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ABSTRACT

A Gluing Theorem for Seiberg-Witten Moduli Spaces

Pedram Safari

A gluing procedure for solutions of the Seiberg-Witten equations is developed, where a
four-manifold X is split into two pieces X+ and X~ along a smooth closed oriented three-
dimensional submanifold Y. Both cases of perturbed and unperturbed equations on Y are
studied. Assuming a transversality condition for the boundary map to the character variety
in the non-perturbative case, we will define a gluing map over the open set of smooth
irreducible points of the moduli space and investigate its properties. This map uncovers the

local structure of the moduli space of the glued manifold.
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Introduction

In 1994, Seiberg and Witten introduced a new set of invariants for four-manifolds. These
soon surpassed Donaldson invariants in their efficiency, since they used an abelian gauge
group U (1), which is much easier to handle than SU(2).

The Seiberg-Witten invariants are essentially computed by an integration over the space
of solutions to some elliptic differential equations on the manifold modulo the action of the
gauge group. The moduli space of solutions to these equations turns out to be a finite-
dimensional compact manifold — one striking difference with Donaldson theory.

In this thesis, a framework is developed for constructing the Seiberg-Witten moduli
space of a (compact) four-manifold which is decomposed into two pieces. In other words,
suppose X* are two complete Riemannian four-manifolds with ends isometric to I x Y,
where I is an interval and Y is a three-manifold. We “glue” X' and X~ along their ends
to obtain X with a natural Spin®-structure on it. We are interested in the Seiberg-Witten
moduli space of X in terms of those of X* and X .

There has been several partial results in this direction; see [MST], [MOY], [J], [MCW],
[MW], [C]. The main concern in those works is to explicitly find the solutions to the
Seiberg-Witten equations by analytical means, mostly dealing with some particular type of
the boundary manifold Y, such as circle bundles over Riemann surfaces or Seifert fibered
spaces.

We are taking up a different approach here, essentially following the method established
by Taubes for constructing glued-up ASD connections on connected sums. We follow in the
footsteps of Morgan and Mrowka ([MM]) and adapt their method, which is in the context
of ASD SU(2)-connections, to the case of Seiberg-Witten moduli spaces. As a result, we
will be able to obtain general gluing theorems when the three-manifold Y is arbitrary.

In the first chapter, we develop the basics of a gluing procdeure which will be used to



prove the following theorem in the case of the perturbed moduli spaces.

Theorem. Suppose X* are two cylindrical-end four-manifolds with ends isometric to [0, c0) X
Y. Moreover, assume that these manifolds are equipped with two Spin-structures PT which
agree on the ends and that € are solutions to SWh, i+, where hi and k are chosen generi-
cally so that all the associated moduli spaces are irreducible and smooth at every point. Also
assume that [Ei] have the same limiting value, which is a solution to SWy on Y. Then for
each £ > 1, there 1s a solution &, for SWj j+ on Xy, obtained by gluing &% together and

deforming the result according to the described procedure. This will produce a gluing map
Ve : Mp ot (X, PY) X agv,0) Mp_ ot (X7, P7) = My, g+ (Xe, Pr)
which is an embedding onto an open subset of the target space.

Here SW}, 1+ denotes the perturbed Seiberg-Witten equations
F{ = q(U)+ih+igk™

Pa(¥) = 0,

where h is a self-dual, compactly-supported 2-form on the four-manifold and % is a 2-form
on Y. kT denotes the self-dual part of the pull-back of k to the end, bumped down to zero
on the rest of the manifold. P, is the Spin‘-structure obtained from gluing P™ and P~.
In many concrete examples, as in the case of Seifert fibered spaces, we explicitly know
the solutions to the unperturbed equations on the three-manifold. Thus it would be useful
to have a gluing theorem for this kind of solutions as well. Because of the existence of an
obstruction space, the procedure is more involved, however. In the second chapter, we will
use some hard analysis and assume a transversality condition to overcome this problem.
This culminates in the following theorem, whose proof is completed in the final chapter,

where we discuss properties of the gluing map.

Theorem. Suppose X* are two cylindrical-end four-manifolds with ends isometric to [0, c0) x

Y. Moreover, assume that these manifolds are equipped with two Spinc-structures PT which



agree on the ends and that € are solutions to SWh,, where hy are generic compactly-
supported perturbation forms on X*. Let 04 : My (XT) = M(Y) and _ : Mp,_(X~) —
M(Y) be the limiting maps and 04 (¢7) = 0_(¢€7) = n. Assume that 1 is an irreducible
point of M(Y') and U C M(Y) is a smooth neighborhood of n whose closure contains no
reducibles. Then there is a gluing map y¢ : Mp, (XT,D) xy Mp_(X—,9) = My(X) for
all £ > 4Ly, where Ly is a large but fized number. This gluing map is an embedding onto

an open subset of the moduli space on X,.

The gluing data ® is defined in chapter 3. To prove these theorems, we first construct
an approximate gluing map using partitions of unity. Then we find a suitable perturbation
term, which turns out to be the fixed point of a contracting map on a Hilbert space (which
may have a weighted Sobolev norm). The main difficulty, especially in the proof of the second
theorem, is to construct a right inverse for the derivative of the Seiberg-Witten operator.
We will make estimates on the norms of certain operators, obtained through Hodge theory,
to conclude that the desired right inverse can be constructed for ¢ sufficiently large. The
norm of this operator could grow exponentially in ¢; nevertheless, the perturbation term
will decline exponentially and this conforms with the intuition that the approximate gluing

is increasingly “better” as £ becomes larger.



0 Setting the Stage

Cylindrical-End Manifolds

Let Y be an oriented Riemannian three-manifold and Z a Riemannian manifold whose end is
orientation-preserving isometric to [0,00) x Y. We fix a smooth “time coordinate” function
7:Z — [—1,00) which agrees with the first coordinate of [0,00) X Y on the end and is
negative on the complement. We call the triple (Z,Y, 1) a cylindrical-end manifold. Given
a positive real number £ > 0, let Z; = 7 ((—0o0,]). For a pair of positive real numbers

0 < ? < E’, let Z[Z,el] = 7_,1([& é’])

Seiberg-Witten Equations

On Four-Manifolds

On a four-manifold Z, which may or may not be closed, and is equipped with a fixed
Spint-structure P covering the principal frame bundle of Z, the Seiberg-Witten equations
are:

Fi =q(2)

da(¥) =0.

(SW)

Here ¥ is a section of the hermitian plus-spinor bundle ST and A is a unitary connection
on the line bundle det(P) = det(St) = det(S™). The quadratic form g is given by the trace-
less part of the endomorphism ¥ ® ¥* of ST, i.e. ¢(¥) = ¥ ® U* — %|\I!|2Id. Tts derivative

is the (symmetric) bilinear form b(¥, ) = Dq|g(¢)) = ¥ @ ¢* + ¢ @ U* — L HE g

We also have the perturbed version of the equations,

Ff =q(%)+ih
Pa(¥) =0,

(SWh)

where h is a self-dual real 2-form on the four-manifold.



Sometimes SW and SW}, denote functions on the configuration space C(Z, P) = A(det(P)) x
T'(ST), as follows.
SW : A(det(P)) x T(ST) = Q2(Z) x I'(S™)

and

SW), : A(det(P)) x T(S*) — Q2 (Z) x T(S™)
SWi(A, 0) = (Ff - () — ih, §4(T)).

On Three-Manifolds

On a three-manifold Y, whose Spin®-structure we denote by @, the equations are:

(SW) { Fp = q(®)
95(®) =0

and

W { Fp = ¢(®) + ik

?5(2) =0,
where k is a closed real 2-form on Y. Here ® is a section of the unique spinor bundle S.
As before, depending on the context, the notations SW? and SW,;3 may be used to
denote the functions
SW?: A(det(Py)) x T'(S) = Q%(Y) x T'(S)
SW3(B,®) = (Fp — 4(®), ?5(2))

and
SW2 : A(det(Py)) x T(S) = Q2(Y) x I'(S)

SWi(B,®) = (Fp — q(®) — ik, ?5(2)).
On Cylindrical-End Manifolds

Let us consider the following special form of perturbations of Seiberg-Witten equations on

a cylindrical-end four-manifold Z. Choose a cut-off function ¢ on Z which is supported on



the end and is identically 1 for 7(z) > 1. For a self-dual, compactly supported 2-form h on

Z and a 2-form k on Y, we consider the perturbation

Ff =q(9)+ih+igk™
Pa(¥) =0.

