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WUt fermions, one can stndy Durac operators

o8 o virtnal represendtation of symmetries
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Quantum flelod theory vy ke guantum mechanics witiv an

A key feature of many supersymumetric Heories s Hat e
vacuo (Rerueal poundty of the potentiad), o wirich tire
ey v alwoyy localized, form a covuntabple wnion of

Thuws the uindex becomes an ohject of algebraic geometry



For example, i Yoang- MUy Hreory, ASD covunections, or
wustonfonsy miunimize energy guren topology

wutontons of
charge w look Like




By Donaldson, uwstontony are e same as hholomorpiue vector
bundles for Kilder suafaces S>=M*

lnstounton calendiny oy been an avea of duramatic progress n
mathematical piysics: In pawrticwlar, Nekrasov & Co derived
the challengung predictions of Seiberg and Witten from uf;, and
muncihv more ...



For aw algepraic surfoce S, Hhe computations uv Hus
U§€§|Z&+§|Z§§J: theory are
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§%§§§§§c§ ol of these redunce

porometrize wlealy of functiony of funite codumension n
= pountlke uintfantony of ronk 1 and clhharge n
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There 5 a generalization of Donaldson theory to- complex 3 -
foldy X, kinoww as He Donoldson-Thhomas Hreory.

I+ deals witr modwdi of sheanes one X, and among those Hre
Hlbert schemes play agoin tie central role.

They are now- Hllbert schemes of curves C un X, Le
wstontfons remain odefects of complexw codimenston 2.

In place of wustonton charge, connected components of
HUW{(X ,crrrves) are now indexed by

c] = (dageee, () € K_(X)



HUbert sciremes of 3 -folds, and otiver DT modudi spaces, are
badly singular. However, by the work of Thomas, tihey have
o goodl vurtnal structure sheaf, wiveh vy wirat'sy needed wv
wndew computations: Furtiver, Nekirosov- and AO proved D
modldL spaces are spin, so- we can oefine

I\
ir ;\Q us) o ok% WDV

Aisconnected Vomak)e
R
J
We will see tihese generatung funcetiony have many odeep ano
srprizing properties ond connect to- many broncires of mativ




_of
' i




For a furst faste of the theory, fake the simplest 3 -folol
3
xX=¢

There are no (complete) curves in i only points, so-
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Now- owr goal W to- compute Hre trace of

g = hﬁﬁ 5 v ¢ T <= GLB)
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acting in &Ar;rv O, .cK,. 2 V
by o fundamentol principle, akio. locolization, only
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covtripuwte to- Hhe trace




Monomioly v red arve Hre genevators TS
of an ldeal I Monomialy in blue >
form a basis of C[x,yl/L
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The role of suciv localization series unv modern motivemaoticol
physics vy not unlike the role of Feynman diagroms
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visibly, V from the theorem Uy x of some sheaf on

/- C =&

-

o, uv foct, He pount of Nekirosov's conjecture s
that Hhuy b He ndew of flelds of M ~theory/gounge

own L
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Generodizing Hre abpove formuda, Nekirasov- anol AO
be suwmmed up using membranes of M-tireory.

In foct; Huy shhouwld work cwrve—-by-curve, or rotiver
pount-wise on tie Chhvow variety of 1 -cyclesy i X



Hrere s a vap from HUp(X),
wiich parametrizes
subschenes of X, to- Clhvow(X),
wieh parametrizes cycles un
X, thot W, suwmy of redurced
urreduneile subaarieties of X



Many pounty of HU(X) map to- the same pount un Clhhow({X)




While
Tor (") = countable U of alg varieties

Hie boxcownting parometer z makes \
A(-)
S,od* Ag\:_\nw \Auﬁ.\w d\mv b

o well-defined sheaf o Clhow(X). To- compute Hhus sheaf
meons fo- s up all boxes, andl membrones, conjecturolly,
guwe the avswer

The setup U as follows ...



Let Z be a 5-fold with rivial Kz
Let z € C act on Z preserving He 5—form and so- tHhat
X = fixed locuns

W purely 3 -dlmensional. For simplicity, uv Hus talk, Let's
ossmme X Uy connected, eg.

L @ X,
/= | 787, = K,

X
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Covyecture [NO], approxumote form
] e byone.
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the general strategy for proving tihese sort of stotements s, v

My experence, to-
- wse formal properties to- redunce fo- special cases
- U wiueh one cow determine eaci siole separately

tHhe proof Hhus comes withv an algorvbvm, wivciv may be
guite wwolved, to- compute evthver swole. I porttendar, one
com see dualities withvout proving tive witole conjecturre



V. DT Theory of 3-folos



y defunitron, manifolds are gluned from pleces and one
§¢§§§§u€€¢§§§%
those pleces: Thay does not works so- well withv crarves
wiwehv neaer fub unto- affune choarts




<N a goodl way to- break wp a variety X Uy to-
XX%N degenerate U to- o wniown of two- smootin
vaurieties X, and X, along o smootiv
dwisor D
In theiur work onw MNOP conjecture,
\/ Pandirariponde ond Pixton hhave
e —) perfected e ot of reconstructing curve
X county v X from those un X, and X,.
Thewr work sy un cohomology, bt Uy key
elementy moy be Ufted to- K-thveory

These moves redurce, unv oo ceroan folols
) V&\S\V&\u% . -
torie 3 -folols e ”
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Eguinvalently, one can work
witiv (n+1) -valent tevsors that



These tensory may be characterivzed un termy of

U He)) gt

A very uinferesting guantum growge !

We arrived at the end of the title of Hese lectures ...



