMees e, g = (TM),,

since e? = re; when i is odd and EC ) s idempotent. This gives the result. O
The base case of the induction corresponds to the case #,(t) = 0, and is established through the
following lemmas.

Lemma B.1. Let a be a monomial such that [a] has a slope at position i. Then

eilala=0 if 1 < n,
[a]QGQn_Z' =0 Zf’L > n.

Proof. We consider the case in which ¢ < n and there is a double rise at position 7 in [a]. Since the
three other cases (¢ < n and double fall; i > n and double rise or double fall) are similar they are
not included.

We use induction on #,([a]). The base case of the induction is therefore 3% where h is the
mid-height of [a]. Now J" has a double rise at position i, for n —h+1 <i <n — 1. But

ei(T)g = o= ("M 2 M eres . ey pg =0

by Corollary 3.3, so the result holds for [a] = J7.

We may now assume that 3% < [a]. Let m — 1 be the height of the double rise at position i in
[a]. Then m —1 = ¢ mod 2. Now [a] is constructed by box additions ¢; and ¢;41 either i) to a double
slope in the portion of [a] associated with ERHD o ii) it is not. In case (i), the product is zero
by the inductive hypothesis. In case (ii), [a] is constructed by box additions ¢; and ¢; 41 to a path

g that therefore must have a double rise at position ¢ + 1. Thus, by box addition,
[a]2 = Om+10mf(eit1 — ptmi1)(ei — im ) (@)2,

where g <4 [a]. Moreover, no paths corresponding to monomials in f have boxes in positions i — 1
or ¢ since [a] has a double rise in position i. Nor do these have a box in position ¢ + 1 since position
i+ 1 in [a] is not a minimum. Thus f is generated by {e;: |j —¢| > 1}. Then e;f = fe;. Thus

eilals = Omr10mfei(eir1 — pimr1)(ei — pm)(9)2
= 9m+19mf ((1 — Tifbm+1 + ,um:um+1) - /Lm+1eiei+1) (9)2'
But x; = ;41 since m — 1 = i mod 2, so e;[ale = —fimr10m+10mfeieiri(g)e from the recurrence

equation for pi,,. But e;11(g)2 = 0 by the inductive hypothesis, and the result follows. O
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Lemma B.2. Let a be a monomial, and let 3% = [t and [a] = ['t be midpoint decompositions. Then
(jn)g[a]g = (Stt7[l([t,)2.

Proof. We use induction on #,(I'). Then the base case for the induction is [a] = JZ/, where b/ is
the mid-height of [a], since #,(') = 0. From Lemma 4.1, (3)a[ala = (30)2(32)of = 6p 4 (30)of =
¢t v (I')2, where f arises from the factors associated with box addition on the right of [a]. Thus the
result holds in this case.

We may now assume that #,(I') > 0. Let i be a position in which a box appears and let j — 1
be the height in this position at which the box addition takes place. Then j —1 =4 mod 2, and
i < n. There are two cases to consider.

Case I: Assume that ¢ is odd. Now [a]s = (([a] B o;) B o)y = 0(e; — p5)([a] H<;)2. Then

(jh)z[a]z — $_(n_h)/29jE7(1n_h+1) (e1e3 R PR en—n—l)(ei _ M‘])([a] E <>i)2
= 0(w; — p3)(T)2([a] B o).
But i is odd, so [a]H¢; contains at least two boxes (at positions ¢ and ¢+ 1), so (JZ)Q([a] Hoi)a =0

by the inductive hypothesis, whence (3%)s[a]s = 0. Since #(I') > 0, then t # [ 50 du ¢ (It')2 = 0,
whence (3%)s[a)s = 0y ¢ (It')2 so the inductive step holds in this case.

