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Abstract. We prove that the probabilistic definition of the boundary three-point structure con-
stant in Liouville conformal field theory (LCFT) agrees with the formula proposed by Ponsot and
Techsner (2002). This formula also describes the fusion kernel of the Virasoro conformal blocks, an
important function in various contexts of mathematical physics. As an intermediate step, we obtain
the formula for the boundary reflection coefficient of LCFT proposed by Fateev, Zamolodchikov
and Zamolodchikov (2000). Earlier work by two of the authors has determined these quantities
when there is no bulk Liouville potential. To overcome the essential difficulty coming from the pres-
ence of both bulk and boundary Liouville potentials, we prove a Belavin-Polyakov-Zamolodchikov
differential equation for Liouville correlation functions on the disk, which only holds if the bulk
and boundary cosmological constants are coupled in an intriguing fashion. We also rely on an in-
tegrable input from the mating-of-trees theory for Liouville quantum gravity (LQG). Our method
can be used to derive the one-bulk-one-boundary structure constant, which completes the deter-
mination of all structure constants needed for the conformal bootstrap of boundary LCFT. Our
results also give the joint law of the area and boundary lengths of quantum triangles and two-
pointed quantum disks in LQG, which are quantum surfaces appeared naturally in LQG coupled
with Schramm-Loewner evolution.

1. Introduction

Liouville conformal field theory (LCFT) describes the law of the conformal factor of random
surfaces in Liouville quantum gravity. Introduced by Polyakov [Pol81] in theoretical physics, LCFT
was recently made rigorous in probability theory, first in the case of the Riemann sphere in
[DKRV16], and then in the case of a simply connected domain with boundary in [HRV18]; see also
[DRV16, Rem18, GRV19] for the case of other typologies. Following the framework of [BPZ84],
the correlation functions of LCFT can be solved by the conformal bootstrap program. In the
probabilistic framework, this was recently carried out on surfaces without boundary [KRV20],
[GKRV20, GKRV21]. The initial input of the conformal bootstrap is the structure constant. For
surfaces without boundary, it is the three-point correlation function on the sphere. It has an exact
expression called the DOZZ formula which was proposed in [DO94, ZZ96] and proved in [KRV20].

For LCFT on surfaces with boundary, the structure constants are the correlation functions on
the disk with three points on the boundary, or one point in the bulk and one on the boundary.
The theory involves both the bulk and the boundary Liouville potentials. When the bulk Liouville
potential is absent, the structure constants were obtained by Remy and Zhu [RZ21]. When there
is one bulk insertion and no boundary ones, the structure constant was obtained by Ang, Remy,
and Sun in [ARS21], confirming an earlier proposal of Fateev, Zamolodchikov and Zamolodchikov
(FZZ) in [FZZ00]. The conformal bootstrap is also applicable in the boundary case and Wu [Wu22]
recently proved a bootstrap formula for the annulus with one insertion at each boundary, where
the FZZ formula gives the needed structure constant.

In this paper we obtain the exact formula for the boundary three-point structure constant pro-
posed by Ponsot and Techsner [PT02], where both the boundary and bulk Liouville potential are
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non-zero. As an intermediate step, we obtain the formula for the boundary reflection coefficient
of LCFT proposed in [FZZ00]; see Section 1.1. Our results together with those in [ARS21] can
determine the bulk-boundary structure constant via known techniques. This completes the de-
termination of all structure constants required for the conformal bootstrap of boundary LCFT.
To overcome the essential difficulty coming from the bulk-boundary coupling, we prove a novel
Belavin-Polyakov-Zamolodchikov (BPZ) differential equation for LCFT on the disk, which is of
independent interest. We also rely on the exact law of the quantum disk from the mating-of-trees
theory for Liouville quantum gravity [DMS14, AG21]. See Section 1.2 for a summary of our method.

Besides its relevance to the conformal bootstrap, the boundary three-point structure constant
agrees modulo a prefactor with the fusion kernel of the Virasoro conformal blocks [PT02], an im-
portant special function with various interpretations in mathematical physics. Moreover, it gives
the joint area and boundary length distribution of natural random surfaces called quantum trian-
gles in Liouville quantum gravity coupled with the Schramm-Loewner evolution [She16, DMS14,
AHS20, ASY22].

1.1. Main results. We start by recalling the probabilistic construction of LCFT on the disk from
[HRV18], which is adapted from the construction on the Riemann sphere performed in [DKRV16].
By conformal invariance we will use the upper half plane H as the base domain. Our presentation
is brief with more details provided in Sections 2 and 3. Fix the global constants

(1.1) γ ∈ (0, 2) and Q =
γ

2
+

2

γ
.

In physics LCFT is defined using a formal path integral. Fix N points zi ∈ H with associated
weights αi ∈ R and similarly M points sj ∈ R with associated weights βj ∈ R. The correlation
function associated to these points is given by the formal integral〈

N∏
i=1

Vαi(zi)
M∏
j=1

B
σj ,σj+1

βj
(sj)

〉
=

ˆ
ϕ:H7→R

Dϕ
N∏
i=1

eαiϕ(zi)
M∏
j=1

e
βj
2
ϕ(sj)e−SL(ϕ),(1.2)

where here SL is the Liouville action given by:

SL(ϕ) =
1

4π

ˆ
H

(
|∂gϕ|2 +QRgϕ+ 4πµeγϕ

)
dλg +

1

2π

ˆ
R

(
QKgϕ+ 2πµBe

γ
2
ϕ
)
dλ∂g.(1.3)

Here g is a background metric with Rg and λg representing the curvature and volume in the bulk,
respectively, and (Kg, λ∂g) being their boundary counterparts. The terms involving µ and µB are
the bulk and boundary Liouville potentials, respectively. Here µ > 0 and µB is a complex valued
function on R which is piecewise constant in between boundary insertions. We assume the sj are
chosen in counterclockwise order on R and set µj = µB(x) for x ∈ (sj−1, sj), with convention
s0 = −∞, sM+1 = ∞. We always assume Re(µj) ≥ 0. To state the results below we will also need
the σj ∈ C parameters related to the µj by the relation:

(1.4) µj = g(σj) :=

√
1

sin(π γ
2

4 )
cos

(
πγ(σj −

Q

2
)

)
.

We will now give a rigorous probabilistic meaning to (1.2) in the case N = 0 and M = 3.
Let PH be the probability measure corresponding to the free-boundary Gaussian free field on H
normalized to have average zero on the semi-circle ∂D ∩ H. Let the infinite measure LFH(dϕ) be
the law of ϕ(z) = h(z)− 2Q log |z|+ + c, where |z|+ := max(|z|, 1) and (h, c) is sampled according
to PH × [e−Qc dc]. We call the field ϕ sampled from LFH a Liouville field on H. This definition
of LFH corresponds to choosing the background metric in (1.3) to be g(x) = |z|−4

+ . We define
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the bulk and boundary Gaussian multiplicative chaos (GMC) measures of ϕ as the limits (see
e.g. [Ber17, RV14]):

Aϕ = lim
ε→0

ϵ
γ2

2

ˆ
H
eγϕϵ(z)d2z on H, and Lϕ = lim

ε→0
ϵ
γ2

4

ˆ
R
e

γ
2
ϕϵ(z)dz on R.

Given three points s1, s2, s3 lying counterclockwise on R, let Li be the νϕ-length of the counter-
clock arc on ∂H from si to si + 1, where we identify s4 as s1. Fix µ > 0 and µ1, µ2, µ3 ≥ 0. For
β1, β2, β3 ∈ R satisfying the Seiberg bound

3∑
i=1

βi > 2Q and βi < Q,

the boundary three-point correlation function of LCFT on H with bulk cosmoligical constant µ > 0
and boundary cosmological constants (µi)1≤i≤3 is defined by:

(1.5)

〈
3∏
j=1

B
σj ,σj+1

βj
(sj)

〉
=

ˆ 3∏
j=1

e
βj
2
ϕ(sj) · e−µµϕ(H)−

∑3
i=1 µiLiLFH(dϕ).

Here although ϕ is only a generalized function, the factor
∏3
j=1 e

βj
2
ϕ(si) in the integrand can be

made sense of by regularization and Girsanov’s theorem. Moreover, the Seiberg bound ensures that
the integration in (1.5) is finite. We will review this construction in full detail in Section 2.1.

Due to conformal symmetry, the 3-point boundary correlation function has the following form:
(1.6)〈

Bσ1,σ2
β1

(s1)B
σ2,σ3
β2

(s2)B
σ3,σ1
β3

(s3)
〉
=

Hµ
2Q−β1−β2−β3

2γ

|s1 − s2|∆1+∆2−∆3 |s1 − s3|∆1+∆3−∆2 |s2 − s3|∆2+∆3−∆1
.

Here ∆i =
βi
2 (Q− βi

2 ), and H only depends on βi and µi/
√
µ for 1 ≤ i ≤ 3. We call H the boundary

three-point structure constant for LCFT. For simplicity, in the rest of the paper we will set the

bulk cosmological constant to be µ = 1 and write H as H
(β1,β2,β3)
(µ1,µ2,µ3)

.

Ponsot-Teschner [PT02] proposed a remarkable formula for H under the reparametrization

(1.7) H

(
β1, β2, β3
σ1, σ2, σ3

)
:= H

(β1,β2,β3)
(g(σ1),g(σ2),g(σ3))

where g(σ) =

√
1

sin(π γ
2

4 )
cos

(
πγ(σ − Q

2
)

)
.

The Ponsot-Teschner formula is expressed in terms of the Barnes’ double Gamma function Γ γ
2
(x)

and the double sine function S γ
2
(x) =

Γ γ
2
(x)

Γ γ
2
(Q−x) , which are prevalent in LCFT. Both functions

admit a meromorphic extension on C with an explicit pole structure; see Section A.2 for more
details. Using these two functions and setting β = β1 + β2 + β3, the Ponsot-Teschner formula is
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given by:

HPT

(
β1, β2, β3
σ1, σ2, σ3

)
= 2π

π(γ2 )2− γ2

2 Γ(γ
2

4 )

Γ(1− γ2

4 )


Q−β̄/2

γ

(1.8)

×
Γ γ

2
(2Q− β

2 )Γ γ
2
(β1+β3−β22 )Γ γ

2
(Q− β1+β2−β3

2 )Γ γ
2
(Q− β2+β3−β1

2 )

Γ γ
2
(Q)Γ γ

2
(Q− β1)Γ γ

2
(Q− β2)Γ γ

2
(Q− β3)

× 1

S γ
2
(β12 + σ1 − σ2)S γ

2
(β32 + σ3 − σ1)S γ

2
(β12 + σ1 + σ2 −Q)S γ

2
(β32 − σ1 − σ3 +Q)

×
ˆ
C

S γ
2
(−β2

2 + σ2 + σ3 + r)S γ
2
(Q− β2

2 + σ3 − σ2 + r)S γ
2
(β32 + σ3 − σ1 + r)S γ

2
(Q− β3

2 + σ3 − σ1 + r)

S γ
2
(Q+ β1

2 − β2
2 + σ3 − σ1 + r)S γ

2
(2Q− β1

2 − β2
2 + σ3 − σ1 + r)S γ

2
(2σ3 + r)S γ

2
(Q+ r)

dr

i
.

Here C is a properly chosen contour from −i∞ to i∞ such that the integral is meromorphic in all
of the six variables in the entire complex plane. We provide more details on HPT in Appendix A.3.
The first main result of our paper is the confirmation of Ponsot-Teschner formula.

Theorem 1.1. Let γ ∈ (0,
√
2),
∑3

i=1 βi > 2Q, βi < Q, and µi = g(σi) > 0 for i = 1, 2, 3. Then

2πH

(
β1, β2, β3
σ1, σ2, σ3

)
= HPT

(
β1, β2, β3
σ1, σ2, σ3

)
.(1.9)

Our second main result concerns the reflection coefficient for boundary LCFT. Formally speak-

ing, this quantity is defined as Rµ1,µ2(β) := |s1 − s2|2∆β

〈
Bσ1,σ2
β (s1)B

σ2,σ1
β (s2)

〉
for β ∈ R, which

by conformal symmetry does not depend on s1, s2 ∈ R. Although this is in the same spirit as (1.6),
there are multiple subtleties in the rigorous definition of Rµ1,µ2(β). First, instead of integrating

e
β
2
ϕ(s1)e

β
2
ϕ(s2)LFH(dϕ) following (1.5), we need to integrate against Mdisk

2 (β), which is the law
of the two-pointed quantum disk with β-insertion. This is because Mdisk

2 (β) can be viewed as

e
β
2
ϕ(s1)e

β
2
ϕ(s2)LFH(dϕ) modulo the redudant conformal symmetries of H fixing s1, s2. The mea-

sure Mdisk
2 (β) is first introduced in [DMS14] and implicitly used in [RZ21]. It describes the law

of a quantum surface with two boundary marked points. We will give its precise definition in
Section 2.2.

Another subtlety in defining Rµ1,µ2(β) is that we cannot directly integrate e−A−µ1L1−µL2 over

Mdisk
2 (β) as suggested by (1.5), where A and L1, L2 are the area and the two boundary lengths

of a sample from Mdisk
2 (β), respectively. In fact, there is no β such that this integration is finite.

The same issue arises in [ARS21] where the LCFT correlation function on the disk with one bulk
insertion is considered. In both cases, one needs to truncate the function e−x near x = 0, after
which the integral is finite for some range of β. Concretely, for µ1 ≥ 0, µ2 ≥ 0, we define

(1.10) Rµ1,µ2(β) :=
2(Q− β)

γ

ˆ
(e−A−µ1L1−µL2 − 1) dMdisk

2 (β) for β ∈ (
2

γ
,Q).

Then Rµ1,µ2(β) is indeed finite. We will give the full detail of the integral in (1.10) in Section 2.2,
including its finiteness. Here we still use the convention that bulk cosmological constant µ = 1 as

in the definition of H
(β1,β2,β3)
(µ1,µ2,µ3)

. The prefactor 2(Q−β)
γ is to match with [RZ20a].
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In the seminal work [FZZ00], Fateev, Zamolodchikov and Zamolodchikov proposed a formula
for the boundary reflection coefficient under the same reparametrization as in (1.7):

(1.11) R(β, σ1, σ2) := Rg(σ1),g(σ2)(β) where g(σ) =

√
1

sin(π γ
2

4 )
cos

(
πγ(σ − Q

2
)

)
.

Their formula is

RFZZ(β, σ1, σ2) =

πµ(γ2 )2− γ2

2 Γ(γ
2

4 )

Γ(1− γ2

4 )


Q−β
γ

Γ γ
2
(β −Q)S γ

2
(2Q− β

2 − σ1 − σ2)S γ
2
(σ1 + σ2 − β

2 )

Γ γ
2
(Q− β)S γ

2
(β2 + σ2 − σ1)S γ

2
(β2 + σ1 − σ2)

.

(1.12)

Our second main result is the confirmation of their proposal.

Theorem 1.2. Let γ ∈ (0,
√
2), β ∈ ( 2γ , Q), µ1 ≥ 0, and µ2 ≥ 0. Then

R(β, σ1, σ2) = RFZZ(β, σ1, σ2).(1.13)

A crucial step to our proofs of Theorem 1.1 and 1.2 is the following BPZ equations, which is
of independent interest. The key novel feature of the equation is an intriguing constraint on the
cosmological constants around the degenerate insertion; see Figure 1. It was conjectured in the
seminal paper of Fateev, Zamolodchikov and Zamolodchikov [FZZ00, Section 4] after the numerical
verification of some special cases.

Theorem 1.3. Consider (zi, αi)1≤i≤N ∈ H×R, (sj , βj)1≤j≤M ∈ R×R, and (s,−χ) ∈ R×{−γ
2 ,−

2
γ }

satisfying the Seiberg bounds αi < Q, βj < Q, and 2
∑

i αi+
∑

j βj > 2Q+χ. When χ = 2
γ let γ ∈

(0, 2) and when χ = γ
2 assume γ ∈ (0,

√
2). Assume further that there exists j0 ∈ {1, 2, . . . ,M +1}

such that sj0−1 < s < sj0, using here the convention s0 = −∞, sM+1 = +∞. Then we have:(
1

χ2
∂ss +

N∑
i=1

(
1

s− zi
∂zi +

1

s− zi
∂zi

)
+

M∑
j=1

1

s− sj
∂sj +

N∑
i=1

(
∆αi

(s− zi)2
+

∆αi

(s− zi)2

)
+

M∑
j=1

∆βj

(s− sj)2

)
〈
B
σj0±

χ
2
,σj0

−χ (s)
N∏
i=1

Vαi(zi)
∏

j ̸=j0−1

B
σj ,σj+1

βj
(sj)B

σj0−1,σj0±
χ
2

βj0−1
(sj0)

〉
= 0.(1.14)

Figure 1. Parameters in the BPZ equation in Theorem 1.3

Remark 1.4. In the above theorem due to a technical obstruction we have to restrict the parameter
γ to (0,

√
2) in the case where χ = γ

2 . This implies that we have so far only shown Theorems 1.1

and 1.2 in the range γ ∈ (0,
√
2). In upcoming work in preparation M. Ang will derive Theorem
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1.3 in the full range of parameters by an alternative method. This will then allow to extend the
range of validity of Theorems 1.1 and 1.2 to γ ∈ (0, 2).

1.2. Novelties in the proofs. Our proofs of Theorem 1.1 and 1.2 at the high level uses the same
strategy as in the proof of DOZZ formula [KRV15, KRV20], which consists of three steps.

Step 1 Derive the BPZ equation in Theorem 1.3.
Step 2 Specializing the BPZ equation to M = 3 gives a hypergeometric equation. Using the

solution theory for such equations and the asymptotic analysis of Gaussian multiplicative
chaos, one obtains a set of functional equations for the probabilistically defined H and R
called shift equations.

Step 3 Prove that HPT and RFZZ in Theorems 1.1 and 1.2 are the unique solutions to the shift
equations under certain conditions that are satisfied by H and R.

Although the global strategy is clear and has been successfully used in several works [Rem20,
RZ20b, RZ21] for boundary LCFT, the presence of the bulk potential poses several major difficul-
ties that we overcome in this paper.

(1). In previous works a handy fact is that the Liouville correlation functions can be written
as a moment of Gaussian multiplicative chaos times an explicit prefactor. Under this form
the probabilistic definition can be extended meromorphically to a range where the shift
equations make sense. This is no longer the case in our paper. We have to introduce proper
truncations in the spirit of (1.10) to extend the probabilistic definition of H and R, and
handle analytic issues coming with this complication.

(2). The most challenging step is the proof of the BPZ equation (1.14) in Theorem 1.3. As far
as we know, there is no conceptual calculation at the physics level of rigor which explains
the (σj0 ± χ

2 , σj0) constraint around the degenerate weight. To prove Theorem 1.3, we
made a careful choice of regularization of the left hand side of (1.14) and showed that
exactly under the (σj0 ±

χ
2 , σj0) constraint, subtle cancellations occur as the regularization

parameter vanishes.
(3). In the derivation of shift equations for R, we need the exact value of R for certain special

cases as input. In [RZ21] where the bulk potential is absent, a desirable input was supplied
by the main result of [RZ20b]. In our setting the counterpart of [RZ20b] seems as difficult
as the general case. What we use instead is the value of R(γ, σ1, σ2) coming from the mating
of trees framework [DMS14, AG21]. Similar to [ARS21], this is an instance where integrable
results from mating of tree is used in the derivation of Liouville correlation functions.

Our Sections 2, 3, and 4 are devoted to treating the above three difficulties, respectively.

2. Definitions and meromorphicity of H and R

In this section we give the probabilistic definition of H and R in a range that is large enough
for our argument based on shift equations.

2.1. Definition of H under the Seiberg bound. Let h be the free boundary Gaussian free
field on the upper half plane H = {z ∈ C : ℑ(z) > 0} with covariance kernel

(2.1) E[h(x)h(y)] = GH(x, y) := log
1

|x− y||x− ȳ|
+ 2 log |x|+ + 2 log |y|+,

where |x|+ := max(|x|, 1) and in the sense that E[(h, f)(h, g)] =
˜
f(x)E[h(x)h(y)]g(y)dxdy, for

smooth test functions f and g. Let PH be the law of h, so that PH is a probability measure on
the negatively indexed Sobolev space H−1(H) ([She07, Dub09]). The particular covariance kernel
corresponds to requiring the field to have average 0 on the unit circle.

We now introduce the Liouville field on H, possibly with boundary insertions.
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Definition 2.1 (Liouville field). Let (h, c) be sampled from PH × [e−Qcdc] and set ϕ = h(z) −
2Q log |z|+ + c. We write LFH as the law of ϕ, and call a sample from LFH a Liouville field on H.

Definition 2.2 (Liouville field with insertions). Let (βj , sj) ∈ R × ∂H for j = 1, . . . ,M , where

M ≥ 1 and the sj are pairwise distinct. Sample (h, c) from C
(βj ,sj)j
H PH × [e(

1
2

∑
j βj−Q)cdc] where

C
(βj ,sj)j
H =

M∏
j=1

|sj |
−βj(Q−

βj
2
)

+

∏
1≤j<k≤M

e
βjβk

4
GH(sj ,sk).

Let ϕ(z) = h(z)− 2Q log |z|++
∑M

j=1
βj
2 GH(z, sj)+ c. We write LF

(βj ,sj)j
H for the law of ϕ and call

a sample from LF
(βj ,sj)j
H the Liouville field on H with insertions (βj , sj)1≤j≤M .

We can also define Liouville fields with an insertion at∞. We will need the case LF
(β1,0),(β2,1),(β3,∞)
H ,

which can be defined by lims→∞ |s|2∆3LF
(β1,0),(β2,1),(β3,s)
H with ∆3 = β3

2 (Q − β3
2 ). Here we give a

more explicit definition without limiting procedure.

Definition 2.3. Fix β1, β2, β3 ∈ R. Set s1 = 0, s2 = 1, s3 = ∞ and GH(z,∞) = 2 log |z|+.
Sample (h, c) from PH × [e(

1
2

∑
j βj−Q)cdc]. We write LF

(β1,0),(β2,1),(β3,∞)
H for the law of ϕ where

ϕ(z) = h(z)− 2Q log |z|+ +
∑3

j=1
βj
2 GH(z, sj) + c.

Given a sample h from PH, the associated quantum area and length measure are defined by

(2.2) Ah = lim
ε→0

ϵ
γ2

2 eγhϵ(z)d2z, and Lh = lim
ε→0

ϵ
γ2

4 e
γ
2
hϵ(z)dz.

where the limits hold in probability in the weak topology of measures. The existence of limits is
well-known from Gaussian multiplicative chaos; see e.g. [Ber17, RV14].

Given a sample ϕ from LFH or as in LF
(βj ,sj)j
H , we similarly define Aϕ and Lϕ as in (2.2) with

h replaced by ϕ. This allows us to rigorously define the function H in (1.6) for a certain range of
parameters called the Seiberg bound.

Definition 2.4. Let µi ≥ 0 for i = 1, 2, 3. Suppose β1, β2, β3 ∈ R satisfy the Seiberg bound

(2.3)
3∑
i=1

βi > 2Q and βi < Q,

Then the boundary three-point structure constant is defined by

(2.4) H
(β1,β2,β3)
(µ1,µ2,µ3)

:=

ˆ
e−Aϕ(H)−µ1Lϕ(−∞,0)−µ2Lϕ(0,1)−µ3Lϕ(1,+∞) LF

(β1,0),(β2,1),(β3,∞)
H (dϕ).

In general, correlation functions of LCFT can be defined using Liouville field with insertions

similarly as in (2.4). For example, the formal integral in (1.5) defining
〈∏3

j=1B
σj ,σj+1

βj
(sj)

〉
should

be understood as
´
e−µAϕ(H)−

∑3
i=1 µiLi LF

(βi,zi)3
H (dϕ). The inequality (2.3) is called the Seiberg

bound, which is the condition for which the integral in (2.4) is finite [HRV18]. Using the coordinate
change rule for Liouville fields (see e.g. [AHS21, Section 2.2]), Equation (1.6) holds as follows:

〈
e

β1
2
ϕ(s1)e

β2
2
ϕ(s2)e

β3
2
ϕ(s3)

〉
=

H
(β1, β2, β3)

(
µ1√
µ
,
µ2√
µ
,
µ3√
µ
)
µ

2Q−β1−β2−β3
2γ

|s1 − s2|∆1+∆2−∆3 |s1 − s3|∆1+∆3−∆2 |s2 − s3|∆2+∆3−∆1
.

Therefore throughout the paper we set µ = 1 without loss of generality.
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2.2. Meromorphic extension of H. To make sense of shift equations for H we need to mero-
morphically extend the range of its definition. To achieve this, we first give an alternative definition
of H from Definition 2.4.

Lemma 2.5. In the setting of Defintion 2.4, writing s = 1
2

∑
βi −Q, we have

s(s+
γ

2
)H

(β1,β2,β3)
(µ1,µ2,µ3)

=

ˆ
(γ(s+

γ

2
)A+

γ2

2
A(
∑
i

µiLi)+
γ2

4
(
∑
i

µiLi)
2)e−A−

∑
i µiLi LF

(β1,0),(β2,1),(β3,∞)
H (dϕ)

where A = Aϕ(H), L1 = Lϕ(−∞, 0), L2 = Lϕ(0, 1) and L3 = Lϕ(1,∞).

Proof. Let h be a Gaussian free field and h̃ := h− 2Q log | · |+ +
∑ βi

2 GH(·, si), where (s1, s2, s3) =

(0, 1,∞). Write Ã = A
h̃
(H) and L̃1 = L

h̃
(−∞, 0), L̃2 = L

h̃
(0, 1), L̃3 = L

h̃
(1,+∞). Since A = eγcÃ

and Li = eγc/2L̃i, by Definition 2.4, we have

H
(β1,β2,β3)
(µ1,µ2µ3)

= E
[ˆ

esc · e−eγcÃ−eγc/2
∑3

i=1 µiL̃i dc

]
.

For s > 0, a > 0 and ℓ ∈ C with ℜℓ > 0, using integration by parts twice we haveˆ
esc · e−eγca−eγc/2ℓ dc = −

ˆ
(
1

s
esc)((−γeγca− γ

2
eγc/2ℓ)e−e

γca−eγc/2ℓ) dc

=
γ

s

ˆ
esc(eγca)e−e

γca−eγc/2ℓ dc+
γ

2s

ˆ
esc(eγc/2ℓ)(e−e

γca−eγc/2ℓ − 1) dc

=
γ

s

ˆ
esc(eγca)e−e

γca−eγc/2ℓ dc+
γ

2s

γ

s+ γ
2

ˆ
esc(eγca)(eγc/2ℓ)e−e

γca−eγc/2ℓ dc (⋆)

+
γ

2s

γ
2

s+ γ
2

ˆ
esc(eγc/2ℓ)2e−e

γca−eγc/2ℓ dc.

Now setting s = 1
2

∑
βi −Q, a = Ã and ℓ =

∑
i µiL̃i we get

(2.5)

H
(β1,β2,β3)
(µ1,µ2µ3)

=

ˆ
(
γ

s
A+

γ

2s

γ

s+ γ
2

A(
∑
i

µiLi)+
γ

2s

γ
2

s+ γ
2

(
∑
i

µiLi)
2)e−A−

∑
i µiLi LF

(β1,0),(β2,1),(β3,∞)
H (dϕ).

□

This alternative description of H allows us to extend the Definition 2.4 of H as follows.

Definition 2.6. Set V = {(β1, β2, β3) : Q− 1
2

∑
βi < γ∧ 2

γ ∧mini(Q−βi) and βi < Q for each i}.
Given (β1, β2, β3) ∈ V and ℜµi ≥ 0 for i = 1, 2, 3, define
(2.6)

Ĥ
(β1,β2,β3)
(µ1,µ2,µ3)

:=

ˆ
(γ(s+

γ

2
)A+

γ2

2
A(
∑
i

µiLi) +
γ2

4
(
∑
i

µiLi)
2)e−A−

∑
i µiLi LF

(β1,0),(β2,1),(β3,∞)
H (dϕ),

(2.7) H
(β1,β2,β3)
(µ1,µ2,µ3)

:=
1

s(s+ γ
2 )
Ĥ

(β1,β2,β3)
(µ1,µ2,µ3)

,

where A = Aϕ(H), L1 = Lϕ(−∞, 0), L2 = Lϕ(0, 1) and L3 = Lϕ(1,∞).