(SWhge+)

This way, the perturbation will be relatively uniform on the cylindrical end.

A note on notation. The letter k is usually reserved for a perturbation real 2-form on
Y. When used in the four-dimensional context, by k& we really mean 7n*k, where w is the
projection I x Y — Y. Therefore, k™ is short-hand for (7*k)™. This shall not be a source

of confusion, since 2-forms have no “self-dual” part on a 3-manifold.

Moduli Spaces

First, let us consider a closed four-manifold Z. The gauge group G = Maps(Z, S') right-
acts on the configuration space C by (4,¥).g = ((detg)*A, St (g7 1)(¥)), with (detg)*A =
A + 2g7'dg, and we denote the quotient by B. If we restrict our attention to the set of
solutions to any of the variants of the Seiberg-Witten equations, which all lie in C, then
by descending to the quotient under this action (C — C/G = B), we obtain the Seiberg-
Witten moduli space M C B. The set of solutions, M C C, lifts the moduli space under this
projection. So, for instance, we have the moduli spaces M = M(Z, P) or My = M(Z, P, h)
of gauge-equivalence classes of solutions to the Seiberg-Witten equations SW or SWhp,
respectively.

In the case of a cylindrical-end four-manifold, it will be more appropriate to consider
only L? solutions to S W), .+ which are of finite energy on the end. (See page 9.)

In dimension three, too, the gauge group G* acts on the set of solutions to SW? or SW2
and we form the Seiberg-Witten moduli spaces M3 = M3(Y, Q) or M3 = M3(Y,Q, k) by
descending to the quotient.

When there is no confusion, we drop the reference to P or Q.



The Elliptic Complexes

For ¢ = (A,7) € A(det(P)) x I'(S*) = C(Z, P) on a four-manifold Z, which may or may
not be with a cylindrical end, we consider the following diagram £(Z)| ¢ (or simply £(2), if

there is no confusion).
E@)g)  0— QY(Z;iR) 25 QY(Z;iR) ®To(ST) 25 Q2 | (Z;iR) @ Ty (S™) —> 0,

where Q*(Z;iR) means the L%-completion of purely imaginary m-forms with compact
support and I'y(S*) denotes the L%—completion of the compactly supported sections of the
corresponding spinor bundles. Here D is the linearization of the action of the gauge group

and D! is the derivative of SW, both at the point & = (A4, ¥), i.e. they are given by

DY = (2d, —.);
Dl _ dt —Dggq
AT P4

Recall that SW or SW), are non-linear maps C(Z, P) = A(det(P))®T'(ST) — Q2 (2) &
I'(S™) and have the same derivative D' : TC(Z, P) = Q}(Z;iR)@T(S1) — Q1 (Z)®T(S ).

We will use £¢(Z) to denote the terms of £(Z).
£(Z) = Q(Z;iR) , E1(2) = Q(Z;iR) @Ta(ST) , €X(2) =07 ((Z;R) @Ti(S7) (1)

In general, S(Z)|€ is not even a complex (e.g. when @4(¥) # 0). However, if £ = (4, ¥)
is a solution of SW or SWy, £(2)| ¢ is an elliptic complex and thus has finite-dimensional
cohomologies. H? of this complex is the tangent space to the stabilizer of the gauge group
action, H' is the Zariski tangent space to the moduli space at € and H? is its obstruction
space. By general Hodge theory, these groups can be identified with the ‘harmonic forms‘.

A solution &€ = (A, V) is called irreducible if ¥ # 0. This is equivalent to H? (E(Z)|€) =0.

We call an irreducible point regular (in an algebraic sense) if the obstruction space at that



point is trivial, i.e. H2(E(Z)] E) = 0. Meanwhile, according to the Kuranishi picture, an
irreducible point is a smooth point (in a geometric sense) if and only if the Kuranishi map
vanishes, even if the obstruction space is not trivial.

A case of particular interest is when Z = R x Y is a cylinder and &€ = 7*(n) is a
translation-invariant solution. Then the cohomologies of £(Z)| ¢ can be identified in an

obvious way with the cohomologies of £(Y)|y) below. (This is not an elliptic complex.)

E)ln) 0 — QO(Y;iR) 25 QL(Y;4R) @ Ta(S) 25 Q2(Y;iR) @ Ty (S) — 0,
where
n = (B,®);
DY = (2d, —.®);
Dl _ d —Dsgq
1% 9p

As a result of Sard-Smale theorem for Hilbert manifolds, for generic h and k, the moduli
space of solutions to SWj (or SWj, ;+ or SW}2) is smooth and irreducible at each point.
By this we mean that, at each solution, the obstruction space is trivial and the action
of the gauge group is free. Note that in the case of a cylinder I x Y, this manifold will
be zero-dimensional, since the index of an elliptic operator on a 3-manifold is zero. See

[M, MST].



Chern-Simons-Dirac Functional

On a cylinder C = I X Y, where I is an interval, the solutions to SW are in fact gradient

flow lines of the so-called “Chern-Simons-Dirac” functional on C(Y, Q):

C’SD(B,fI)):/ FBO/\b-I—l/ bAdb+/<q>,an>>dvoz,
Y 2 )y Y

where b = B — By and Bj is a fixed background connection [MST]. We sometimes denote
this function by fosp or simply by f. The singular points of this vector field, i.e. the static
solutions, correspond to solutions of STW3.

There is also the perturbed version of the Chern-Simons-Dirac functional:

1
CSDk(B,<I>):/ FBO/\bJr—f b/\db—/ ikAb+/<q>,an>>dvoz,
Y 2 Y Y Y

whose gradient flow lines correspond to solutions of SW+ on the cylinder and whose critical
points are solutions to SW}. This functional we sometimes denote by f.

As the gauge group acts on the configuration space, the Chern-Simons-Dirac functional
changes by

CS5D(n.g) — CSD(n) = (ci1(det(Q)) A [g])([Y]),

where [g] denotes the cohomology class in H!(Y,Z) associated to the map g : Y — S*.

Energy of solutions. A solution (A4,¥) to SW (or SWj+) on a cylinder I x Y has
some energy which is determined by any of the following equivalent formulas. We assume
that A is in temporal gauge, I = [c,d|, and we write & = (4,¥) = (B(t), ®(¢)) = n(t),
where B(t) and ®(t) are connections and spinors on the three-manifold.

E(A4,9) = [[IBI* + 12| = [; |Fpu — a2} + 1280 (20)IF

[; IV fesp(n(t))|? (where n(t) is the corresponding flow line)
= f(n(d)) — f(n(c))
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Gluing Cylindrical-End Manifolds

We now fix two connected, oriented, cylindrical-end Riemannian four-manifolds X+ with
End(X%) isometric to (0,00) x Y and with collars for the compact sub-manifolds X* \
End(X%) isometric to [~1,0] x Y. Also, for consistency of notation, we denote the cylinder
R x Y by X°. X# is then used to mean either one of X+, X~ or X°.

We also choose characteristic functions 7+ and 7, on X* and X° to represent the “time”
coordinate. On X*, 71 gives the value of the first coordinate on the end and the collar,
using the isometries End(X*) = (0,00) x Y and Collar = [-1,0] x Y} it is identically -1
on the rest of the manifold. On X° = R x Y, 7, is essentially the absolute value function
on the first coordinate. This will be made more precise further below.