Case II: Assume that there is no such odd 7. Then select the smallest even ¢ such that the last
box addition was at position ¢, to a point at height j — 1 where 5 > 1. Then ¢ = j mod 2. Then
[a] = ([a] = o H <>Z'_1) H Qi1 H i SO

lal2 =, /%(ei — py) (-1 — pj—1)(p)2

where p= [a] Ho,Ho;—1. Now

(31)2[a)s = %x_("_hw (E%"_hﬂ)eles : '-en—h—1> (e; — pj)(eim1 — pj—1)(p)2.
\ i

But e;—1(e; — pj)(eim1 — pj—1) = (1 — pjwi—1 + prjpj—1)ei—1 — pj—1€i—1€; = —f1j—18;—1€; from the
recurrence (10) for p;, since z;_1 = x;_1 for j = i mod 2. Then (3")s[als = — /P11 (3M)2e(p)2.
But p has a double rise at position i so e;(p)2 = 0 by Lemma B.1. Thus (3%)s[als = 0 = & ¢ (It)s.
On the other hand, if j = 1 then p;_; = 0 so (3")saly = 0 = du ¢(It')2. This establishes the
inductive step in this case. The result follows. ]

The following is the base of the induction for the proof of Theorem 3.6.

Corollary B.3. Let t be the right factor of the midpoint decomposition of 3. Let [a] = It and
[a’] = 'Y be midpoint decompositions. Then

[a]g[a/b = 5tt’[/([t/)2.
Proof. [a] can be constructed from 37 by box additions o; with i < n. By Definition 3.5 this

implies that [a]s = b(J%), for some b € TL,(z,y). Then [a]s[a’]s = b(I)s[a’]s = G ¢ (IY')2 by
Lemma B.2. O
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B.2. The inductive step. We are now in a position to complete the proof of Theorem 3.6. We
consider midpoint decompositions of paths p € P, and some further notation will be useful. Let
p = A(p)p(p) be the midpoint decomposition of p, and let X (p) denote (A(p))t. Thus pt = p!(p) A\ (p).
Note that if p has a maximum, minimum or slope in position i > n, then p(p) has the same in
position ¢ — n.

Proof. We begin by attaching the notation of the enunciation of the theorem: [a] and [a'] are
monomials in T&,(z,y), and [a] = [v and [a’] = 't/ are midpoint decompositions. We use induction
on #,(t). The strategy for the inductive step is to consider the effect of moving a box from t to I'.
The base case of the induction is for #,(tr) = 0, and this is established immediately by Corollary B.3.

We may now assume that #,(t) > 0. Then there is a box in [a] at some position i > n, so
[a] = [b] B ¢; where [b] has a minimum in position ¢, at height j — 1, say. Then
(22) [a]2 = 0;[bla(ean—i — 1)
where ¢ = j — 1 mod 2. Then

[a]2[a]2 = 6[bl2(e2n—i — p15)[a]2.
There are three cases.

Case I: Assume that [a’] has a minimum in position 2n — i < n, and at height k¥ — 1, say. Then
([T B o2n—i)2 = Ok(e2n—i — px)[a’]2 s0

[b]2([a’] B 02n—i)2 = Ok[bla(e2n—i — pax)[a']2-
But [b] has a minimum in position ¢ and [a’] Hog,_; has a maximum in position 2n —i. Thus, by the
induction hypothesis, [bla([a’] +©2,—i)2 = 0 since #,([b]) < #,([a]). Then [b]seg,—_;[a'] = ux[b]2[a’]2-
Eliminating [b]ses,—;[a’] with this from the expression for [a]z[a’], we have

[a]2[a’le = 0 (pur, — p3)[b2[a’]2-

If p(b) = X!([a’]), then j = k since [b] and [a’] have minima at height j — 1 and k — 1, respectively.
Thus p; = p whence [a]z[a’]s = 0. On the other hand, if p([b]) # A'([2’]) then, by the induction
hypothesis, [b]z[a’]s = 0 so, again, [a]z[a’]s = 0. But t! # [’ since [a] has a maximum in position
i and [a'] has a minimum in position 2n — i. Thus 0, y = 0 whence [a]z[a’]z = dg p(It')2, so the
inductive step holds in this case.