Proposition 2.7. In Definition 2.6, the integral in (2.6) defining Ĥ is absolutely convergent
in the given range of parameters. For each (β1, β2, β3) ∈ V , the function H is holomorphic on
{(µ1, µ2, µ3) : ℜµi > 0} and continuous on {(µ1, µ2, µ3) : ℜµi ≥ 0}. For each (µ1, µ2, µ3) satisfying

ℜµi > 0, the function Ĥ can be analytically extended on a complex neighborhood in C3of V .
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We provide the proof Proposition 2.7 in Appendix B since our proof follows the same strategy
in [KRV20] for similar questions. Under the analytic extension of Ĥ given in Proposition 2.7, we
define

H
(β1,β2,β3)
(µ1,µ2,µ3)

= s−1(s+
γ

2
)−1Ĥ

(β1,β2,β3)
(µ1,µ2,µ3)

and H

(
β1, β2, β3
σ1, σ2, σ3

)
:= H

(β1,β2,β3)
(g(σ1),g(σ2),g(σ3))

(2.8)

where

(2.9) g(σ) =

√
1

sin(π γ
2

4 )
cos

(
πγ(σ − Q

2
)

)
.

Let B = (− 1
2γ +

Q
2 ,

1
2γ +

Q
2 )×R and B = [− 1

2γ +
Q
2 ,

1
2γ +

Q
2 ]×R. Then the function µ = g(σ) is a

holomorhpic bijection between {µ ∈ C : ℜu > 0} and B3. Moreover, g is continuous on B3
. Under

this change of variable Proposition 2.7 yields the following.

Proposition 2.8. Suppose H is as in (2.8), and V and s are as in Definition 2.6. For each

(β1, β2, β3) ∈ V , the function (σ1, σ2, σ3) 7→ H is holomorphic on B3 and continuous on B3
. For

each (σ1, σ2, σ3) ∈ B3, the function (β1, β2, β3) 7→ s(s+ γ
2 )H is analytic on a complex neighborhood

in C3of V .

Proposition 2.8 is an intermediate step to prove Theorem 1.1, namely 2πH

(
β1, β2, β3
σ1, σ2, σ3

)
=

HPT

(
β1, β2, β3
σ1, σ2, σ3

)
. Once establishes, Theorem 1.1 implies that H is in fact meromorphic on C6 in

the variables β1, β2, β3, σ1, σ2, σ3.

Remark 2.9. The meromorphic extension of H can also be done by truncations in the same spirit
of (1.10). Indeed, suppose µ1, µ2, µ3 ∈ C satisfy ℜµi ≥ 0 for i = 1, 2, 3, and (β1, β2, β3) satisfy
0 < Q− 1

2

∑
βi <

γ
2 ∧mini(Q− βi), then

(2.10) H
(β1,β2,β3)
(µ1,µ2,µ3)

=

ˆ (
e−Aϕ(H)−

∑3
i=1 µiLi − 1

)
LF

(β1,0),(β2,1),(β3,∞)
H (dϕ)

If instead (β1, β2, β3) satisfy
γ
2 < Q− 1

2

∑
βi < γ ∧ 2

γ ∧mini(Q− βi), then

(2.11) H
(β1,β2,β3)
(µ1,µ2,µ3)

=

ˆ (
e−Aϕ(H)−

∑3
i=1 µiLi − 1 +

3∑
i=1

µiLi

)
LF

(β1,0),(β2,1),(β3,∞)
H (dϕ).

Both (2.10) and (2.11) follow from integration by parts. One can further extend the range of H
via further truncations of e−x. We left these details to interested readers.

2.3. Probabilitic definition of R via truncations. We first recall the definiton of two pointed
quantum disk used in the definition of R. It is most convenient to describe it using the horizontal
strip S = R × (0, π). Let hS(z) = hH(e

z) ◦ exp where hH is sampled from PH. We call hS a free-
boundary GFF on S. The field hS can be written as hS = hc + hℓ, where hc is constant on each
vertical line, and hℓ has mean zero on all such lines [DMS14, Section 4.1.6]. We call hℓ the lateral
component of the free-boundary GFF on S.

Definition 2.10. Fix β < Q. Let

Yt =

{
B2t − (Q− β)t if t ≥ 0

B̃−2t + (Q− β)t if t < 0
,
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where (Bs)s≥0 is a standard Brownian motion conditioned on B2s−(Q−β)s < 0 for all s > 0,1 and

(B̃s)s≥0 is an independent copy of (Bs)s≥0. Let h
1(z) = Yℜz for each z ∈ S. Let h2S be independent

of h1 and have the law the lateral component of the free-boundary GFF on S. Let ψ = h1 + h2S .

Let c be a real number sampled from γ
2e

(β−Q)cdc independent of ψ and ϕ = ψ+ c. Let Mdisk
2 (β) be

the infinite measure describing the law of ϕ.

For ϕ in Definition 2.10, define Aϕ = limε→0 ϵ
γ2

2 eγϕϵ(z)d2z on S and Lϕ = limε→0 ϵ
γ2

4 e
γ
2
ϕϵ(z)dz

on ∂S. Write A = Aϕ(S) as the total Aϕ-area, and write L1, L2 as the Lϕ-length of top and bottom

boundary arc of S, respectively. It appears that
´
e−A−µ1L1−µL2 dMdisk

2 (β) = ∞. For β ∈ ( 2γ , Q),

the correct definition is via truncation as in (1.10). We now extend the definition of R in the same
way as for H in Definition 2.6 and Proposition 2.7.

Definition 2.11. For β ∈ (( 2γ − γ
2 ) ∨

γ
2 , Q) and ℜµ1,ℜµ2 ≥ 0, writing s = β −Q, we define

(2.12)

R̂µ1,µ2(β) :=
2(Q− β)

γ

ˆ
(γ(s+

γ

2
)A+

γ2

2
A(
∑
i

µiLi) +
γ2

4
(
∑
i

µiLi)
2)e−A−

∑
i µiLi dMdisk

2 (β),

(2.13) Rµ1,µ2(β) :=
1

s(s+ γ
2 )
R̂µ1,µ2(β).

Here we write A,L1, L2 for the quantum area and boundary arc lengths of the quantum disk.

The integral in Definition 2.11 is absolutely convergent by Proposition B.4.

Proposition 2.12. In Definition 2.11, the integral in (2.12) defining R̂ is absolutely convergent
in the given range of parameters. For β ∈ ( 2γ , Q), it agrees with the definition of R in (1.10). For

each β ∈ (( 2γ − γ
2 ) ∨

γ
2 , Q), the function (µ1, µ2) 7→ R is holomorphic on {ℜµ1 > 0,ℜµ2 > 0} and

continuous on {ℜµ1 ≥ 0,ℜµ2 ≥ 0}. For ℜµ1 > 0,ℜµ2 > 0, the function β 7→ R can be analytically
extended on a complex neighborhood of (( 2γ − γ

2 ) ∨
γ
2 , Q).

We include the proof of Proposition 2.12 in Appendix B. Proposition 2.12 yields the following
counterpart of Proposition 2.8 on the change of variable.

Proposition 2.13. Recall g in (2.9) and B = (− 1
2γ + Q

2 ,
1
2γ + Q

2 ) × R . Let R(β, σ1, σ2) :=

Rg(σ1),g(σ2)(β). For each β ∈ (( 2γ −
γ
2 )∨

γ
2 , Q), the function (σ1, σ2) 7→ R is holomorphic on B2 and

continuous on B2
. For each (σ1, σ2) ∈ B2, the function β 7→ s(s + γ

2 )R is analytic on a complex

neighborhood of (( 2γ − γ
2 ) ∨

γ
2 , Q).

Remark 2.14. Similarly as in Remark 2.9, when β ∈ ((Q− γ) ∨ γ
2 ,

2
γ ), we have

(2.14) Rµ1,µ2(β) =
2(Q− β)

γ

ˆ (
e−A−

∑2
i=1 µiLi − 1 +

2∑
i=1

µiLi

)
dMdisk

2 (β).

3. The Belavin-Polyakov-Zamolodchikov equations

We will prove the BPZ differential equations hold in a more general setting than the one required
for our purposes of deriving the formulas for H and R. Namely we will allow an arbitrary number
of spectator points along with the degenerate insertion on the boundary. Therefore we will start
by introducing the definition of the correlation function with arbitrary insertions, presented after

1Here we condition on a zero probability event. This can be made sense of via a limiting procedure.
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having applied the Girsanov theorem to all the insertions. This definition was first proposed in
[HRV18], modulo the fact that [HRV18] does not consider the varying boundary cosmological
constant.

Definition 3.1. (Correlation functions) Let z1, . . . , zN ∈ H and s1 < · · · < sM be the marked

points on the boundary ∂H. For 1 ≤ j ≤ M , µj =
√

1

sin(π γ2

4
)
cos(πγ(σj − Q

2 )) is the boundary

cosmological constant between sj and sj+1 (with s0 = −∞ and sM+1 = ∞ by convention). Assume
these parameters obey the constraint of the previous definition. Assume also the Seiberg bounds
(3.3) hold. Define

⟨
N∏
i=1

Vαi
(zi)

M∏
j=1

B
σj ,σj+1

βj
(sj)⟩

=

N∏
i=1

|zi − z̄i|−
α2
i
2

ˆ
R
dc e(

∑N
i=1 αi+

∑M
j=1

βj
2 −Q)c E

[
N∏
i=1

g(zi)
∆αi eαiX(zi)−

α2
i
2 E[X(zi)

2]
M∏
j=1

g(sj)
∆βj/2e

βj
2 X(sj)−

β2
j
8 E[X(sj)

2]

exp

(
−eγc

ˆ
H
eγX(x) g(x)

|x− x̄| γ
2

2

d2x− e
γ
2 c

ˆ
R
e

γ
2 X(r)g(r)1/2dµB(r)

)]
,

where the boundary measure is defined by:

(3.1) dµB(r)/dr =
M−1∑
j=1

µj+11sj<r<sj+1 + µ11r/∈(s1,sM ).

In the following, we will denote eγX(x)d2x for the GMC measure on H and similarly e
γ
2
X(r)dr for

the GMC measure on R. By applying the Girsanov’s theorem, we obtain an equivalent expression:

⟨
N∏
i=1

Vαi(zi)

M∏
j=1

B
σj ,σj+1

βj
(sj)⟩

=Zα;β(z; s)

ˆ
R
dc e

γp
2
cE

[
exp

(
− eγc

ˆ
H

g(x)
γ2

4
(−p−1)/|x− x̄|

γ2

2∏N
i=1 |x− zi|γαi |x− z̄i|γαi

∏M
j=1 |x− sj |γβj

eγX(x)d2x

− e
γc
2

ˆ
R

g(r)
γ2

8
(−p−1)∏N

i=1 |r − zi|γαi
∏M
j=1 |r − sj |

γβj
2

e
γ
2
X(r)dµB(r)

)]
,

where

Zα;β(z; s) =
∏
i

|zi − z̄i|−
α2
i
2

∏
i<i′

|zi − zi′ |−αiαi′ |zi − z̄i′ |−αiαi′
∏
i,j

|zi − sj |−αiβj
∏
j<j′

|sj − sj′ |−
βjβj′

2 ,

and with:

(3.2) p =
2
∑N

i=1 αi +
∑M

j=1 βj − 2Q

γ
.

Definition 3.2. (Probabilistic range of µi and αi, βj) We assume Re(µi) ≥ 0. Given parameters
αi ∈ R, βj ∈ R, we assume the following Seiberg bounds from [HRV18]:

(3.3)
N∑
i=1

αi +
M∑
j=1

βj
2
> Q, αi < Q, βj < Q.
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We will now prove the BPZ equations of Theorem 1.3 with boundary degenerate insertion that
will be used to prove our main results.

Remark 3.3. Although we don’t need it, the BPZ equation with a bulk degenerate insertion is the
following. Define ⟨z, zi, sj⟩ = ⟨eχϕ(z)

∏N
i=1 e

αiϕ(zi)
∏M
j=1 e

βjϕ(sj)⟩H with z ∈ H, zi ∈ H, and sj ∈ R.
Then this quantity obeys the following PDE( 1

χ2
∂zz +

∆χ

(z − z)2
+
∑
i

∆αi

(z − zi)2
+
∑
i

∆αi

(z − zi)2
+
∑
j

∆βj

(z − sj)2
+

1

z − z
∂z +

∑
i

1

z − zi
∂zi

+
∑
i

1

z − zi
∂zi +

∑
j

1

z − sj
∂sj

)〈
V−χ(z)

N∏
i=1

Vαi(zi)
M∏
j=1

B
σj ,σj+1

βj
(sj)

〉
= 0,

where χ equals γ
2 or 2

γ .

3.1. Regularization. Before applying the differential operators to the correlation function we
will introduce a regularization procedure that will depend on two small parameters ϵ, δ > 0. Let

δ > 0 and consider the function ηδ = 1
δ2
η( |x|

2

δ2
) where η is a non-negative smooth function with

support in [12 , 1] and satisfies π
´∞
0 η(r)dr = 1. For x ∈ C, we introduce the notations

1

(x)δ
:=

ˆ
C2

1

x− y1 + y2
ηδ(y1)ηδ(y2)d

2y1d
2y2,

1

|x|δ
:= exp

(ˆ
C2

log
1

|x− y1 + y2|
ηδ(y1)ηδ(y2)d

2y1d
2y2

)
.

Without loss of generality we can prove the BPZ equation holds in the case where s < s1. Let
Hδ := {z ∈ C|Im(z) > δ} and −Hδ := {z ∈ C|Im(z) < −δ}. For the purposes of regularization, we
will actually assume that s is not on the real line but belongs to −Hδ. In the case a real derivative
∂s should now be viewed as the sum of the holomorphic and antiholomorphic derivatives ∂s + ∂s.
As a further smoothing we will make some assumptions about the GMC integrals. We will restrict
the GMC integration over H to Hδ.

⟨Bf
−χ(s)

N∏
i=1

Vαi(zi)
M∏
j=1

B
σj−1,σj
βj

(sj)⟩ϵ,δ

=Z−χ|α;β(s|z; s)
ˆ
R
dc e(

γp
2
−χ

2
)cE

[
exp

(
− eγc

ˆ
Hδ

|x− s|γχg(x)
γ2

4
(−p+χ

γ
−1)

/|x− x̄|
γ2

2∏N
i=1 |x− zi|γαi

δ |x− z̄i|γαi

δ

∏M
j=1 |x− sj |

γβj
δ

eγX(x)d2x

− e
γc
2

ˆ
R

|r − s|
γχ
2 g(r)

γ2

8
(−p+χ

γ
−1)∏N

i=1 |r − zi|γαi

δ

∏M
j=1 |r − sj |

γβj
2

δ

e
γ
2
X(r)dµsB,ϵ(r)

)]
,

where

Z−χ|α;β(s|z; s) =
∏
i

|zi − s|χαi
∏
j

|sj − s|
χβj
2

∏
i

|zi − z̄i|−
α2
i
2

∏
i<i′

|zi − zi′ |−αiαi′ |zi − z̄i′ |−αiαi′

×
∏
i,j

|zi − sj |−αiβj
∏
j<j′

|sj − sj′ |−
βjβj′

2 ,
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and the boundary measure dµsB,ϵ(r) is defined in terms of f by:

dµsB,ϵ(r)/dr = f(arg(r − s))1r<s1−ϵ +

M∑
j=1

µj1sj+ϵ<r<sj+1−ϵ.

Let us explain the reasons behind this choice. The ϵ regularization is used to smooth the bound-
ary in the neighborhood of the spectator insertions. This is standard from the earlier works [RZ20b].
On the piece r ∈ (−∞, s1 − ϵ), we originally want the σi parameter to go from σ0 ± χ

2 to σ0 when
r crosses s. But in the regularization procedure we actually choose s ∈ −Hδ.

We use a differentiable function f(arg(r−s)) for the cosmological constant on (−∞, s1−ϵ) with
f(0) = µ0. Set f to be:

(3.4) f(θ) =

√
1

sin(π γ
2

4 )
cos(πγ(σ0 −

Q

2
)± γχ

2
θ).

The point of using this f is the following. In the case where s ∈ R, when r is in between s and s1,
one has arg(r − s) = 0 and therefore f(arg(r − s)) = µ0. When r < s, then arg(r − s) = ±π and
therefore f(arg(r − s)) gives a value corresponding to shifting σ0 by ±χ

2 . Notice the two possible
choices of phase correspond to the two possible BPZ equations. One also has to choose the sigma
parameter to the right of the right most insertion to match with this value. The advantage of using
this f is when we choose s to be complex in the lower half plane, it provides a smoothing of the
shift on σ0. Therefore when we let δ tend to 0 and have s approach the real line, we will have:

⟨Bf
−χ(s)

N∏
i=1

Vαi(zi)

M∏
j=1

B
σj−1,σj
βj

(sj)⟩ = ⟨Bσ0±χ
2
,σ0

−χ (s)

N∏
i=1

Vαi(zi)

M∏
j=1

B
σj−1,σj
βj

(sj)⟩.

In the following it will be convenient to have a notation for the subset of R where we are using
this function f :

(3.5) Iϵ := (−∞, s1 − ϵ).

3.2. Algebraic cancellation. In this subsection we will perform what we refer to as the algebraic
cancellation, which is in a sense the cancellation of the terms if one ignores the singular terms
coming from the regularization procedure. The singular terms coming from the regularization will
be cancelled in the next step.

When applying the differential operators of the BPZ equation to the correlation function we
will encounter terms like:

⟨Bf
−χ(s)Bγ(v)

N∏
i=1

Vαi(zi)

M∏
j=1

B
σj−1,σj
βj

(sj)⟩ϵ,δ.

The notation Bγ(v) is a boundary insertion with parameter γ, and inserting v between any sj
and sj+1 will keep the same boundary constant µj on both sides of y, therefore we take out the
superscript in the notation. For simplicity, the above term will be noted as ⟨s, v|z; s⟩ϵ,δ. We can
extend this notation to ⟨s, y1, . . . , ym, v1, . . . vn|z; s⟩ϵ,δ, where yi ∈ H represents an insertion Vγ(yi)
and vj ∈ R stands for an insertion Bγ(vj).

In the following, we will work with s ∈ −Hδ. In Theorem 1.3, the ∂ss is a second order real
derivate with respect to a real s on R. But since for the regularization purpose we are choosing
s ∈ −Hδ, we will actually represent below the real derivative with respect to s by ∂s + ∂s̄ where
these two derivatives are respectively holomorphic and anti holomorphic with respect to s.

We now apply BPZ operator to the regularized term ⟨s, v|z; s⟩ϵ,δ. We break the calculation into
two lemmas.
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Lemma 3.4. The following holds

1

χ2
(∂s + ∂s̄)

2⟨s|z; s⟩ϵ,δ = −Cϵ,δ + S
(1)
I,ϵ,δ + oδ→0(1),(3.6)

where Cϵ,δ is given by:

Cϵ,δ =

∑
i

αi
2χ

(
1

(zi − s)2
+

1

(z̄i − s̄)2
) +

∑
j

βj
4χ

(
1

(sj − s)2
+

1

(sj − s̄)2
)

 ⟨s|z; s⟩ϵ(3.7)

−

∑
i

αi
2
(

1

zi − s
+

1

z̄i − s̄
) +

∑
j

βj
4
(

1

sj − s
+

1

sj − s̄
)

2

⟨s|z; s⟩ϵ(3.8)

+ 2

∑
i

αi
2
(

1

zi − s
+

1

z̄i − s̄
) +

∑
j

βj
4
(

1

sj − s
+

1

sj − s̄
)

(3.9)

×

(
µ
γ

2

ˆ
Hδ

(
1

y − s
+

1

ȳ − s̄
)⟨s, y|z; s⟩ϵd2y +

γ

4

ˆ
R
(

1

v − s
+

1

v − s̄
)⟨s, v|z; s⟩ϵdµsB,ϵ(v)

)

− µ
γ

2χ

ˆ
Hδ

(
1

(y − s)2
+

1

(ȳ − s̄)2
)⟨s, y|z; s⟩ϵd2y(3.10)

+ µ
γ2

4

ˆ
Hδ

(
1

y − s
+

1

ȳ − s̄
)2⟨s, y|z; s⟩ϵ(3.11)

− µ2
γ2

4

ˆ
H2

δ

(
1

x− s
+

1

x̄− s̄
)(

1

y − s
+

1

ȳ − s̄
)⟨s, x, y|z; s⟩ϵd2xd2y(3.12)

+ µ
γ2

4

ˆ
Hδ

ˆ
R
(

1

y − s
+

1

ȳ − s̄
)(

1

v − s
+

1

v − s̄
)⟨s, y, v|z; s⟩ϵdµsB,ϵ(v)d2y(3.13)

− γ

4χ

ˆ
R
(

1

(v − s)2
+

1

(v − s̄)2
)⟨s, v|z; s⟩ϵdµsB,ϵ(v)(3.14)

+
γ2

16

ˆ
R
(

1

v − s
+

1

v − s̄
)2⟨s, v|z; s⟩ϵdµsB,ϵ(v)(3.15)

− γ2

16

ˆ
R2

(
1

u− s
+

1

u− s̄
)(

1

v − s
+

1

v − s̄
)⟨s, u, v|z; s⟩ϵdµsB,ϵ(u)dµsB,ϵ(v),(3.16)
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and

S
(1)
I,ϵ,δ =− γ

8iχ

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

(3.17)

+
γ

4iχ

ˆ
I2ϵ

f ′(arg(u− s))f(arg(v − s))(
1

u− s
− 1

u− s̄
)(

1

v − s
+

1

v − s̄
)⟨s, u, v|z; s⟩ϵdudv(3.18)

− 1

4χ2

ˆ
I2ϵ

f ′(arg(u− s))f ′(arg(v − s))(
1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdudv(3.19)

+
1

4χ2

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv(3.20)

+
1

2iχ2
(1− γχ

4
)

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵ,δdv.(3.21)

Proof. One starts the computation with the following derivative, whose expression is obtained by
Gaussian integration by parts.

Lemma 3.5. The following identity holds:

(∂s + ∂s̄)⟨s|z; s⟩ϵ,δ = −

∑
i

χαi
2

(
1

zi − s
+

1

z̄i − s̄
) +

∑
j

χβj
4

(
1

sj − s
+

1

sj − s̄
)

 ⟨s|z; s⟩ϵ,δ

(3.22)

+ µ
γχ

2

ˆ
Hδ

(
1

y − s
+

1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δd2y +

γχ

4

ˆ
R
(

1

v − s
+

1

v − s̄
)⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)(3.23)

+
1

2i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵ,δdv.(3.24)

with

Proof. The three lines above respectively correspond to applying the derivatives to the s dependent

part of the prefactor
∏
i |zi−s|χαi

∏
j |sj−s|

χβj
2 , applying the derivatives to the s insertion present

in the GMC integrals over bulk and boundary, and lastly to applying the derivatives to the s
dependence contained in the function f in the boundary GMC integral. To compute this last case
one needs to use the identity:

(∂s + ∂s) arg(v − s) =
1

2i

s− s

(v − s)(v − s)
=

1

2i

(
1

v − s̄
− 1

v − s

)
.(3.25)
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We now want to apply another times (∂s+∂s̄). For this we need to compute the action of (∂s+∂s̄)
on the terms ⟨s, y|z; s⟩ϵ,δ and ⟨s, v|z; s⟩ϵ,δ, the results are given below:

(∂s + ∂s̄)⟨s, y|z; s⟩ϵ,δ

= −

χγ
2
(

1

y − s
+

1

ȳ − s̄
) +

∑
i

χαi
2

(
1

zi − s
+

1

z̄i − s̄
) +

∑
j

χβj
4

(
1

sj − s
+

1

sj − s̄
)

 ⟨s, y|z; s⟩ϵ,δ

(3.26)

+ µ
γχ

2

ˆ
Hδ

(
1

x− s
+

1

x̄− s̄
)⟨s, x, y|z; s⟩ϵ,δd2x+

γχ

4

ˆ
R
(

1

v − s
+

1

v − s̄
)⟨s, v, y|z; s⟩ϵ,δdµsB,ϵ(v)

(3.27)

+
1

2i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)⟨s, v, y|z; s⟩ϵ,δdv,

(3.28)

and:

(∂s + ∂s̄)⟨s, v|z; s⟩ϵ,δ

= −

χγ
4
(

1

v − s
+

1

v − s̄
) +

∑
i

χαi
2

(
1

zi − s
+

1

z̄i − s̄
) +

∑
j

χβj
4

(
1

sj − s
+

1

sj − s̄
)

 ⟨s, v|z; s⟩ϵ,δ

(3.29)

+ µ
γχ

2

ˆ
Hδ

(
1

y − s
+

1

ȳ − s̄
)⟨s, y, v|z; s⟩ϵ,δd2y +

γχ

4

ˆ
R
(

1

u− s
+

1

u− s̄
)⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)

(3.30)

+
1

2i

ˆ
Iϵ

f ′(arg(u− s))(
1

u− s
− 1

u− s̄
)⟨s, u, v|z; s⟩ϵ,δdu.

(3.31)

□

Using these results we get the list of terms given by −Cϵ. We briefly state how each term arises.
The term (3.7) comes from differentiating the prefactor in front of ⟨s|z; s⟩ϵ,δ in (3.22). The term
(3.8) and half of (3.9) come from differentiating ⟨s|z; s⟩ϵ,δ in (3.22) which gives either (3.22) with the
prefactor squared or a cross term of (3.22) and (3.23). The term (3.10) comes from differentiating
the integrand of the

´
Hδ

term of (3.23). The next three terms (3.11), (3.12), (3.13) come from

applying the formula (3.26) to differentiate the ⟨s, y|z; s⟩ϵ,δ under the integral
´
Hδ

term of (3.23).

More precisely the right hand side of (3.26) gives both the term (3.11) and half of the
´
Hδ

term of

(3.9), while (3.27) gives both (3.12) and half of (3.13). The term (3.14) comes from differentiating
the integrand of the

´
R term of (3.23). Lastly the last two terms (3.15) and (3.16) as well as half

of (3.13) come from applying the formula (3.29) to compute the derivative of ⟨s, v|z; s⟩ϵ,δ under
the integral

´
R term of (3.23).
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We now collect all the terms we get that involve f when applying (∂s+ ∂s̄)
2. Some of the terms

obtained vanish in the limit as δ goes to 0.

− 1

2i

∑
i

χαi
2

(
1

zi − s
+

1

z̄i − s̄
) +

∑
j

χβj
4

(
1

sj − s
+

1

sj − s̄
)

 ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵ,δdv

+
1

2i
µ
γχ

2

ˆ
Hδ

(
1

y − s
+

1

ȳ − s̄
)

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)⟨s, v, y|z; s⟩ϵ,δdvd2y

+
1

2i

γχ

4

ˆ
R

(
1

v − s̄
− 1

v − s

)
(

1

v − s
+

1

v − s̄
)f ′(arg(v − s))⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

+
1

2i

γχ

4

ˆ
R
(

1

v − s
+

1

v − s̄
)

ˆ
Iϵ

f ′(arg(u− s))(
1

u− s
− 1

u− s̄
)⟨s, u, v|z; s⟩ϵ,δdudµsB,ϵ(v)

+
1

4

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv

+
1

2i

ˆ
Iϵ

f ′(arg(v − s))(
1

(v − s)2
− 1

(v − s̄)2
)⟨s, v|z; s⟩ϵ,δdv

− 1

2i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)

×

χγ
4
(

1

v − s
+

1

v − s̄
) +

∑
i

χαi
2

(
1

zi − s
+

1

z̄i − s̄
) +

∑
j

χβj
4

(
1

sj − s
+

1

sj − s̄
)

 ⟨s, v|z; s⟩ϵ,δdv

+
1

2i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)µ
γχ

2

ˆ
Hδ

(
1

y − s
+

1

ȳ − s̄
)⟨s, y, v|z; s⟩ϵ,δd2ydv

+
1

2i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)
γχ

4

ˆ
R
(

1

u− s
+

1

u− s̄
)⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)dv

− 1

4

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)

ˆ
Iϵ

f ′(arg(u− s))(
1

u− s
− 1

u− s̄
)⟨s, u, v|z; s⟩ϵ,δdudv

The expression for (∂s+∂s̄)⟨s|z; s⟩ϵ,δ has four terms. In the above list, when applying an additional
(∂s+ ∂s̄), the first term comes the first term of (∂s+ ∂s̄)⟨s|z; s⟩ϵ,δ, the second from the second, the
third and fourth from the third, and the last six from the last term of (∂s + ∂s̄)⟨s|z; s⟩ϵ,δ. It turns
out that in the limit of δ → 0, the first two terms and the second to last term in the above list
automatically converge to 0 and therefore can simply be ignored. The same holds for the αi, βj

part of the seventh term. Collecting all of these terms we get the desired expression of S
(1)
I,ϵ,δ. □

Now we will prove the following lemma giving the rest of the operator.