We form a family of four-manifolds X,,¢ > 0, by truncating the manifolds X* at
(7+)"1(£) and gluing X and X, along their boundaries (see figures 1 and 2). The manifolds
X, are just diffeomorphic versions of one and the same manifold X, elongated along a
tube. We would like to consider X, for £ > 1 and we usually assume £ > 4Lgy. Lg is
a large, but fixed, positive number. We will also re-parameterize the long cylinder Cp =
End(X,)UEnd(X, ) inside X, such that it is identified with [—£, ] X Y as in figure 2. Cp
is the part of Cy parameterized by [—¢',¢'] x Y.

Let us also introduce a “time-coordinate” function 74 on the manifold X,. It is identical
to 74 on Xetl and to 7_ on X, ,, and it smoothly interpolates between the two such that its
value on (1 is in the interval [£—1, £]. This choice of interpolation can be made independently
of £ and therefore the function £ — 74 converges, uniformly on compact subsets of X, to the
function 7, alluded to above. Outside of C; we have 7,(t,y) = |t| for (t,y) € X° =R x Y.

We also fix Spin¢-structures PT (on X*) which agree on the ends. More precisely, there
is a Spin®(3)-structure @ on Y such that, using the projection 7 : I x Y — Y, we have

Pi|End(X:|:) >~ R x 7*Q. Indeed, on End(X%), there is an embedding 7*@Q — P*, induced
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from the lift of the obvious embedding SO(3) < SO(4). See [MST] for details. By fixing
the isomorphism above, we can form a Spin®-structure Py on X, which is compatible with

the original Spin®-structures.

+
Xy

Qﬁ + O

| N
MO =

‘ NN

X

9

+
Il
~

£

Figure 1: Two cylindrical-end manifolds X; and X,

T
DY

Figure 2: X, and X, glued together to form X,
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1 A Gluing Procedure

Throughout, &+ = (A%, T*) is a finite-energy solution to the perturbed Seiberg-Witten
equation SWp, p+ on X *. Let us choose h. and k generically so that the moduli space of
solutions is irreducible and smooth at each and every point.

By a result of Simon [MMR], “finite energy implies finite length” for the solution, which
is now viewed as a gradient flow line for fogp on the cylindrical end. It further implies
“exponential decay” to a solution (Ae, ¥oo) of SW2 on Y. See [MMR]. The exponent & in
this exponential decay is less than half the minimum of the absolute value of the eigenvalues
of the Hessian

xd D
Hess(CSDy) = i ;

0 g?’A

which is the linearization of the gradient flow at a critical point. Therefore x has a bound
which simply depends on the eigenvalues of A and @ 4.

We will further assume that £ and €~ both converge to the same solution 1 on Y.
This means that (£€7,£7) is a point in the fiber product M(XT) xy M(X ), defined as

the pull-back of the diagram

M(XT) xu M(X7) - M(X)|u

v

7]
MX )y ——

where 04 : M(X*) - M(Y) is the limiting map for the flow lines, U a smooth neigh-
borhood of 7 in M(Y) and M(X*)|y = (0+)~(U). M’s may denote either perturbed or
unperturbed moduli spaces, depending on the context.

In a later chapter, we will also need to assume a transversality condition at 7.
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Approximate Gluing Map

While cutting X+ to let, we truncate £ to E;t as well. Then we glue X; and X,
together to form X, and our goal is to “glue” 52’ and §, to construct a solution §, to
SWi, -+ on the glued-up manifold Xy, for large £. Here h = hy + h_. To this end, we first
construct an approzimate solution & .= (Ag, Ty) of SWj, j+ on X, using a partition of unity

{\,1 — A} which is constant outside of Cyr,,. Thus we can define the “approximate gluing

map” § = Fg : M(XT, PH)xM(X™,P7) = C(Xe, P) by 7e(€",€7) = & = M +(1-M)¢; -
Proposition 1.1. For any £ > 4L,
|SWh i+ (€g)ll 2 < Ce~lE-2T0),

The constant C is independent of L.

Proof of Proposition 1.1. SW), ;+ (€,) is zero when ) is constant. So we only need
to estimate it on Car,. Using the fact that SWj, j+(£1) and SW),_ 4+ (£7) are both

zero, we find out that SW), ;+ (€,) is actually independent of A and k and we have

SWi i+ (€,) = (—d+(Aa) — Nq(v) — Dg(¥~, M), —=V(\)),

where a = AT — A~ and ¢ = UF — ¥~ on Csr,. An easy computation shows that
lg(¥)| = |4|* and that |Dg(,9")| < 2|¢|[¢’|. Now the fact that the solutions decay

exponentially fast with exponent  gives the desired estimate. O
Next we deform &, to a solution of § Whk+(&,) = 0. For this, we will need a right inverse
R for D' in the following diagram at the point &, = (4, ¥y).
0 . Do 1 . + Dl 2 . —
0 — Q3(Xy;iR) — Q5(Xy;iR) ®T2(ST) — Q5 1(Xy;iR) ©T1(S) — 0.

The diagram above is not a complex, since @ Al(\i’g) # 0.
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Construction of the Chain Homotopy

Indeed, R is a by-product of a chain homotopy, to be constructed below, between a complex
and its cohomology. To this end, we first partially construct chain homotopies on each
piece X*, X~ and X°. So, let us consider the following diagram of elliptic complezes (%)

for each X# :

0 —= QO(X#;iR) —2> QL (X#;iR) @ Ty(S+) —2> 02 (X #;iR) @ T1(S~) —=0

e w

0 —= QQ(X#;iR) —2> QL (X#;iR) & Ty(S+) —2> 02 | (X#;iR) @ T'1(S™) — 0

In this diagram, II4 is the projection onto the harmonic 1-forms — the first cohomology
of the complex. Note that £ (E#) has trivial cohomologies except possibly for the first one,
which is the Zariski tangent space of the moduli space, since we have chosen h, k generically
such that there are no reducible, non-smooth points, hence the obstruction space is trivial.
Also note that in the case of X° = I x Y, II, is trivial as well, since the index of the elliptic
complex is zero. The operators £ and Ry are also constructed using Hodge theory, in a
way that the following relations hold between the operators.

LyoD=1
DYoLy +RyoD =1-TI,
Dlo Ry=1

Therefore, we obtain right inverses R, R_ and R, for D! on X+, X~ and X?, respectively.
We splice these operators together, using a partition of unity {u%,u2, u2} on X, where
each p satisfies |[V™u| < (Llo)” p+ is supported on X, and is constant outside X(—2L6,~Lo]"
(Figure 3.) Symmetrically, u_ is constant outside X1, 91, and p, is therefore supported
on Car,.

Now we define an approximate right inverse R = R,(€7,€7) : £2(X,) — EY(X,) for
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By

Figure 3: Graph of p. That of 4 (not drawn here) is the mirror image of 1 on the right.

Dl EY(X,) — E3(Xy) by

RE = iRy (14C) + toRo(ol) + p-R—(u—¢),

where ¢ € £2(X,). II and £ are defined in a similar way.

It is easy to check the following estimates on the norm of the glued operators.

Lemma 1.2. There is a constant K such that

LoD —1)| < £
||D00[,~-|-7io'Dl—I+fI|| < LKO
Do R —T|| < £.

Proof of Lemma 1.2. We prove the last estimate; the others are proved similarly.

Using the fact that D! o Ry =1, for any ¢ € £2(X,) we can write

D oR(() = [DYput]Re(usC) + [P, o] Ro(to€) + [P, p_]R— (1—C)
+u3C+ paC+p2d

So that Do R(() — € = [DY, iy JRoy (1 )+ [PV, ol Ro(11oC) + [P, 4 JR_(ss_C). There-
fore, to estimate ||D! o R — I||, we should estimate the commutator norms. Note that
DY(f€) = fDL(E) + df A&, where f is a scalar function and for a one-form w on X,
wA(a,¢) = ((wAa)t,w.), where in the second component dot denotes Clifford mul-

tiplication. As a result, the commutator [D?, ux|R4x (u4() is just dusy A R4 (us() and,
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using |Vu| < £, we obtain

I[P, e R (b Q) L2 lldps AR g (ppe Ol L2

< Lo IRa(s)llpe
< 2ol Rl llugdllze
< L IRNC 22

The last inequality is justified by the Sobolev embedding L3 ® L? — L2.
Now we can take K = IE—:HR#H O

Fixing Lo > 2K, we can find an inverse J for D! o R, since it will then be in distance %
of the identity. Thus D' oRoJ =TI and R = R o J is a right inverse for D'. Thus we get
the following proposition, whose idea of the proof, as we just saw, will be ubiquitous in our

further constructions: to deform an operator by pre-composing by an invertible operator

close to identity.
Proposition 1.3. The operator D* = D(SW, y+) : E1(Xy) — E2(X,) has a right inverse
R =Ry(€",€7) : £3(Xe) = £1(Xo),

for each £ > 4Ly, Lo > 1, whose norm is uniformly bounded independent of £ and Ly. O
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The Definition of the Gluing Map

We now perturb the approximate gluing map by adding a term to £ ¢ to produce the gluing
map.