Case II: Assume that [a’] has a slope in position 2n — i < n. Then
[a]2[a"]2 = 0;[bla(e2n—i — 1) 2]
But eg,—;[a’]2 = 0 by Lemma B.1, and [b]z[a’]s = 0 by the induction hypothesis, so [a]z]a

/] _
2 —_—
Moreover, 0.« ¢ = 0, since t! has a maximum in position n — 4, where [' has a slope. Thus [a]3[a’]2
et v (It)2, so the inductive step holds in this case.

0.

Case III: Assume that [a’] has a maximum in position 2n — i < n, at height k + 1, say. Then
[a'] B ©2;,—; has a minimum in position 2n — i at height £ — 1. Now [a’] = [a] H ¢g,,—; B ¢9,,—; so
[a']2 = 00k (e2n—i — px)([a'] B o2n—i)2 so, from (22),

[a]2[a"]2 = 0;0k[b]2(e2n—i — 115)(e2n—i — i) ([a"] B 02n—i)2.

But (e2n—i — ) (€2n—i — pik) = (Toan—i — 15 — i) (€2n—i — i) + pi(X2n—i — ). It follows from these
three expressions that

[a]a[a’]e = 0j(z2n—i — pj — pr) [bl2[a’]2 + 00k pr(won—i — px)[bl2([a'] B 020—i)2
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SO
[a]2[a"]2 = 00k pur(w2n—i — pi) [bl2([a"] B o2n—i)2
since [b]z[a’]s = 0 by the induction hypothesis.

Now [b] has a minimum in position i and [a’] H ¢9,_; has a minimum in position 2n — i. Thus
p([b]) and \!([a’]Hoo,_;) both have minima in position i —n. We now examine this situation. There
are two cases.

i) If p([b]) # A([a’] Bogn_i) then [bla([a’] Bog,—i)2 = 0 by the induction hypothesis. But in this
case, t' # [ 50 6 p = 0. Thus [a]z[a’]s = &, (It')2, so the inductive step holds in case (i).

ii) On the other hand, if p([b]) = A([a’] B og,_;) then [b]2([a’] B o2, ;)2 = (It)2 by the induction
hypothesis. Moreover, in this case j = k so, from (10),

Ton—i — Mj
el = e (wani — ) ()s = L (1), = (),
Tj+1 = 1y
since i = j—1 mod 2. But p'([b]) = A([a'|Bo2n—;i) so ! = p([a]) = A([a"]) = I'so [a]z[a’]a = de ¢ (I)2,
so the inductive step holds in case (ii).

Thus the inductive step holds in case III. The result now follows. O

We note that this proof requires the parity condition in S1.

APPENDIX C. PATHS

C.1. The lattice £(Py, <gi). Included in this Appendix are further facts about L£(Py, <gi). The
lattice is graded and distributive. Its rank function rank(p) is given by the area (number of unit
squares) of the lattice polygon bounded by p € P,, and the minimal element (). The number
Tk Of elements in L(P,, <g) with rank equal to k is [uF2™|Fy where F; satisfies the recursion
F, = (1 —u*2Fy,,)"" for k > 0. This generates the continued fraction of Ramanujan and it can
be shown that

L4 s (— 1) 2™ [T, (1 —w) !

Fy= 1 I
1430 s (e =D T (1 — ui) !

The initial terms are
Fo=1+z+ (u+1a? + (u®+u* 4+ 2u + 1)z + (u® + v’ + 20 + 3u® + 3u® + 3u + D)z + - -

The rank generating series for the lattice £(Py4, <gi) whose Hasse diagram is given in Figure 11 is
therefore
8
ZrkAuk =u® +u® + 20t 4+ 3u® + 3u® + 3u+ 1.
k=0

This polynomial lists the number of elements at each rank.
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{14,23} ® 1
€3
{13,2,4} e,€50" teje,
. o2 .
1324 - . -
{1324 eje,€5e M sejeze
1234 PR - P - PR - DAY AR
{1234 ejepe "2016352 we e
LT e g
{12,3,4} e1e3e2.—;_. -.:.1 ’ e,e e,
{1234 €,€3

FIGURE 11. The lattice £L(Py, <gi)

The paths corresponding to the elements in L£(P4, <4i) are given below, but without the cover
relations.