Lemma 3.6. One has(
N∑
i=1

(
1

s− zi
∂zi +

1

s− zi
∂zi +

∆αi

(s− zi)2
+

∆αi

(s− z̄i)2

)

+

M∑
j=1

(
1

2
(

1

s− sj
+

1

s̄− sj
)∂sj +

∆βj

(s− sj)2

))
⟨s|z; s⟩ϵ,δ = Cϵ,δ + S

(2)
I,ϵ,δ + S

(2)
II,ϵ + oδ→0(1),
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where Cϵ,δ is as in the previous lemma,

S
(2)
I,ϵ,δ = δ−

γ2

2
µ

2i

ˆ
R+iδ

(
1

y − s
− 1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δdy(3.32)

+ µ
γ2

2

ˆ
Hδ

s− s̄

|y − s|2
1

(ȳ − y)
⟨s, y|z; s⟩ϵ,δd2y(3.33)

+
1

4i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv(3.34)

− (
1

4
− γ

8χ
)

ˆ
R
(

1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵdµsB,ϵ(v)(3.35)

− γ2

16

ˆ
R2

(
1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdµsB,ϵ(u)dµsB,ϵ(v)(3.36)

+
γ2

8

ˆ
R2

(
1

(u− s)(v − s)
+

1

(u− s̄)(v − s̄)
)1|u−v|<δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)dµsB,ϵ(v)(3.37)

and

S
(2)
II,ϵ = −

M∑
j=1

(
µj−1

(sj − s)(sj − s− ϵ)
ϵ⟨s, sj − ϵ|z; s⟩ϵ +

µj
(sj − s)(sj − s+ ϵ)

ϵ⟨s, sj + ϵ|z; s⟩ϵ
)
.

Proof. This computation is more involved than the previous as it involves performing integration
by parts on certain terms. We first compute the derivatives with respect to zk, z̄k and sj :

∂zk⟨s|z; s⟩ϵ,δ =

∑
i:i ̸=k

αiαk
2(zi − zk)

+
∑
i

αiαk
2(zi − zk)

+
∑
j

βjαk
2(sj − zk)

− χαk
2(s− zk)

 ⟨s|z; s⟩ϵ,δ

− µ
γαk
2

ˆ
Hδ

(
1

(y − zk)δ
+

1

(ȳ − zk)δ
)⟨s, y|z; s⟩ϵ,δd2y −

γαk
2

ˆ
R

1

(v − zk)δ
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v),

∂z̄k⟨s|z; s⟩ϵ,δ =

∑
i

αiαk
2(zi − z̄k)

+
∑
i:i ̸=k

αiαk
2(zi − z̄k)

+
∑
j

βjαk
2(sj − z̄k)

− χαk
2(s̄− z̄k)

 ⟨s|z; s⟩ϵ,δ

− µ
γαk
2

ˆ
Hδ

(
1

(y − z̄k)δ
+

1

(ȳ − z̄k)δ
)⟨s, y|z; s⟩ϵ,δd2y −

γαk
2

ˆ
R

1

(v − z̄k)δ
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v),

and

∂sk⟨s|z; s⟩ϵ,δ =

∑
i

αiβk
2

(
1

zi − sk
+

1

z̄i − sk
) +

∑
j:j ̸=k

βjβk
2(sj − sk)

− χβk
4

(
1

s− sk
+

1

s̄− sk
)

 ⟨s|z; s⟩ϵ,δ

− µ
γβk
2

ˆ
Hδ

(
1

(y − sk)δ
+

1

(ȳ − sk)δ
)⟨s, y|z; s⟩ϵ,δd2y −

γβk
2

ˆ
R

1

(v − sk)δ
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

− (µ̃k−1⟨s, sk − ϵ|z; s⟩ϵ − µ̃k⟨s, sk + ϵ|z; s⟩ϵ),

where µ̃k = µk for 1 ≤ k ≤M , and µ̃0 = f(arg(s1 − s− ϵ)).
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Lets first collect all the terms without integrals. We focus first on all the terms containing a zi
variable, the corresponding terms are:

N∑
k=1

1

s− zk

∑
i:i ̸=k

αiαk
2(zi − zk)

+
∑
i

αiαk
2(zi − zk)

+
∑
j

βjαk
2(sj − zk)

− χαk
2(s− zk)

+

N∑
k=1

∆αk

(s− zk)2

+

N∑
k=1

1

s− z̄k

∑
i

αiαk
2(zi − z̄k)

+
1

2

M∑
k=1

(
1

s− sk
+

1

s̄− sk
)
∑
i

αiβk
2

1

zi − sk
.

We recombine the terms using:

αiαk
2

(
1

s− zk

1

zi − zk
+

1

s− zi

1

zk − zi

)
= −αiαk

2

1

s− zi

1

s− zk
,

αiαk
2

(
1

s− zk

1

z̄i − zk
+

1

s− z̄i

1

zk − z̄i

)
= −αiαk

2

1

s− zk

1

s− z̄i
,

and similarly for the sj part. Using this we correctly recover the zi terms given in Cϵ,δ:

∑
i

αi
2χ

1

(zi − s)2
−

(∑
i

αi
2

1

zi − s

)2

−
∑
i

αi
1

zi − s

∑
i

αi
2

1

z̄i − s̄
+
∑
j

βj
4
(

1

sj − s
+

1

sj − s̄
)

 .

Now we move to the terms containing integrals over Hδ and R. Lets first collect all the terms
with a single integral over Hδ. We get the following terms:

− µ
γαk
2

ˆ
Hδ

1

s− zk
(

1

(y − zk)δ
+

1

(ȳ − zk)δ
)⟨s, y|z; s⟩ϵ,δd2y

− µ
γαk
2

ˆ
Hδ

1

s− zk
(

1

(y − z̄k)δ
+

1

(ȳ − z̄k)δ
)⟨s, y|z; s⟩ϵ,δd2y

− µ
γβk
2

ˆ
Hδ

1

2

(
1

s− sj
+

1

s− sj

)
(

1

(y − sk)δ
+

1

(ȳ − sk)δ
)⟨s, y|z; s⟩ϵ,δd2y.

Notice that one has:

−
∑
i

µ
γαi
2

ˆ
Hδ

(
1

s− zi
− 1

s̄− zi
)

1

(ȳ − zi)δ
⟨s, y|z; s⟩ϵ,δd2y = oδ→0(1).

Hence we can transform the terms above containing zi to

−
∑
i

µ
γαi
2

ˆ
Hδ

(
1

(s− zi)(y − zi)δ
+

1

(s̄− zi)(ȳ − zi)δ
)⟨s, y|z; s⟩ϵ,δd2y

=
∑
i

µ
γαi
2

ˆ
Hδ

(
1

(y − s)(y − zi)δ
+

1

(ȳ − s̄)(ȳ − zi)δ
)⟨s, y|z; s⟩ϵ,δd2y

+
∑
i

µ
γαi
2

ˆ
Hδ

(
1

(zi − s)(y − s)

y − zi
(y − zi)δ

+
1

(zi − s̄)(ȳ − s̄)

ȳ − zi
(ȳ − zi)δ

)⟨s, y|z; s⟩ϵ,δd2y.

In the above answer we are going to integrate by parts over y the first integral and keep the second
as it appears in the answer Cϵ,δ. Of course we can perform the same manipulation for the terms
containing zi and sj . Combining the three cases we are now going to perform an integration by
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parts on the terms∑
i

µ
γαi
2

ˆ
Hδ

(
1

y − s
(

1

(y − zi)δ
+

1

(y − z̄i)δ
) +

1

ȳ − s̄
(

1

(ȳ − zi)δ
+

1

(ȳ − z̄i)δ
)

)
⟨s, y|z; s⟩ϵ,δd2y

+
∑
j

µ
γβj
2

ˆ
Hδ

(
1

(y − s)(y − sj)δ
+

1

(ȳ − s̄)(ȳ − sj)δ
)⟨s, y|z; s⟩ϵ,δd2y

To do this we must take in account the explicit prefactor infront of the GMC expression in
⟨s, y|z; s⟩ϵ,δ given by:

|y − s|γχ

|y − ȳ|
γ2

2
∏N
i=1 |y − zi|γαi

δ |y − z̄i|γαi

δ

∏M
j=1 |y − sj |

γβj
δ

Z−χ|α;β(s|z; s).

Remark that ∂y(|y − zi|−γαi

δ |y − z̄i|−γαi

δ ) = −γαi

2 ( 1
(y−zi)δ + 1

(y−z̄i)δ )|y − zi|−γαi

δ |y − z̄i|−γαi

δ and

∂ȳ(|y − zi|−γαi

δ |y − z̄i|−γαi

δ ) = −γαi

2 ( 1
(ȳ−zi)δ + 1

(ȳ−z̄i)δ )|y − zi|−γαi

δ |y − z̄i|−γαi

δ . We also have similar

relations with |y − sj |
−γβj
δ . Recall Green’s theorem, which states that for a domain D ⊂ H and

two functions f, g defined on D one has:ˆ
D
∂zf(z)g(z)d

2z = −
ˆ
D
f(z)∂zg(z)d

2z +
i

2

ˆ
∂D

f(z)g(z)dz,

ˆ
D
∂zf(z)g(z)d

2z = −
ˆ
D
f(z)∂zg(z)d

2z − i

2

ˆ
∂D

f(z)g(z)dz.

The integrations along ∂D are in the counterclockwise direction. Then we proceed with an inte-
gration by parts to obtain:∑

i

µ
γαi

2

ˆ
Hδ

(
1

y − s
(

1

(y − zi)δ
+

1

(y − z̄i)δ
) +

1

ȳ − s̄
(

1

(ȳ − zi)δ
+

1

(ȳ − z̄i)δ
)

)
⟨s, y|z; s⟩ϵ,δd2y(3.38)

+
∑
j

µ
γβj
2

ˆ
Hδ

(
1

(y − s)(y − sj)δ
+

1

(ȳ − s̄)(ȳ − sj)δ
)⟨s, y|z; s⟩ϵ,δd2y

=δ−
γ2

2
µ

2i

ˆ
R+iδ

(
1

y − s
− 1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δdy + µ(−1 +

γχ

2
)

ˆ
Hδ

(
1

(y − s)2
+

1

(ȳ − s̄)2
)⟨s, y|z; s⟩ϵ,δd2y

+ µ
γ2

2

ˆ
Hδ

(
1

y − s
− 1

ȳ − s̄
)

1

(ȳ − y)
⟨s, y|z; s⟩ϵ,δd2y

− µ2 γ
2

2

ˆ
H2

δ

(
1

y − s
(

1

x− y
+

1

x̄− y
) +

1

ȳ − s̄
(

1

x− ȳ
+

1

x̄− ȳ
)

)
⟨s, x, y|z; s⟩ϵ,δd2xd2y

− µ
γ2

2

ˆ
Hδ

ˆ
R

(
1

(y − s)(v − y)
+

1

(ȳ − s̄)(v − ȳ)

)
⟨s, y, v|z; s⟩ϵ,δdµs

B,ϵ(v)d
2y.

Lets analyse the terms in the answer of (3.38) one by one. Note that δ−
γ2

2
µ
2i

´
R+iδ(

1
y−s−

1
ȳ−s̄)⟨s, y|z; s⟩ϵ,δdy

is the boundary integration term coming from the boundary contribution in Green’s theorem. The
power of δ in front comes from the hyperbolic metric at the boundary of Hδ. We add this term to

the list of singular terms S
(2)
I,ϵ,δ. The second term is expected in Cϵ,δ. Next we analyse the term:

µ
γ2

2

ˆ
Hδ

(
1

y − s
− 1

ȳ − s̄
)

1

ȳ − y
⟨s, y|z; s⟩ϵ,δd2y = µ

γ2

2

ˆ
Hδ

1

y − s

1

ȳ − s̄
⟨s, y|z; s⟩ϵ,δd2y

+ µ
γ2

2

ˆ
Hδ

s− s̄

(y − s)(ȳ − s̄)

1

ȳ − y
⟨s, y|z; s⟩ϵ,δd2y.
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Out of these two terms obtained, the first one will go in Cϵ,δ and the second one in the list of

singular terms S
(2)
I,ϵ,δ. Next we move to the term containing the double integral over H2

δ . Notice

here that the singularity 1
x−y is integrable since we are integrating over H2

δ . We can write:

− µ2
γ2

2

ˆ
H2

δ

(
1

y − s
(

1

x− y
+

1

x̄− y
) +

1

ȳ − s̄
(

1

x− ȳ
+

1

x̄− ȳ
)

)
⟨s, x, y|z; s⟩ϵ,δd2xd2y

= −µ2γ
2

4

ˆ
H2

δ

(
1

x− s
+

1

x̄− s̄
)(

1

y − s
+

1

ȳ − s̄
)⟨s, x, y|z; s⟩ϵd2xd2y

+ µ2
γ2

2

ˆ
H2

δ

s− s̄

(x− s)(ȳ − s̄)(x− ȳ)
⟨s, x, y|z; s⟩ϵd2xd2y + oδ→0(1).

Lastly the term containing an integral over Hδ and one over R will be combined with a similar
term coming from the integration by parts on the boundary term (see below) to get in the limit
the following term present in Cϵ,δ:

µ
γ2

2

ˆ
Hδ

ˆ
R

(
1

(y − s)(v − s)
+

1

(ȳ − s̄)(v − s̄)

)
⟨s, y, v|z; s⟩ϵdµsB,ϵ(v)d2y.

Similarly we need to perform an integration by parts on one of the boundary integral terms.
Starting from the terms

− γαi
2

ˆ
R

1

s− zi

1

(v − zi)δ
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)−

γαi
2

ˆ
R

1

s− z̄i

1

(v − z̄i)δ
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

− γβj
4

ˆ
R

( 1

s− sj
+

1

s̄− sj

) 1

(v − sj)δ
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v),

we add minus times the terms expected in our answer

−

∑
i

γαi
4

(
1

zi − s
+

1

z̄i − s

)
+
∑
j

γβi
4

1

sj − s

ˆ
R

(
1

v − s
+

1

v − s̄

)
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v),

which then gives up to a o(δ) error, also adding the term in s̄:

1

2

ˆ
R

(
1

v − s
+

1

v − s̄

)∑
i

γαi
2

(
1

v − zi
+

1

v − z̄i

)
+
∑
j

γβj
2

1

v − sj

 ⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v).

One has ∂v|v−zi|−γαi

δ =
(
−γαi

2
1

(v−zi)δ − γαi

2
1

(v−z̄i)δ

)
|v−zi|−γαi

δ and ∂v|v−sj |
−

γβj
2

δ = −γβj
2

1
(v−sj)δ |v−

sj |
−

γβj
2

δ . Here the ∂v is a real derivative. We record the formulas:

∂v|v − s|
γχ
2 =

γχ

4

(
1

v − s
+

1

v − s̄

)
|v − s|

γχ
2 , ∂v arg(v − s) =

1

2i

(
1

v − s
− 1

v − s̄

)
.

For this computation, before integrating by parts the integral over v, we are going to smooth the

GMC measure e
γ
2
X(v)dv. For this purpose, for v ∈ R, we introduce the field:

Xδ(v) =
1

π

ˆ π

0
X(v + δeiθ)dθ.
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We can then compute the following covariance, for u, v ∈ R

E[X(u)Xδ(v)] =
1

π

ˆ π

0
E[X(u)X(v + δeiθ)]dθ

=
2

π

ˆ π

0
log

1

|u− v + δeiθ|
dθ + 2 log |v|+ +

2

π

ˆ π

0
log |u+ δeiθ|+dθ

Notice then that 2
π

´ π
0 log 1

|u−v+δeiθ|dθ is equal to −2 log |u − v| if δ < |u − v| and to −2 log δ if

δ > |u− v|. We also record the computation:

∂v⟨s, v|z; s⟩ϵ,δ =

χγ
4
(

1

v − s
+

1

v − s̄
) +

∑
i

γαi
2

(
1

(zi − v)δ
+

1

(z̄i − v)δ
) +

∑
j

γβj
2

1

(sj − v)δ

 ⟨s, v|z; s⟩ϵ,δ

− µ
γ2

2

ˆ
Hδ

(
1

y − v
+

1

ȳ − v
)⟨s, y, v|z; s⟩ϵ,δd2y −

γ2

2

ˆ
R

1

u− v
⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u).

Then by integration by parts we obtain:

1

2

ˆ
R

(
1

v − s
+

1

v − s̄

)∑
i

γαi
2

(
1

(v − zi)δ
+

1

(v − z̄i)δ

)
+
∑
j

γβj
2

1

(v − sj)δ

 ⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

=
1

2

ˆ
R

(
1

v − s
+

1

v − s̄

)(
χγ

4
(

1

v − s
+

1

v − s
)− ∂v

)
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

− γ2

4

ˆ
R

(
1

v − s
+

1

v − s̄

)(
µ

ˆ
Hδ

(
1

y − v
+

1

ȳ − v
)⟨s, y, v|z; s⟩ϵ,δd2y +

ˆ
R

1

u− v
1|v−u|>δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)

)
dµsB,ϵ(v)

=
γχ

8

ˆ
R

(
1

v − s
+

1

v − s̄

)(
1

v − s
+

1

v − s

)
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

− γ2

4

ˆ
R

(
1

v − s
+

1

v − s̄

)(
µ

ˆ
Hδ

(
1

y − v
+

1

ȳ − v
)⟨s, y, v|z; s⟩ϵ,δd2y +

ˆ
R

1

u− v
1|v−u|>δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)

)
dµsB,ϵ(v)

− 1

2

ˆ
R

(
1

(v − s)2
+

1

(v − s̄)2

)
⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v)

+
1

4i

ˆ
Iϵ

(
1

v − s
+

1

v − s̄

)(
1

v − s
− 1

v − s̄

)
f ′(arg(v − s))⟨s, v|z; s⟩ϵ,δdµsB,ϵ(v).

Lets look at how these terms are going to recombine to obtain the Cϵ,δ terms and the singular

terms given by S
(2)
I,ϵ,δ. First lets look at the simple integrals over R. The terms we want for Cϵ,δ are:

− γ

4χ

ˆ
R
(

1

(v − s)2
+

1

(v − s̄)2
)⟨s, v|z; s⟩ϵdµsB,ϵ(v) +

γ2

16

ˆ
R
(

1

v − s
+

1

v − s̄
)2⟨s, v|z; s⟩ϵdµsB,ϵ(v)

Taking the difference between the terms we have and these terms we want to get:

−(
1

4
− γ

8χ
)

ˆ
R
(

1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵdµsB,ϵ(v).
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Lets analyse the term with the double integral over R. We compute

γ2

4

ˆ
R2

(
1

v − s
+

1

v − s̄

)
1

(v − u)
1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)dµsB,ϵ(v)

= −γ
2

8

ˆ
R2

(
1

(u− s)(v − s)
+

1

(u− s̄)(v − s̄)
)1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)dµsB,ϵ(v)

= −γ
2

16

ˆ
R2

(
1

u− s
+

1

u− s̄
)(

1

v − s
+

1

v − s̄
)⟨s, u, v|z; s⟩ϵdµsB,ϵ(u)dµsB,ϵ(v)

− γ2

16

ˆ
R2

(
1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdµsB,ϵ(u)dµsB,ϵ(v)

+
γ2

8

ˆ
R2

(
1

(u− s)(v − s)
+

1

(u− s̄)(v − s̄)
)1|u−v|<δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)dµsB,ϵ(v)

In this last line, the first term will go into Cϵ,δ and the last two will be singular terms. □

3.3. Vanishing of singular terms. To prove Theorem 1.3, it remains to be shown that S
(1)
I,ϵ,δ +

S
(2)
I,ϵ,δ + S

(2)
II,ϵ → 0 as ϵ and δ go to 0. We first state the following result.

Lemma 3.7. For all 1 ≤ j ≤M , when ϵ→ 0, ϵ⟨s, sj − ϵ|z; s⟩ϵ → 0 and ϵ⟨s, sj + ϵ|z; s⟩ϵ → 0.

Proof. This is done in the paper [RZ20b]. □

This result implies that we have S
(2)
II,ϵ,δ → 0 as ϵ→ 0. Next S

(1)
I,ϵ,δ + S

(2)
I,ϵ,δ is given by:

− γ

8iχ

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

+
γ

4iχ

ˆ
I2ϵ

f ′(arg(u− s))f(arg(v − s))(
1

u− s
− 1

u− s̄
)(

1

v − s
+

1

v − s̄
)⟨s, u, v|z; s⟩ϵdudv

− 1

4χ2

ˆ
I2ϵ

f ′(arg(u− s))f ′(arg(v − s))(
1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdudv

+
1

4χ2

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv

+
1

2iχ2
(1− γχ

4
)

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵ,δdv

+ δ−
γ2

2
µ

2i

ˆ
R+iδ

(
1

y − s
− 1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δdy

+ µ
γ2

2

ˆ
Hδ

s− s̄

|y − s|2
1

(ȳ − y)
⟨s, y|z; s⟩ϵ,δd2y

− γ2

16

ˆ
R2

(
1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdµsB,ϵ(u)dµsB,ϵ(v)

+
1

4i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

− (
1

4
− γ

8χ
)

ˆ
R
(

1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵdµsB,ϵ(v)

+
γ2

8

ˆ
R2

(
1

(u− s)(v − s)
+

1

(u− s̄)(v − s̄)
)1|u−v|<δ⟨s, u, v|z; s⟩ϵ,δdµsB,ϵ(u)dµsB,ϵ(v).
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We start with an integration by parts formula that will be use to combine all the terms in

S
(1)
I,ϵ,δ + S

(2)
I,ϵ,δ with a single integral into a single term involving a double integral.

Lemma 3.8. For χ = γ
2 or 2

γ , the following identity holds:

1

iγχ
(1− γχ

4
)

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

+
1

2γχ

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv

= − γ

2iχ

ˆ
I2ϵ

f(arg(u− s))f ′(arg(v − s))
1

(u− v)
(

1

v − s
− 1

v − s̄
)1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdudv + oδ→0(1).

Proof. Record the identity ∂v arg(v − s) = 1
2i

(
1
v−s −

1
v−s̄

)
. We then perform the integration by

parts in the following way:

− 1

2γχ

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv

= − i

γχ

ˆ
Iϵ

∂vf
′(arg(v − s))(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵ,δdv

= − i

γχ

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)(

1

v − s
+

1

v − s̄
)⟨s, v|z; s⟩ϵ,δdv

+
i

γχ

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)∂v⟨s, v|z; s⟩ϵ,δdv.

We then need to compute the derivative ∂v⟨s, v|z; s⟩ϵ,δ, keeping in mind that several terms will be
included in the oδ→0(1). We obtain:

i

4

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
− 1

v − s̄
)(

1

v − s
+

1

v − s̄
)∂v⟨s, v|z; s⟩ϵ,δdv

+
γ

2iχ

ˆ
I2ϵ

f(arg(u− s))f ′(arg(v − s))
1

(u− v)
(

1

v − s
− 1

v − s̄
)1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdudv + oδ→0(1).

This gives us the desired result. □

At this stage we are going to look separately at the cases χ = γ
2 and χ = 2

γ .

3.3.1. The case of χ = 2
γ . When χ = 2

γ , the argument will be simpler because the relation on σ

will be simpler and many of the singular terms directly vanish in the limit δ → 0. The ones that
will remain are:

γ2

16

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv(3.39)

+
1

4i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

− (
1

4
− γ2

16
)

ˆ
R
(

1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵdµsB,ϵ(v).
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Notice also the integration by parts formula written above up to an oδ→0(1) reduces to:

1

i

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

= −
ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv =

ˆ
Iϵ

(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv.

Combining this identity with the fact that for χ = 2
γ one has f ′′ = −f , one obtains that the list of

terms in (3.39) sums to 0.

3.3.2. The case of χ = γ
2 . We will now focus on χ = γ

2 where one has this time f ′′ = −γ2χ2

4 f =

−γ4

16f . Let us state the integration by parts for this case. one can combine all the terms in S
(1)
I,ϵ,δ +

S
(2)
I,ϵ,δ with a single integral over R to obtain the single term:

2

iγ2
(1− γ2

8
)

ˆ
Iϵ

f ′(arg(v − s))(
1

v − s
+

1

v − s̄
)(

1

v − s
− 1

v − s̄
)⟨s, v|z; s⟩ϵdv

+
1

γ2

ˆ
Iϵ

f ′′(arg(v − s))(
1

v − s
− 1

v − s̄
)2⟨s, v|z; s⟩ϵ,δdv

= −1

i

ˆ
I2ϵ

f(arg(u− s))f ′(arg(v − s))
1

(u− v)
(

1

v − s
− 1

v − s̄
)1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdudv.

The last equality is obtained by applying the integration by parts lemma. Adding this last term

to the remaining terms of S
(1)
I,ϵ,δ + S

(2)
I,ϵ,δ containing derivatives of f we get the sum of three double

integrals:

γ2

4i

ˆ
I2ϵ

cos(
γ2

4
arg(u− s)) sin(

γ2

4
arg(v − s))

1

(u− v)
(

1

v − s
− 1

v − s̄
)1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdudv

(3.40)

− γ2

8i

ˆ
I2ϵ

sin(
γ2

4
arg(u− s)) cos(

γ2

4
arg(v − s))(

1

u− s
− 1

u− s̄
)(

1

v − s
+

1

v − s̄
)⟨s, u, v|z; s⟩ϵ1|u−v|>δdudv

− γ2

8i

ˆ
I2ϵ

sin(
γ2

4
arg(u− s)) cos(

γ2

4
arg(v − s))(

1

u− s
− 1

u− s̄
)(

1

v − s
+

1

v − s̄
)⟨s, u, v|z; s⟩ϵ1|u−v|<δdudv

− γ2

16

ˆ
I2ϵ

sin(
γ2

4
arg(u− s)) sin(

γ2

4
arg(v − s))(

1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdudv.

Now we also need to add the two missing terms which do not involve derivatives of f

− γ2

16

ˆ
R2

(
1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdµs∂,ϵ(u)dµs∂,ϵ(v)(3.41)

+
γ2

8

ˆ
R2

(
1

(u− s)(v − s)
+

1

(u− s̄)(v − s̄)
)1|u−v|<δ⟨s, u, v|z; s⟩ϵ,δdµs∂,ϵ(u)dµs∂,ϵ(v),

and

µ
γ2

2

ˆ
Hδ

s− s̄

|y − s|2
1

(ȳ − y)
⟨s, y|z; s⟩ϵ,δd2y + δ−

γ2

2
µ

2i

ˆ
R+iδ

(
1

y − s
− 1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δdy.(3.42)
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Lets try to simplify all the terms above. First combing the last term of (3.40) with the first term
of (3.41):

− γ2

16

ˆ
I2ϵ

cos(
γ2

4
arg(u− s)− γ2

4
arg(v − s))(

1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)⟨s, u, v|z; s⟩ϵdudv

(3.43)

= −γ
2

16

ˆ
I2ϵ

ei
γ2

4
arg(u−s)−i γ

2

4
arg(v−s)(

1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)
|u− s|

γ2

4 |v − s|
γ2

4

|u− v|
γ2

2
δ

⟨s, u, v|z; s⟩ϵdudv

= −γ
2

16

ˆ
I2ϵ

ei
γ2

4
arg(u−s)−i γ

2

4
arg(v−s)(

1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)
|u− s|

γ2

4 |v − s|
γ2

4

|u− v|
γ2

2
δ

⟨s, u, v|z; s⟩ϵ1|u−v|<δdudv

− γ2

16

ˆ
I2ϵ

ei
γ2

4
arg(u−s)−i γ

2

4
arg(v−s)(

1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)
|u− s|

γ2

4 |v − s|
γ2

4

|u− v|
γ2

2
δ

⟨s, u, v|z; s⟩ϵ1|u−v|>δdudv.

Next we recombine the first terms of (3.40) with the second term of (3.40) with the indicator
1|u−v|>δ added:

γ2

4i

ˆ
I2ϵ

cos(
γ2

4
arg(u− s)) sin(

γ2

4
arg(v − s))

1

(u− v)
(

1

v − s
− 1

v − s̄
)1|u−v|>δ⟨s, u, v|z; s⟩ϵ,δdudv

− γ2

8i

ˆ
I2ϵ

sin(
γ2

4
arg(u− s)) cos(

γ2

4
arg(v − s))(

1

u− s
− 1

u− s̄
)(

1

v − s
+

1

v − s̄
)1|u−v|>δ⟨s, u, v|z; s⟩ϵdudv

= −γ
2

8

ˆ
I2ϵ

e
γ2

4
arg(v−s)− γ2

4
arg(u−s) s− s̄

(u− v)(v − s)(u− s̄)
1|u−v|>δ⟨s, u, v|z; s⟩ϵdudv

+
γ2

16

ˆ
I2ϵ

ei
γ2

4
arg(v−s)−i γ

2

4
arg(u−s) (s− s̄)2

|u− s|2|v − s|2
1|u−v|>δ⟨s, u, v|z; s⟩ϵdudv.

