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Lie growps, confuniomns symmetres, eft: ore among tie maiin builod

Sunce Uy birtn, Lie tHheory has been constontly expanding Uy scope
oo Uty range of applicotions.
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Sumple funite-dimersional Lie growps have been clossifled by tHre
18490% Thew elegant structure and representfation Hheory uv many

ways shhaped e development of mativematical plrysics un e XX
ety
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I refurng, very concrete guestions prompteo many frntful divrections of
researciv unv Lie theory
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The Virasoro Lie algebra, Affine Lie algebras (o special case of Kac-
Moody Lie algebray), and their relatves, play a key role Un Hre stnoly

of 2 -dimensional crifical phhenomena described by e Conformal
Fleld Theories



I refurng, very concrete guestions prompteo many frutful divrections of
researciv unv Lie theory

B

The Virasoro Lie algebra, Affine Lie algebras (o special case of Kac-
Moody Lie algebray), and their relatves, play a key role Un Hre stnoly

of 2 -dimensional critical phenomena describped by Hre Conformal
Fleld Theories

Their guantum growp anologs underle uintfegrabple lattice
Ascretizotiony of CFT



Today, | want to- falk abouwt a more recent set of Ldeas that binks
matihremoticol phwsics witiv Lie theory un a news, muciv expanded sense. I
origunates un the study of supersymmetrie QFT, un parttendar, susy gounge
theories uv <4 (especially 3) space—tume diumensions




Today, | want to- todk abowt o more recent set of Loleas tHhot Lunks
mathematical plhwysics witiv Lie Heory uv a news, muci expanded sense. I
originates un the study of supersymmetric QFT, n particwlar, sisy gounge
Hreories U <4 (especially 3) space—~tume dimensions

[ want to- share witiv yow my excfement
about o subject that by SHAL forming. We don't
see yet Uy trne logueal bouwndarries and ouwr
defunitfions, fechunacal foundations, efe. are
unproving un real fume. | wlll try to- stuek to-
wirat we kinow- for certain and nottry to- be
too- vistonary.




What | wnderstand about tive sbject owes a great deal to- N kit
Nekirasov- and Samsove Shotosihw Ui, as well as to- Munae Aganagie, Roman
Bezrukaynikov, Hurakww Nakojuna, Davesv Manlik, ond moiny otirers
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What | understonol abpout tive subject owes o great deal to- Nkito
Nekirasov- and Samsove Shotosihw Ui, as well as to- Munae Aganagie, Roman
Bezrukaynikov, Hurakww Nakojuna, Davesv Manlik, ond moiny otirers

One of Hhe guiding starsy un Hhe subject has been a certon powerful
duality thet generalizesy Langlands duality to- Huwsy more general settung.
I+ goes bock to- lntrddigotor and Seiherg, and lhas been stndied by many
teams of reseairciers, v partuendor, by Donide Gaiotto, Hurakuw
Nakaojuma, Ben Webster, and theiwr collaborators



It may be easier fo- explain wirat by new by explaning wirie
highdigihty of the late XX century Lie Hheory are beung generalizeo

- . ’
Before, U may be helpful to- remund ourselves wirat s o Weyl growp,
Hecke algebra., efe: as generolizations of Hiese objects will be essential



Funite and. discrete reflection growps W of a
Euclidean space RW appeoar uv Le Hheory as
funite and affune Weyl growgps and. ploy a central
role v classificotion and representation theory




Funite and discrete reflection groups W of a
Euclidean space RW appeoar uv Le Hheory as
funite and affune Weyl growgps and. ploy a central
role v classificotion and representation theory

To every W one can associate a broio growp

/B; Tli(qj‘zej /W)

oand oo Hecke algebra, unv wirel the generators
g A sotUsfy o genevolization of SZ2=1




Back to-

highlighty of the late XX century Lie Heory are being generalizeo




Moacdonalo-Cheredinik tieory

lrredunceiiple Lie growp chavactery and, more generally, spherccol
functlony, are elgenfunctionsy of uwariant differential operators, tiat
U, soluwflony fo- certain linear differential equations: e MC Hreory,
these are generalized to- certain g-difference equations associoted to-
root systems andl wwolving additlonal porameters. Solutions of Hrese
equations are remorkoiple muwdtwariate generolizotions of g~
hypergeometrie functiony, wirose fermunotung coses ave kinowin as tire
Macdonald polynomials.