1] = /N4
les] =7\ NP
[e2es] = /72N /72N lesea] = 72N\ N2
lereses] = /NN e =2 (NP NG [esesen] = /70N N\
lereo] =/ N2NNE [eseresen] = (PNE)? [eser] =N N2 N
lereser] = (/N\)? /72N2 o] =/ NINE N [esere] =70\ ()
leres] = ()

C.2. Enumeration of paths. The number of planar partitions of {1, ..., n} is equal to the number
of arch diagrams on 2n points, and this is equal to the number of well formed brackets with n of
each type. The set S of well formed brackets with the null bracket € adjoined can be decomposed as
S —{e} 5 (8)S. The number of planar partitions of {1,...,n} is therefore the coefficient of 2™ in
S where S is the solution of S — 1 = 252 with non-negative coefficients. This is C,, = (2:)/(71 +1),
a Catalan number.

Lemma C.1. The number of paths of length n with no point at negative height and with terminus

at height i is
) (o)
§(n—z) §(n—z—2)

Proof. We use the the Reflexion Principle as follows. Consider the set of all paths from (0,0) to
(n,i). From this we wish to remove paths having a point at negative height, which are characterized
as those that cross the line y = —1. Such a path p may be written uniquely as p = ab where the
terminus of a is the first point (from the left) in p with negative height. Let a” be the reflexion of a
in the line y = —1. Thus q = a”b is a path from (0, —2) to (n,7). Then the mapping p — ¢ defines a
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bijection between the set of all paths from (0,0) to (n,7) with at least one point at negative height
and the set of all paths from (0, —2) to (n,4). Then k; = N((0,0), (n,4)) — N((0,—2), (n,7)) where
N((a,b),(r,s)) be the number of paths from (a,b) to (r,s) where r > a. But, trivially,

r—a
N = .
(((1, b)v(h S)) <%(r—|—s—a—b)>
The result follows. u

C.3. Proof of Proposition 5.5. The proof given here is essentially a combination of proofs given
by di Francesco [dF1]. Let #J/(p, [r, s]) denote the number of rises at height j in p € P, in positions

r,...,s where r < s. The corresponding number of falls is #j\‘(p, [, s]).

Proof. A strip of length j in p € P, corresponds to a step in position ¢ in p at height j, which is a fall
if0<i<n-—iorariseifn <i<2n—1 But # (p,[0,n—1])+#,(p, [n,2n—1]) = #{ (p,[0,2n—
1]) = ¢(j,p). where ¢(j,p) = 1if j < h(p) and O otherwise. Now b; is the number of strips of
length j in the set of all paths in P,,, and is therefore equal to the number of paths in P,, with a
distinguished strip of length j. Then b; = #{paths in P, with a distinguished fall at height j}—c¢;

so bj + ¢; = #{paths in P,, with a distinguished fall at height j}.

Let g be a path in P, with a distinguished fall at height j. Then q can be factorized uniquely
into q = It where the distinguished fall is the last step of [. Then ¢’ = It! is a path of length 2n with
terminal height 25 and with no point at negative height. This construction is reversible since the
distinguished fall is the first fall from the right in q" at height 7, and this step is the terminal step
of [, thereby recovering the factorization. Thus b; + ¢; is the number of paths of length 2n with
terminal height 2j and with no point at negative height. The result follows from Lemma C.1. [

APPENDIX D. THE CONSTRUCTION OF THE CHANGE OF BASIS MATRIX B2 FOR TL3(x,y)

This appendix gives the construction of the bases By and By for $£3(x,y), the change of basis
matrix P3 and D3 directly from the set of paths P3 using box addition.

D.1. Determining P3; and the box additions. The base paths are J} and J3, that have mid-
height 1 and 3, respectively. They are given by 33 = (,/\)? and J3 = 73\ 2 . The elements of P3
are constructed from these by box additions in increasing order of mid-height h and, within paths
of the same mid-height, in increasing order of #,. The box addition are to be used to determine
By. There are C3 = 5 paths to be constructed.