We started with a couple of solutions €' and €~ on X+ and X, respectively. They
solved SWh+,k+(£+) = 0 and SW), ;+(§7) = 0. Then we truncated and glued these so-
lutions, using a partition of unity, to obtain &,. This is not a solution to SWy (&) =0
on Xy, however. Let &, = &, + R((), where R : £2(X;) — £Y(X,) is a right inverse of
D! constructed before and ¢ = (&, 3) € £2(X,) = Qi,l(Xg; iR)®T1(S7) is, as we will see

below, the unique fixed point of a contraction map.

Proposition 1.4. The following self-map F = F,(€1,€7) of the Hilbert space £2(X,) is
a contraction on a ball for £ > 4Ly, Ly > 1, and therefore has a unique fized point CA =
Ce(€*,€7).
F:E2(Xy) = EX(Xy) = Q% (Xg3iR) @ T1(S7)
F(Q) = ~SWiur B0+ (a), ~3a0),
where (a,v) = R({) and

R: Q2 (XgiR) ®T1(S7) = Q3(Xg;iR) & Ta(ST)

is a right inverse of D' as constructed before.

Moreover, we have the following estimates on the norm of the fized point and its image.
||<A||L§ < C'e*’*(l*?Lo)’
”R(CA)”L% < Cle_’i(Z—2L0)‘

We postpone the proof of this to proposition 2.12; where we discuss it in a more general
context.

The following lemma, follows from a straightforward computation.
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Lemma 1.5. If ¢ = (A, ¥) is a point of the configuration space C = A x T'(S™) and

¢ = (a,) is in its tangent space Q* ® T'(ST), we have:

Wit (€ +€) = SWa e (€) +D'(€) + (~a(y), ga).

Letting ¢ = (a,v) = R(a,s) and & = &, in this lemma, we see that &, = &, + R(a, s)

satisfies SW}, 1.+(€,) = 0. Therefore, we have proved the following.

Theorem 1. Suppose X* are two cylindrical-end four-manifolds with ends isometric to
[0,00) x Y. Assume that these manifolds are equipped with two Spin®-structures P which
agree on the ends and that ho and k are chosen generically so that Mhi,k+(Xi,Pi) and
M (Y, Q) are all smooth and irreducible. Also assume that [€%] are points of My, x+(X*, P¥)
with the same limiting value [n] € Mg(Y,Q). Then for each £ > 0, there is a unique
Spin-structure Py on Xy and a solution &, for SW}, i+ obtained by gluing £T together and

deforming the result appropriately. This will produce a gluing map

Ve : Mp o+ (X7, PY) X ag(v,0) Mp_ ot (X7, P7) = My, o+ (Xe, P).
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2 Gluing for Compact Perturbations

In this chapter we will make a gluing statement under the weaker assumption that only
compact perturbations are allowed. In other words, we will only have a compactly supported
perturbation 2-form h and the term k is not present.

In light of chapter 1, we notice that there is only need for a right inverse for D! :
Q5(Xy;iR) @ To(ST) — Q% 1 (Xy;iR) @T1(S ). Due to technical problems arising from the
presence of an obstruction space H?, we shall slightly modify our spaces to allow some small

exponential growth.

Weighted Sobolev Norms

We will consider the following weighted norm on forms and spinors on a cylindrical-end
manifold Z. Let a be a C*°, compact supported m-form on Z, 7 the time coordinate on Z,

V the Levi-Civita connection and § a real number. Define the L%ﬁ s-norm of a as

. 1/2
b5 = (Y [ e Iviaf’
j=0"%

Similar definition applies to a spinor field, except that a hermitian connection on the spinor
bundle must be used instead of the Levi-Civita connection. We will denote the Li,_ 5
completion of the space of C'*°, compact supported m-form on Z by QZ?_ 5(Z). Analogous
notations will also be used for sections of spinor bundles, etc.

On Xy, we can define the weighted norms similarly; 7 is to be used instead of 7. However,
note that all Sobolev norms with different weights are equivalent on a closed manifold.

We have the analog of Proposition 1.1.

Proposition 2.1. For any § > 0 and any £ > 4Ly,
|SWa(Ell,-5 < Gem(rrale200),

For some constant C which is independent of £ and Ly. O
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Various Chain Complexes

We consider the following complexes £_5(XT) at £, 0 < § < x/2.

. 0 . 1 . _
0— 0 _5(X%5iR) 2> Q1 (X%;iR) @ Ty _5(ST) 2= Q2 | (X%iR) @ Ty, _5(S7) —0

S

I3 0 I3 1 . —
0—= 0§ _5(X5iR) —B= Q) 5(X%iR) @ Ty 5(ST) —2= 0%, (X%iR) @ Ty, 5(S7) —=0

H-+

These are the complexes associated to solutions €+ of S, sonX % The perturbation
terms hy are chosen suitably so that the complexes above have no cohomology except
possibly in degree one. IIL is the projection onto this cohomology, represented by the
harmonic ’one-forms’.

Recall that each solution to the Seiberg-Witten equations can be thought of as a flow line
on the cylindrical end, which converges to a static solution which solves SW?3 on Y. Assume
that €7 and €~ have the same limiting values. In technical terms, If 8, : M(X 1) — M(Y)
and 0_ : M(X~) - M(Y) are the maps that assign to each solution on the four-manifold
X¥ its limit point on Y, then 0, (1) = 0_(¢7) = 7.

We will also consider the complex £(Y) at i
EX)ln) 0 — QO(Y;iR) 25 QL(Y;4R) @ Ta(S) 25 Q2(Y;iR) @ Ty (S) — 0,

and the complex £5(X°) on the cylinder X° =R x Y at £€°, where £° is the pull-back of 5

to X°and 0 < < K/2.

0 — 03 5(X°;iR) —2 Q) 5(X°;iR) @ T24(ST) —2= Q2 | 5(X%iR) ®T1,6(S ") —=0
/ lng / lng
0 —> Q) 5(X°iR) —2> Q} 5(X°;iR) ® Ty (ST) —2> Q% | 5(X%iR) ®T14(S7) —=0
We will repeat the same construction of the last chapter to splice the parametrices and
projections to obtain £, R, II! and I12. Analogous estimates (as in lemma 1.2) on the norms

of these operators are in order. Notice that II2 is a new operator in this context.
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Lemma 2.2. There is a constant K such that
; 0 K
LoD~ < To
ID°c L+ RoD -1+ < L%
ID* o R —I+112) < £.

Proof of Lemma 2.2. The proof is that of lemma 1.2 almost verbatim, except that

we have an extra term for u,I12u, = IT2 in the last estimate.
D'oR(() = [P u4]Re (i) + [P polRo(poC) + [P IR (1)
¢+ upC + 12 ¢ — poTl3poC

for ¢ € £25(X,). This is because D' o R, = I — I12. We shall also use the weighted

Sobolev norm L7 _; and the Sobolev embedding L3 , ® L7 5 — L7 ;. O

We will be more interested in R and II2; let us concentrate our attention on the following

(partial) diagram.

