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1. Introduction

The goal of this research seminar is to learn the theory of p-adic modular forms and the
notion of p-adic families of modular forms. Today I’ll draw a picture of this subject, state
some of the known results and arithmetic applications of this theory. One of the goals of
number theory is to understand the Galois group of number fields. One way is to understand
its representations. A lot of representations are obtained from automorphic representations.
There is a set of conjectures about Galois representations of number fields that come from
the work of Langlands.

Take G to be a connected reductive group over Q (for simplicity). By Langlands and
Fontaine–Mazur, we can think of the correspondence between:

• irreducible automorphic representations of G(A) (the adelic points of G) of algebraic
type;

• compatible systems of Galois representations GQ := Gal(Q/Q)
ρ→ LG(Ql) for all

primes l which are unramified away from finitely many primes and de Rham at all
l, i.e. “ρ|Gal(Ql/Ql)

comes from geometry” (the étale cohomology of a variety). (In

particular, the Hodge–Tate numbers form a discrete set.)

For example, if G = GLn, the Langlands dual is just LG = GLn.
A representation of algebraic type means the following. If we have an irreducible repre-

sentation π, we can decompose it into local representations π =
⊗′

l πl. This includes the
prime at infinity π∞. We require that the infinitesimal character be algebraic, i.e. λ is an
algebraic weight of G over C.

Compatibility can be made precise. The Galois representation is unramified away from
finitely many primes, which depend on the decomposition of the corresponding representation
π.

Remark. The discrete spectrum contains the cuspidal spectrum and therefore there is no
continuous variation on the left hand side.

The notion of variation is one of the most powerful in mathematics. Let π be a cuspidal
representation of GLn. Then π⊗| det |s is the only continuous variation (in the archimedean
sense). This gives rise to an L-function L(π, s), which gives us information about the varia-
tion.
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The point is that if we remove the de Rham condition at p, then we can allow ourselves to
have a lot of variations on Galois representations. Correspondingly, if we relax the algebraic
type condition, we expect to have p-adic variations on the left hand side of this picture.
Thus we expect to have{

p-adic automorphic representa-
tions of G(A)

}
←→

{
Galois representations GQ → LG(Qp) un-
ramified away from finitely many primes

}
.

The primes are given by those where the automorphic representation ramifies.
One of the questions would be to give a meaning to left hand side in general. We know

that the theory of L-functions for automorphic representations is quite useful. We have p-
adic L-functions that are going to give a lot of information about the left hand side. There
should also be a link with Galois representations.{

p-adic automorphic representa-
tions of G(A)

}
oo //

OO

��

{
Galois representations GQ → LG(Qp) un-
ramified away from finitely many primes

}
22

rr

{p-adic L-functions}

We would like to give a more precise meaning to this picture and see whether we can use it
to prove arithmetic results.

To be more precise, let G = GL(2)/Q. We can restrict the picture to{
(cuspidal) holomorphic modular
forms of weight k ≥ 1

}
←→

(irreducible) Galois representations
GQ → GL2(Qp) unramified away from
finitely many primes and de Rham at p

 .

Note that we don’t have Maass forms of algebraic type. This correspondence follows from
the work of many people. To go from the left to the right, we have Eichler–Shimura, Deligne,
etc. To go from the right to the left, we have Wiles, Taylor–Wiles, Khare–Wintenberger,
Kisin, etc. We know the work of Wiles implies the proof of Fermat’s Last Theorem, so it’s
clear that this picture has a lot of arithmetic consequences. In fact, this picture embeds into
a more general picture.

2. p-adic theory

The first example of p-adic variations of modular forms is due to Serre. Let k ≥ 4. Then
we have the Eisenstein series Ek(τ) of weight k such that the q-expansion is given by

Ek(τ) =
ζ(1− k)

2
+
∞∑
n=1

σk−1(n)e2πinτ .