The second term in the last line above cancels with the similar term found in (3.43).
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Next we regroup the terms all containing the indicator 1|u−v|<δ coming from the second line of
(3.40), the last line of (3.41), and the last line of (3.43):

− γ2

8i

ˆ
I2ϵ

sin(
γ2

4
arg(u− s)) cos(

γ2

4
arg(v − s))(

1

u− s
− 1

u− s̄
)(

1

v − s
+

1

v − s̄
)1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv

+
γ2

8

ˆ
R2

cos(
γ2

4
arg(u− s)) cos(

γ2

4
arg(v − s))(

1

(u− s)(v − s)
+

1

(u− s̄)(v − s̄)
)1|u−v|<δ⟨s, u, v|z; s⟩ϵ,δdµs∂,ϵ(u)dµs∂,ϵ(v)

− γ2

16

ˆ
I2ϵ

ei
γ2

4
arg(u−s)−i γ

2

4
arg(v−s)(

1

u− s
− 1

u− s̄
)(

1

v − s
− 1

v − s̄
)1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv

=
γ2

8

ˆ
I2ϵ

ei
γ2

4
arg(u−s)+i γ

2

4
arg(v−s̄) 1

(v − s̄)(u− s)
1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv

+
γ2

16

ˆ
I2ϵ

ei
γ2

4
arg(u−s)+i γ

2

4
arg(v−s) 1

(u− s)(v − s)
1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv

+
γ2

16

ˆ
I2ϵ

ei
γ2

4
arg(u−s̄)+i γ

2

4
arg(v−s̄) 1

(u− s̄)(v − s̄)
1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv

=
γ2

8

ˆ
I2ϵ

ei
γ2

4
arg(u−s)+i γ

2

4
arg(v−s̄) 1

(v − s̄)(u− s)
1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv.

To sum up, we are left with the last line of the above express, together with

−γ
2

8

ˆ
I2ϵ

e
γ2

4
arg(v−s)− γ2

4
arg(u−s) s− s̄

(u− v)(v − s)(u− s̄)
1|u−v|>δ⟨s, u, v|z; s⟩ϵdudv

and the two terms of (3.42). To analyse these final four terms, we have to divide into two cases
based on the value of γ, namely γ ∈ (0,

√
2) or γ ∈ (

√
2, 2). The case γ =

√
2 can be easily recovered

at the end by continuity.

3.4. The case χ = γ
2 , γ ∈ (0,

√
2). To summarize the list of terms we need to cancel is the

following:

− γ2

8

ˆ
I2ϵ

e
γ2

4
arg(v−s)− γ2

4
arg(u−s) s− s̄

(u− v)(v − s)(u− s̄)
1|u−v|>δ⟨s, u, v|z; s⟩ϵdudv

+
γ2

8

ˆ
I2ϵ

ei
γ2

4
arg(u−s)+i γ

2

4
arg(v−s̄) 1

(v − s̄)(u− s)
1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv

+ µ
γ2

2

ˆ
Hδ

s− s̄

|y − s|2
1

(ȳ − y)
⟨s, y|z; s⟩ϵ,δd2y + δ−

γ2

2
µ

2i

ˆ
R+iδ

(
1

y − s
− 1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δdy.

In this case we start with the following localization lemma.

Lemma 3.9. For γ <
√
2, the following localization holds,

lim
δ→0

⟨s, s+ δu, s+ δv|z; s⟩ϵ = lim
δ→0

⟨s, s+ δy, |z; s⟩ϵ = ⟨s, s, s|z; s⟩ϵ.

Next we give the following result.
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Lemma 3.10. The following identity holds, when γ <
√
2:

− γ2

8

ˆ
I2ϵ

e
γ2

4
arg(v−s)− γ2

4
arg(u−s) s− s̄

(u− v)(v − s)(u− s̄)
1|u−v|>δ⟨s, u, v|z; s⟩ϵdudv

+ µ
γ2

2

ˆ
Hδ

s− s̄

|y − s|2
1

(ȳ − y)
⟨s, y|z; s⟩ϵ,δd2y

=
µγ2

4 sin(π γ
2

4 )

[
eiπ

γ2

4

ˆ
R
du1

ˆ π
2

0
dθe−i

γ2

2
θ(u1 +

1

2
ieiθ + i)

γ2

4
−1(u1 −

1

2
ieiθ − i)

γ2

4
−1

− e−iπ
γ2

4

ˆ
R
du1

ˆ −π
2

0
dθe−i

γ2

2
θ(u1 +

1

2
ieiθ + i)

γ2

4
−1(u1 −

1

2
ieiθ − i)

γ2

4
−1

]
⟨s, s, s|z; s⟩+ oδ(1).

The other term in (3.42) can be rewritten

δ−
γ2

2
µ

2i

ˆ
R+i δ

2

(
1

y − s
− 1

ȳ − s̄
)⟨s, y|z; s⟩ϵ,δdy

= −3µ

2

ˆ
R+ i

2

dy(y + i)
γ2

4
−1(ȳ − i)

γ2

4
−1⟨s, s|z; s⟩+ oδ(1)

= −3µ

2

ˆ
R
dy(y2 +

9

4
)
γ2

4
−1⟨s, s|z; s⟩+ oδ(1),

and also we have left

µ

sin(π γ
2

4 )

γ2

8

ˆ
I2ϵ

ei
γ2

4
arg(u−s)+i γ

2

4
arg(v−s̄) 1

(v − s̄)(u− s)
1|u−v|<δ⟨s, u, v|z; s⟩ϵdudv,

which equals as δ goes to 0:

µ

2 sin(π γ
2

4 )

ˆ
R
du(u+ i)

γ2

4
−1

(
(u+ 1− i)

γ2

4 − (u− 1− i)
γ2

4

)
⟨s, s, s|z; s⟩ϵ + oδ(1).

The following lemma then completes the proof in the case where γ <
√
2.

Lemma 3.11. For γ <
√
2, the following identity holds:

µ

2 sin(π γ
2

4 )

ˆ
R
du(u+ i)

γ2

4
−1

(
(u+ 1− i)

γ2

4 − (u− 1− i)
γ2

4

)

+
µγ2

4 sin(π γ
2

4 )

[
eiπ

γ2

4

ˆ
R
du1

ˆ π
2

0
dθe−i

γ2

2
θ(u1 +

1

2
ieiθ + i)

γ2

4
−1(u1 −

1

2
ieiθ − i)

γ2

4
−1

− e−iπ
γ2

4

ˆ
R
du1

ˆ −π
2

0
dθe−i

γ2

2
θ(u1 +

1

2
ieiθ + i)

γ2

4
−1(u1 −

1

2
ieiθ − i)

γ2

4
−1

]

− 3µ

2

ˆ
R
dy(y2 +

9

4
)
γ2

4
−1

= 0.

The proof of this lemma will be carried out in Appendix F.
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4. Shift equations for H and R

In this section we derive a set of functional equations known as the shift equations on the
functions H and R that will then completely specify their value. The main input to derive these
shift equations is the BPZ equation from the previous Section 3. We introduce two global notations:
q = 2Q−β1−β2−β3+χ

γ and

(4.1) gχ(σ) =

(
sin(

πγ2

4
)

)−χ/γ
cos

(
2πχ(σ − Q

2
)

)
.

Theorem 4.1 (Shift equations for H). Let χ = γ
2 or 2

γ and fix σ3 ∈ [− 1
2γ + Q

2 ,
1
2γ + Q

2 − γ
4 ]× R.

The function H
(β1,β2,β3)
(σ1,σ2,σ3)

can be jointly meromorphically extended to a complex neighborhood of R3

in (β1, β2, β3) and to C2 in (σ1, σ2). It obeys

H
(β1,β2−χ,β3)
(σ1,σ2,σ3)

=
Γ(χ(β1 − χ))Γ(1− χβ2 + χ2)

Γ(χ(β1 − χ+ q γ2 ))Γ(1− χβ2 + χ2 − q γχ2 )
H

(β1−χ,β2,β3)
(σ1,σ2+

χ
2
,σ3)

(4.2)

+
χ2π

2χ
γ

Γ(1− γ2

4 )
2χ
γ

Γ(1− χβ1)Γ(1− χβ2 + χ2)
(
gχ(σ1)− gχ(σ2 +

β1
2 )
)

sin(πχ(χ− β1))Γ(1 +
qγχ
2 )Γ(2− χ(β1 + β2 − 2χ+ q γ2 ))

H
(β1+χ,β2,β3)

(σ1,σ2+
χ
2
,σ3)

,

and

χ2π
2χ
γ
−1

Γ(1− γ2

4 )
2χ
γ

Γ(1− χβ2)

(
gχ(σ3)− gχ(σ2 +

β2
2
)

)
H

(β1,β2+χ,β3)

(σ1,σ2+
χ
2
,σ3)

(4.3)

=
Γ(χ(β1 − χ))

Γ(−q γχ2 )Γ(−1 + χ(β1 + β2 − 2χ+ q γ2 ))
H

(β1−χ,β2,β3)
(σ1,σ2,σ3)

+
χ2π

2χ
γ

Γ(1− γ2

4 )
2χ
γ

(
gχ(σ1)− gχ(σ2 − β1

2 + χ
2 )
)
Γ(1− χβ1)

sin(πχ(χ− β1))Γ(1− χ(β1 − χ+ q γ2 ))Γ(χβ2 − χ2 + q γχ2 )
H

(β1+χ,β2,β3)
(σ1,σ2,σ3)

.

Theorem 4.2 (Shift equations for R). Let χ = γ
2 or 2

γ . The function R(β, σ1, σ2) can be jointly

meromorphically extended to a complex neighborhood of R in β and to C2 in (σ1, σ2). It obeys

R(β, σ1, σ2)

R(β + χ, σ1 − χ
2 , σ2)

= cχ(γ)Γ(−1 + χβ − χ2)Γ(1− χβ)

(
gχ(σ2)− gχ(σ1 −

β

2
)

)
,(4.4)

R(β, σ1, σ2)

R(β + χ, σ1 +
χ
2 , σ2)

= cχ(γ)Γ(−1 + χβ − χ2)Γ(1− χβ)

(
gχ(σ2)− gχ(σ1 +

β

2
)

)
,(4.5)

where c γ
2
(γ) = − 1

Γ(− γ2

4
)
and c 2

γ
(γ) is an unknown function of γ.

Theorem 4.2 yields the exact formula for R claimed in Theorem 1.2.

Proof of Theorem 1.2 given Theorem 4.2. By combining both shift equations of Theorem 4.2 we
obtain

R(β1, σ1, σ2)

R(β1 + 2χ, σ1, σ2)
= c̃χ(γ)Γ(−1 + χβ1 − χ2)Γ(1− χβ1 − χ2)Γ(1− χβ1)Γ(−1 + χβ1)

(4.6)

× 4 sin(πχ(
β

2
− σ1 − σ2 +Q)) sin(πχ(

β

2
+ σ1 + σ2 −Q)) sin(πχ(

β

2
+ σ2 − σ1)) sin(πχ(

β

2
+ σ1 − σ2)),
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where c̃ γ
2
(γ) = 1

sin(π γ2

4
)Γ(− γ2

4
)2

and where again c̃ 2
γ
(γ) is an unknown function of γ.

Consider now the ratio f(β) = R(β)
RFZZ(β)

. By using the shift equations (A.10), (A.11), (A.13)

satisfied by Γ γ
2
and S γ

2
, one can show that RFZZ(β) satisfies the same shift equations satisfied by

R, except that the constant c̃ 2
γ
is now an explicit function of γ. From this we obtain that

f(β + γ) = f(β), f(β +
4

γ
) = c(γ)f(β),

for an unknown function c(γ) of γ. It is actually possible to see that c(γ) = 1. Indeed, when

σ1, σ2 ∈ B and β ∈ ( 2γ , Q), by using (2.12) one can see that R̂µ1,µ2(β) is a positive function. Since

for β ∈ ( 2γ , Q), s = β−Q < 0 and s+ γ
2 > 0, equation (2.13) implies that R(β, σ1, σ2) = Rµ1,µ2(β)

is then negative for β ∈ ( 2γ , Q). This interval has length γ
2 , and by using the reflection identity

(4.29) it extends to an interval of length γ. The same claim can be checked on RFZZ directly on
the exact formula. Therefore the function f is positive on an interval of length γ, which by using
the γ-periodicity implies that it is positive on R. This in turn implies that the unknown constant
c(γ) is real and positive. Then for γ2 /∈ Q, since any real number can be approximated by a linear
combination nγ2 − m 2

γ for n,m ∈ N arbitrary large, this implies that c(γ) = 1 and that f is a

constant function of β. One can then show f(β) = 1 by using the fact that R and RFZZ are known
to match at β = Q. Lastly the case γ2 ∈ Q is easily recovered by a simple continuity argument. □

Proof of Theorem 1.1 given Theorem 4.1. It is less straightforward to see than in the case of R
that the shift equations on H completely determine its value, since they contain three terms
instead of two. We will use the following result proved in [RZ21, Section 3.3.3]: the solution space
of the system comprised of the two shift equations (4.2), (4.3) combined with the reflection identity

H
(β1,β2,β3)
(σ1,σ2,σ3)

= R(β1, σ1, σ2)H
(2Q−β1,β2,β3)
(σ1,σ2,σ3)

proved in Lemma 4.9 is at most one dimensional. Note that

in our case since we are working with both bulk and boundary Liouville potentials the coefficients
in the shift equations (4.2), (4.3) are different than the ones in [RZ21], but the result of [RZ21]
still applies since the proof does not rely on the precise expression of these functions.

Now we already know H satisfies the system comprised of (4.2), (4.3) and (4.28). By the results
of Lemmas A.4 and A.5 proved in Appendix A.3, we also know that HPT satisfies the same
three equations. Therefore the result of [RZ21] implies H and HPT are a constant multiple of one
another. To pin down this multiplicative constant, we will simply look at the pole of both functions
at β1 = 2Q− β2 − β3. It is easy to establish the following fact about H:

(4.7) lim
β1→2Q−β2−β3

(
β̄

2
−Q)H

(
β1, β2, β3
σ1, σ2, σ3

)
= 1.

This can be seen directly on the expression of H given in Lemma 2.5. In the notations of Lemma
2.5, computing the residue of interest corresponds to multiplying H by s and then setting s = 0.
By Lemma A.5, HPT has the same residue at that point. This completes the proof of Theorem
1.1. □

We now turn to the proof of Theorems 4.1 and 4.2 which is based on the BPZ equations with
the so-called operator product expansions (OPE). This type of argument has been carried out for
µ = 0 case in [RZ21]. The same shift equations as above are derived there except that the function

gχ is replaced by e2χπi(σ−
Q
2
). We highlight two places where additional work is required. The first

is contrarily to [RZ21] where H and R can reduce up to a prefactor to moments of GMC (denoted
by H and R in [RZ21]), this is not possible in our case. We are forced to work with the truncation
of Definitions 2.6 and 2.11 which introduces extra constraints on the parameters. The second is
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that at one step in the derivation of [RZ21] the value of R(β, σ1, σ2) at µ1 = 0 is used, which was
known from [RZ20b]. For us this is not available. Instead we use the mating of trees input to get
an explicit formula for R(γ, σ1, σ) See Section 4.5.

The rest of this section is organized as follows. In Section 4.1 we introduce the specialization of
the BPZ equation of Theorem 1.3 that we will need for our derivation. In Sections 4.2 and 4.3 we
establish respectively Theorems 4.1 and 4.2 in the case χ = γ

2 and in a limited range of parameters.
In Section 4.4 we prove the reflection principle for H and R and show they can be meromorphically
extended to the full range of parameters claimed in Theorems 4.1 and 4.2. Then finally in Sections
4.5 and 4.6 we establish Theorems 4.2 and 4.1 in the case χ = 2

γ .

4.1. A deformation of H. Our starting input is the BPZ equation given by Theorem 1.3 of
Section 3. For the purpose of proving our main theorem we will need the following special case
of the boundary BPZ equation, which corresponds to having three spectator boundary insertions
along with the boundary degenerate insertion. By conformal invariance we can place the boundary
spectator insertions at 0, 1,∞. The degenerate insertion is then at a point t on the real line, and
we will assume t ∈ (−∞, 1). Recall B = (− 1

2γ + Q
2 ,

1
2γ + Q

2 )× R and B = [− 1
2γ + Q

2 ,
1
2γ + Q

2 ]× R.
For χ = γ

2 or 2
γ , consider the following range of parameters:

(4.8) βi ∈ (−∞, Q), β1+β2+β3 > 2Q+χ, σ1−
χ

2
∈ B, σ2−

χ

2
∈ B, σ1 ∈ B, σ2 ∈ B, σ3 ∈ B.

Notice these constraints can all be simultaneously satisfied. Indeed, if all three βi are close to Q
then β1 + β2 + β3 > 2Q+ χ is true. For the σi, the band with its boundary included B has width
1
γ . Therefore it is possible to have both σ1 − χ

2 and σ1 in B, but in the case χ = 2
γ this means that

σ1− χ
2 and σ1 are exactly on the boundary of B. The same is true for σ2. Now under the constraint

of (4.8) consider the functional

Hχ(t) =

ˆ
R
dc e−

γqc
2 E

[
exp

(
− eγc

ˆ
H

|x− t|γχg(x)
γ2

4
(q−1)/|x− x̄|

γ2

2

|x|γβ1 |x− 1|γβ2
eγX(x)d2x

− e
γc
2

ˆ
R

|r − t|
γχ
2 g(r)

γ2

8
(q−1)

|r|
γβ1
2 |r − 1|

γβ2
2

e
γ
2
X(r)dµtB(r)

)]
,

where the boundary measure dµtB(r) is defined by:

dµtB(r)/dr =

{
g γ

2
(σ1 − χ

2 )1r<0 + g γ
2
(σ2 − χ

2 )10<r<t + g γ
2
(σ2)1t<r<1 + g γ

2
(σ3)1r>1, for t ∈ (0, 1),

g γ
2
(σ1 − χ

2 )1r<t + g γ
2
(σ1)1t<r<0 + g γ

2
(σ2)10<r<1 + g γ

2
(σ3)1r>1, for t < 0.

Since the change of σ on the left and right or t can be either +χ
2 or −χ

2 , we similarly consider

the function H̃χ(t) with the other choice, which is given by the same expression as Hχ(t) except
one needs to replace dµtB(r) by the following measure

dµ̃tB(r)/dr =

{
g γ

2
(σ1 +

χ
2 )1r<0 + g γ

2
(σ2 +

χ
2 )10<r<t + g γ

2
(σ2)1t<r<1 + g γ

2
(σ3)1r>1, for t ∈ (0, 1),

g γ
2
(σ1 +

χ
2 )1r<t + g γ

2
(σ1)1t<r<0 + g γ

2
(σ2)10<r<1 + g γ

2
(σ3)1r>1, for t < 0,

under this time the parameter contraints:

(4.9) βi ∈ (−∞, Q), β1+β2+β3 > 2Q+χ, σ1+
χ

2
∈ B, σ2+

χ

2
∈ B, σ1 ∈ B, σ2 ∈ B, σ3 ∈ B.

We could also of course define in a similar manner Hχ(t), H̃χ(t) for t ∈ (1,∞), but this will
not be needed. By a direct change of variable applied to the differential operator of Theorem 1.3,
Hχ(t) and H̃χ(t) obey the hypergeometric equation. We state this in the next proposition.
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Proposition 4.3. Under the parameter contraint of (4.8), the function Hχ obeys

(4.10) t(1− t)∂2tHχ + (C − (A+B + 1)t)∂tHχ −ABHχ = 0,

with A,B,C given by:

(4.11) A = −q γχ
2
, B = −1 + χ(β1 + β2 − 2χ+ q

γ

2
), C = χ(β1 − χ).

The exact same result holds for H̃χ under the parameter constraints (4.9).

We now state an analyticity result for H γ
2
and H̃ γ

2
which will be used in the proof of Lemma

4.9 below.

Lemma 4.4. Set χ = γ
2 . Fix the σi in the parameter range (4.8) but with the boundary of the

band being excluded, namely σ1 − γ
4 ∈ B, σ2 − γ

4 ∈ B, σ1, σ2, σ3 ∈ B. Then the function Hχ is

meromorphic in all three β1, β2, β3 in a complex neighborhood of the subdomain of R3 given by the
constraints βi ∈ (−∞, Q), β1 + β2 + β3 > 2Q+ χ. The same claim holds for H̃χ, except this time
the σi need to obey σ1 +

γ
4 ∈ B, σ2 + γ

4 ∈ B, σ1, σ2, σ3 ∈ B.

Proof. This result follows from a direct adaptation of the proof of the claim of analyticity in the βi
for H of Proposition 2.7, which is proved in Appendix B. The fact that we have an extra insertion
on the boundary poses no additional problem. Here we are also in the range of parameters where
the Seiberg bounds are satisfied and thus no truncation procedure is required. □

Lastly we recall here the range of parameters where the functions H and R are well-defined as
probabilistic quantities as performed in Section 2. For the H function the range on the βi and σi
is given by:

(4.12)

{
(β1, β2, β3, σ1, σ2, σ3) : βi < Q, Q− 1

2

∑
βi < γ ∧ 2

γ
∧min

i
(Q− βi), σi ∈ B

}
.

For the R function the range of β and σi is given by:

(4.13)

{
(β, σ1, σ2) :

γ

2
∨ (

2

γ
− γ

2
) < β < Q, σi ∈ B

}
.

4.2. The γ
2 -shift equations for H. We start by proving the shift equations on H in the case of

χ = γ
2 . We therefore use the functions H γ

2
(t) and H̃ γ

2
(t). For this first lemma the parameter range

is chosen such that the βi and σi parameters of each H in the shift equations belong to the domain
(4.12).

Lemma 4.5. Set χ = γ
2 . The shift equation (4.2) holds in the parameter range

(4.14)

β1 <
2

γ
, β2, β3 < Q, Q−1

2
(β1+β2+β3−

γ

2
) < γ∧ 2

γ
∧min

i
(Q−βi), σ1, σ2, σ3 ∈ B, σ2+

γ

4
∈ B,

and the shift equation (4.3) holds in parameter range:
(4.15)

β1, β2 <
2

γ
, β3 < Q, Q−1

2
(β1+β2+β3−

γ

2
) < γ∧ 2

γ
∧min

i
(Q−βi), σ1, σ2, σ3 ∈ B, σ2+

γ

4
∈ B.

Proof. Here we are always assuming χ = γ
2 . Lets first take a look at the parameter ranges given

by (4.14) and (4.15). For χ = γ
2 , the shift equation (4.2) contains the following three H functions:

H
(β1,β2− γ

2
,β3)

(σ1,σ2,σ3)
, H

(β1− γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

, H
(β1+

γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

.
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The βi and σi parameters of each H must be in the range (4.12). This gives (4.14). Similarly, the
second shift equations (4.3) contains the H functions

H
(β1,β2+

γ
2
,β3)

(σ1,σ2+
γ
4
,σ3)

, H
(β1− γ

2
,β2,β3)

(σ1,σ2,σ3)
, H

(β1+
γ
2
,β2,β3)

(σ1,σ2,σ3)
,

and the βi and σi then need to obey the constraint (4.15). It is easy to check that these parameter
constraints are non-empty. The condition of (4.14) is weaker than (4.15), and (4.15) can be satisfied
if all the βi parameters are chosen in the interval ( 2γ − ϵ, 2γ ) for a small ϵ > 0.

Lets now derive the first shift equation (4.2). We assume βi, σi obey (4.8) in order for H γ
2
to be

well-defined, plus the following extra constraint on β1:

(4.16)
γ

2
< β1 <

2

γ
.

By Proposition 4.3, the function t 7→ H γ
2
(t) obeys the hypergeometric equation for t ∈ (0, 1).

Using the basis of solutions of the hypergeometric equation recalled in Section A.1, we can write
the following solutions around t = 0 and t = 1, under the assumption that neither C, C −A−B,
or A−B are integers:2 For t ∈ (0, 1):

H γ
2
(t) = C1F (A,B,C, t) + C+

2 t
1−CF (1 +A− C, 1 +B − C, 2− C, t)

(4.17)

= B1F (A,B, 1 +A+B − C, 1− t) +B−
2 (1− t)C−A−BF (C −A,C −B, 1 + C −A−B, 1− t).

The constants C1, C
+
2 , B1, B

−
2 are the real constants that parametrize the solution space around

t = 0 and t = 1, we will identify them by Taylor expansion. First we note that by setting t = 0:

(4.18) C1 = H γ
2
(0) = H

(β1− γ
2
,β2,β3)

(σ1− γ
4
,σ2,σ3)

.

Next to find C+
2 we go at higher order in the t→ 0+ limit. For this we use the asymptotic expansion

of H γ
2
(t)−H γ

2
(0) given by Lemma E.1. Under the parameter constraints given by (4.8) and (4.16),

the lemma directly tells us that

H γ
2
(t)−H γ

2
(0) = C+

2 t
1−C + o(t1−C),(4.19)

where:

C+
2 =−

Γ(−1 + γβ1
2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(−γ2

4 )

(
g γ

2
(σ1 −

γ

4
)− g γ

2
(σ2 +

β1
2

− γ

4
)

)
H

(β1+
γ
2
,β2,β3)

(σ1− γ
4
,σ2,σ3)

.(4.20)

Similarly by setting t = 1 we get:

B1 = H
(β1,β2− γ

2
,β3)

(σ1− γ
4
,σ2− γ

4
,σ3)

.(4.21)

The connection formula (A.8) between C1, C
+
2 , and B1 then implies the shift equation (4.2) for

χ = γ
2 in the range of parameters constraint by (4.8) and (4.16), after performing furthermore the

replacement σ1 → σ1 +
γ
4 and σ2 → σ2 +

γ
4 (which also rotates the domain where σ1, σ2 belongs).

To lift these constraint we then invoque the analyticity of H as a function of its parameters given
by Proposition 2.8. We have thus shown that (4.2) holds for χ = γ

2 in the parameter range given
by (4.14).

2The values excluded here are recovered by a simple continuity argument in γ.
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Now we repeat these steps with H̃ γ
2
to obtain the shift equation with the opposite phase. We

expand H̃ γ
2
(t), for t ∈ (0, 1)

H̃ γ
2
(t) = C̃1F (A,B,C, t) + C̃+

2 t
1−CF (1 +A− C, 1 +B − C, 2− C, t)

(4.22)

= B̃1F (A,B, 1 +A+B − C, 1− t) + B̃−
2 (1− t)C−A−BF (C −A,C −B, 1 + C −A−B, 1− t)

and compute in the same way the values of C̃1, C̃
+
2 , B̃

−
2 :

C̃1 = H
(β1− γ

2
,β2,β3)

(σ1+
γ
4
,σ2,σ3)

,(4.23)

C̃+
2 = −

Γ(−1 + γβ1
2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(−γ2

4 )

(
g γ

2
(σ1 +

γ

4
)− g γ

2
(σ2 −

β1
2

+
γ

4
)

)
H

(β1+
γ
2
,β2,β3)

(σ1+
γ
4
,σ2,σ3)

,(4.24)

B̃−
2 = −

Γ(−1 + γβ2
2 − γ2

4 )Γ(1−
γβ2
2 )

Γ(−γ2

4 )

(
g γ

2
(σ3)− g γ

2
(σ2 +

β2
2
)

)
H

(β1,β2+
γ
2
,β3)

(σ1+
γ
4
,σ2+

γ
4
,σ3)

(4.25)

Then the connection formula (A.8) implies the shift equation (4.3) for χ = γ
2 . □

Remark 4.6. Notice that the two shift equations we derive using respectively Hχ and H̃χ do
not have exactly the same shape, the reason being that in the proof above we used the connection
formula between the coefficients C1, C

+
2 , B1 to derive (4.2) and we the connection formula between

C̃1, C̃
+
2 , B̃

−
2 to derive (4.3). One may wonder why we did not use the connection formula between

C̃1, C̃
+
2 , B̃1 in the case of H̃χ as well. The main reason is that with this choice it is possible

to perform a certain linear combination of the shift equations (4.2) and (4.3) to obtain a shift
equation of H shifting only the parameter β1. This will be crucial to be able to argue a uniqueness
statement for the solutions to (4.2) and (4.3), see the proof of Theorem 1.1 at the beginning of this
section and [RZ21].

4.3. The γ
2 -shift equations for R. The next step is to derive the γ

2 -shift equation for the reflec-
tion coefficient R. The key idea is to take a suitable limit of the γ

2 -shift equations for H that we
have established in Lemma 4.5 to make R appear from H. For this purpose we give the following
result expressing R as a limit of H.

Lemma 4.7. Suppose the βi are in the range given by (4.12) and the σi in B. Suppose Q > β1 >
β2 ∨ γ

2 and β1 − β2 < β3 < Q. Then the following limit holds:

lim
β3↓β1−β2

(β2 + β3 − β1)H
(β1,β2,β3)
(σ1,σ2,σ3)

= 2R(β1, σ1, σ2).

The proof of this lemma is carried out in Appendix C. We are now ready to prove the γ
2 -shift

equation for R.

Lemma 4.8. Consider β1 ∈ (γ2 ∨ ( 2γ − γ
2 ),

2
γ ) and σ1, σ2 ∈ C such that σ1, σ2, σ2 +

γ
4 all belong to

B. Then R(β, σ1, σ2) obeys

R(β1, σ1, σ2) = −
Γ(−1 + γβ1

2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(−γ2

4 )

(
g γ

2
(σ1)− g γ

2
(σ2 +

β1
2
)

)
R(β1 +

γ

2
, σ1, σ2 +

γ

4
).