Below is a listing of the paths of P constructed in this order, each presented as a midpoint
decomposition.

h #. (posn., height) box additions path p in P3 [p]
10 (2,0),(4,0) 33 NN e
11 (4,0) 31 By 2N e
11 (2,0) 3} Boy V% /)(/\2) eres
L2 - 3B Bor (NN e
30 : 7 YN 1
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The first column gives the mid-height h of the path p given in the fifth column. The second
column gives the number of boxes added to a base path to form the path p. The base paths are
therefore those corresponding to a 0 in the second column. The third column gives the position
and height of the minima in p, with the exception of a minimum in the middle position, which can
never receive a box. Box additions are specified in the fourth column. The fifth column gives the
midpoint decomposition [t of p. The sixth column gives the result [p] of applying Algorithm 3.4
with these box additions. The paths are listed in the order they are constructed.

The corresponding element of T£3(x,y) can also be determined combinatorially by first trans-
forming a path into an arch diagram, and then transforming this into a strand diagram. The strand
diagram is then rewritten as a concatenation of strand diagrams for the generators e; and ey in a
straightforward way.

The lattice £L(P3, <gi) of these path in P3 ordered by geometric inclusion is

1
l
)
£(P37 <gi) = 1/ \4
€1€9 €2€1
\ 7
el

A linear extension of this lattice gives the ordered basis
By = (e1,eseq, e1€2,€2,1)

of TLy(z,y).

D.2. Construction of the Jones-Wenzl projectors. From (10), 1 = 27! and pp = x/(zy—1).
Moreover, Vi(z,y) = x and Va(z,y) = vy — 1. Then, from Lemma 3.1,

E, = 1,
Ex = E;—mEieiEp =1— 2 tey,
1
Es = Es — usEoegEo =1— 2y 1 (ye1 + zea —ejeg — egeq).

Also, from Corollary 3.3,

1
Egl) =E3=1- po— (ye1 + zes —e1e2 — egeq).

Egz) is obtained from E, by e; +— ey and x1 — 3, so E§2) =1=yley, and Egg) = 1.

By direct computation with S1, S2 and S3, it is readily seen, for example, that e;E3 = 0 and
esE3 =0 (c.f Lemma 3.1).

D.3. Construction of By and P3. The box addition data given in Appendix D.1 is used in the
construction of By. From Definition 3.5

(j )2 = :L'_1E§3)el = :L'_lel,

1
3
(%), = EY) =1- (yer + xes — ejey — egeq).

zy — 1
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Again, from Definition 3.5,

By = ([e1]2, [e2e1]2, [e1e2]2, [e2]2, [1]2),

where, by carrying out the explicit computations using S1, S2 and S3,

&) = (T3)2=a'e
~1 H2 ~1 1 -1
exers = (J3Hop)e =/ —(e2 —p11)(33)2 = —==(—2""e1 + e2e1),
1
eje = (J3H04)s = ———=(—2" "e1 + e1€2),
[e1e2]2 (T3 B 04)2 W( 1 +erer)
leals = (J3BogBos)a = \pa/p1 (I3 B o)a(ez — p1) = palez — pa)er(ez — pa)
= :E (z7%e; —x lege; — 27 leren + €9)
zy — 1
since the minimum in position 2 in [eze]s is at height 0
~ 1 1
[1]2 = (Jg)g = Ei(’, ) = m (—ye1 + eoe] +ejeg — a;eg) + 1.
By explicit computation with these expressions we have [ejes]s[ese]s = —z7'e; = [e1]2. The

same result is obtained from Theorem 3.6 as follows. For the midpoint decompositions [ejes] =
(/N)N\2) = [ and [ezer] = (/2N (N\) = 'Y we note that t = [ so [ejes]z[eser]s =
()2 = (/N )\ \) = [e1]2. Similarly, [esei]2[e1e2]2 = [ea]o.