Here τ ∈ h = {τ ∈ C : Im(τ) > 0} and σk−1(n) =
∑

d|n d
k−1. What is going to be a p-adic

variation? We want to show that if we start from a modular form, we can find other modular
forms that are close to the original one (close in the p-adic sense, i.e. congruent modulo high
powers of p). If we have k ≡ k′ (mod (p − 1)pn) and d is prime to p, then dk−1 ≡ dk

′−1

(mod pn). Therefore if d is not divisible by p, we can say all the Fourier coefficients are close
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to each other for Ek and Ek′ . But d may by divisible by p, so we consider a modified version
of Ek. Define

Eord
k (τ) := Ek(τ)− pk−1Ek(pτ) =

ζ(p)(1− k)

2
+
∞∑
n=1

σ
(p)
k−1(n)e2πinτ

where σ
(p)
k−1(n) =

∑
d|n,(d,p)=1 d

k−1. All Fourier coefficients, except possibly the first one,
satisfy the congruence condition. As a first consequence of Serre’s theory, it can be proved
by the q-expansion principle that the first coefficient ζ(p)(1 − k) also satisfies the same
congruence, so

Eord
k (τ) ≡ Eord

k′ (τ) (mod pn),

i.e.

|Eord
k (τ)− Eord

k′ (τ)|p ≤ p−n.

Here if f =
∑∞

n=1 anq
n, then |f |p = supn |an|p. This is a family of modular forms close to

the original one. This was the original observation by Serre to construct p-adic L-functions.
Now the question is, what is a p-adic family of modular forms? The first näıve definition

is a set {fk}k indexed by the integers, where fk is an eigenform of weight k such that if k and
k′ are close p-adically, then fk and fk′ are also close p-adically. Here “close” means k ≡ k′

(mod (p− 1)pn). We should think of k as the morphism [k] : Gm → Gm given by t 7→ tk, or

equivalently Z×p → Qp
×

given by t 7→ tk. This is where the condition comes from: tk ≡ tk
′

(mod pn) if k ≡ k′ (mod (p− 1)pn). In general, fk and fk′ should have the same level away
from p. To answer what happens at p, we have to give a more precise definition depending
on the type of the family.

Here we embed the algebraic characters of Gm into Homcont(Z×p ,Qp
×

). Let’s assume for
simplicity that p is odd. Then we can decompose Z×p = µp−1 × (1 + pZp), where 1 +

pZp = 〈1 + p〉, i.e. topologically generated by 1 + p. To give a continuous homomorphism

χ : Z×p → Qp
×

amounts to specifying a pair (χ|µp−1 , χ(1 + p)) where |χ(1 + p) − 1|p < 1.
Therefore,

Homcont(Z×p ,Qp
×

) =

p−2∐
a=0

{ωa} ×D1,1

where ω is the Teichmüller character and D1,1 = {z ∈ Qp
×

: |z − 1|p < 1}. Here we already
have a p-adic topology. To say k and k′ are close means their corresponding characters lie in

the same connected component in this decomposition. We call Homcont(Z×p ,Qp
×

) the weight
space, denoted by X.

Here we have a p-adic rigid-analytic structure on this space. We may ask if we can extend
a family to a continuous map on the space X. The second definition is that a family is
a formal q-expansion F =

∑∞
n=0 anq

n where an is a continuous (or analytic) function on
ωa ×D1,1 ⊂ X, such that if k ≡ a (mod p− 1), then at [k] ∈ ωa ×D1,1 ⊂ X the evaluation

Fk = F([k]) =
∞∑
n=0

an([k])qn

is the q-expansion of an eigenform of weight k. Here we took the whole connected component
of X, but the definition also makes sense if we restrict to an open set called an open affinoid.
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This is a perfectly good definition, but it does not answer all questions we may have
because this would mean the family of modular forms is parametrized by just the weight
space.

We can ask the following question. Given an eigenform of weight k ≥ 1, does there exist a
p-adic family containing it? This question cannot be in general positively answered, at least
in this definition. Even with a more general definition, we need to make some assumptions
on the given modular form. Even for the Eisenstein series, we have to modify it to make
sure Ek → Eord

k has p-adically continuous weight.
The first positive answer for cusp forms is due to Hida in the 80’s. Let f0 be an eigenform

of weight k0. There are two assumptions:

• f0 is of level Np, with Nebentypus trivial at p;
• the p-th Fourier coefficient satisfies |a(p, f0)|p = 1. (For example, a(p, Eord

k ) = 1.)