(4.26)
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Similarly for β1 ∈ (0 ∨ ( 2γ − γ), 2γ − γ
2 ) and the same constraint on σ1, σ2 as previously,

R(β1 +
γ

2
, σ1, σ2 +

γ

4
) = −

Γ(−1 + γβ1
2 )Γ(1− γβ1

2 − γ2

4 )

Γ(−γ2

4 )

(
g γ

2
(σ1)− g γ

2
(σ2 −

β1
2
)

)
R(β1 + γ, σ1, σ2).

(4.27)

Proof. Let us derive the first shift equation (4.26) which will follow from taking a limit of (4.2). Fix
a β1 ∈ (γ2 ∨ ( 2γ −

γ
2 ),

2
γ ). Consider two parameters ϵ, η > 0 chosen small enough and set β2 = β1− ϵ,

β3 = β1−β2+ γ
2 +η = γ

2 +ϵ+η. Notice that for this parameter choice the condition (4.14) required
in Lemma 4.5 is satisfied. By applying Lemma 4.7 we get:

lim
β3↓β1−β2+ γ

2

(β2 + β3 − β1 −
γ

2
)H

(β1,β2− γ
2
,β3)

(σ1,σ2,σ3)
= 2R(β1, σ1, σ2),

lim
β3↓β1−β2+ γ

2

(β2 + β3 − β1 −
γ

2
)

Γ(γβ12 − γ2

4 )Γ(1−
γβ2
2 + γ2

4 )

Γ(γβ12 + (q − 1)γ
2

4 )Γ(1−
γ
2β2 − (q − 1)γ

2

4 ))
H

(β1− γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

= 0,

lim
β3↓β1−β2+ γ

2

(β2 + β3 − β1 −
γ

2
)

[
Γ(2 + γ2

4 − γβ1
2 )Γ(1− γβ2

2 + γ2

4 )Γ(−1 + γβ1
2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(1 + γ2

4 )Γ(2−
γ
2 (β1 + β2)− (q − 2)γ

2

4 ))Γ(−
γ2

4 )

×
(
g γ

2
(σ1)− g γ

2
(σ2 +

β1
2
)

)
H

(β1+
γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

]

= 2
Γ(−1 + γβ1

2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(−γ2

4 )

(
g γ

2
(σ1)− g γ

2
(σ2 +

β1
2
)

)
R(β1 +

γ

2
, σ1, σ2 +

γ

4
).

In the above three limits the second one is actually trivial, only the first and third involve using
Lemma 4.7. Putting these limits together using (4.2) leads to (4.26). By using the alternative

function H̃ γ
2
(t) along the same lines we obtain the relation (4.27) between R(β1 +

γ
2 , σ1, σ2 +

γ
4 )

and R(β1 + γ, σ1, σ2). Hence this implies the claim of the lemma. □

4.4. Analytic continuation for H and R. In this subsection we will analytically extend the
functions H and R to a larger domain of parameters than the one we are currently working with.
For this purpose, we must first derive the so-called reflection principle for H and R which will be
obtain by performing the OPE with reflection in the case χ = γ

2 . We rely extensively on Lemma
E.2 giving the Taylor expansion using the reflection coefficient. Finally we also extend the validity
of Lemma 4.7 to a larger range of parameters.

Lemma 4.9 (Reflection principle for H
(β1,β2,β3)
(σ1,σ2,σ3)

). Consider parameters σ1, σ2, σ3, β1, β2, β3 satis-

fying the parameter ranges (4.12) and (4.13) for H
(β1,β2,β3)
(σ1,σ2,σ3)

and R(β1, σ1, σ2) to be well-defined.

Then one can meromorphically extend β1 7→ H
(β1,β2,β3)
(σ1,σ2,σ3)

beyond the point β1 = Q by the following

relation:

H
(β1,β2,β3)
(σ1,σ2,σ3)

= R(β1, σ1, σ2)H
(2Q−β1,β2,β3)
(σ1,σ2,σ3)

.(4.28)

The quantity H
(2Q−β1,β2,β3)
(σ1,σ2,σ3)

is thus well-defined as long as the parameters of H
(β1,β2,β3)
(σ1,σ2,σ3)

and R(β1, σ1, σ2)

respectively obey the constraints of (4.12) and (4.13). Similarly, for σ1, σ2 ∈ B, we can analytically
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extend β1 7→ R(β1, σ1, σ2) to the range (( 2γ − γ
2 ) ∨

γ
2 , Q+ ( 2γ ∧ γ)) thanks to the relation:

R(β1, σ1, σ2)R(2Q− β1, σ1, σ2) = 1.(4.29)

Proof. Throughout the proof we keep the same notations as used in the proof of Lemma 4.5 for
the solution space of the hypergeometric equation satisfied by H γ

2
(t) for t ∈ (0, 1). We assume the

parameters βi, σi obey the condition (4.8) in order for H γ
2
(t) to be well-defined. We also add the

condition β1 ∈ (Q− β0, Q) so that we can apply the result of Lemma E.2 and identify the value of
C+
2 to be:

(4.30) C+
2 = R(β1, σ1 −

γ

4
, σ2 −

γ

4
)H

(2Q−β1− γ
2
,β2,β3)

(σ1− γ
4
,σ2,σ3)

.

The key argument is to observe that since by Lemma 4.4 β1 7→ H γ
2
(t) is complex analytic so is the

coefficient C+
2 . By using this combined with the analyticity of R and H, we can extend the range of

validity of equation (4.30) from β1 ∈ (Q−β0, Q) to β1 ∈ ( 2γ , Q), still under the constraint of (4.8).

Now equation (4.20) derived in the the proof of Lemma 4.5 gives us an alternative expression for
C+
2 , which is valid for β1 ∈ (γ2 ,

2
γ ). The analycity of β1 7→ C+

2 in a complex neighborhood of 2
γ then

implies that one can “glue” together the two expressions for C+
2 . More precisely, after performing

the parameter replacement σi → σi +
γ
4 for i = 1, 2, 3, the equality

R(β1, σ1, σ2)H
(2Q−β1− γ

2
,β2,β3)

(σ1,σ2+
γ
4
,σ3+

γ
4
)

=
Γ(−1 + γβ1

2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(−γ2

4 )

(
(g γ

2
(σ1)− g γ

2
(σ2 +

β1
2
)

)
H

(β1+
γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3+

γ
4
)
,

(4.31)

provides the desired analytic continuation ofH. To land on the form of the reflection equation given
in the lemma one needs to replace β1 by β1− γ

2 . This transforms R(β1, σ1, σ2) into R(β1− γ
2 , σ1, σ2)

which we can shift back to R(β1, σ1, σ2 +
γ
4 ) using the shift equation (4.26). Lastly we perform

the parameter replacement σ2 +
γ
4 to σ2 and σ3 +

γ
4 to σ3. Therefore this implies the claim of the

reflection principle for H. The claim for R is then an immediate consequence. □

At this stage we will use the shift equations we have derived to analytically continue H and R
both in the parameters βi and σi. The analytic continuations will be defined in a larger range of
parameters than (4.12) and (4.13) required for the GMC expressions to be well-defined. The proofs
follow closely the ones of [RZ21]. We start with the case of R which is very straightforward.

Lemma 4.10. (Analytic continuation of R(β1, σ1, σ2)) For all σ1, σ2 ∈ B, the meromorphic func-
tion β1 7→ R(β1, σ1, σ2) originally defined on the interval (( 2γ −

γ
2 )∨

γ
2 , Q) extends to a meromorphic

function defined in a complex neighborhood of R and satisfying the shift equation:

R(β1, σ1, σ2)

R(β1 + γ, σ1, σ2)
= (

γ

2
)4
Γ(−1 + γβ1

2 − γ2

4 )Γ(1−
γβ1
2 − γ2

4 )Γ(1−
γβ1
2 )Γ(−1 + γβ1

2 )

sin(π γ
2

4 )Γ(1−
γ2

4 )
2

(4.32)

× 4 sin(
γπ

2
(
β

2
− σ1 − σ2 +Q)) sin(

γπ

2
(
β

2
+ σ1 + σ2 −Q)) sin(

γπ

2
(
β

2
+ σ2 − σ1)) sin(

γπ

2
(
β

2
+ σ1 − σ2)).

Furthermore, for a fixed β1 in the above complex neighborhood of R, the function R(β1, σ1, σ2)
extends to a meromorphic function of (σ1, σ2) on C2.

Proof. This proof is performed in [RZ21] but we sketch it below as it is quite short. Fix first
the parameters σ1, σ2 in B. Thanks to Proposition 2.12, β1 7→ R(β1, σ1, σ2) is meromorphic in a
complex neighborhood of the real interval (( 2γ − γ

2 ) ∨
γ
2 , Q), and thanks to the reflection principle
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given by Lemma 4.9, it is meromorphic in a complex neighborhood of (( 2γ − γ
2 ) ∨

γ
2 , Q+ ( 2γ ∧ γ)).

Note that the length of this interval is strictly greater than γ.
Combining the two shift equations of Lemma 4.8, we obtain the shift equation (4.32) relating

R(β1+γ, σ1, σ2) and R(β1, σ1, σ2), which does not shift the σ1, σ2 parameters. Since R(β1, σ1, σ2) is
defined in a complex neighborhood of a real interval of length strictly bigger than γ, the shift equa-
tion (4.32) can be used to meromorphicaly extend β1 7→ R(β1, σ1, σ2) to a complex neighborhood
of the whole real line.

Now for any β1 fixed in this complex neighborhood of R, we perform the analytic continuation
to C2 in the variables σ1, σ2. For this one can simply apply either of the shift equation of Lemma
4.8. This is possible since the band B has width strictly greater than γ

4 . Hence the result. □

Lemma 4.11. (Analytic continuation of H
(β1,β2,β3)
(σ1,σ2,σ3)

) Fix σ3 ∈ [− 1
2γ + Q

2 ,
1
2γ + Q

2 − γ
4 ] × R and

fix σ1, σ2 ∈ B. Then the function (β1, β2, β3) 7→ H
(β1,β2,β3)
(σ1,σ2,σ3)

originally defined in the parameter

range given by (4.12) extends to a meromorphic function of the three variables in a small complex
neighborhood of R3. Now fix β1, β2, β3 in this complex neighborhood of R3, keeping σ3 still fixed in

[− 1
2γ + Q

2 ,
1
2γ + Q

2 − γ
4 ] × R. The function (σ1, σ2) 7→ H

(β1,β2,β3)
(σ1,σ2,σ3)

then extends to a meromorphic

function of C2.

Proof. This proof follows exactly the proof performed in [RZ21] with one notable difference, which
is that we are not able to use an extra property on the σi. Indeed, in the case µ = 0 when H has
an expression reducing to a moment of a boundary GMC measure, if one adds a global constant to
each of the σi the functionH is simply changed by a global phase. In our case this property does not
hold which is why we are not able to perform the extension in the variable σ3. Notice though that
once Theorem 1.1 is established, the exact formula HPT implies that H extends meromorphically
in all its parameters to C6. □

We finish this subsection by extending Lemma 4.7 to a larger range of parameters that will be
required for the next subsection. This is a novel difficulty that was not present in [RZ21] because
in our case we had to perform a truncation procedure to define H and R while in [RZ21] they
simply reduce to a moment of GMC.

Lemma 4.12. Suppose β1, β2, β3 satisfy Q − 1
2

∑
i βi <

2
γ ∧mini(Q − βi), Q > β1 > β2 ∨ γ

2 and

β1 − β2 < β3 < Q. Let also σ1 ∈ B and σ2, σ3 ∈ B. Then the following limit holds

lim
β3→β1−β2

(β2 + β3 − β1)H
(β1,β2,β3)
(σ1,σ2,σ3)

= 2R(β1, σ1, σ2),

where the function R should be understood by the analytic continuation given in Lemma 4.10.

Proof. Lets check one step of the proof. We will use the shift equation

H
(β1,β2− γ

2
,β3)

(σ1,σ2,σ3)
=

Γ(γβ12 − γ2

4 )Γ(1−
γβ2
2 + γ2

4 )

Γ(γβ12 + (q − 1)γ
2

4 )Γ(1−
γ
2β2 − (q − 1)γ

2

4 ))
H

(β1− γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

(4.33)

−
Γ(2 + γ2

4 − γβ1
2 )Γ(1− γβ2

2 + γ2

4 )Γ(−1 + γβ1
2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(1 + qγ2

4 )Γ(2− γ
2 (β1 + β2)− (q − 2)γ

2

4 ))Γ(−
γ2

4 )

(
(g γ

2
(σ1)− g γ

2
(σ2 +

β1
2
)

)
H

(β1+
γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

,

Lets assume that the parameters of H
(β1+

γ
2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

are such that the range of Proposition 2.7 is

satisfied and such that β1 ∈ ((Q−γ)∨ γ
2 , Q). By taking a suitable limit, we can derive the limiting

statement for β1 ∈ ((Q− 3
2γ) ∨

γ
2 , Q) which extends the probabilistic range.
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A few things to be careful about. First, the term H
(β1− γ

2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

needs to disappear in the limit.

For this to happen, first the parameters must be such that there are no poles in the gamma
functions in the prefactor. This is true for β1 ∈ (γ2 , Q) and β2 < Q. The fact we really need to

double check is that H
(β1− γ

2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

has no poles at the given point. This should be true thanks to

the shift equation as well, since there are no poles in the probabilistic range and H
(β1− γ

2
,β2,β3)

(σ1,σ2+
γ
4
,σ3)

has

been defined by the shift equation which prescribes all the poles.
□

4.5. The 2
γ -shift equations for the reflection coefficient. Finally we will derive the 2

γ -shift

equations on R(β1, σ1, σ2) that will completely specify its value.

Lemma 4.13. ( 2γ -shift equations for R(β1, σ1, σ2)). For all σ1, σ2 ∈ C, the meromorphic func-

tion β1 7→ R(β1, σ1, σ2) defined in a complex neighborhood of R satisfies the shift equations in
Theorem 4.2 with χ = 2

γ .

We are now working exclusively with the choice χ = 2
γ . There are two steps that will each require

their own range of parameters. We first place ourselves in the following range that will allow us to
apply the OPE with reflection of Lemma E.2 around the β1 insertion at 0:

(4.34) t ∈ (0, 1), β1, β2, β3 ∈ (Q− ϵ,Q), σ1, σ2 ∈ iR+
1

2γ
+
Q

2
, σ3 ∈ B.

In the above ϵ is chosen small enough, smaller than the constant β0 required to apply Lemma
E.2. We can thus expand H 2

γ
(t) on the basis, for t ∈ (0, 1)

H 2
γ
(t) = C1F (A,B,C, t) + C+

2 t
1−CF (1 +A− C, 1 +B − C, 2− C, t)

(4.35)

= B1F (A,B, 1 +A+B − C, 1− t) +B−
2 (1− t)C−A−BF (C −A,C −B, 1 + C −A−B, 1− t),

where again C1, C
+
2 , B1, B

−
2 are parametrizing the solution space around the points 0 and 1. As

before by sending t to 0 and to 1 one obtains:

(4.36) C1 = H 2
γ
(0) = H

(β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

, B1 = H 2
γ
(1) = H

(β1,β2− 2
γ
,β3)

(σ1− 1
γ
,σ2− 1

γ
,σ3)

.

Since the condition required for Lemma E.2, β1 ∈ (Q− β0, Q), is satisfied one then derives:

(4.37) C+
2 = R(β1, σ1 −

1

γ
, σ2 −

1

γ
)H

(2Q−β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

.

Similarly, we can apply Lemma E.2 around t = 1 and get:

(4.38) B−
2 = R(β2, σ2, σ3)H

(β1,2Q−β2− 2
γ
,β3)

(σ1− 1
γ
,σ2− 1

γ
,σ3)

.

The quantities C1, B
−
2 , C

+
2 identified above are then related by the connection formula (A.8):

(4.39) B−
2 =

Γ(C)Γ(A+B − C)

Γ(A)Γ(B)
C1 +

Γ(2− C)Γ(A+B − C)

Γ(A− C + 1)Γ(B − C + 1)
C+
2 .
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We repeat the same procedure to identify the coefficients D+
2 , C

−
2 using the same parameter

ranges as before except with t ∈ (−∞, 0):

(4.40) t ∈ (−∞, 0), β1, β2, β3 ∈ (Q− ϵ,Q), σ1, σ2 ∈ iR+
1

2γ
+
Q

2
, σ3 ∈ B.

For t ∈ (−∞, 0), H 2
γ
(t) can be expanded on the basis:

H 2
γ
(t) = C1F (A,B,C, t) + C−

2 t
1−CF (1 +A− C, 1 +B − C, 2− C, t)

(4.41)

= D1e
iπAt−AF (A, 1 +A− C, 1 +A−B, t−1) +D+

2 e
iπBt−BF (B, 1 +B − C, 1 +B −A, t−1).

The coefficients C−
2 , D

+
2 have expressions given by:

C−
2 = e

−iπ(1− 2β1
γ

+ 4
γ2

)
R(β1, σ1, σ2)H

(2Q−β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

,(4.42)

D+
2 = R(β3, σ1 −

1

γ
, σ3)H

(β1,β2,2Q−β3− 2
γ
)

(σ1,σ2,σ3)
.(4.43)

Using the connection formula (A.7) we can write this time:

D+
2 =

Γ(C)Γ(A−B)

Γ(A)Γ(C −B)
C1 + eiπ(1−C) Γ(2− C)Γ(A−B)

Γ(1−B)Γ(A− C + 1)
C−
2 .(4.44)

By eliminating the coefficient C1 we obtain the relation:

Γ(B)

Γ(A+B − C)
B−

2 − Γ(C −B)

Γ(A−B)
D+

2 =
Γ(2− C)

Γ(A− C + 1)

(
Γ(B)

Γ(B − C + 1)
C+
2 − eiπ(1−C)Γ(C −B)

Γ(1−B)
C−
2

)
.

(4.45)

Let us state this identity as a lemma where the constants B−
2 , D

+
2 , C

+
2 , and C−

2 have been replaced
by their explicit expressions in terms of H and R.

Lemma 4.14. The following identity holds:

Γ(B)

Γ(A+B − C)
R(β2, σ2, σ3)H

(β1,2Q−β2− 2
γ
,β3)

(σ1− 1
γ
,σ2− 1

γ
,σ3)

− Γ(C −B)

Γ(A−B)
R(β3, σ1 −

1

γ
, σ3)H

(β1,β2,2Q−β3− 2
γ
)

(σ1,σ2,σ3)

(4.46)

=
Γ(2− C)

Γ(A− C + 1)
H

(2Q−β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

(
Γ(B)

Γ(B − C + 1)
R(β1, σ1 −

1

γ
, σ2 −

1

γ
)

− eiπ(1−C)Γ(C −B)

Γ(1−B)
e
−iπ(1− 2β1

γ
+ 4

γ2
)
R(β1, σ1, σ2)

)
This identity is originally derived in the range of parameters

(4.47) β1, β2, β3 ∈ (Q− ϵ,Q), σ1, σ2 ∈ iR+
1

2γ
+
Q

2
, σ3 ∈ B,

but it can be viewed as an identity of the meromorphically extended functions H and R, the exten-
sion being provided by Lemmas 4.11 and 4.10.



40 MORRIS ANG, GUILLAUME REMY, XIN SUN, AND TUNAN ZHU

The next step is to use again the limit H goes to R to derive from the above equation a relation
on R. This requires to change the parameter range on the βi in order to apply Lemma 4.12 giving
R as a limit of H. Let us now take

β1 = β ∈ (
γ

2
,
2

γ
), β2 =

γ

2
+ η, β3 = Q− β, σ1 ∈ iR+

1

2γ
+
Q

2
, σ2, σ3 ∈ B,(4.48)

and study the asymptotic as η → 0. The functions H and R appearing are viewed as defined by
the meromorphic extension of Lemmas 4.11 and 4.10. For the above choice of parameters

(4.49) q =
4

γ2
− η

γ
, A = − 4

γ2
+
η

γ
, B =

2β

γ
− 4

γ2
+
η

γ
, C =

2β

γ
− 4

γ2
,

and the two H functions that we are going to apply the Lemma 4.12 to are

H
(2Q−β1− 2

γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

= H
(2Q−β− 2

γ
, γ
2
+η,Q−β)

(σ1− 1
γ
,σ2,σ3)

, and H
(β1,β2,2Q−β3− 2

γ
)

(σ1,σ2,σ3)
= H

(β, γ
2
+η, γ

2
+β)

(σ1,σ2,σ3)
.

We compute the following limits, the last one is trivial and does not require using Lemma 4.12.

lim
η→0

ηD+
2 = 2R(Q− β, σ1 −

1

γ
, σ3)R(β +

γ

2
, σ1, σ3) =

2R(β + γ
2 , σ1, σ3)

R(β +Q, σ1 − 1
γ , σ3)

,

(4.50)

lim
η→0

ηC−
2 = 2e

−iπ(1− 2β
γ
+ 4

γ2
)
R(β, σ1, σ2)R(2Q− β − 2

γ
, σ1 −

1

γ
, σ2) =

2e
−iπ(1− 2β

γ
+ 4

γ2
)
R(β, σ1, σ2)

R(β + 2
γ , σ1 −

1
γ , σ2)

,

(4.51)

lim
η→0

η2B−
2 = −4 lim

η→0
ηR(

γ

2
+ η, σ2, σ3).

(4.52)

Putting all these into (4.46), we get:

−4
Γ(2βγ − 4

γ2
)

Γ(− 4
γ2
)

lim
η→0

ηR(
γ

2
+ η, σ2, σ3) +

2γ

Γ(−2β
γ )

(1− γβ
2 + γ2

4 )

−γβ
2

R(β, σ1, σ3 − γ
4 )

R(β + 2
γ , σ1 −

1
γ , σ3 −

γ
4 )

=
2γ(1− 2β

γ + 4
γ2
)

Γ(1− 2β
γ )

R(β, σ1, σ2)

R(β + 2
γ , σ1 −

1
γ , σ2)

.

After simplifications one obtains:

1

Γ(−1 + 2β
γ − 4

γ2
)Γ(1− 2β

γ )

(
R(β, σ1, σ2)

R(β + 2
γ , σ1 −

1
γ , σ2)

−
R(β, σ1, σ3 − γ

4 )

R(β + 2
γ , σ1 −

1
γ , σ3 −

γ
4 )

)
(4.53)

=
2

γΓ(− 4
γ2
)
lim
η→0

ηR(
γ

2
+ η, σ2, σ3).

We want to determine the function on the right hand side of the above equation. It is natural to
use the γ

2 -shift equation (4.26) on R to write:

R(
γ

2
+ η, σ2, σ3) = −

Γ(−1 + γη
2 )Γ(1− γ2

4 − γη
2 )

Γ(−γ2

4 )

(
g γ

2
(σ2)− g γ

2
(σ3 +

γ

4
+
η

2
)
)
R(γ + η, σ2, σ3 +

γ

4
).
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Simplifying the limit, one gets:

lim
η→0

ηR(
γ

2
+ η, σ2, σ3) =

2

γ

Γ(1− γ2

4 )

Γ(−γ2

4 )

(
g γ

2
(σ2)− g γ

2
(σ3 +

γ

4
)
)
R(γ, σ2, σ3 +

γ

4
).

We now introduce the shorthand notation R(β, σ1, σ2) =
R(β,σ1,σ2)

R(β+ 2
γ
,σ1− 1

γ
,σ2)

. By taking σ3 = σ2− γ
4

in (4.53), since limη→0 ηR(
γ
2 + η, σ2, σ2 − γ

4 ) = 0, we obtain that R(β, σ1, σ2) is
γ
2 -periodic in σ2.

At this point we will use an extra input form the mating-of-trees framework which will give us the
explicit value of R(γ, σ2, σ3).

Lemma 4.15. Suppose γ2 is irrational. For some constant cγ depending only on γ we have:

R(γ, σ, σ′) = cγ
cos(4πγ (σ − Q

2 ))− cos(4πγ (σ′ − Q
2 ))

cos(γπ(σ − Q
2 ))− cos(γπ(σ′ − Q

2 ))
.

We defer the proof of this lemma to Appendix D.3. Using this lemma we can complete the proof
of Lemma 4.13. Below the constant cγ of γ can be different at every line. Using the previous lemma
we can compute:

lim
η→0

ηR(
γ

2
+ η, σ2, σ3) = cγ

(
cos(πγ(σ2 −

Q

2
))− cos(πγ(σ3 +

γ

4
− Q

2
))

)
R(γ, σ2, σ3 +

γ

4
)

= cγ sin(
πγ

2
(σ2 + σ3 +

γ

4
−Q)) sin(

πγ

2
(σ2 − σ3 −

γ

4
))
sin(2πγ (σ3 +

γ
4 − σ2)) sin(

2π
γ (σ3 +

γ
4 + σ2 − 2

γ ))

sin(γπ2 (σ3 +
γ
4 − σ2)) sin(

γπ
2 (σ3 +

γ
4 + σ2 − γ

2 ))

= cγ sin(
2π

γ
(σ3 +

γ

4
− σ2)) sin(

2π

γ
(σ3 +

γ

4
+ σ2 −

2

γ
))

= cγ

(
cos(

2π

γ
(2σ2 −

2

γ
))− cos(

2π

γ
(2σ3 +

γ

2
− 2

γ
))

)
.

Therefore we land on:

R(β, σ1, σ2)−R(β, σ1, σ3 −
γ

4
)(4.54)

= cγΓ(−1 +
2β

γ
− 4

γ2
)Γ(1− 2β

γ
)

(
cos(

2π

γ
(2σ2 −

2

γ
))− cos(

2π

γ
(2σ3 +

γ

2
− 2

γ
))

)
.

By setting σ3 to any fixed value, the above equation implies the following claim

(4.55) R(β, σ1, σ2) = cγΓ(−1 +
2β

γ
− 4

γ2
)Γ(1− 2β

γ
) cos(

2π

γ
(2σ2 −

2

γ
)) + u(σ1, β, γ),

where u(σ1, β, γ) is an unknown function that does not depend on σ2. It thus remains to evaluate

this function u. For this we will use the fact that we know that R(β, σ1, σ1 − β
2 ) = 0 which can be

easily deduced from the γ
2 -shift equation (4.26). Indeed, this is clear since the right hand side of

(4.26) is zero when σ2 = σ1 − β
2 . Thus this implies that:

u(σ1, β, γ) = −cγΓ(−1 +
2β

γ
− 4

γ2
)Γ(1− 2β

γ
) cos(

2π

γ
(2σ1 − β − 2

γ
)).

Now renaming as c 2
γ
(γ) the unknown function of γ, we have thus shown that:

R(β, σ1, σ2)

R(β + 2
γ , σ1 −

1
γ , σ2)

= c 2
γ
(γ)Γ(−1 +

2β

γ
− 4

γ2
)Γ(1− 2β

γ
)

(
g 2

γ
(σ2)− g 2

γ
(σ1 −

β

2
)

)
.(4.56)
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Similarly by working with auxiliary function H̃χ(t) yields the shift equation:

R(β + 2
γ , σ1 −

1
γ , σ2)

R(β + 4
γ , σ1, σ2)

= c 2
γ
(γ)Γ(−1 +

2β

γ
)Γ(1− 2β

γ
− 4

γ2
)

(
g 2

γ
(σ2)− g 2

γ
(σ1 +

β

2
)

)
.

This completes the proof of Lemma 4.13.

4.6. Proof of the 2
γ -shift equations for H. In this last step we complete deriving the shift

equation for H in the case where χ = 2
γ .

Proof of Proposition 4.1. First the claim on the meromorphic extension of H has been obtained in
Lemma 4.11. Next the shift equations come from applying (A.8). The first comes from the relation

B1 =
Γ(χ(β1 − χ))Γ(1− χβ2 + χ2)

Γ(χ(β1 − χ+ q γ2 )Γ(1− χβ2 + χ2 − q γχ2 )
C1 +

Γ(2− χβ1 + χ2)Γ(1− χβ2 + χ2)

Γ(1 + qγχ
2 )Γ(2− χ(β1 + β2 − 2χ+ q γ2 ))

C+
2 ,

(4.57)

and the second can be deduced by using:

B̃−
2 =

Γ(χ(β1 − χ))Γ(−1 + χβ2 − χ2)

Γ(−q γχ2 )Γ(−1 + χ(β1 + β2 − 2χ+ q γ2 ))
C̃1 +

Γ(2− χβ1 + χ2))Γ(−1 + χβ2 − χ2)

Γ(1− χ(β1 − χ+ q γ2 )Γ(χβ2 − χ2 + q γχ2 )
C̃+
2 .

(4.58)

We have already derived them in the case of χ = γ
2 in Lemma 4.5. Setting now χ = 2

γ , we similarly

identify the constants B1, C1, C
+
2 , B̃

−
2 , C̃1, C̃

+
2 . For C+

2 , B̃
−
2 , C̃

+
2 we use the result of Lemma E.2

which gives us an expression with both an H and an R function. For instance:

C+
2 = R(β1, σ1 −

1

γ
, σ2 −

1

γ
)H

(2Q−β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

.