. 1 . —
0 _5(Xg;iR) @ Ty 5(ST) <_D> 02, _(XgiR)@ Ty _5(S)

R

fi2
Y

04, 5(Xe5iR) @ T1,-5(S7)
Let us also recall that the maps 1% = TI2(¢7,£7) and R = Ry(£ T, €7) are defined as follows:
RE¢ = iRy (14+C) + BoRo(ol) + p-R—(1-(),
ﬁzC = NOH?,(MOC),
for ( € £24(X,y) = Qi,l,—é(Xl; iR)® T _5(S7).

12 is not a projection; however, it gets closer to one as Ly — oo and has a right inverse.

Lemma 2.3. The operator 1% satisfies |12 — 2 o 12||;_5 < Kae %0 and has a right-

inverse, defined on Im(ﬁ2), whose operator norm is at most Ko.

Proof of Lemma 2.3. We are going to calculate IT? o IT2. For this, we first find an

expression for I12, which is the projection £2(R x Y) — H2(R x Y) onto the harmonic
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forms. Let hi,---,h, be an orthonormal base for H!(£(Y)). There is an isometry

HY(E(Y)) = HE(R x Y) given by n = ce%7(dt An), where c is a constant satisfying

cz/ e OTdt =2 (2)

and dt An = ((dtAb)T,dt. ¢) for n = (b, ¢), where in the second component dot denotes
Clifford multiplication. (Recall that we identified spinors on Y with plus-spinors on
the cylinder R x Y. Clifford multiplication by dt is just an isometry between plus- and

minus-spinors on the cylinder.) Using this isomorphism, we can express

() =¢ ie‘s“(dt/\hi)/ (¢, dt A hy)

i=1 x

for ¢ € £2(R x Y). Using the facts above, a calculation shows that

1:[201:[2C=c

2 ~
E (/I‘R lu%e—d"ro) H2C'

Now, this formula, equation 2 and the fact that p, = 1 on Cr,, give the desired estimate.
Finally, the right inverse can be constructed as follows. Choose a cut-off function g,
depending only on ¢ and supported in Cy, such that IIR B(t)dt = 2. Then define the
right-inverse F' by F(¢) = c’%e‘sr" . Since p, = 1 on the support of 3, it is easy to see
that IT?(F¢) = ¢ for all {. Clearly, ||F|| is independent of £ and L. O

As a result, for Lg large enough, Im(I1?) N Ker(I1?) = 0 and we obtain a decomposition

£24(Xy) = Im(T1?) @ Ker(I1?).

Fix Lo to satisfy K3e %L° < 1 (or any other number less than one, for that matter).

Then, if z € Im(I1%) N Ker(I12), then one can express z as z = I12(Fz). Thus,
- - - = 1
ll2ll = ||z = 2] = |[T(F2) - (I (F2))|| < K2e "2 ||(F2)|| < K3e~F|z|| < Szl

which can not happen unless z = 0.

By the way, the above argument also shows that if z € Im(I12), then ||z —T12z]| < 1||z||.
Therefore, for such a z, ||z|| < 2||T2z||. This will be used below in the proof of lemma 2.4.
Finally, the decomposition results from the fact that Im(I12) is finite-dimensional, being

identified with Im(I12) = HZ(R x Y).
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Define a projection T : €2 5(X;) — £24(X;) onto Im(T12) corresponding to this decompo-

sition. Thus Im(I12) = Im(112) and Ker(I12) = Ker(I1?).
Lemma 2.4. |I? — 11%||; s < Khe%Lo.
Proof of Lemma 2.4. Decompose ¢ = z + z, where z € Im(IT?) and 2y € Ker(I1?).
Then I12¢ — [12¢ = z — 1%z = T1%(Fz) — II?(I1?(Fz)). Therefore, using lemma 2.3,
IT%¢ — T%¢|| < Kae *P0||Fz|| < Kie *F0||2|| < K5 Kze **o|C]l,

where in the last inequality we have used the following remark (2.5). O

Remark 2.5. If { = z + zp is a decomposition of (, where z € Im(flz) and zy € Ker(flz),

then there is a constant K3 such that ||z|| + ||20]| < K3][C]|-

Proof of Remark 2.5. This is a subsequence of the fact alluded to earlier. Namely,

we have

ll21l < 2IT1%| = 2([T2¢]| < 2|2 [i¢]l,

llzoll < NICH + llzll < (1 + 2(IT2[IIC]- O

We will explicitly identify I'm(IT%) = I'm(I1?) with the Zariski tangent space of M3(Y")

(at [n]), which is a finite-dimensional vector space.
Lemma 2.6. The linear map

1 HY(EY ) |p) — Im(T1?) C €2 5(X,)

given by

u(n) = cuoe 42 (dt An)

is an isomorphism. It approaches an isometry as Ly — oo. More precisely, we have the

following estimate. For some constant K,,

(1 — K,e 000/ < |jo]| < (1 + K,e%0/2),
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We will later re-scale z to fit it into an “almost-commutative” diagram. The last state-

ment in the lemma will be used for estimating ||¢|| in ||R2|| (see Proposition 2.10).

Proof of Lemma 2.6. This is a straightforward estimate. Only note that on Cy, C Xy,
we are using 74, while 7, = £ — 74 is used on X° = R x Y. Comparing the two norms,
therefore, we have ||n||_s = e~%¢/2||n||5, where the first norm is measured on X, and the

second, on X°. We will also use the fact that u, =1 on Cr,. O

The rest of this chapter consists of three sections. In the first section, we will construct
a right inverse R for D! on the finite-codimensional subspace Ker(I12). Then, in the next
section, we construct a right inverse Ro for D! on the transversal subspace Im(I12). There
we use a stronger assumption that the fiber product of the moduli spaces of the cylindrical
end manifolds is smooth in (a neighborhood of) the point under consideration. This will be
explained in more detail. Finally, We show how to deform Ri + R2 to get a right inverse

R for D' on all of £2 4(X,) = Im(I1?) & Ker(II?).
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2.1 Constructing a Right Inverse for D! on a Subspace of Finite Codi-

mension (Ker(I1?))

Here is the main proposition of this section. We slightly modify R (obtained by gluing R,
R_ and R,) to establish the existence of a right inverse R; for D! on Ker(I1?). We extend

R1 by 0 on the complementary subspace Im(I1?).

Proposition 2.7. Suppose that ([¢7],[¢7]) € M(Xt,Pt) xyy M(X~,P™) and that [¢%]
are smooth points of their moduli spaces. Then if Ly is chosen sufficiently large, there is a

constant C1 such that the following holds. For all £ > 4Ly, there is an operator
Ri=Ri(€5,67,0): E25(Xe) — E15(X),
such that
1. For all ¢ € Ker(I1?) C £25(X,),

I-T*)D'R.(¢) = ¢.

2. For all ¢ € Im(I12) we have

R1(¢) = 0.
3. The operator norm of Rq is bounded by C1, independent of £ and Ly.

4. Define Ny = Ny(¢7,¢7,£) by setting Ny = II?DIR;. Then N? = 0 and the norm of

this operator satisfies

Cy
N{|| < —.
RARE

5. Moreover, R1 is asymptotically close to R :

9!

~RII < =
R —R| < Lo



Proof of Proposition 2.7. We are going to estimate the norm of the following

operator, restricted to Ker(II2),
(I-T2)D'R : Ker(I1?) — Ker(IT?).
Let ¢ € Ker(I?) and decompose
(D'R -T)(¢) = (I-TI*)(D'R¢ — ) + (D RY),

where the terms on the right hand side belong to Ker(I1?) and Im(I1?), respectively.