Numwerows applicotions of tHhose unv combinatorues, nuwmber Hheory,
probob ity theory, algebraic geometry efe. hane been founo



Moacdonalo-Cheredinik tieory

The algepraic backbone of e tiveory v o certoun douple version of
the affune Hecke algebra covstructed by Cherednik: A fundamentol
symumetry of Hus doubling yrelds an amazung label-argument
symumetry un Macdonalo polynomials, of wirici

P(ym)=P (¢)  F(x)=2"

B a kindergortenn example. It plays a key role unv applications and
o preatew of the general duality stotements.



Kazhhdon-lLwsztig Hheory

v Uy sumplest form, descriupes te clhavacters of urreduciple huglhvest
weilght modudes over a Lie algebra un termy of tive combpinatorics of e
associated funite Hecke algebro. The proof of Hhe origunal KL congjectnrres
by Bedunson-Bervsteun and Brylmski-Koshiwara U, perivaps, one of
higlhest achuwerements v all of Lie Heory, witiv furthver covdtribuwtions
by Ginzbwrg, Soergel, Bezrukavnikov, Wlliamson, and many, many
others. ln characterustie p > O, there uy o verston withv affune Hecke
olgebro.

> the talk by Geordie Wlliamson



Yong -Baxter equration and guantin grovps \/
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(v verfex modely of 2D stotustical mecihanacs, the degrees of freedom Live
v vector spoaces Vi attached to- edges of a gridk and Hhewr ntferaction uy
descriped by o matriw R of weilghty attached to- eacih vertex



Yong -Baxter equation and guontunm growps

Baxter noted Hie importance of He YB equation
\f \
stz Vy %\/L
Voo v V
ooy

A 3

for exact solvablity, with furthver umportant wsighty by the Faddeey-
ool Jumbpo-Muwa-Kashwara schools: Thas gwes ruse to- tive wirole theory
of guantunn growps (Drunfeld, ... ), associated kinot wwariondts, et cetera,
et cefero



Note by ReshetUkdinn ef al Hie guomntum growp may be recovustructed
from wmatriw elewents of e R-matrix, or as the algebra belind Hie

broided ternsor cotegory covustrueted from R

V, (u,)
. . . . AN 22
Porttenlorly umportont ore R-matrices witiv a
spectrol povoweter Hhat covirespond fo- guantum \/ (Ml)
Loop growps. By Baxter, Hhese confoun large L 1
covmimuntative subalgebras that become guantum R f 3
untfegrods of motton U vertex models and. U U,

Moy briddiont mindys worked on diagonalization of these algebras, a
proplem kinoww as the “Betive Ansatz’”



Movre generally, R-matrices witiv a
affine Weyl group of type A by 4~
dfference operatfors, the lattice port of
wiwehv are Hhe guontumn Kinz ik~
Zownoldchukov equationy of Frenkel ond
Reshetkiine These are among the most
. o Ui y ”»
generalizes Hhe Betive Ansotz probhlem




For knot theory and otiher topologueal applications, ity of R(wW) are umportount

A A A
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sliuoles

modern formulay are movre suitaple downloads tHhan




A 3 -dimensional sugpersymumetric
Quantuuww Fleld Theory v a Lot of datw,
of wirveh we will be uwsing ondy a very
small prece - Hhe susy stofes un tie
HUbert space associated to- a guwen fume
sluce, ar Riemanwv s foce B witiv,
maybe, bowndory and marked points.




Even narrower, we will focuny on tire

[noleyx = Even fermion number — Oodel

o oo vurtuald representotione of all symmwetrries and ay o vurtual vector
bundle over tihe modudi of B, as un e falk by Rajwd Pandiraripande.



Even narrower, we will focuny on tire

[noleyw = Even fermion number — Odel

o oo vurtuald representotione of all symmwetrries and ay o vurtual vector
bundle over tihe modudi of B, as un e falk by Rajwd Pandiraripande.

Thas (WutHen) uindew beung deformation uwwariant; U can be stuoied
wsing any of the different descruption of e QFT un varilows corners of
U pavrameter space.



At lowest energles (that W, for very large B), tie states of

o QFT may be described asy modudated vacuumm, Hiat U, VOLCUQL
& maqp f from B to- tihe modudu space X of vacua of the

theory. The amount of supersymmetry tat we want X
makes X, wleally, a hyperkilder maonifold and fa

Iolomorple map: Funer detoulds of the theory wul

become umportant ot the singularvtes of X or f witiel

ore, v generol, unovotdable.