The matrix that expresses By in terms of B is obtained immediately from the above expressions
and is

1 1 _ 1 1 Ly
x z/zy—1 x/ry—1  z(zy—1) zy—1
0 1 0 1 1
Vaey—1 X zy—1 gcyl—l
P3 - 0 0 Vrzy—1 zy—1 rzy—1
x x
0 0 0 ry—1 T ry—1
0 0 0 0 1

D.4. A matrix algebra isomorphic to T£;(z,y). The following is an example of the isomor-
phism given in Theorem 3.7. The terminal height of paths of length 3 with no points at negative

height are 1 and 3. The paths with terminal height 3 are pgl =\, and pgl) =2\, s0 k1 = 2.
The path with terminal height 3 is p =3 50 k3 = 1. Thus

TLu(x,y) =2 Mo(C(x,y)) x M1(C(z,y)).

To determine the image of [ejes]s, note that [ejes] = g ) (1))

[6162 2 [ ]
@) @ @)

where the rows and columns of this matrix are indexed by members of the ordered set (p;™, py , p;
Similarly,

le1]2 « [ (1) 8 ] @ [0], [e2e1]2 < [

)

Y CICIS
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For example, using the expressions from Appendix D.3, we have

e1€2]2[e2e1]2 < ([ 8 é ] D [0]> <[ ? 8 } S [0]> = [ (1) 8 } @ [0] < [er]2,

o [e1ez]2[eze1]2 = [e1]2. This is in agreement with the direct computation
1

_ 1 g1 = -1 = .
a:y—l( xe; +ejer)(—x e; +eger) = e = [e1]o

lerez]a[eser]s =
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ﬁzn(x7 y)
L.(q)
E(Pm '<gi)
M, (z,y)

n

SFL

q
R1,R2, R3
51,82, 53

Si,a

Gy
TL,(q)
TLu(z,y)

try,

Vi(x,y)

T,y
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NOTATION
r

elements of TL,(x,y) (sans
serif) 0;
paths in P, (Gothic) ri(p)
monomial basis of TL,,(z,y)
semi-orthogonal  basis  of Hn
TLn(z,y) o
Catalan number ™
rational functions in x,y over
(C ¢n
matrix of (-,-),, wrt Ba
a generator of L, (x,y) x(m,7)
transposes 1
Jones-Wenzl projector
shifted Jones-Wenzl projector | g
mid-height of a
height of a at position % ﬁz:)(pe()e)
a base path Hush(€)
a left ideal of TLoy (2, y) #,(e)
matrix of chromatic joins
lattice of paths ordered by <g; €]
generalization of Ly, (q) le]1
set of all n x n matrices €]
matrix for By in terms of B [a]f
set of all Dyck paths of length
2n <'7 >n
an indeterminate AN
defining relations for £, (q)
defining relations for Sk
number of strips of length i in | ./
a (4)
symmetric group on n symbols N
Temperley-Lieb algebra
generalized  Temperley-Lieb | B
algebra H
a Markov trace on TL,(x,y) O;
generalized Chebyshev poly- | <4

nomial
indeterminates

bijective map TL,(z,y) —
ﬁgn(.%', y)

V Mit1/ 1

collapse of p at slope in posi-
tion ¢ of p

scalar for E, 1

planar partitions
concatenation of strand dia-
grams of 7,y

weight function for planar par-
tition

chromatic join of v, 7

multiplicative
L, (z,y)
closure of strand diagram of e
no. loops in loop diagram of €
no. of shaded regions in €

no. of unshaded regions in €
no. of box additions to con-
struct e

path corresponding to e
abbreviation for ([e]);
abbreviation for ([e])2
coefficient of a € By in f €
L, (z,y)

bilinear form on TL,(z,y)
rise and fall, respectively, in a
path

sequence of k rises

identity  in

rise in position ¢ in a path

unique fall in a path to match
i

/!
box addition

box deletion

box at position ¢ in a path
geometrical inclusion of paths
By element corresponding to a
By element corresponding to a
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