Thus, according to remark 2.5, we have
[T -12)(D'R¢ — Ol < Ksl[(D'R —~T)(Q)II-

Now, the element on the left side is (I — II?)D*R¢ — ¢ and the one on the right is
(D'R —1+112)(¢), whose norm, by lemma 2.2, is bounded by LEOHCH Thus, we obtain
(T = T)D' R — ¢ < %K |i¢]| and
K;K

0

II-T*)D'R -1 <

Choose Ly such that Kfof{ < % Then the operator introduced at the beginning of the

proof has an inverse of the form J; = I+ ji, where j; : Ker(I12) — Ker(I12) satisfies

2K3K

|| < .
il < =5

Now set R; = R o J; and extend Ry by zero on Im(II?). The first three items are now
immediate. To prove the fourth, notice that we only need to work on Ker(II?), since

R, vanishes on Im(I12). For ( € Ker(II?), we have
Ni¢ =TI*D'R1(¢) = D'R1(¢) — ( = DRI — Ji¢ + jil.
The last term already satisfies the desired estimate. On Ker(II12), we also have

ID*RIy — Jill < ID*R — T+ I|. || u|

IA

(1+ 225)

I
Sl S

’

which establishes the fourth estimate.

Finally, R1 — R=RJ,-R = 7@]’1 has the desired decay. O

26
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2.2 Constructing a Right Inverse for D! on a Subspace of Finite Dimen-
sion (Im(I1?))

Consider the following diagram (D).

HY(E5(XT)|g+) @ H(E5(X7)|g-) L= HL(E(Y)Ip)
p
Jl l’ (D)
£14(X0) = £25(Xe)

In this diagram,
T(&-l—v&-) = T+(E+) - 7"_(5_),
I+ &) = vl v &,

where v, and v_ are certain cut-off functions, to be defined below. First, define

2L
v= / e () o (s)ds.

Then, for (t,y) e R x Y,

We have v + v_ =1 and these cut-off functions are constant outside Car,. We will show
shortly (in lemma 2.9) that 7 is a quasi-isometry. Also recall that the embedding ¢, whose

image identified with Im(II?), was defined in Lemma 2.6 by
u(n) = cpoe o2 (dt An)

and D' : £ 5(X,) — £25(X,) is the differential of SW at &, = (¥, Ay) given by the matrix

7_)1 — ( d+ _Dq‘i’z )
'%\ill a/’il
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p is a right inverse for r and is essential in our construction. Of course, to ensure the
existence of such a right inverse, we need the following
Basic Transversality Assumption. The limiting maps 9y : M(X') - M(Y) and
0 : M(X™) — M(Y) are transversal at £ and £, where 9, (£7) =0 (§7) =€, =n-
In other words, the fiber product M(X*) xy M(X ™) is smooth. Equivalently, the linear

map

P HYE (X)) ® HYE 5(X7)]g-) = HY(EY)ly)
P, E7) = (€8~ (€)

is onto. r4 and r_ are the linearized versions of d; and J_, respectively.
Unfortunately, the diagram (D) is not commutative; fortunately, it is close to one, in

the sense of the following lemma.

Lemma 2.8. In diagram (D), if Ly is chosen large enough, there is a constant Kp such

that for all £ > 4Ly we have

(DY 0 g) —cr(ror)|1, s < Kpe("3)(E-2Lo),

1 ,—6t/2

where cg = —; s a re-scaling factor.

Proof of Lemma 2.8.  We start by computing D! 0 7(£,,£_), where £é1 = (a+,v4).

Note that this is supported on Car,. A component-wise calculation shows
D (viéy) = dvy A&y + v DY,
and the same equation holds for D!(v_¢ ) with all the +’s and —’s reversed. Now,
Dl'(vyy) = Ste ™ uodt Al +v DHEy
= Ste op,dt Ary (&) + Ste T podt A (&4 — 14 (€4)) + vy D€,

We also get a similar formula for D! (v_£_), except for the sign of the first two terms.

Therefore,

(Dlog)(€4,6-) = e TpodtAr(éy,€0)
+5re T p, (dt/\ (& —r4(&4)) —dtA (&4 — 7‘+(§+)))
+v; D' +v_D'E,
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in which the first term on the right hand side is just ¢.(2 o 7)(é4,£_). Thus we have

obtained

(D' og) —crlron)) (€& ) = e oo (dth (& = ra(€s)) = dbA (& —r4(64))
+V+D1§+ + V_Dlg_

Now the result follows from the exponential decay of solutions on let

l€x — 74 (Ex)|| < e 2E2L0)|jgy |

and the fact that D'¢y can be expressed in terms of the partition of unity ), the
components of £, &+, and their derivatives. O
Here is the analog of lemma 2.6.

Lemma 2.9. The linear map
e HYE (X)) ® HYE-s(X )] g-) — £14(%0)
in diagram (D) defined by j(€4,6-) = vi€y +v_E_ is a quasi-isometry, satisfies
(1 - Ke ) < lgll < (1 + Kye™®)

and approaches an isometry as Ly — co. Here &+ and &_ are harmonic representatives of

the corresponding cohomologies.

Proof of Lemma 2.9. Let’s first define
i Hl(c‘?—a(X+)|§+) ® Hl(f—a(X_)Ig—) — &' 5(X0)

by 71(€4,€ ) = pyr &y +p_& . Tt is straightforward to see that j; is an isomorphism onto
Im(M') and satisfies 1 — K,,e=%L0/2 < ||51]| < 1 4 K,,e~%L0/2. Moreover, a calculation
shows that there is a constant K, such that for all Lo > 0 and all £ > 4L, we have

ll7 — 71]] < K,e Lo, Thus we get the desired estimate on ||y]|. O
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We are now in a position to state the main result of this section, which is the counterpart

of Proposition 2.7.

Proposition 2.10. Suppose that ([€7],[¢£7]) is a smooth point of the fiber product M(X+, PT)xy
M(X~,P~). Then if Ly is chosen large enough, there is a constant Co such that the fol-

lowing holds. For all £ > 4L, there is an operator
Ra=Ra(€7,€7,0) : £25(Xe) — E15(X0),
such that
1. For all { € Im(IT?) C €2 4(Xy),
II>D'Ry(¢) = ¢.

2. For all ¢ € Ker(I1?) we have

R2(¢) =0.
3. The operator norm of Ro satisfies

|Ra2|| < Cae®®/2.

4. Define Na = No(&1,€7,£) by setting No = (I—T12)D'R5. Then N2 = 0 and the norm
of this operator satisfies

| Na|| < Coe= (K90,

Proof of Proposition 2.10. First, using the almost-commutative diagram (D),

define

R ! (70 poa™t) : Im(s) = Im(I1?) — Im(y).

= o

Then, it is easy to see that ||Ra|| < Coe®*/? for some constant C> and that

T2 0 D! o Ry — I|| < Kpe~FE2L0)g0/2) o |11 .
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Thus one can choose Ly sufficiently large so that for all £ > 4L, we have

M2 oD oRy —1|| <

DO | =

and therefore IT12 o D! o R, has an inverse J, of norm at most 2. Setting Ry = Ry 0 Ja
(and extending by zero to the complement of Im(II?) in £2,(X,)) gives the desired

right inverse. (|

Notice that the proposition above implies that D! o Ry = I+ Ny on Im(T12), where N,
is a nilpotent operator. Proposition 2.7 implied a similar statement, that D! o Ry =1+ N;
on Ker(II?), with a nilpotent N;. Both N; and N depend on £, as well as on €' and £,

since R and Rs do.
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2.3 Constructing the Full Right Inverse

Set Ry := R1 + Ra. For a sufficiently large Lo, both of the propositions 2.7 and 2.10 hold
and we have

D'oRo =1+ Ny + Na.
(To check this identity, verify it on elements of Ker(I1%) and Im(I12).) Since N2 = N2 = 0,
(I + N1+ N2)(I — Ny — Ng) =1- NyNy — NaN;

and I+ N; + N has an inverse J whenever 2||Ny||.|Nz|| < 1. Moreover,

L+ || Nl + ||N2||_
1 — 2[| Ny ||| N2 ||

1]} <

But ||Ni||.|N2|| is bounded by C}J—?e_("_‘s)LO, which can be made arbitrarily small by
choosing L large enough, since we chose § < k. So an inverse J with [|J|| < 2 exists and

we define R := R o J. Then R is a right inverse for D! and we have

Proposition 2.11. Suppose that ([¢1],[£7]) is a smooth point of the fiber product M(X T, PT)xy

M(X~,P~). Then the operator D' = D(SW) : £1 {(X;) — £25(X¢) has a right inverse
R =R(&7,€7) : E25(Xe) = E25(Xa),

for each £ > 4Ly, Ly > 1, whose norm satisfies |R|| < Ce®¢/2. O

Remark. A review of the statements of this section shows that if U C M(Y") is an open
set whose closure contains no reducible points, then, in each statement, we can replace k by
an exponent k(U) which works for all € U. This includes, in particular, propositions 2.1,
2.7, 2.10 and 2.11. Therefore, it makes sense to consider the derivatives of the operators in
question and estimate their norms. It is not hard to see that, in each case, the derivatives
decay (or grow) exponentially with the same exponent as the operators themselves.