To obtain an expression for C+
2 involving H

(β1+
2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

and no R function, we will need to apply

the shift equation on R given in Theorem 4.2 to simplify the ratio
R(β1,σ1− 1

γ
,σ2− 1

γ
)

R(β1+
2
γ
,σ1− 1

γ
,σ2)

and then the

reflection principle given by equation (4.28). The same strategy can be applied to C̃+
2 and B̃−

2 .
This allows us to write:

C+
2 = χ2π

2χ
γ
−1Γ(−1 + χβ1 − χ2)Γ(1− χβ1)

Γ(1− γ2

4 )
2χ
γ

(
gχ(σ1 −

χ

2
)− gχ(σ2 +

β1
2

− χ

2
)

)
H

(β1+χ,β2,β3)

(σ1−χ
2
,σ2,σ3)

,

C̃+
2 = χ2π

2χ
γ
−1Γ(−1 + χβ1 − χ2)Γ(1− χβ1)

Γ(1− γ2

4 )
2χ
γ

(
gχ(σ1 +

χ

2
)− gχ(σ2 −

β1
2

+
χ

2
)

)
H

(β1+χ,β2,β3)

(σ1+
χ
2
,σ2,σ3)

,

(4.59)

B̃−
2 = χ2π

2χ
γ
−1Γ(−1 + χβ2 − χ2)Γ(1− χβ2)

Γ(1− γ2

4 )
2χ
γ

(
gχ(σ3)− gχ(σ2 +

β2
2
)

)
H

(β1,β2+χ,β3)

(σ1+
χ
2
,σ2+

χ
2
,σ3)

.

(4.60)

Putting all these into (4.57) and (4.58) proves the shift equations stated in the proposition. □
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Appendix A. Background on special functions

A.1. The hypergeometric equation. Here we recall some facts we have used on the hyperge-
ometric equation and its solution space. For A > 0 let Γ(A) =

´∞
0 tA−1e−tdt denote the standard

Gamma function which can then be analytically extended to C \ {−N}. Record the following
properties:

Γ(A+ 1) = AΓ(A), Γ(A)Γ(1−A) =
π

sin(πA)
, Γ(A)Γ(A+

1

2
) =

√
π21−2AΓ(2A).(A.1)

Let (A)n := Γ(A+n)
Γ(A) . For A,B,C, and t real numbers we define the hypergeometric function F by:

(A.2) F (A,B,C, t) :=

∞∑
n=0

(A)n(B)n
n!(C)n

tn.

This function can be used to solve the following hypergeometric equation:

(A.3)

(
t(1− t)

d2

dt2
+ (C − (A+B + 1)t)

d

dt
−AB

)
f(t) = 0.

We can give the following three bases of solutions corresponding respectively to t ∈ (0, 1), t ∈
(1,+∞) and t ∈ (−∞, 0). Under the assumption that C and C − A − B are not an integers, for
t ∈ (0, 1) we can write:

f(t) = C1F (A,B,C, t) + C+
2 t

1−CF (1 +A− C, 1 +B − C, 2− C, t)(A.4)

= B1F (A,B, 1 +A+B − C, 1− t)

+B−
2 (1− t)C−A−BF (C −A,C −B, 1 + C −A−B, 1− t).

Moving next to t ∈ (1,+∞), under the assumption that C −A−B and A−B are not integers:

f(t) = B1F (A,B, 1 +A+B − C, 1− t)(A.5)

+B+
2 (1− t)C−A−BF (C −A,C −B, 1 + C −A−B, 1− t)

= D1t
−AF (A, 1 +A− C, 1 +A−B, t−1)

+D−
2 t

−BF (B, 1 +B − C, 1 +B −A, t−1).

Lastly for t ∈ (−∞, 0), under the assumption that C and A−B are not an integer:

f(t) = C1F (A,B,C, t) + C−
2 t

1−CF (1 +A− C, 1 +B − C, 2− C, t)(A.6)

= D1t
−AF (A, 1 +A− C, 1 +A−B, t−1)

+D+
2 t

−BF (B, 1 +B − C, 1 +B −A, t−1).

For each of the three cases we have four real constants that parametrize the solution space, namely
C1, C

+
2 , B1, B

−
2 , B1, B

+
2 , D1, D

−
2 and D1, D

+
2 , C1, C

−
2 . We thus expect to have an explicit change of

basis formula that will give a link between C1, C
+
2 , B1, B

−
2 , and similarly for the two other cases.

This is precisely what gives the so-called connection formulas,

(A.7)

(
C1

C−
2

)
=

(
Γ(1−C)Γ(A−B+1)
Γ(A−C+1)Γ(1−B)

Γ(1−C)Γ(B−A+1)
Γ(B−C+1)Γ(1−A)

Γ(C−1)Γ(A−B+1)
Γ(A)Γ(C−B)

Γ(C−1)Γ(B−A+1)
Γ(B)Γ(C−A)

)(
D1

D+
2

)
,

(A.8)

(
B1

B−
2

)
=

(
Γ(C)Γ(C−A−B)
Γ(C−A)Γ(C−B)

Γ(2−C)Γ(C−A−B)
Γ(1−A)Γ(1−B)

Γ(C)Γ(A+B−C)
Γ(A)Γ(B)

Γ(2−C)Γ(A+B−C)
Γ(A−C+1)Γ(B−C+1)

)(
C1

C+
2

)
.
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Note that in our present case we have C+
2 ̸= C−

2 , B+
2 ̸= B−

2 , D
+
2 ̸= D−

2 , which is why we must
be distinguish three cases based on which interval t belongs to.

A.2. Double Gamma and Sine functions. We will now provide some explanations on the
functions Γ γ

2
(x) and S γ

2
(x) that we have introduced. For all γ ∈ (0, 2) and for Re(x) > 0, Γ γ

2
(x) is

defined by the integral formula,

(A.9) ln Γ γ
2
(x) =

ˆ ∞

0

dt

t

[
e−xt − e−

Qt
2

(1− e−
γt
2 )(1− e

− 2t
γ )

−
(Q2 − x)2

2
e−t +

x− Q
2

t

]
,

where we have Q = γ
2 + 2

γ . Since the function Γ γ
2
(x) is continuous it is completely determined by

the following two shift equations

Γ γ
2
(x)

Γ γ
2
(x+ γ

2 )
=

1√
2π

Γ(
γx

2
)(
γ

2
)−

γx
2
+ 1

2 ,(A.10)

Γ γ
2
(x)

Γ γ
2
(x+ 2

γ )
=

1√
2π

Γ(
2x

γ
)(
γ

2
)
2x
γ
− 1

2 ,(A.11)

and by its value in Q
2 , Γ γ

2
(Q2 ) = 1. Furthermore x 7→ Γ γ

2
(x) admits a meromorphic extension to all

of C with single poles at x = −nγ2 −m 2
γ for any n,m ∈ N and Γ γ

2
(x) is never equal to 0. We have

also used the double sine function defined by:

(A.12) S γ
2
(x) =

Γ γ
2
(x)

Γ γ
2
(Q− x)

.

It obeys the following two shift equations:

S γ
2
(x+ γ

2 )

S γ
2
(x)

= 2 sin(
γπ

2
x),

S γ
2
(x+ 2

γ )

S γ
2
(x)

= 2 sin(
2π

γ
x).(A.13)

The double sine function admits a meromorphic extension to C with poles at x = −nγ2 −m 2
γ and

with zeros at x = Q + nγ2 +m 2
γ for any n,m ∈ N. We also record the following asymptotic for

S γ
2
(x):

S γ
2
(x) ∼

{
e−i

π
2
x(x−Q) as Im(x) → ∞,

ei
π
2
x(x−Q) as Im(x) → −∞.

(A.14)

A.3. The Ponsot-Teschner function. We detail here some properties of the exact formula
HPT given by equation (1.8). What needs to be understood properly is the contour integral in the
expression of HPT, for convenience we introduce the notation:
(A.15)

JPT =

ˆ
C

S γ
2
(−β2

2 + σ2 + σ3 + r)S γ
2
(Q− β2

2 + σ3 − σ2 + r)S γ
2
(β32 + σ3 − σ1 + r)S γ

2
(Q− β3

2 + σ3 − σ1 + r)

S γ
2
(Q+ β1

2 − β2
2 + σ3 − σ1 + r)S γ

2
(2Q− β1

2 − β2
2 + σ3 − σ1 + r)S γ

2
(2σ3 + r)S γ

2
(Q+ r)

dr

i
.

The functions HPT and JPT are then related by an explicit prefactor containing the Γ γ
2
and S γ

2
.

The contour of integration C in JPT goes from −i∞ to i∞ passing to the right of the poles at
r = −(−β2

2 +σ2+σ3)−nγ2−m
2
γ , r = −(Q− β2

2 +σ3−σ2)−nγ2−m
2
γ , r = −(β32 +σ3−σ1)−nγ2−m

2
γ ,

r = −(Q− β3
2 +σ3−σ1)−nγ2−m

2
γ and to the left of the poles at r = −(β12 − β2

2 +σ3−σ1)+nγ2+m
2
γ ,

r = −(Q− β1
2 − β2

2 +σ3−σ1)+nγ2 +m
2
γ , r = −(2σ3−Q)+nγ2 +m

2
γ , r = nγ2 +m

2
γ with m,n ∈ N2.

The following lemma verifies that the integral is converging at ±i∞.
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Lemma A.1. The integral in (A.15) is absolutely converging at ±i∞.

Proof. We need to determine the asymptotic in r of the integrand of the contour integral as r goes
to ±i∞. For this we simply need to use the asymptotic of S γ

2
given by equation (A.14). Using this

fact, one obtains that the integrand as r → +i∞ is equivalent to c1e
3iπQr and as r → −i∞ to

c2e
−3iπQr for some constants c1, c2 ∈ C independent of r. Since Q > 0, the integral is absolutely

convergent. □

We now state a lemma giving the poles of JPT , viewed as a meromorphic function over C6 of
its six parameters β1, β2, β3, σ1, σ2, σ3.

Lemma A.2. The poles of the function JPT occur when ζ = nγ2 +m 2
γ where n,m ∈ N and ζ is

equal to any of the following
β1
2 − σ1 − σ2, Q− β1

2 − σ1 − σ2,
β2
2 − σ2 + σ3 −Q, β2

2 − σ2 − σ3,

−Q+ σ2 +
β1
2 − σ1, σ2 − σ1 − β1

2 , −2Q+ β2
2 + σ3 + σ2, −Q+ β2

2 − σ3 + σ2,

β1
2 − β2

2 − β3
2 , Q− β1

2 − β2
2 − β3

2 , −Q− β3
2 + σ3 + σ1, −β3

2 − σ3 + σ1,

−Q+ β1
2 − β2

2 + β3
2 ,

β3
2 − β1

2 − β2
2 , −2Q+ β3

2 + σ3 + σ1, −Q+ β3
2 − σ3 + σ1.

Proof. The proof exactly the same steps as the one given in [RZ21]. □

From here it is immediate that HPT is a meromorphic function on C6.

Lemma A.3. The function HPT is meromorphic on C6 as a function of the six parameters
β1, β2, β3, σ1, σ2, σ3.

Proof. In Lemma A.2 we have established that JPT is meromorphic on C6 with prescribed poles.
Since HPT is equal to JPT times an explicit prefactor containing Γ γ

2
and S γ

2
functions which are

meromorphic, this implies the claim. □

For the purpose of proving Theorem 1.1, we establish the following two facts about HPT.

Lemma A.4. The function HPT satisfies the shift equations of Theorem 4.1 satisfied by H.

Proof. Recalling (1.8), we introduce a function φ in the following way

(A.16) HPT

(
β1, β2, β3
σ1, σ2, σ3

)
=

ˆ
C
φ
(β1,β2,β3)
(σ1,σ2,σ3)

(r)dr,

where here φ
(β1,β2,β3)
(σ1,σ2,σ3)

(r) contains the r dependent integrand of the contour integral
´
C present in

(1.8) times the prefactor in front of the integral (which does not depend on r).
Checking that HPT satisfies the shift equations of Theorem 4.1 is equivalent to checking the

following shift equations,

HPT

(
β1, β2, β3
σ1, σ2, σ3

)
=

Γ(χ(β1 − χ))Γ(1− χβ2)

Γ(1− χ
2 (β2 + β3 − β1))Γ(

χ
2 (β1 + β3 − β2 − 2χ))

HPT

(
β1 − χ, β2 + χ, β3
σ1, σ2 +

χ
2 , σ3

)(A.17)

+ χ2

(
πµΓ(γ

2

4 )

Γ(1− γ2

4 )

)χ
γ

Γ(1− χβ1)Γ(1− χβ2)

sin(πχ(χ− β1))Γ(1 + χ(Q− β̄
2 ))Γ(1−

χ
2 (β1 + β2 − β3))

× 2 sin(πχ(
β1
2

+ σ1 + σ2 −Q)) sin(πχ(
β1
2

− σ1 + σ2))HPT

(
β1 + χ, β2 + χ, β3
σ1, σ2 +

χ
2 , σ3

)
,
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and:

χ2

π

(
πµΓ(γ

2

4 )

Γ(1− γ2

4 )

)χ
γ

Γ(1− χβ2)2 sin(πχ(
β2
2

+ σ2 + σ3 −Q)) sin(πχ(
β2
2

+ σ2 − σ3))HPT

(
β1 + χ, β2 + χ, β3
σ1, σ2 +

χ
2 , σ3

)(A.18)

=
Γ(χβ1)

Γ(χ2 (β̄ − 2Q))Γ(χ2 (β1 + β2 − β3))
HPT

(
β1, β2, β3
σ1, σ2, σ3

)

− χ2

(
πµΓ(γ

2

4 )

Γ(1− γ2

4 )

)χ
γ 2 sin(πχ(β12 − σ1 − σ2 +Q)) sin(πχ(β12 + σ1 − σ2))Γ(1− χβ1 − χ2)

sin(πχβ1)Γ(
χ
2 (β2 + β3 − β1 − 2χ))Γ(1− χ

2 (β1 + β3 − β2))
HPT

(
β1 + 2χ, β2, β3
σ1, σ2, σ3

)
.

This formulation of the two shift equations has been derived from Theorem 4.1 by shifting β2 to
β2+χ in (4.2) for the first and shifting β1 to β1+χ in (4.3) for the second. We have also used the
explicit expression (4.1) for gχ and written the difference of cosines as a product of sines. We now
compute the following ratios of φ,

φ
(β1−χ,β2+χ,β3)
(σ1,σ2+

χ
2
,σ3)

(r)

φ
(β1,β2,β3)
(σ1,σ2,σ3)

(r)
=
Γ(χ2 (β1 + β3 − β2 − 2χ))Γ(1− χ

2 (β2 + β3 − β1))Γ(1− χβ1 + χ2)

πΓ(1− χβ2)
(A.19)

× sin(πχ(
β1
2

− χ+ σ1 − σ2))
sin(πχ(−β1

2 + β2
2 + σ1 − σ3 − r))

sin(πχ(β22 + σ2 − σ3 − r))
,

φ
(β1+χ,β2+χ,β3)

(σ1,σ2+
χ
2
,σ3)

(r)

φ
(β1,β2,β3)
(σ1,σ2,σ3)

(r)
=χ−2

(
πµΓ(γ

2

4 )

Γ(1− γ2

4 )

)−χ
γ Γ(1 + χ(Q− β̄

2 ))Γ(1−
χ
2 (β1 + β2 − β3))

Γ(1− χβ1)Γ(1− χβ2)
(A.20)

×
sin(πχ(β12 + β2

2 − χ+ σ1 − σ3 − r))

2 sin(πχ(β12 − χ+ σ1 + σ2)) sin(πχ(
β2
2 + σ2 − σ3 − r))

.

If we plug these expressions into equation (A.17) and regroup the terms on one side we get:

ˆ
C
dr φ

(β1,β2,β3)
(σ1,σ2,σ3)

(r)

[
sin(πχ(β12 − χ+ σ1 − σ2)) sin(πχ(−β1

2 + β2
2 + σ1 − σ3 − r))

sin(πχ(β1 − χ)) sin(πχ(β22 + σ2 − σ3 − r))
− 1(A.21)

+
sin(πχ(β12 − σ1 + σ2)) sin(πχ(

β1
2 + β2

2 − χ+ σ1 − σ3 − r))

sin(πχ(β1 − χ)) sin(πχ(β22 + σ2 − σ3 − r))

]
.

We can verify with some algebra that the integrand of the above integral equals 0, hence (A.17)
holds. To check the second shift equation, we will need additionally the ratio:

φ
(β1+2χ,β2,β3)
(σ1,σ2,σ3)

(r)

φ
(β1,β2,β3)
(σ1,σ2,σ3)

(r)
= −πχ−2

(
πµΓ(γ

2

4 )

Γ(1− γ2

4 )

)−χ
γ Γ(1 + χ(Q− β̄

2 ))Γ(1−
χ
2 (β1 + β2 − β3))

Γ(χ2 (β1 + β3 − β2))Γ(1− χ
2 (β2 + β3 − β1 − 2χ))Γ(1− χβ1 − χ2))

(A.22)

× 1

Γ(1− χβ1)

sin(πχ(β12 + β2
2 − χ+ σ1 − σ3 − r))

2 sin(πχ(β12 + σ1 − σ2)) sin(πχ(
β1
2 + σ1 + σ2 − χ)) sin(πχ(β12 − β2

2 + χ+ σ3 − σ1 + r))
.

(A.23)
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Substituting this time into equation (A.18) and regrouping terms on one side we get:

Γ(χβ1)

Γ(χ2 (β − 2Q))Γ(χ2 (β1 + β2 − β3))

ˆ
C
dr φ

(β1,β2,β3)
(σ1,σ2,σ3)

(r)[
sin(πχβ1) sin(πχ(

β2

2 − χ+ σ2 + σ3)) sin(πχ(
β2

2 + σ2 − σ3)) sin(πχ(
β1

2 + β2

2 − χ+ σ1 − σ3 − r))

sin(πχ( β̄2 − χ)) sin(πχ2 (β1 + β2 − β3)) sin(πχ(
β1

2 − χ+ σ1 + σ2)) sin(πχ(
β2

2 + σ2 − σ3 − r))
− 1

−
sin(πχ2 (β1 + β3 − β2)) sin(

πχ
2 (β2 + β3 − β1 − 2χ)) sin(πχ(β1

2 + χ− σ1 − σ2)) sin(πχ(
β1

2 + β2

2 − χ+ σ1 − σ3 − r))

sin(χ( β̄2 − χ)) sin(πχ2 (β1 + β2 − β3)) sin(πχ(
β1

2 − χ+ σ1 + σ2)) sin(πχ(
β1

2 − β2

2 + χ+ σ3 − σ1 + r))

]
.

After some algebra we can write this quantity in the form:

Γ(χβ1)

Γ(χ2 (β − 2Q))Γ(χ2 (β1 + β2 − β3))

sin(πχβ1)

sin(πχ(β2 − χ)) sin(πχ2 (β1 + β2 − β3)) sin(πχ(
β1

2 − χ+ σ1 + σ2))

×
ˆ
C
dr φ

(β1,β2,β3)
(σ1,σ2,σ3)

(r)

[
sin(πχ(β1

2 + β2

2 − χ+ σ1 − σ3 − r)) sin(πχr) sin(πχ(2σ3 − χ+ r))

sin(πχ(β2

2 + σ2 − σ3 − r))

−
sin(πχ(β3

2 + σ3 − σ1 + r)) sin(πχ(β3

2 − χ+ σ1 − σ3 − r)) sin(πχ(β2

2 − σ2 − σ3 − r))

sin(πχ(β1

2 − β2

2 + χ+ σ3 − σ1 + r))

]

=
Γ(χβ1)

Γ(χ2 (β − 2Q))Γ(χ2 (β1 + β2 − β3))

×
sin(πχβ1) sin(πχ(

β3

2 + σ3 − σ1))

sin(πχ(β2 − χ)) sin(πχ2 (β1 + β2 − β3)) sin(πχ(
β1

2 − χ+ σ1 − σ2)) sin(πχ(
β3

2 − σ1 − σ3))

×
ˆ
C
dr (T−χ − 1)

(
sin(πχ(β1

2 + β2

2 − χ+ σ1 − σ3 − r)) sin(πχ(2σ3 − χ+ r)) sin(πχ(2σ3 − 2χ+ r))

sin(πχ(β2

2 + χ− σ2 − σ3 − r))
φ
(β1,β2,β3)
(σ1,σ2+χ,σ3+χ)(r)

)
,

Here we have used the notation T−χ for the operator that shifts the argument of the function it
is applied to by −χ, the variable we are shifting being r. Since we have the combination (T−χ− 1)
in the integrand, this corresponds to integrating r over two contours that are separated by a shift
horizontal shift of χ and which are in the opposite direction. Provided that there are no poles in
between these two contours, the whole contour integral will be equal to 0. This is indeed the case
thanks to the way the contour C has been chosen, which is to the right of the half-lattice of poles
extending in the −∞ direction, and to the left of the half-lattice of poles extending in the +∞
direction. □

Next we move on to showing:

Lemma A.5. The function HPT satisfies the following property:

(A.24) lim
β1→2Q−β2−β3

(
β̄

2
−Q)HPT

(
β1, β2, β3
σ1, σ2, σ3

)
= 1.

Furthermore HPT satisfies the reflection principle (4.28) of Lemma 4.9 satisfied by H, namely:

(A.25) HPT
(β1,β2,β3)
(σ1,σ2,σ3)

= RFZZ(β1, σ1, σ2)HPT
(2Q−β1,β2,β3)
(σ1,σ2,σ3)

.

Proof. It is rather direct to observe that HPT satisfies the reflection principle (4.28), since the
contour integral is not changed when applying the transform β1 → 2Q− β1. The evaluation of the
residue is an easy algebra using the shift equations of Γ γ

2
and S γ

2
. When β1 approaches 2Q−β2−β3

from the right hand side, the two poles at r = −(β32 + σ3 − σ1) and r = −(Q− β1
2 − β2

2 + σ3 − σ1)
in the contour integral will collapse. To extract the divergent term, we can slightly modify the
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contour to let it go from the right hand side of r = −(Q − β1
2 − β2

2 + σ3 − σ1), this allows us to
pick up the divergent term by residue theorem:
ˆ
C

S γ
2
(−β2

2 + σ2 + σ3 + r)S γ
2
(Q− β2

2 + σ3 − σ2 + r)S γ
2
(β32 + σ3 − σ1 + r)S γ

2
(Q− β3

2 + σ3 − σ1 + r)

S γ
2
(Q+ β1

2 − β2
2 + σ3 − σ1 + r)S γ

2
(2Q− β1

2 − β2
2 + σ3 − σ1 + r)S γ

2
(2σ3 + r)S γ

2
(Q+ r)

dr

i

β1→2Q−β2−β3∼ 1

2π(β2 −Q)

S γ
2
(β12 + σ1 + σ2 −Q)S γ

2
(β12 + σ1 − σ2)S γ

2
(Q− β3)

S γ
2
(β1)S γ

2
(−β3

2 + σ1 + σ3)S γ
2
(Q− β3

2 + σ1 − σ3)
.

We can check that when β1 → 2Q− β2 − β3, the preceding term is equivalent to

2π(
β

2
−Q)

S γ
2
(β1)S γ

2
(β3)

S γ
2
(β12 + σ1 − σ2)S γ

2
(β32 + σ3 − σ1)S γ

2
(β12 + σ1 + σ2 −Q)S γ

2
(β32 − σ1 − σ3 +Q)

(A.26)

This proves that limβ1→2Q−β2−β3(
β̄
2 −Q)HPT

(
β1, β2, β3
σ1, σ2, σ3

)
= 1.

□

Appendix B. Analytic continuation in β

Proposition B.1. Fix µi with ℜµi > 0 for i = 1, 2, 3. For the domain

(B.1) V := {(β1, β2, β3) ∈ R3 : Q− 1

2

∑
βi < γ ∧ 2

γ
∧min

i
(Q− βi) and βi < Q for i = 1, 2, 3},

each of the functions

(β1, β2, β3) 7→
ˆ
Ae−A−

∑
µiLi LF

(β1,0)(β2,1),(β3,∞)
H (dϕ),

(β1, β2, β3) 7→
ˆ
A(
∑

µiLi)e
−A−

∑
µiLi LF

(β1,0)(β2,1),(β3,∞)
H (dϕ)

(β1, β2, β3) 7→
ˆ
(
∑

µiLi)
2e−A−

∑
µiLi LF

(β1,0)(β2,1),(β3,∞)
H (dϕ)

is well-defined in the sense that the integrals converge absolutely, and extends analytically to a
neighborhood of V in C3. Here, we write A = Aϕ(H), L1 = Lϕ(−∞, 0), L2 = Lϕ(0, 1) and
L3 = Lϕ(1,∞).

Proof. We will prove the result for the second function; the others are proved similarly, with the
same inputs. Moreover, we will assume that µ1 = µ2 = µ3 = µ for simplicity; the general case
follows by a similar argument. By changing coordinates [AHS21, Lemma 2.20, Proposition 2.16],
setting (p1, p2, p3) = (0, 2,−2), it suffices to prove that the function f : V 7→ C given by

f(β1, β2, β3) =

ˆ
Aϕ(H)Lϕ(R)e−Aϕ(H)−µLϕ(R) LF

(βj ,pj)j
H (dϕ)

extends analytically to a neighborhood of V in C3.
To show this, we will approximate f using truncations of H away from the insertions. For

r ≥ 1, let Hr := H\
⋃
iBe−r(pi) and Rr := R\

⋃
iBe−r(pi). For a sample h ∼ PH, write Ar :=

Ah−2Q log |·|+(Hr) and Lr := Lh−2Q log |·|+(Rr), and for x ∈ R write hr(x) for the average of h on
∂Be−r(x) ∩H. For r ≥ 1, define the function

fr(β1, β2, β3) :=

ˆ
R
dc e(

1
2

∑
βi−Q)cE

[∏
i

e
βi
2
hr(xi)−

β2i
8
E[hr(xi)2](eγcAr)(e

γ
2
cLr) exp(−eγcAr − µe

γ
2
cLr)

]
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on a neighborhood of V in C3 to be specified later. Clearly fr is analytic.

Step 1: Showing fr|V converges pointwise to f . By Girsanov’s theorem, this is equivalent to
showing that for all (β1, β2, β3) ∈ V we have

lim
r→∞

ˆ
Aϕ(Hr)Lϕ(Rr)e−Aϕ(Hr)−µLϕ(Rr) LF

(βj ,pj)j
H (dϕ) = f(β1, β2, β3).

We will produce a function g(ϕ) such that g(ϕ) ≥ Aϕ(Hr)Lϕ(Rr)e−Aϕ(Hr)−µLϕ(Rr) and
´
g(ϕ) LF

(βj ,pj)j
H (dϕ) <

∞. Then, since limr→∞Aϕ(Hr) = Aϕ(H) and limr→∞ Lϕ(Rr) = Lϕ(R), the dominated convergence
theorem completes this step.

Since the function ℓ 7→ ℓe−µℓ is bounded, it suffices to dominate Aϕ(Hr)e
−Aϕ(Hr) by g(ϕ).

We choose g(ϕ) = Aϕ(H)e−Aϕ(H) + Aϕ(H1)e
−Aϕ(H1) + 1Aϕ(H1)<1<Aϕ(H); this dominates because

Aϕ(Hr) ∈ [Aϕ(H1),Aϕ(H)], and a 7→ e−a is increasing on [0, 1] and decreasing on [1,∞). Each of

Aϕ(H) and Aϕ(H1) has a power law with exponent s
γ − 1 (REF), where s = 1

2

∑
β1 − Q > −γ.

Thus each of Aϕ(H)e−Aϕ(H) and Aϕ(H1)e
−Aϕ(H1) are integrable, and when s > 0 (resp. s < 0), the

function 1Aϕ(H1)<1 (resp. 11<Aϕ(H)) is integrable and dominates 1Aϕ(H1)<1<Aϕ(H). Therefore, when
s ̸= 0 the function g is integrable, and continuity settles the case when s = 0.

Step 2: Showing that each point in V has an open neighborhood in C3 on which fr
converges uniformly as r → ∞.

If we condition on h|Hr , then (hr+1(pi) − hr(pi))i=1,2,3 is a triple of conditionally independent
Gaussians. Therefore we have the alternative expression

fr(β1, β2, β3) =

ˆ
R
dc e(

1
2

∑
βi−Q)cE

[∏
i

e
βi
2
hr+1(xi)−

β2i
8
E[hr+1(xi)

2](eγcAr)(e
γ
2
cLr) exp(−eγcAr − µe

γ
2
cLr)

]
.