Mothematically, Hus becomes a proplem un e spirtt of enumwmerative
geometry. Susy stofes are holomorplhue maps f from B to- X, wivelv i a
symplectic algebraie variety, or stack, or ... The undex » the Eunler
tharacteristic of a certain coerent sheaf (o virtual A-genns, Like for
the index of a Drac operator) on the modudi space of s This tndex
W graded by Hre action of Avt(X). The additional grading on His
wndew by the degree of Hhe map may be viewed as a character of Hve

Kadler torus Z:?}C(X)®<[X




Mothematically, Hus becomes a proplem un e spirtt of enumwmerative
geometry. Susy stofes are holomorplhue maps f from B to- X, wivelv i a
symplectic algebraie variety, or stack, or ... The undex » the Eunler
tharacteristic of a certain coerent sheaf (o virtual A-genns, Like for
the index of a Drac operator) on the modudi space of s This tndex
W graded by Hre action of Avt(X). The additional grading on His
wndew by the degree of Hhe map may be viewed as a character of Hve

Kadler torus Z:?}C(X)®<[X

To- make the uindex nontrivial, we require Hiat Hhe symplectie form
wX W scoded by AniX) withv a nontrivial wewght v




For example, susy gounge theories confain gange flelos for a compact form
of a Lie growp G, matter flelds un o symplectie represendtotion M of G, and
Heir superportners. ln Hhis case

X =, )6

oinde modd spaces unv guestron are “staple guosimaps’’ £ B -> X. There
owe generodizotions witiv erutieal lotw of funetiony efe. If



For example, susy gounge theories confain gonge flelos for a compact form
of o Lie growp G, madtter flelds un a symplectie represendtotion M of G, andl
Heir superportners. ln Hhuis case

X =, )6

oinde modud spaces uv guestron are “stople guosiumaps’ £ B -> X. There
owe generodizotions witiv erutieal lotw of funetiony efe. If

(= :ﬂ@—(\/@) \/-\ — 63 HOW\(\/L,VD D \/LIS D dnals
Z\‘Z‘f‘;?if e '\/Zﬁ t many
Hom @ then X iy oo Nakajumo quaner variety. The

__ l gunver W the generolization of the Dynkin
e i Magram from before




O For wutance, for Hhis guinver Huis Heory

(1) Hhe K-Hreoretic Donaldson-Thomas Hreory of Y3=rank 2 bunodle
the K-theoretic DT cowntsy un all tHhureefolds (not just CY). These captuare
deeper nformation Hian the coromological DT and Gromov—W iten
covinty

(2, conyecturally) Hre tHheory on the worldsheet of the M2 brane of M-
tHheory



The plhwysical dinversity of operofor uwsertlons ano bouwndary condiflons
travuslotes untfo- dfferent flavorsy of evodluwation mapsy from siuciv modde

spoces to- X, or ... Ay functiow of B, these defune a K-tHhreoretie analoy of
ColFT witv a stofe space K(X).

f 1 é
@/D = £(8)eX

Furtiver enwriched by tive datw of o avrbitrary Auvt X)-bundle over B.




Of povramount umportance are the vertex functions, that U, cownts for
B= complex plane, witr boundary condiflons imposed at infundity (Hus
U formalized as maps from P novsingular at ). Like for Nekirasov
covnty of nstontony on R, these make sense equivariontly for the

action of | |
9,€ C < Aut / ‘jq//Bc_’@




Of povramount umportance are the vertex functions, that U, cownts for
B= complex plane, witr boundary condiflons imposed at infundity (Hus
U formalized as maps from P novsingular at ). Like for Nekirasov
covnty of nstontony on R, these make sense equivariontly for the

action of | |
9,€ C < Aut / ‘jq//Bc_’@

A fundamental feature of Hhe theory are neor g -difference equations
v ol variables, Kajder Z or eguivariont T < Awt(X), satisfleod by tre
vertex functiong: The operatorsy unv these equations are certoin county for
B=P1 withv wuertions at botiv O and oo




Moin pont:

* These g-difference equations generoalize wirvat we have seen before,
or Uf one prefers abstract stotements to- special functions, Hhen

* The wiole enumwmerative Heory may be descriped wsing certoin
new- geometrue representotion Hheory




Moin pont:

* These g-difference equotions generoalize wivat we have seen before,
or Uf one prefers abstract stotements to- special functions, Hhen