Hida proved that there exists a family for all connected components of the weight space.
But in general an won’t be a function on X, and we have to take a finite cover. More precisely,
there exist

• a finite cover w : V → ωa ×D1,1,
• F =

∑
anq

n where an ∈ A(V), and
• a special point x0 ∈ V such that w(x0) = [k0] and Fx0 is the q-expansion of f0

such that if x ∈ V(Qp) with w(x) = [kx] where kx ≥ 1, then Fx =
∑
an(x)qn ∈ Qp[[q]] is the

q-expansion of a modular form of weight kx. In other words, up to taking a finite cover, we
really have a family of modular forms on the connected components.

The level away form p is the same as the original form f0. If we take ψ to be a finite order
character of 1 + pZp, we can consider

[k]ψ = (ωk, (1 + p)kψ(1 + p)) ∈ ωa ×D1,1.

If w(x) = [kx]ψx then Fx is the q-expansion of an eigenform of weight kx and level Npcond(ψ).
Taking ψ to be arbitrarily ramified, the level can be an arbitrarily high power of p.

This result was further generalized by Coleman, with the weaker assumption a(p, f0) 6= 0.
In that situation, we have to introduce the notion of slope. The slope of f is defined
to be vp(a(p, f)) < ∞. Coleman’s result is that there exist an open affinoid subdomain
U ⊂ ωa ×D1,1 with a finite cover w : V → U , x0 ∈ V with w(x0) = [k0], and F =

∑
anq

n ∈
A(V)[[q]], such that for all x ∈ V with w(x) = [kx] and kx − 1 > vp(a(p, f0)), we have that
Fx is the q-expansion of a classical eigenform of weight kx.

The condition kx − 1 > vp(a(p, f0)) is important. We can rephrase this result as saying
overconvergent eigenforms of slope < k − 1 are classical. In Hida’s setting, vp(a(p,Fx)) is
constant in the family. Here it’s not constant and we have to restrict the family to a smaller
subdomain.

A generalization of this is the Coleman–Mazur eigencurve. Fix a level N prime to p. They
constructed an eigencurve EN , which is a rigid-analytic space over Qp of equidimension 1,
with a map w : EN → X (not finite anymore) such that there is a correspondence between
every x ∈ EN and an overconvergent eigenform of weight w(x), level Nprx and finite slope,
where rx is the smallest integer such that w(x) is analytic on 1+prxZp. In particular, EN(Qp)
contains all the classical eigenforms of weight k ≥ 1 of finite slope. The Coleman family
involves gluing together all neighborhoods V of x0 and U of [k0] into an eigencurve.
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The ordinary forms E0N ⊂ EN is nicer, in that E0N → X is finite. A recent result shows that
the eigencurve is proper over the weight space X, so it doesn’t blow off to infinity.

This is the picture for GL(2) over Q. We can also look at the picture on the Galois
side and study families of Galois representations. Let’s say we fix ρ0 : GQ → GL2(Fp) and

ρ : GR → GL2(Zp) such that ρ mod mZp
∼= ρ0. The space Def(ρ0) is of dimension 3. If we

look at all Galois representations coming from modular forms, then we should get something
of dimension 2. The eigencurve is of dimension 1, because it parametrizes not only ρFx but
also the slope.

There are generalizations of this picture to other groups G. New phenomena arise. There
are essentially two situations:

• When G(R) has discrete series, we get an equidimensional eigenvariety, at least for
geometric overconvergent forms.
• When G(R) has no discrete series, the eigenvariety has smaller dimension and is no

longer equidimensional. There are mysteries in this case. New objects, which are
truly p-adic automorphic representations (in the sense that they are not limits of
classical ones), appear.

3. Schedule

• Feb 14 (D. Hansen): p-adic L-functions for GL(2)
• Feb 28 (Feiqi): Hida theory for GL(2)
• Mar 7 (Pak-Hin): Spectral theory of compact operators on p-adic Banach spaces and

applications
(Why? The fundamental ingredient of the theory of Coleman and Coleman–Mazur is
to study the Hecke operator Up acting on the space of overconvergent modular forms,
which form a p-adic Banach space on which Up is a compact operator.)
• Mar 14 (Xin): Canonical subgroups

(To construct Up on the space of overconvergent forms, as a compact operator.)
• Mar 28 (Dan): Pilloni’s paper on overconvergent modular forms

This is the geometric theory. Hopefully there will be some talks on the cohomological
approach.
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