Write each βj = xj + iyj . Let g(a, ℓ) = ae−aℓe−µℓ, and write Ãr := A
h̃
(H\

⋃
iBe−r(xi)) and

L̃r := L
h̃
(R\

⋃
iBe−r(xi)) where h̃ = h+

∑ xi
2 GH(·, xi)− 2Q log | · |+. By Girsanov’s theorem,

|fr+1(β1, β2, β3)− fr(β1, β2, β3)|

=

∣∣∣∣∣
ˆ
R
dc e(

1
2

∑
βi−Q)cE

[∏
i

e
βi
2
hr+1(xi)−

β2i
8
E[hr+1(xi)

2](g(eγcAr+1, e
γ
2
cLr+1)− g(eγcAr, e

γ
2
cLr))

]∣∣∣∣∣
≤
ˆ
R
dc e(

1
2

∑
xi−Q)cE

[∣∣∣∣∣∏
i

e
βi
2
hr+1(xi)−

β2i
8
E[hr+1(xi)

2](g(eγcAr+1, e
γ
2
cLr+1)− g(eγcAr, e

γ
2
cLr))

∣∣∣∣∣
]

≤ Ce
r
4

∑
y2i

ˆ
R
dc e(

1
2

∑
xi−Q)cE

[
|g(eγcÃr+1, e

γ
2
cL̃r+1)− g(eγcÃr, e

γ
2
cL̃r)|

]
.

Now, using the triangle inequality, and the existence of constants C,C ′ > 0 for which |e−µx −
e−µx

′ | ≤ C ′|e−Cx − e−Cx
′ | for all x, x′ > 0, we have for any ar+1 > ar > 0 and ℓr+1 > ℓr > 0 that

|g(ar+1, ℓr+1)−g(ar, ℓr)| ≲ (ar+1−ar)e−ar+1+(ℓr+1−ℓr)e−(ℜµ)ℓr+1+ar(e
−ar−e−ar+1)+ℓr|e−Cℓr−e−Cℓr+1 |.
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Now we have four terms to bound. Writing s = 1
2

∑
xi −Q,ˆ

R
dc e(s+γ)cE[(Ãr+1 − Ãr)e

−eγcÃr+1 ] =
1

γ
Γ(
s

γ
+ 1)E[(Ãr+1 − Ãr)Ã

− s
γ
−1

r+1 ],

ˆ
R
dc e(s+

γ
2
)cE[(L̃r+1 − L̃r)e

−(ℜµ)e
γ
2 cL̃r+1 ] =

2

γ
Γ(

2s

γ
+ 1)(ℜµ)−

2s
γ
−1E[(L̃r+1 − L̃r)L̃

− 2s
γ
−1

r+1 ],

ˆ
R
dc e(s+γ)cE[Ãr(e−e

γcÃr − e−e
γcÃr+1)] =

1

γ
Γ(
s

γ
+ 1)E[Ãr(Ã

− s
γ
−1

r − Ã
− s

γ
−1

r+1 )],

ˆ
R
dc e(s+

γ
2
)cE[L̃r(e−Ce

γ
2 cL̃r − e−Ce

γ
2 cL̃r+1)] =

2

γ
Γ(

2s

γ
+ 1)C

− 2s
γ
−1E[L̃r(L̃

− 2s
γ
−1

r − L̃
− 2s

γ
−1

r+1 )].

For the first integral, we are using
´
etce−e

γca dc = 1
γΓ(

t
γ )a

− t
γ which holds for t, a > 0. For the

third integral we use
´
etc(e−e

γca− e−e
γca′) dc = 1

γΓ(
t
γ )(a

− t
γ − (a′)

− t
γ ) which holds for t > −γ and

a, a′ > 0, and follows from the former integral via integration by parts. The second and fourth
integrals are proved similarly.

By Lemma B.2, for each point in V , there is a neighborhood O and a constant C > 0 such that
these terms are uniformly bounded by Ce−r/C on O. Thus

|fr+1(β1, β2, β3)− fr(β1, β2, β3)| ≲ e(
1
4

∑
b2i−C−1)r uniformly in O.

Step 3: Showing that limr→∞ fr is an analytic continuation of f . By Step 2, there is a
neighborhood of V on which limr→∞ fr exists and is holomorphic. By Step 1, this limit agrees
with f on V , hence is the desired analytic continuation of f . □

Lemma B.2. For each point in (B.1), there is a neighborhood U ⊂ R3 and a constant C > 0 so
that the following holds. For (β1, β2, β3) ∈ U and r ≥ 1, the four expectations

E[Ã
− s

γ
−1

r+1 (Ãr+1−Ãr)], E[Ãr(Ã
− s

γ
−1

r −Ã
− s

γ
−1

r+1 )], E[L̃
− 2s

γ
−1

r+1 (L̃r+1−L̃r)], E[L̃r|L̃
− 2s

γ
−1

r −L̃
− 2s

γ
−1

r+1 |]

are all bounded by Ce−r/C . Here, we set s = 1
2

∑
βi −Q, h̃ = h+

∑ βi
2 GH(·, xi)− 2Q log | · |+ and

Ãr := µ
h̃
(H\

⋃
iBe−r(pi)), L̃r := ν

h̃
(R\

⋃
iBe−r(pi)) with (p1, p2, p3) = (0, 2,−2).

Proof. We explain the exponential bounds for each (β1, β2, β3) (rather than uniformly in U); all
inputs in this argument vary continuously in (β1, β2, β3) so we get uniform bounds in neighborhoods
U .

First inequality. We have E[Ãλr+1] < E[Ãλ1 ] ∧ E[Ãλ∞] < ∞ for λ < 2
γ2

∧ 1
γ min(Q − βi), where

finiteness follows from the proof of [HRV18, Corollary 6.11]. Thus, for any ε > 0 and p, q > 1
satisfying 1

p +
1
q = 1 and p sufficiently small,

E[Ã
− s

γ
−1

r+1 (Ãr+1 − Ãr)] ≤ εE[Ã
− s

γ
−1

r+1 ] + E[1
Ãr+1−Ãr>ε

Ã
− s

γ

r+1]

≲ ε+ E[Ã
− s

γ
p

r+1 ]
1/pP[Ãr+1 − L̃r > ε]1/q ≲ ε+ P[Ãr+1 − Ãr > ε]1/q.

Here, we use the fact that − s
γ−1,− s

γ p <
2
γ2

∧ 1
γ min(Q−βi) which holds since (β1, β2, β3) lie in B.1.

Now, for sufficiently small m > 0, by the multifractal spectrum of LQG (see e.g. [BP, Theorem
3.23]) we have

(B.2) P[Ãr+1 − Ãr > ε] ≤ ε−mE[(Ãr+1 − Ãr)
m] ≲ ε−me−m

γ
2
(Q−maxi βi−mγ)r

where the implicit constant depends onm and the term em
γ
2
rmaxi βi comes from the log singularities

added to the field. Choosing ε = e−r/C for large C and taking m > 0 small then yields the result.
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Second inequality. Since (β1, β2, β3) lies in (B.1) we have − s
γ − 1 < 0. For any a, ε > 0 we have

a(a
− s

γ
−1 − (a+ ε)

− s
γ
−1

) ≲ εa
− s

γ
−1

with implicit constant depending only on s, and so

E[Ãr(Ã
− s

γ
−1

r − Ã
− s

γ
−1

r+1 )] ≲ εE[Ã
− s

γ
−1

r ] + E[1
Ãr+1−Ãr>ε

Ã
− s

γ
r ].

The argument is then identical to that of the first inequality.

Third and fourth inequalities. The third inequality is proved identically to the first inequality.
If −2s

γ − 1 < 0 then the fourth inequality is proved the same way as the second. Now we prove

the fourth inequality in the regime −2s
γ − 1 ≥ 0; since we are in (B.1) we also have −2s

γ − 1 < 1,

so L̃r(L̃
− 2s

γ
−1

r+1 − L̃
− 2s

γ
−1

r ) ≲ L̃
− 2s

γ
−1

r+1 (L̃r+1− L̃r). Now the second inequality applies, completing the
proof.

□

Proof of Proposition 2.7. Analyticity in µ is immediate from Morera’s theorem. The β-merophicity
immediately follows from Proposition B.1, where we proved the desired properties for each term
in Ĥ. □

The proof of Proposition B.4 is easier to explain when we parametrize in the strip S := R×(0, π).
The Gaussian free field h on S is defined via h = hH ◦ exp where hH ∼ PH. It has covariance

GS(z, w) = . . . .

Definition B.3. Suppose β1, β2, β3 ∈ R. Sample (h, c) ∼ PS × [e(
1
2

∑
βi−Q)c dc], and let

h̃(z) = h(z)− (Q− β1)(0 ∨ ℜz)− (Q− β2)(0 ∨ (−ℜz)) + β3
2
GS(z, 0).

Let ϕ = h̃+ c. Let LF
(βi,pi)
S be the law of ϕ where (p1, p2, p3) = (+∞,−∞, 0).

Now, we state the analogous holomorphicity statement result for Proposition 2.12.

Proposition B.4. Fix µi with ℜµi > 0 for i = 1, 2, 3, and consider the following three maps from
((Q− γ) ∨ γ

2 , Q) to C:

β 7→
ˆ

1

L
Ae−A−µ1L1−µ2L2 LF

(β,0),(γ,1),(β,∞)
H (dϕ),

β 7→
ˆ

1

L2
A(µ1L1 + µ2L2)e

−A−µ1L1−µ2L2 LF
(β,0),(γ,1),(β,∞)
H (dϕ),

β 7→
ˆ

1

L2
(µ1L1 + µ2L2)

2e−A−µ1L1−µ2L2 LF
(β,0),(γ,1),(β,∞)
H (dϕ),

where we write A = Aϕ(H), L1 = Lϕ(−∞, 0) and L2 = Lϕ(0,∞). Then each map is well-defined
in the sense that the integrals converge absolutely, and extends analytically to a neighborhood of
((Q− γ) ∨ γ

2 , Q) in C.

Proof. We only prove the result for the second function, but the others are proved identically. We
work in (S,−∞, 0,+∞) rather than (H, 0, 1,∞) since the symmetry between the two β-insertions
is more apparent. Moreover, to simplify notation we assume µ1 = µ2 = µ; the argument works the
same way when µ1 ̸= µ2. It suffices to prove that the function

f(β) =

ˆ Aϕ(S)Lϕ(∂S)
Lϕ(R)

e−Aϕ(S)−µLϕ(∂S)LF
(β,±∞),(γ,0)
S (dϕ)

extends analytically to a neighborhood of ((Q− γ) ∨ γ
2 , Q) in C.
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For r ≥ 1 let Sr := (−r, r) × (0, π), Ir = (−r, r) × {π} and Jr = (−r, r) × {0}. For a sample
h ∼ PS , write Ar := Ah−Q|ℜ·|(Sr), Kr = Lh−Q|ℜ·|(Ir ∪Jr) and Lr = Lh−Q|ℜ·|(Jr). Write Xt for the
average of h on {x} × (0, π). Then define for r ≥ 1 the function

fr(β) =

ˆ
R
dce(β+

γ
2
−Q)cE

[ ∏
t=±r

e
β
2
Xt−β2

8
E[X2

t ]
(eγcAr)(e

γ
2
cKr)

e
γ
2
cLr

e−Ar−µKr

]

on a neighborhood of ((Q− γ) ∨ γ
2 , Q) in C to be specified later. Clearly fr is analytic.

Step 1: Showing limr→∞ fr(β) = f(β) when β ∈ ((Q− γ) ∨ γ
2 , Q).

By Girsanov’s theorem, this is equivalent to showing that for all β ∈ ((Q− γ) ∨ γ
2 , Q) we have

lim
r→∞

ˆ Aϕ(Sr)Lϕ((−r, r)× {0, π})
Lϕ(−r, r)

e−Aϕ(Sr)−µLϕ((−r,r)×{0,π})LF
(β,±∞),(γ,0)
S (dϕ) = f(β).

This follows from the dominated convergence theorem: for some deterministic constant C,∣∣∣∣Aϕ(Sr)Lϕ((−r, r)× {0, π})
Lϕ(−r, r)

e−Aϕ(Sr)−µLϕ((−r,r)×{0,π})
∣∣∣∣ ≤ C

e−(ℜµ/2)Lϕ((−r,r))

Lϕ(−r, r)
≤ C

e−(ℜµ/2)Lϕ((−1,1))

Lϕ(−1, 1)
,

and

ˆ
e−(ℜµ/2)Lϕ((−1,1))

Lϕ(−1, 1)
LF

(β,±∞),(γ,0)
S (dϕ) =

2

γ
Γ(

2

γ
(β −Q))(ℜµ/2)

2
γ
(Q−β)E[L

h̃
(−1, 1)

2
γ
(Q−β)−1

] <∞.

Here we write h̃ = h − (Q − β)|ℜ · | + γ
2GS(·, 0), and the moment bound comes from [RZ20a,

Proposition 1.10].

Step 2: Showing that each point in ((Q− γ) ∨ γ
2 , Q) has an open neighborhood in C on

which fr converges uniformly as r → ∞.
We have the alternative expression

fr(β) =

ˆ
R
e(β+

γ
2
−Q)cE

 ∏
t=±(r+1)

e
β
2
Xt−β2

8
E[X2

t ]
(eγcAr)(e

γ
2
cKr)

e
γ
2
cLr

e−Ar−µKr

 dc.
Let g(a, k, ℓ) = ak

ℓ e
−a−µk, and let Ãr = A

h̃
(Sr), K̃r = L

h̃
(Ir ∪ Jr), L̃r = L

h̃
(Jr) where h̃ =

h− (Q− x)|ℜ · |+ γ
2GS(·, 0). Write β = x+ iy. As before, we have

|fr+1(β)−fr(β)| ≤ Ce
r
2
y

ˆ
R
e(x+

γ
2
−Q)E

[
|g(eγcÃr+1, e

γ
2
cK̃r+1, e

γ
2
cL̃r+1)− g(eγcÃr, e

γ
2
cK̃r, e

γ
2
cL̃r)|

]
dc.

Now, we can find a constant C so that for all ar+1 > ar, kr+1 > kr, ℓr+1 > ℓr we have

|g(ar+1, kr+1, ℓr+1)− g(ar, kr, ℓr)|

≤ |(ar+1 − ar)
kr+1

ℓr+1
e−µkr+1 |+ |( 1

ℓr
− 1

ℓr+1
)kr+1e

−µkr+1 |+ |kr+1 − kr
ℓr

e−µkr+1 |+ |kr
ℓr
(e−µkr − e−µkr+1)|

≲ |(ar+1 − ar)
kr+1

ℓr+1
e−(ℜµ)kr+1 |+ |( 1

ℓr
− 1

ℓr+1
)kr+1e

−(ℜµ)kr+1 |+ |kr+1 − kr
ℓr

e−(ℜµ)kr+1 |+ |kr
ℓr
(e−Ckr − e−Ckr+1)|.
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This gives us four terms to bound. Writing s = x+ γ
2 −Q ∈ ((−γ

2 ) ∨ (γ2 − 2
γ ),

γ
2 ),

ˆ
dc e(s+γ)cE[(Ãr+1 − Ãr)

K̃r+1

L̃r+1

e−e
γc(ℜµ)K̃r ] =

2

γ
Γ(

2s

γ
+ 2)E[(Ãr+1 − Ãr)

K̃
− 2s

γ
−1

r+1

L̃r+1

],

ˆ
dc escE[(

1

L̃r
− 1

L̃r+1

)K̃r+1e
−eγc/2(ℜµ)K̃r+1 ] =

2

γ
Γ(

2s

γ
)(ℜµ)−

2s
γ E[(

1

L̃r
− 1

L̃r+1

)K̃
− 2s

γ
+1

r+1 ],

ˆ
dc escE[

K̃r+1 − K̃r

L̃r
e−e

γc/2(ℜµ)K̃r+1 ] =
2

γ
Γ(

2s

γ
)(ℜµ)−

2s
γ E[

K̃r+1 − K̃r

L̃r
K̃

− 2s
γ

r+1 ],

ˆ
dc escE[

K̃r

L̃r
(e−e

γc/2CK̃r − e−e
γc/2CK̃r+1)] =

2

γ
Γ(

2s

γ
)C

− 2s
γ E[

K̃r

L̃r
(K̃

− 2s
γ

r − K̃
− 2s

γ

r+1 )].

For the first three integrals, we are using
´
etce−e

γc/2k dc = 2
γΓ(

2t
γ )k

− 2t
γ which holds for t, ℓ > 0.

For the fourth integral we use
´
etc(e−e

γc/2k − e−e
γc/2k′) dc = 2

γΓ(
2t
γ )(k

− 2t
γ − (k′)

− 2t
γ ) which holds

for t > −γ
2 and k, k′ > 0, and follows from the former integral via integration by parts.

By Lemma B.5 and the deterministic inequality |ap − bp| ≤ p|a− b|max(ap−1, bp−1) for a, b > 0
and p ∈ R, for each point in ((Q − γ) ∨ γ

2 , Q) there is a neighborhood O and a constant C > 0

such that these four terms are uniformly bounded by Ce−r/C on O, so

|fr+1(β)− fr(β)| ≲ e(
1
2
b2−C−1)r uniformly in O.

Step 3: Showing that limr→∞ fr is an analytic continuation of f . By Step 2, there is a
neighborhood of ((Q − γ) ∨ γ

2 , Q) on which limr→∞ fr exists and is holomorphic. By Step 1, this
limit agrees with f on ((Q− γ) ∨ γ

2 , Q), hence is the desired analytic continuation of f . □

Lemma B.5. For each point in ((Q − γ) ∨ γ
2 , Q) there is a neighborhood U ⊂ R and a constant

C > 0 such that the following holds. For β ∈ U and r ≥, writing s = β + γ
2 −Q, the expectations

E[(Ãr+1 − Ãr)
K̃

− 2s
γ
−1

r+1

L̃r+1

], E[(
1

L̃r
− 1

L̃r+1

)K̃
− 2s

γ
+1

r+1 ], E[
K̃r+1 − K̃r

L̃r
K̃

− 2s
γ

r+1 ], E[
K̃r+1 − K̃r

L̃r
K̃

− 2s
γ

r ]

are each bounded by Ce−r/C . Here, we set h̃ = h− (Q−β)|ℜ · |+ γ
2GS(·, 0) and Ãr = A

h̃
((−r, r)×

(0, π)), K̃r = L
h̃
((−r, r)× {0, π}) and L̃r = L

h̃
(−r, r).

Proof. For the first inequality: Let ĥ = h− (Q−β)|ℜ · |, so away from the origin |h̃− ĥ| is bounded.
Since ĥ|(1,2)×(0,π)

d
= ĥ(· − (r − 1))|(r,r+1)×(0,π) + (Q− β)(r − 1),

E[(Ãr+1 − Ãr)
K̃

− 2s
γ
−1

r+1

L̃r+1

] ≲ E[
A
ĥ
((r, r + 1)× (0, π))

L
ĥ
((r, r + 1)× {0, π})

2s
γ
+1L

ĥ
(r, r + 1)

]

= E[
A
ĥ
((1, 2)× (0, π))

L
ĥ
((1, 2)× {0, π})

2s
γ
+1L

ĥ
(1, 2)

]e
−(γ− γ

2
( 2s
γ
+2))(Q−β)(r−1)

.

By Lemma B.7 the last expectation is bounded. Moreover (γ − γ
2 (

2s
γ + 2))(Q− β) > 0, so the first

inequality is shown.
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For the second inequality, take p > 1 small and q satisfying 1
p +

1
q = 1, then for ε > 0,

E[
L̃r+1 − L̃r

L̃rL̃r+1

K̃
− 2s

γ
+1

r+1 ] ≤ εE[
K̃

− 2s
γ
+1

r+1

L̃2
r

] + E[1
L̃r+1−L̃r>ε

L̃r+1 − L̃r

L̃rL̃r+1

K̃
− 2s

γ
+1

r+1 ]

≤ εE[
K̃

− 2s
γ
+1

r+1

L̃2
r

] + E
[(

1

L̃r
K̃

− 2s
γ
+1

r+1

)p]1/p
P[L̃r+1 − L̃r > ε]1/q.

By REF the expectations are both uniformly bounded in r. Writing ĥ = h− (Q−β)|ℜ · | and using

ĥ|(0,1)×(0,π)
d
= ĥ(· − r)|(r,r+1)×(0,π) + (Q− β)r, we have

P[L̃r+1 − L̃r > ε] ≤ ε−1E[L̃r+1 − L̃r] ≲ ε−1E[L
ĥ
(r, r + 1)] = ε−1e−

γ
2
(Q−β)rE[L

ĥ
(0, 1)].

We conclude that E[ L̃r+1−L̃r

L̃rL̃r+1
K̃

− 2s
γ
+1

r+1 ] ≲ ε + ε−1/qe
γ
2
(Q−β)r/q. Take ε = e−r/C with C sufficiently

large to conclude.
For the third inequality, choose p > 1 small and q such that 1

p +
1
q = 1, then for ε > 0,

E[
K̃r+1 − K̃r

L̃r
K̃

− 2s
γ

r+1 ] ≤ εE[
K̃

− 2s
γ
+1

r+1

L̃2
r

] + E

[(
K̃r+1 − K̃r

L̃r
K̃

− 2s
γ

r+1

)p]1/p
P[K̃r+1 − K̃r > ε]1/q.

The same argument as before applies to show the desired E[ K̃r+1−K̃r

L̃r
K̃

− 2s
γ

r+1 ] ≲ e−r/C . The fourth

inequality has essentially the same proof. □

Lemma B.6. Suppose p > 0 and q ∈ (0, 4
γ2
) satisfy q − p < 2

γ (Q − β) − 1. Then there is a

continuous function C(β, p, q) such that for h̃ = h− (Q− β)|ℜ · |+ γ
2GS(·, 0) we have

E[
L
h̃
((−(r + 1), r + 1)× {0, π})q

L
h̃
(−r, r)p

] < C(β, p, q).

Proof. We will just show that this expectation is finite; all the inputs in the proof vary continuously
so the statement about C(β, p, q) follows. First, note that E[L

h̃
(−1, 1)q−p] <∞ since q−p < 2

γ (Q−

β)−1 < 4
γ2
−1, so we are done if we show E[ (Lh̃

((−r,r)×{0,π})−L
h̃
(−1,1))q

L
h̃
(−r,r)p ] <∞. Let ĥ = h−(Q−β)|ℜ·|,

then

E[
(L

h̃
((−(r + 1), r + 1)× {0, π})− L

h̃
(−1, 1))q

L
h̃
(−r, r)p

] ≲ E[
L
ĥ
((−(r + 1), r + 1)× {0, π})q

L
ĥ
(−r, r)p

] ≲ E[
L
ĥ
((0, r + 1)× {0, π})q

L
ĥ
(0, r)p

].

Let Xt be the average value of ĥ on {t} × (0, π), and let Mr be the maximum value of (Xt)[0,r−1].
We claim that

(B.3) E[L
ĥ
(0, r)−a |Mr] ≲ e−

γ
2
aMr for a > 0,

(B.4) E[L
ĥ
((0, r + 1)× {0, π})b |Mr] ≲ e

γ
2
(1+ε)bMr , for b ∈ (0,

4

γ2
), ε > 0

where the implicit constants depend only on a, b, ε, β but not on r.
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Assuming (B.3) and (B.4), we complete the proof. Let λ > 1 be small and λ′ satisfy 1
λ +

1
λ′ = 1,

then

E[
L
ĥ
((0, r + 1)× {0, π})q

L
ĥ
(0, r)p

|Mr] ≤ E[L
ĥ
((0, r + 1)× {0, π})qλ |Mr]

1/λE[L
ĥ
(0, r)−pλ

′ |Mr]
1/λ′

≲ e(
γ
2
(1+ε)q− γ

2
p)Mr ,

which is bounded by 1 if γ2 (1 + ε)q − γ
2pM ≤ 0, and otherwise bounded by

E[
L
ĥ
((0, r + 1)× {0, π})q

L
ĥ
(0, r)p

] ≲ E[e(
γ
2
(1+ε)q− γ

2
p)M∞ ] =

Q− β

Q− β − γ
2 ((1 + ε)q − p)

<∞,

where the last equality holds since, by a standard Brownian motion calculation (Lemma C.2), the
law of M∞ is exponential with variance (Q− β)2.

Finally, we prove (B.3) and (B.4). For t ≥ 0 let Xt be the average of ĥ on {t} × (0, π).
For (B.3): if we further condition on the time t∗ ∈ (0, r − 1) at which Xt∗ is maximal, then the

conditional law of (Xt)[t∗,r−1] is variance 2 Brownian motion with drift −(Q − β) conditioned to
stay below Mr, and (Xt)[r−1,r] then evolves as unconditioned variance 2 Brownian motion with
drift −(Q − β). Then Y = Mr − inf [t∗,t∗+1]Xt is a nonnegative sub-Gaussian random variable
independent of Mr. Let h2 be the projection of h to H2(S), then h2 is independent of (Xt) and
hence (Mr, t∗), so

E[L
ĥ
(0, r)−a |Mr, t∗] ≤ E[L

ĥ
(t∗, t∗ + 1)−a |Mr, t∗] ≤ E[Lh2+Mr−Y (t∗, t∗ + 1)−a |Mr, t∗]

≤ e−
γ
2
aMrE[e

γ
2
aY | t∗]E[Lh2(0, 1)−a] ≲ e−

γ
2
aMr .

For (B.4), we split cases based on the value of Mr. In the case where Mr ≤ 2
γ ε

−1 log r, an

argument similar to that of [DMS14, Lemma A.5] proves the following: writing j∗ for the value of
t in [j, j + 1] maximizing Xt,

E[(
r∑
j=0

e
γ
2
Xj∗ )b |Mr] ≲ e

γ
2
bMr ≤ e

γ
2
(1+ε)bMr if Mr ≤

2

γ
ε−1 log r.

If insteadMr >
2
γ ε

−1 log r, then rb < e
γ
2
bεMr . Let Y be the maximum value of variance 2 Brownian

motion with drift −(Q− β) on [0, 1] independent of Mr. Then

E[(
r∑
j=0

e
γ
2
Xj∗ )b |Mr] ≤ E[(re

γ
2
Mr + e

γ
2
(Mr+Y ))b |Mr] ≲ e

γ
2
(1+ε)bMr if Mr >

2

γ
ε−1 log r.

In either case we get the same bound. Then, because h2 and (Xt) are independent, an application
of Jensen’s inequality as in the proof of [DMS14, (A.11)] yields (B.4). □

Lemma B.7. Let I ⊂ (0∨ (2− 4
γ2
),∞) be a closed interval. Then there exists C > 0 such that for

h ∼ PS ,

E[
Ah((1, 2)× (0, π))

Lh((1, 2)× {0, π})λLh(1, 2)
] < C for λ ∈ I.

Proof. We map to the half-plane via the map z 7→ eiπ−z, so it suffices to prove a uniform bound
for

E[
Ah(H ∩ (e−1D\e−2D))

Lh((−e−1,−e−2) ∪ (e−2, e−1))λLh(e−2, e−1)
], where h ∼ PH.
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Let S = H∩(e−1D\e−2D), J+ = (e−2, e−1), and J = (−e−1,−e−2)∪J+. Fix also λ0 ∈ (0∨(2− 4
γ2
), 1)

lying to the left of I. Then for any p, q > 1 with 1
p +

1
q = 1,

E[
Ah(S)

Lh(J)λLh(J+)
] =

ˆ
S
(2ℑz)−γ2/2E[ 1

Lh+γGH(·,z)(J)
qLh+γGH(·,z)(J+)

] dz

≲
ˆ
S
(2ℑz)−γ2/2Ez[Lh+γGH(·,z)(J)

−λ0 ]1/pE[Lh(J)−q(λ−λ0)−λ0Lh(J+)q]1/q dz.

The equality holds since weighting by the quantum area of S corresponds to adding a γ-log insertion
at a random point in S, via the so-called rooted GMC measure; see e.g. [DS11, Section 3.3]. In the
second term in the inequality, we drop the +γGH(·, z) terms since they are bounded from below
on H. We will choose p > 1 small later.

For each z ∈ S, let Jz be an interval of length 1
100ℑz such that the distance from z to Jz is

at most ℑz. By the multifractal spectrum of GMC (see e.g. [BP, Theorem 3.23] with d = 1; the
discrepancy of a factor of 2 arises since h|R has correlations E[h(x)h(y)] ≍ −2 log |x − y| when
|x− y| is small) we have
(B.5)

E[Lh+γGH(·,z)(J)
−λ0 ] ≤ E[Lh+γGH(·,z)(Jz)

−λ0 ] ≲ (ℑz)
γ
2
·2γλ0E[Lh(Jz)−λ0 ] ≲ (ℑz)−

γ2

4
λ20+( 3γ

2

4
−1)λ0 .