We can now prove the following analog of proposition 1.4, as promised.
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Proposition 2.12. The following self-map F = Fo(£7,€) of the Hilbert space £%5(X,)
is a contraction on a ball for £ > 4Ly, Ly > 1, and therefore has a unique fized point
C=Cel€r,6).

F:E25(Xe) = E25(X0) = Q% 1, _(X5iR) ®T1,5(S7)

F(Q) = ~5Wh(E) + (a(y), ~ a-b),

where (a,¥) = R({) and
R: QL _5(XiR) @ Ty, 4(S7) = Q3 _4(X¢;iR) ®Ta5(ST)

is a right inverse of D' as constructed before.

Moreover, we have the following estimates on the norm of the fized point and its image.
||é||1,_5 < C’e_ﬂ(£—2L0)’

IR({)l2,—s < Ce™"(E-2Lo)edho,

Furthermore, é varies smoothly with €* and €=, so that if £5(t) are smooth, one-parameter
families in C(XE) with the same irreducible limiting value, then ((t) = Cp(€7(t), €7 (t)) is

also a smooth one-parameter family and if ' denotes %E(t)h:o, then we have

IR Ils,5 < C'e=E=2E00ebo (€| +[|(e7)']).

Note. The fact that the norm of R(f )’ is exponentially decreasing despite the possible
exponential growth of the operator norm of R is due to the quadratic nature of F(¢) in (.

This can be seen during the proof.

Proof of Proposition 2.12. Let B(0, R) denote the ball of radius R around the origin

in the Hilbert Space £25(X,) = QF ;| 5

that there is a constant G such that for all £ > 4L, the restriction F| : B(0, Ge~2%) —

(X¢;iR) @ Ty _5(S™). We are going to show



B(0,Ge~%%) is a 1-contraction. First, we consider the norm of F(0) = —SWj(€,). By

proposition 2.1, there is a constant C' such that
IFO)ll1,—5 = ISWa(€))ll1,—5 < CemtrFD(E=2ko),
Now, let’s estimate each of the components of
F(G1) ~ F(G) = () — ), (o s — ). Q
For the first component, we have

q(1) — q(¥2) = b(h1 + 2,91 — 92),

where b denotes the symmetric bilinear form associated to ¢ and its point-wise norm is

bounded above by |b(11 + 2, Y1 — ¥2)| < 2|¢1 + Y21 — 2|. Therefore,

lg@n) = q(¥2)lli—s < 211 +allps N1 —dallzs
s
< 2859+ nllns 11— ellns
< &gy + Palla,—sllvr — vll2,—s- (4)

For the second component, we similarly write

llax-tr — az-2lli,—s = llai(¥1 —2) + (a1 — a2)¥all1,—s

< Maallzsllon = ¢ellzs | + 12llzs | llar —azllzs |

s
< 6248(”“1”L‘1‘,_25”¢1 —Pollrs _,, +1¥2llzs _ llar = a2||L;{_25)
< E@e(|larllz,—slltr — alla,—6 + l1¥2ll2,—sllar — azll2,—5)-  (5)

So, to finish the estimates on the components, we need estimates on the Lg,_ s-horms
of a; and v;, for 1 = 1, 2, as well as the differences a; — as and ¥; — ¥». First, note that

(ai, i) = R(() for i = 1,2, so that each of ||a;||2,—5 and ||4;]]2,—5 is bounded above by
IR(Gi)ll2,—5 < Ce*72||ill1, s (6)

Similarly, a; — as and 9; — 1 are the two components of R({1) — R({z2), so that both

of ||a1 — az||2,—s and ||¢1 — 92||2,—s are bounded above by

IR(¢1) — R(¢o) |2, -5 < IDeRIMIG — Gollr,—5 < Ce/2|¢1 — Golla, s (7)
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These inequalities, in conjunction with estimates 4 and 5, show that for (3, (s in a ball

B(0, R) of radius R, we have
lla(#1) = a(¥2)ll1,—s < 261C%Re®"(|¢1 — Call1,—s
llar 91 — az.¢ha|l1,—5 < 280 Re™||¢1 = Gall1,—s5-
Combining with equation 3, we obtain

IF(G) — F(G2)ll1,—s < ERE| G — Call1,—s

for some constant & and F will be a 3-contraction for R = 5-e~2%¢,

Now, the unique fixed point of F can be obtained by finding the limit of the iterations
of any point in the ball. Therefore, the sequence of iterations {F°"(0)} converges to

the fixed point f and we have
1€l < 211F(O0)|ls,—s < 2Ce(w+5)(E=2E0), ®)

From here, the estimates claimed in the theorem on ||C|| and ||R(C)|| follow.

Finally, to estimate the norm of R(() = R'({) + R({'), we need to estimate |||

1,-6
first. To avoid complicated notation, we will write ¢ for {(¢)|;=o and (' for %(A (t)]t=o0-
We will also consider the one-parameter family of operators F; = F(£1(¢),€ (¢)) and
write F for 7(0) and F' for the t-derivative of F; at ¢t = 0. Similar notation was already
used in the case of R and R' at the beginning of this paragraph.

~ ~

By t-differentiating the fixed point equation F;({(t)) = {(t) at t = 0 we obtain

DF(E)+F (O =
(To see this, write F; = F + tF' + o(t2) and ((t) = ¢ + t{’' + o(2), then substitute in
the fixed point equation and find the coeflicient of ¢. Note that F is not a linear map,
so the coefficient of ¢ in F(t{') is Dcf(f').)

We can rewrite the last equation as (I — D:F)(¢') = F'(¢). Since F is a contraction,
|ID¢F|| < %, s0 T— D¢ F is invertible and [[(I — D¢F) || < 2. Therefore,

1€'11,-5 < 21F ()1, -s- (9)
On the other hand, as in the preceding arguments, we find

IF' ()1, s < C"e®IR ()2, sIR()l2,—5 + ISWa (€)' ll1,s-
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We moreover have

IR Oll2,- s IRz, s < e (11 + 167 )ICIE -

Combining the last two inequalities and using the estimate on ||SW(€,)||1,_s (cf.

proposition 2.1) and the facts § < k and £ > 4Lg, we see that, for some constant C’,
IF/ ()l =5 < Ce 20280 (b ||+ 1167l
and, using (9), we get, for some C’,

1/ l,-5 < C'em(H0/20=2E0) (j 4y 41| (¢ 7)) (10)

~

Now, using the equation R(C) = R'({) + R({'), the estimates on the norms of {

and (' (equations 8 and 10) and the estimates on the operator norms ||R|| and ||R’||

~

(proposition 2.11 and its following remark) give the desired estimate on ||R(¢)’||2,—5. O

Thus, along the same lines of chapter 1, we have proved the following.

Theorem 2. Suppose X* are two cylindrical-end four-manifolds with ends isometric to
[0,00) X Y. Moreover, assume that these manifolds are equipped with two Spinc-structures
P* which agree on the ends and that £€* are solutions to SW ., as before. Then there
is an Lg, large enough, such that for each £ > 4Ly, there is a unique Spinc-structure Py
on X, and a solution &, for SW), obtained by gluing £* together and deforming the result

appropriately. This will result in a gluing map 7. O
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3 The Gluing Map

In this chapter we carry out a local analysis of the gluing map. We will show that the
gluing map is an embedding into the moduli space of the glued manifold. We start by some

definitions and preliminary lemmas.