Plugging (B.5) into the previous bound, and using the existence of all negative GMC moments,
we have

E[
Ah(S)

Lh(J)λLh(J+)
] ≲
ˆ
S
(ℑz)−

γ2

2
+ 1

p
(− γ2

4
λ20+( 3γ

2

4
−1)λ0) dz <∞,

where we choose p > 1 sufficiently small that −γ2

2 + 1
p(−

γ2

4 λ
2
0+(3γ

2

4 −1)λ0) > −1. (This is possible

since f(t) = −γ2

2 +(−γ2

4 t
2+(3γ

2

4 −1)t)+1 = −γ2

4 (t− (2− 4
γ2
))(t−1) is positive on (2− 4

γ2
, 1).) □

Proof of Proposition 2.12. [AHS21, Proposition 2.28] relates the two-pointed quantum disk weighted
by the quantum length of a side to the three-point Liouville field: writing A = Aϕ(H), L1 =
Lϕ(−∞, 0), L2 = Lϕ(0,∞) and s = β −Q, we have

Rµ1,µ2(β) =
1

Q− β

ˆ
(
γ

s
A+

γ

2s

γ

s+ γ
2

A(
∑
i

µiLi)+
γ

2s

γ
2

s+ γ
2

(
∑
i

µiLi)
2)
e−A−

∑
i µiLi

L2
LF

(β,0),(γ,1),(β,∞)
H (dϕ).

Therefore Proposition B.4 gives the analyticity of Rµ1,µ2(β) in β. □

Appendix C. Reflection coefficient as the limit of H: proof of Lemma 4.7

In this section we prove Lemma 4.7. We first prove a version of Lemma 4.7 when we condition
on the field average maximum, then prove the full statement.

C.1. Convergence when conditioning on field maximum. The goal of this section is to prove
the following. Recall the Liouville field on the strip S defined in Definition B.3. Let (x1, x2, x3) =
(+∞,−∞, 0) ⊂ ∂S.

Proposition C.1. Fix β1 ∈ (γ2 ∨ (Q− γ), Q), β2 ∈ (0, β1) and β3 ∈ (β1 − β2, β1 − 1
2β2). When ϕ

is sampled from LF
(βi,xi)
S (dϕ) and conditioned on Mϕ = m, then (Aϕ(S),Lϕ((0,∞)×{0}),Lϕ(R×

{π}),Lϕ((−∞, 0)×{0})) converges in distribution to (Aψ+m(S),Lψ+m(R×{0}),Lψ+m(R×{π}), 0)
as β3 ↓ β1 − β2. Here ψ is as in Definition 2.10.

The key to obtaining this convergence is the following elementary Brownian motion calculation;
see e.g. REF.
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Lemma C.2. Let (Bt)t≥0 be standard Brownian motion and let b > 0. Then

P[sup
t≥0

B2t − bt ≥ m] = min(e−bm, 1).

In the rest of this section we freely use the decomposition ϕ = h̃ + c of Definition B.3: Recall

that if we sample (h, c) ∼ PS × [e(
1
2

∑
βi−Q)c dc], let

(C.1) h̃(z) = h(z)− (Q− β1)(0 ∨ ℜz)− (Q− β2)(0 ∨ (−ℜz)) + β3
2
GS(z, 0),

then we can set ϕ = h̃+ c.

Lemma C.3. Fix β1 ∈ (γ2 ∨ (Q−γ), Q) and β2 ∈ (0, β1), β3 ∈ (β1−β2, β1). Consider the measure

(β2 + β3 − β1)LF
(βi,xi)
S (dϕ). Let s = 1

2

∑
βi − Q and let Mϕ be the supremum over t > 0 of the

average of ϕ on {t} × (0, π). Then

(β2 + β3 − β1)LF
(βi,xi)
S [Mϕ ∈ dm] = 2(Q− β1)e

sm.

Moreover, the conditional law of c given Mϕ = m is

P[c ∈ dc |Mϕ = m] = 1c<m
1

2
(β2 + β3 − β1)e

1
2
(β2+β3−β1)(c−m).

Proof. Write M
h̃
for the supremum over t > 0 of the average of h̃ on {t} × (0, π); Lemma C.2

describes the law of M
h̃
. Then

LF
(βi,xi)
S [Mϕ ≥ m and c ∈ dc] = escP[M

h̃
≥ m− c] = 1m>ce

sc−(Q−β1)(m−c) + 1m≤ce
sc,

LF
(βi,xi)
S [Mϕ ∈ dm and c ∈ dc] = 1m>c(Q− β1)e

sc−(Q−β1)(m−c),

LF
(βi,xi)
S [Mϕ ∈ dm] =

ˆ
1m>c(Q− β1)e

sc−(Q−β1)(m−c) dc =
2(Q− β1)

β2 + β3 − β1
esm,

P[c ∈ dc |Mϕ = m] =
LF

(βi,xi)
S [Mϕ ∈ dm and c ∈ dc]

LF
(βi,xi)
S [Mϕ ∈ dm]

= 1c<m
1

2
(β2 + β3 − β1)e

1
2
(β2+β3−β1)(c−m).

□

Lemma C.4. Fix β1 ∈ (γ2 ∨ (Q−γ), Q) and β2 ∈ (0, β1), β3 ∈ (β1−β2, β1). When h̃ from (C.1) is
conditioned on M

h̃
=M , then (A

h̃−M (S),L
h̃−M (0,∞),L

h̃−M (R× {π}),L
h̃−M (−∞, 0)) converges

in distribution asM → ∞ to (Aψ(S),Lψ(R),Lψ(R×{π}), 0). Moreover this convergence is uniform

for β3 ∈ (β1 − β2, β1 − 1
2β2).

Proof. Define

τ = inf{t : X h̃
t > M −

√
M}, σ = inf{t : Xψ

t > −
√
M}.

Then we can couple (X h̃
t+τ −M)t≥0 and (Xψ

t+σ)t≥0 to agree almost surely; indeed both of these

have the law of (B2t−(Q−β1)t)t≥0 conditioned to have maximum value
√
M , where Bt is standard

Brownian motion.
Now, we write fields with the subscript 2 to denote projection of the field to the space H2(S) of

distributions with mean zero on {t} × (0, π) for all t. We have τ → ∞ in probability as M → ∞,
so with high probability the Dirichlet energy of γGS(·, 0) on (τ,∞)× (0, π) is close to zero. Thus
the law of (h2 + γGS(·, 0))|(τ,∞)×(0,π) is close in total variation to that of h2|(τ,∞)×(0,π) [MS17,

Proposition 2.9], so we can further couple h̃2(·+τ)|S+ and ψ2(·+σ)|S+ to agree with high probability.
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We conclude that we can couple h̃ and ψ so that with probability 1 − oM (1) the distributions

(h̃(· − τ)−M)|S+ and ψ(· − σ)|S+ agree.
Now, all that remains is to show that A

h̃−M ((−∞, τ) × (0, π)),L
h̃−M ((−∞, τ) × {0, π}) → 0

in probability as M → ∞. This holds because the field average of h̃ −M in (−∞, τ) × (0, π) is

bounded above by −
√
M . □

Proof of Proposition C.1. Let f : R3 → R be a bounded continuous function, so by Lemma C.4,
writing T

h̃−M = (A
h̃−M (S),L

h̃−M (0,∞),L
h̃−M (R× {π}),L

h̃−M (−∞, 0)), we have

lim
M→∞

E[f(T
h̃−M )) |M

h̃
=M ] = E[f(Aψ(S),Lψ(R),Lψ(R× {π}), 0)].

Let δ = 1
2(β2 + β3 − β1). Lemma C.3 says that conditioned on Mϕ = m, the conditional law of c

is 1c<mδe
δ(c−m) dc. Thus, defining Tϕ−m as above,

E[f(Tϕ−m) |Mϕ = m] =

ˆ m

−∞
δeδ(c−m)E[f(T

h̃−(m−c)) |Mh̃
= m− c] dc.

As β3 ↓ β1 − β2 we have δ ↓ 0, which combined with the first limit gives the desired

lim
β3↓β1−β2

E[f(Tϕ−m) |Mϕ = m] = E[f(Aψ(S),Lψ(R),Lψ(R× {π}), 0)].

□

C.2. Completing the proof. We first state without proof a technical estimate, then prove
Lemma 4.7, and finally prove the estimate.

Lemma C.5. Fix β1 ∈ (γ2 ∨ (Q − γ), Q), β2 ∈ (0, β1) and β3 ∈ (β1 − β2, β1 − 1
2β2). Let ℜµi > 0

for i = 1, 2, 3. Then with (x1, x2, x3) = (+∞,−∞, 0) we have

lim
C→∞

(β2 + β3 − β1)

ˆ
1|Mϕ|>C |Hϕ|LF

(βi,xi)
S (dϕ) = 0 uniformly in β3,

where we define, writing s = 1
2

∑
βi − Q,A = Aϕ(S), L1 = Lϕ(0,∞), L2 = Lϕ(R × {π}), L3 =

Lϕ(−∞, 0),

(C.2) Hϕ := (γ(s+
γ

2
)A+

γ2

2
A(

3∑
i=1

µiLi) +
γ2

4
(

3∑
i=1

µiLi)
2)e−A−

∑3
i=1 µiLi .

Proof of Lemma 4.7. For the field ψ on S from Definition 2.10, withA′ = Aψ(S), L′
1 = Lψ(R), L′

2 =
Lψ(R× {π}), define

Rψ := (Q− β)(γ(s+
γ

2
)A′ +

γ2

2
A′(

2∑
i=1

µiL
′
i) +

γ2

4
(

2∑
i=1

µiL
′
i)
2)e−A

′−
∑2

i=1 µiL
′
i .

Let C > 0. By Proposition C.1 we have, with Hϕ defined in (C.2),

lim
β3↓β1−β2

E[Hϕ |Mϕ = m] =
1

Q− β1
E[Rψ+m] uniformly in m ∈ (−C,C),

Integrating this against 1m∈(−C,C)2(Q− β1)e
sm dm and using the law of Mϕ given in Lemma C.3,

we conclude

lim
β3↓β1−β2

(β2 + β3 − β1)

ˆ
1|Mϕ|≤CHϕ LF

(βi,xi)
S (dϕ) = 2

ˆ C

−C
e(β1−Q)mE[Rg+m] dm.
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By Lemma C.5 we can send C → ∞ to conclude that

lim
β3↓β1−β2

(β2 + β3 − β1)

ˆ
Hϕ LF

(βi,xi)
S (dϕ) = 2

ˆ ∞

−∞
e(β1−Q)mE[Rg+m] dm.

Recalling the definitions of H and R in (2.6) and (2.12), this is the desired identity. □

Lemma C.6. Suppose β1 ∈ (γ2 ∨ (Q − γ), Q) and q ∈ (Q−β1
γ , 1 ∧ 2

γ2
), then there is a constant

C = C(q, β1) such that the following holds. Let β2, β3 < Q− γq satisfy β2 + β3 > β1. Let h ∼ PS
and define h̃(z) := h(z) − (Q − β1)(0 ∨ ℜz) − (Q − β2)(0 ∨ (−ℜz)) + β3

2 GS(z, 0). Let Mh̃
be the

maximum over t ∈ R of the average of h̃ on {t} × [0, π]. Then

E[A
h̃
(S)q |M

h̃
] ≤ CeqγMh̃ , E[L

h̃
(∂S)2q |M

h̃
] ≤ CeqγMh̃ .

Proof. We establish the former conditional inequality; the latter is proved in the same way. In this
proof C is a constant that may vary from line to line, but will only depend on p, β1.

Let Xt be the average of h̃ on {t} × [0, π], and let j∗ be the value of t ∈ [j, j + 1] maximizing
Xt. An easy modification of [DMS14, Lemma A.5] (where their (p, c) equals our (1, qγ)) gives

E[
∑
j∈Z

eqγXj∗ |M
h̃
] ≤ CeqγMh̃ .

Next, let h̃2 be the projection of h̃ to the lateral component and let Aj = A
h̃2
([j, j + 1] × [0, π]),

then

E[Aqj ] < C uniformly in j.

Finally,

E[A
h̃
(S)q |M

h̃
] ≤ E[(

∑
j

eγXj∗Aj)
q |M

h̃
] ≤

∑
j

E[eqγXj∗Aqj |Mh̃
] ≤ C

∑
j

E[eqγXj∗ |M
h̃
] ≤ CeqγMh̃ .

□

Proof of Lemma C.5. In this proof, we repeatedly use the notation ≲ to mean “up to a multiplica-
tive constant not depending on β3”. By Lemma C.6 we have, with q as in Lemma C.6,

E[Aϕ(S)q |Mϕ] ≤ CeqγMϕ , E[Lϕ(∂S)2q |Mϕ] ≤ CeqγMϕ .

Writing L =
∑
µiLi, we prove that limC→∞(β2+β3−β1)

´
|ALe−A−L|LF(βi,xi)

S (dϕ) = 0 uniformly

in β3; the terms Ae−A−L and L2e−A−L are similarly bounded.
Clearly we have ALe−A−µL ≲ Ae−A ≲ Aq. Let s = 1

2

∑
βi − Q, then by Lemma C.3 and the

above moment bounds we have

(β2 + β3 − β1)LF
(βi,xi)
S [1|Mϕ|>CALe

−A−µL] ≲
ˆ −C

−∞
E[Aq |Mϕ = m]esm dm+

ˆ ∞

C
E[Ae−A |Mϕ = m]esm dm

≲
ˆ −C

−∞
eqγm+sm dm+

ˆ ∞

C
esm dm ≲ e−(γq+s)C + esC

C→∞−−−−→ 0.

□
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Appendix D. Two-point quantum disk from mating of trees: proof of Lemma 4.15

The goal of this section is to prove Lemma 4.15. We start by giving the following lemma.

Lemma D.1 ([?, Proposition 5.2]).

|Mdisk
2 (2; ℓ, r)| = (2π)

4
γ2

−1

(1− γ2

4 )Γ(1−
γ2

4 )
4
γ2

(ℓ+ r)
− 4

γ2
−1
.

The following is a corollary of [AG21, Theorem 1.2]:

(D.1) QD(x)#[e−µA] =
2

Γ( 4
γ2
)

(
µ

4 sin(πγ
2

4 )

) 2
γ2

x
4
γ2K 4

γ2

x√ µ

sin(πγ
2

4 )

 .

Lemma D.2. Suppose k ∈ N satisfies k + 1 > 4
γ2
. Let c =

√
1/ sin(πγ

2

4 ) and µ ∈ (0, c). Then for

some C = C(γ) we have

Mdisk
2 (2)[(−L1)

ke−A−µL1 ] = C

∞∑
i=0

(−2/c)k+i

i!(k + i+ 1)
Γ(

1

2
(k + i+ 1− 4

γ2
))Γ(

1

2
(k + i+ 1 +

4

γ2
))µi.

Proof. Let C ′ = (2π)
4
γ2

−1

(1− γ2

4
)Γ(1− γ2

4
)

4
γ2

· 2
Γ( 4

γ2
)
2
− 4

γ2 and suppose m+ 1 > 4
γ2
. Then

Mdisk
2 (2)[Lm1 e

−A] = C ′c
4
γ2

¨ ∞

0
rm · (ℓ+ r)−1K 4

γ2
(c(ℓ+ r)) dℓ dr(D.2)

= C ′c
4
γ2

ˆ ∞

0

ˆ x

0
rm · x−1K 4

γ2
(cx) dr dx(D.3)

= C ′c
4
γ2

ˆ ∞

0

1

m+ 1
· xmK 4

γ2
(cx) dx(D.4)

= C ′c
4
γ2

−m−1 2m−1

m+ 1
Γ(

1

2
(m+ 1− 4

γ2
))Γ(

1

2
(m+ 1 +

4

γ2
)).(D.5)

The integral in the last step was evaluated via [DLMF, (10.43.19)], and the condition m+1 > 4
γ2

is

necessary for this step. Now, using the Taylor expansion e−µL =
∑∞

i=0
(−µL)i
i! gives the result. □

We thus conclude the following:

Lemma D.3. Suppose 4
γ2

̸∈ Z and set c =
√

1/ sin(πγ
2

4 ). Define f : (−c, c) → R by f(µ) =

cos( 4
γ2

arccos(µ/c)); that is, if σ ∈ B satisfies µ = c cos(πγ(σj − Q
2 )), then f(µ) = cos(4πγ (σ − Q

2 )).

There is a constant C(γ) such that for all k > 4
γ2

we have

f (k)(µ) = CMdisk
2 (2)[(µ(−L1)

k + k(−L1)
k−1)e−A−µL1 ] for all µ ∈ (−c, c).

Proof. By Lemma D.2, gathering equal powers of µ and simplifying gives

Mdisk
2 (2)[(µ(−L1)

k+k(−L1)
k−1)e−A−µL1 ] = C

∞∑
i=0

(−2/c)k+i−1

i!
Γ(

1

2
(k+i− 4

γ2
))Γ(

1

2
(k+i+

4

γ2
))µi.
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Now the result is immediate from the following identity which is recorded in e.g. [ARS21, Lemma
4.15]: for a ∈ R\Z and x ∈ (−1, 1),

cos(a cos−1(x)) =
a

2π
sin(πa)

∞∑
k=0

(−2)n−1

n!
Γ(

1

2
(n+ a))Γ(

1

2
(n− a))xn. □

With this lemma at hand it is now possible to prove Lemma 4.15.

Proof of Lemma 4.15. We have for µ, µ′ in {z ∈ C : ℜz > 0} that (µ−µ′)R(γ, µ, µ′) = ĝ(µ)− ĝ(µ′)
for some holomorphic ĝ, and

ĝ(k)(µ2) = µ
∂k

∂µk
R(γ, µ2, µ3) + k

∂k−1

∂µk−1
R(γ, µ, µ′).

Sending µ′ → 0 gives, since we can analytically continue ∂k−1

∂µk−1R(β, µ, µ
′) to β = γ where it has

the probabilistic interpretation via QD0,2, by Lemma D.3 we conclude f (k)(µ) = ĝ(k)(µ), so since
f, ĝ are both analytic in a suitable domain, we have

ĝ(µ) = f(µ) +

k0∑
i=0

aiµ
i.

Thus,

R(γ, σ, σ′) = cγ
cos(4πγ (σ − Q

2 ))− cos(4πγ (σ′ − Q
2 )) + p(σ)− p(σ′)

cos(γπ(σ − Q
2 ))− cos(γπ(σ′ − Q

2 ))

where p(σ) =
∑k0

i=1 ai(c cos(πγ(σ − Q
2 )))

i. Since f and g are γ
2 -periodic, we conclude that p is

γ
2 -periodic. By its definition, it’s also clear that p is 2

γ -periodic. Thus, when γ
2 is irrational, then

the function has two periods which differ by an irrational factor, hence p must be constant (and
thus zero). □

Appendix E. Operator product expansion (OPE)

In this appendix we take a look at the Operator Product Expansion (OPE) lemmas that are
used in Section 4. These proofs where first done in... In our case the results are very similar, except
that we must handle a functional that does not reduce to a moment of GMC.

Lemma E.1. (OPE without reflection) Let χ = γ
2 . Assume that the constraints of (4.8) hold,

meaning that σ1, σ2, σ3, σ1 − γ
4 , σ2 −

γ
4 ∈ [− 1

2γ +
Q
2 ,

1
2γ +

Q
2 ]×R, β1, β2, β3 < Q,

∑3
i=1 βi > 2Q+ γ

2 .

Assume also that β1 ∈ (γ2 ,
2
γ ) and t ∈ (0, 1). Then as t→ 0, one has

H γ
2
(t)−H γ

2
(0) = C+

2 t
1−C + o(t1−C),(E.1)

where:

C+
2 = −

Γ(−1 + γβ1
2 − γ2

4 )Γ(1−
γβ1
2 )

Γ(−γ2

4 )

√
1

sin(π γ
2

4 )
(E.2)

×
(
cos(πγ(σ1 −

γ

4
− Q

2
))− cos(πγ(σ2 +

β1
2

− γ

4
− Q

2
))

)
H

(β1+
γ
2
,β2,β3)

(σ1− γ
4
,σ2,σ3)

.
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Proof. Using the expression

H γ
2
(t) =

ˆ
R
dc e(

γp
2
−χ

2
)cE

[
exp

(
− eγc

ˆ
H

|x− t|γχg(x)
γ2

4
(−p+χ

γ
−1)

/|x− x̄|
γ2

2

|x|γβ1 |x− 1|γβ2
eγX(x)d2x

− e
γc
2

ˆ
R

|r − t|
γχ
2 g(r)

γ2

8
(−p+χ

γ
−1)

|r|
γβ1
2 |r − 1|

γβ2
2

e
γ
2
X(r)dµtB(r)

)]
,

we derive:

H γ
2
(t)−H γ

2
(0)

= −t1−C
√

1

sin(π γ
2

4 )

(
cos(πγ(σ1 −

γ

4
− Q

2
))

ˆ
R+

du
(1 + u)

γ2

4 − u
γ2

4

u
γβ1
2

− 1

2
eiπγ(σ2−

Q
2
)−iπ( γ

2

4
− γβ1

2
)

ˆ
R+eiπ

du
(1 + u)

γ2

4 − u
γ2

4

u
γβ1
2

− 1

2
e−iπγ(σ2−

Q
2
)+iπ( γ

2

4
− γβ1

2
)

ˆ
R+e−iπ

du
(1 + u)

γ2

4 − u
γ2

4

u
γβ1
2

)
×H

(β1+
γ
2
,β2,β3)

(σ1− γ
4
,σ2,σ3)

+ o(t1−C).

□

Let us now provide a proof of the OPE with reflection. The following result holds for both values
of χ.

Lemma E.2. (OPE with reflection) For χ = γ
2 or 2

γ , assume again the constraints of (4.8) are

satisfied. Consider t ∈ (∞, 1). Then there exists a parameter β0 > 0 small enough so that under
the assumption that β1 ∈ (Q− β0, Q), for t ∈ (0, 1), as t→ 0 the following asymptotic holds

H 2
γ
(t)−H 2

γ
(0) = C+

2 t
1− 2β1

γ
+ 4

γ2 + o(|t|1−
2β1
γ

+ 4
γ2 ),(E.3)

where:

(E.4) C+
2 = R(β1, σ1 −

1

γ
, σ2 −

1

γ
)H

(2Q−β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

.

Similarly, still for β1 ∈ (Q − β0, Q), by choosing t ∈ (−∞, 0), as t → 0 the following asymptotic
holds

H 2
γ
(t)−H 2

γ
(0) = C−

2 t
1− 2β1

γ
+ 4

γ2 + o(|t|1−
2β1
γ

+ 4
γ2 ),(E.5)

with this time:

(E.6) C−
2 = e

−iπ(1− 2β1
γ

+ 4
γ2

)
R(β1, σ1, σ2)H

(2Q−β1− 2
γ
,β2,β3)

(σ1− 1
γ
,σ2,σ3)

.

We omit the proof, which is analogue to the one performed in [RZ21].

Appendix F. Cancellation of singular terms for the BPZ equations

At the end of the proof of the BPZ equations, we need to show a list of terms are converging to
0. We prove here the lemma corresponding to the case γ ∈ (0,

√
2).
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Proof of Lemma 3.11. We start by looking at the term

µγ2

4 sin(π γ
2

4 )
eiπ

γ2

4

ˆ
R
du1

ˆ π
2

0
dθe−i

γ2

2
θ(u1 +

1

2
ieiθ + i)

γ2

4
−1(u1 −

1

2
ieiθ − i)

γ2

4
−1

=− µγ2

4 sin(π γ
2

4 )

ˆ π
2

0
dθ

ˆ
R
du1e

−2iθ(iu1e
−iθ − 1

2
− e−iθ)

γ2

4
−1(iu1e

−iθ +
1

2
+ e−iθ)

γ2

4
−1

=
µγ2

4 sin(π γ
2

4 )

ˆ π
2

0
dθ

ˆ
(iR−1)e−iθ

du1ie
−iθ(u1 −

1

2
)
γ2

4
−1(u1 +

1

2
+ 2e−iθ)

γ2

4
−1.

For the last integral we can deform the contour of u1 to iR and will not encounter any singularities.
Hence we obtain

− µ

2 sin(π γ
2

4 )

ˆ
iR
du1(u1 −

1

2
)
γ2

4
−1((u1 +

1

2
− 2i)

γ2

4 − (u1 +
5

2
)
γ2

4 )

=− µ

2 sin(π γ
2

4 )

ˆ
iR− 1

2

du1(u1 + i)
γ2

4
−1((u1 + 1− i)

γ2

4 − (u1 + 3 + i)
γ2

4 )

=− µ

2 sin(π γ
2

4 )

ˆ
Reiϵ−i

du1(u1 + i)
γ2

4
−1((u1 + 1− i)

γ2

4 − (u1 + 3 + i)
γ2

4 ).

Similarly we obtain from the other singular integral

µγ2

4 sin(π γ
2

4 )

ˆ −π
2

0
dθ

ˆ
(−iR+1)e−iθ

du1ie
−iθ(u1 +

1

2
)
γ2

4
−1(u1 −

1

2
− 2e−iθ)

γ2

4
−1

=
µ

2 sin(π γ
2

4 )

ˆ
−iR+ 1

2

du1(u1 + i)
γ2

4
−1((u1 − 1− i)

γ2

4 − (u1 − 3 + i)
γ2

4 )

=
µ

2 sin(π γ
2

4 )

ˆ
Re−iϵ−i

du1(u1 + i)
γ2

4
−1((u1 − 1− i)

γ2

4 − (u1 − 3 + i)
γ2

4 )

We put them together and deform the contour accordingly, then we have

− µ

2 sin(π γ
2

4 )

ˆ 1
ϵ

− 1
ϵ

du1(u1 + i)
γ2

4
−1((u1 + 1− i)

γ2

4 − (u1 − 1− i)
γ2

4 )

+
µ

2 sin(π γ
2

4 )

ˆ
(− 1

ϵ
, 1
ϵ
)eiϵ

(
(u1 −

3

2
)
γ2

4
−1(u1 +

3

2
)
γ2

4 du1 − (ū1 +
3

2
)
γ2

4
−1(ū1 −

3

2
)
γ2

4 dū1

)
+ oϵ→0(1).
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For the second integral we decompose it into:

3µ

4 sin(π γ
2

4 )

ˆ
(− 1

ϵ
, 1
ϵ
)eiϵ

(
(u1 −

3

2
)
γ2

4
−1(u1 +

3

2
)
γ2

4
−1du1 + (ū1 +

3

2
)
γ2

4
−1(ū1 −

3

2
)
γ2

4
−1dū1

)

+
µ

2 sin(π γ
2

4 )

ˆ
(− 1

ϵ
, 1
ϵ
)eiϵ

(
(u1 −

3

2
)
γ2

4
−1(u1 +

3

2
)
γ2

4
−1u1du1 − (ū1 +

3

2
)
γ2

4
−1(ū1 −

3

2
)
γ2

4 ū1dū1

)

=
3µ

4 sin(π γ
2

4 )

ˆ
iR

(
(u1 −

3

2
)
γ2

4
−1(u1 +

3

2
)
γ2

4
−1du1 + (ū1 +

3

2
)
γ2

4
−1(ū1 −

3

2
)
γ2

4
−1dū1

)

− µeiπ
γ2

4

sin(π γ
2

4 )

(
− cos(π

γ2

4
)

ˆ − 3
2

− 1
ϵ

du1|u1 −
3

2
|
γ2

4
−1|u1 +

3

2
|
γ2

4
−1u1 − cos(π

γ2

4
)

ˆ 1
ϵ

3
2

du1|u1 −
3

2
|
γ2

4
−1|u1 +

3

2
|
γ2

4
−1u1

+

ˆ 3
2

− 3
2

du1|u1 −
3

2
|
γ2

4
−1|u1 +

3

2
|
γ2

4
−1u1

)
+ oϵ→0(1)

=
3µ

4 sin(π γ
2

4 )
(−ieiπ

γ2

4 + ie−iπ
γ2

4 )

ˆ
R
du1(u

2
1 +

9

4
)
γ2

4
−1 + oϵ→0(1)

=
3µ

2

ˆ
R
du1(u

2
1 +

9

4
)
γ2

4
−1 + oϵ→0(1).

□
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Annales de l’Institut Henri Poincaré, Probabilités et Statistiques, 57(1):1 – 53, 2021.

[AHS20] Morris Ang, Nina Holden, and Xin Sun. Conformal welding of quantum disks. arXiv preprint
arXiv:2009.08389, 2020.

[AHS21] Morris Ang, Nina Holden, and Xin Sun. Integrability of SLE via conformal welding of random surfaces.
ArXiv e-prints, Apr 2021.

[ARS21] Morris Ang, Guillaume Remy, and Xin Sun. Fzz formula of boundary liouville cft via conformal welding,
2021.

[ASY22] Morris Ang, Xin Sun, and Pu Yu. Quantum triangles and imaginary geometry flow lines. arXiv preprint,
2022.

[Ber17] Nathanael Berestycki. An elementary approach to Gaussian multiplicative chaos. Electronic Communi-
cations in Probability, 22(none):1 – 12, 2017.
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