Definition 3.1. A gluing data consists of a pair © = (U, 1), where U C M(Y') is an open

set whose closure consists only of smooth irreducible points, and Ty > 1 is a real number.

Fix €g > 0 such that Simon’s results on the asymptotics of gradient flows hold in our

context for both orientations of Y ([MM], chapter 4, and [Si]).

Definition 3.2. M(Z,9), where ® = (U,Tp) is the gluing data, is the open set of M(Z)

consisting of equivalence classes of SW solutions € such that
e The energy E(€) < €9/2 on [Ty — 1,00] X Y and
e d(¢)=mnecUl.

Definition 3.3. Let ® = (U, Tp,€), 0 < € < €, be the gluing data. Then, for any £ > Tp+1
and any 0 < € < €, define M(X;, D) C M(X,) to be the set of all solutions [€] such that

for some n € U we have [||c, 5, —nllrz <e

Slices for Compact Manifolds with Boundary

In the sequel, we will state some lemmas regarding slices for the gauge group action. The
proofs can be found in [MMR] and [MM].
Let &€ € C(Zr), where Zr is the cylindrical-end manifold Z truncated at T, T > Ty + 1.

A slice for the gauge group action is

SE = € + {5 € TC(ZT) | (DO)*g = O’ *glaZT = 0}
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Here, *¢ means the following. For the first component of ¢ = (a, ), which is a 1-form, * is

just the Hodge *-operator. For the spinor component, we take *t|5z, to mean Vag ()= =
t

0.

Lemma 3.4. (Uniform Slices). Let ® = (U,Ty) be the gluing data. For all e > 0
sufficiently small, there are positive constants d, Cy, depending only on ©, such that for all
T > To+1 the following holds. Suppose & € C(Zr) is a solution of SW and for some n € U,
(€ — m*n)|[7y,1xv |26 < €. Then

1. The ball of radius d in SE embeds in B*(Zr).

2. Any &, in the ball of radius d/Cy in C(Zr) centered at & is gauge equivalent to a p(&;)

in the ball of radius d in Sg. (This defines the map p as used below.)
3. If &; and &, are in the ball of radius d/Cy, then

1P(€1) — p(&2)ll26 < Colléy — &all  and

1Dpg (61) — Dpg (£2)ll2,5 < Coll€r — &all2,6ll€1ll2,6 + Collér — Eall2,6- O

Next we make a comparison between slices of C(Z,®) and C(Zr).

Lemma 3.5. (Comparison with the Slices of the Cylindrical-End Manifold). Let
Z be a cylindrical-end manifold . There exist positive constants d, Cy, depending only on the
gluing data ® = (U, Ty), such that for any T > 1 we have the following. Let & € C(Z,D) be a
solution of SW and set & = €|z, Let BE(T) C C(Z,D) be the ball of radius (d/Cp)e=T/2
centered at &. Then there is a smooth map 71 : Bg(T) — SET’ inducing the restriction

mapping on the level of gauge equivalence classes, satisfying 71 (&) = &1 and

|7z (€") = Fr(€)ll26 < Coe®/?|1€" — €]

If, moreover, &' € B€(T) s a solution of SW as well, then we also have

I72(&) ~ F2(@)llog > 5lE &l 0
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Combining the previous two lemmas, we obtain the following uniform embedding result.

Lemma 3.6. (Uniform Embedding). Let Z be a cylindrical-end manifold and © =
(U,Ty) the gluing data. Then there are positive constants d,Cy such that for any T > Ty
and any & € Cs(Z,D), there is a smooth submanifold VE C C5(Z,D) which contains a point

gauge equivalent to every solution &' with ||&' — &|| < d with the following properties:

o Taking the quotient by the gauge group action induces a diffeomorphism VE — M(Z,9D)

onto a neighborhood of [€].

o Let VE(T) denote the intersection of VE with the ball of radius de=°T/? in C5(Z,D)
around €. Then the restriction map followed by projection into the space of gauge

equivalence classes gives an embedding r = rr : VE(T) — B(Zr).

e There is a smooth map 7 : Vg(T) — SgT, lifting r7, such that for all &' € VE(T) we
have

25 < Coe®/?||&" — ¢ O

LI — &l < Fr(e) — Fr(e)

Properties of the Gluing Map

We are now in a position to prove the main theorem of this chapter.

Theorem 3. The gluing map v, : M(XT,D) xy M(X ,D) — M(X,) given by the
procedure described in chapter 2 is an embedding onto an open subset of M(Xy), where
D = (U, Ty) is the gluing data, U is an open subset of M(Y') whose closure consists only of

smooth, non-reducible points, and £ > 4Lgy, where Ly is suitably large and Ly > Tp.

Proof of Theorem 3. We will first show that 7, is an immersion. Consider the map

h[ = (hz_’hl_) : V£+ XU Vg— — S€+ X S
Lo

Lo
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given by
(&F,60) = (p* (re(h &0 2 )0~ (v, €)= ) )-
0 0
This map is well-defined and smooth. We will show that the differential of this map,

and hence that of -y, at (€1,£7) is injective.

Let 6 be as in proposition 2.12. Using ¢ > 4Lo and 6 < /2, we obtain

Fe(€*,€7) = 1(€*,€ ) los = [IR()llo-s < Ce"(E2E0)elko
< (e rko,
Thus,
IRl llog < C'e =%, (11)
Similarly,
IR xz llzs < Ce™ D0 (€)1 + 1€7)'N). (12)

It follows from the previous lemmas that

s (€5) ~RF(6%€ Y lIna < C"e % (€Y1 + 6 )'N)

and that
SIET < Wz € s
for Ly > 1.
Now, consider a path (£1(t), £ (t)) whose derivative is non-zero. By symmetry, we can

assume that ||(£€7)']| > ||(€7)’||. Then from the last two inequalities above, it follows

that
IR (€%, €7)' 1l > %II(EJF)'II —2C"e™ (== ko) (gt

which will be non-zero for Ly > 1. So, v, must be an immersion.

Next let us show that -y, is injective. Suppose v,([¢1],[€1]) = 7¢([€5],[€2])- Then, by
(11), and because the norms are gauge-invariant, there is a gauge transformation g such
that

I€F = "€ s los < Chem (=91,
Thus (£1,¢,) € Vgir Xy Vﬁl_ for Lo > 1. Without loss of generality, we can assume

that [|€] — &5 || > 67 — &5 II- Let @1 == & |x,, @2 = 7x,, (€3), and @ := he(€35,€35) =



he(€5,€7). This last equation holds because v,(£7,£€]) and v,(£5 , €5 ) are gauge equiv-
alent. Then for Ly > 1 we have

ler — &3l < 2|21 — 3226 (by lemma 3.5)
< 2fl(z1 —2) — (22 — 2)||206
< 20| REET €7) — REES €52 (ibidem)
< 202000 (llgf — gl + g7 — & 11) (by (12))
< 4Ce20Lojjet — g

For Lo >> 1, we get £ = £ and hence €7 = &5 . So 7, is one to one.
Finally, to see that -y, covers an open set, it is enough to compare the dimensions of
the domain and the target M(X,). By Atiyah-Patodi-Singer index theorem [APS], the

index of the Seiberg-Witten elliptic complex on X is given by

2x(X* X)) — 2 p* +
ind(SWs) = XX+ 30(X5) = ci(detPT) b+ =

where x is the uler characteristic, o is the signature, h = dim( er(SW )) and is
the -invariant of APS for SW on . We are of course considering the linear operators
here when we refer to SW. Now, noting that ind(SWxz) = —dim(M (X)), that h =
dim(M( )), and that the -invariant changes sign by reversing the orientation, we

obtain the following by adding the indices of SWx+ and SWx- :

_dim(M(X*)) — dim(M(x~)) = XX+ 3"({?) — (et _ imm( ),

so that

c%(detPg) — (2x(X¢) + 30(Xy))
4

dim(M(X 1)) + dim(M(X 7)) — dim(M( )) =

Il

This proves the theorem. O
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