* The wiole enumwmerative Heory may be descriped wsing certoin
new- geomwetrie represenfation tireory

(v general, U wlll bwolyve algebras that are not Hopf, but for
Naokojima guinver varieties we get new- guoimntum loops growps anol their
enfure package



[Mauwlik~0,12] gone a geometric covstruction of solutions of the Y3 and
related equationy using thewr theory of stople evwelopes: Thisy associates
o new- guontumm Loop growp Uphg to- any guinver so-that K(X) sy o weight
space v o Uphg-modude. The corresponding Lie algebra g s o
generalizotion of He Kac-Moody Lie algebra covustructed geometrically
by Nakajuma
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by Nakojumo

[O., 15] g-difference equations un ceirfoin eqguunoriont voriaiples are e
GKZ equotions for Upng



[Mauwlik~0,12] gone a geometric covstruction of solutions of the Y3 and
related equations using thewr theory of stable envelopes: This associates
o new- guontun Loop growp Uphg to- any guinver so-that K(X) sy o weight
spoace v oo U g-modude. The corresponding Lie algebra g (s a
generalizotion of He Kac-Moody Lie algebra covustructed geometrically
N
[O., 15] g-difference equations un ceirfoin eqguunoriont voriaiples are e
GKZ equotions for Upng
[Smisrnov—0., 16] the affine dynamical grovpoio of Und gives the g-
difference equationsy un the Kahler variables



[Mauwlik~0,12] gone a geometric covstruction of solutions of the Y13 and
related equations using thewr theory of stable envelopes: Thisy associates
o new- guontun Loop growp Uphg to- any guinver so- that K(X) s o weight
spoce v oo U g-modude. The corresponding Lie algebra g iy a
generalizotion of He Kac-Moody Lie algebra covustructed geometrically
by Nakojumo
[O., 15] g-difference equations un ceirfoin eqguunoriont voriaiples are e
GKZ equotions for Upng
[Smisrnov—0., 16] the affine dynamical grovpoio of Und gives the g-
difference equationsy un the Kahler variables

Lost 2 stotements generalize wivat was provesn un colvomology un [MO]
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o dynamicol grouwpotd v o collectlon of
operators of the form. |

\\w\k 5,42

for every wall w-of a perwodic hyperplane
oarrongemwent: Must sotisfy -
TS -1

O

<,Q,V1)og>+m=o



o dynamicol grouwpotd: v a collectlon of
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operotory of the form |
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for every wall w-of a perwodic hyperplane

N

\\ arrongement: Must sotisfy E\_ gw.___ 4/

<ﬁv1)%>+m=o

root of 0a~€ Hz(xll)



\ o dynowwucal growpoldh v a collectlon of
"‘{'A operators of the form |

N\ N\ ~ W mw o
' S CED
\\ \<f¢ \\k

for every wall w-of a perwodic hyperplane

oarrongemwent: Must sotisfy -
\\([ L\ \\ E\_ g,w, 4,
HQ(X) <QN1)0§ +m=0
T oot of 0a~€ Hz(xll)

Generolize YB eguation, braid growps,
ond. guwe flat g-difference connectlons.
Covstructed for every Uphg in [OS]
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\ o dynowwucal growpoldh v a collectlon of

"{'A operators of the form |

N NG ST
NN i

% N for every mmuwofw@rmmwwmw
\% \L | #rengement: Must satisfy W gw.___ 4/
. NER . O

H (X) <,€,\,1,ok +m=0 N
T oot of 0a~€ Hz(xll) |

Generalize YB equation, brald groups,
ond. guwe flat g-difference connectlons.
Covstructed for every Uphg in [OS]
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This gwwes a complete control over guantihies of prume enumerative
wnterest; such as those from K-theorette DT Hieory of tHhureefolds.
Corwersely, witv geometric toolsy one can really control the analytie
tiheory of these equationy



Thas guwes a complete control over guantuhies of pruwme enummeratine
ntferest; suchv as those from K-theoretie DT Hweory of Hureefolols.
Corwersely, withv geometric toolsy one com really control Hre analytic

theory of these equations

[Aganagie-0., 16] Monodromy of these g-difference equotions computed
U termg of eliptic R-matrices (K- elduiptic colromology gemeralizotion of
stobple evwelopes). Thus generalizes the Koluo— Drunfeld computation of

the monodiromy of KZ equationy, among otirer Hungs



Thais gwes a complete control over guantifies of pruwme enuwmerofive
nterest; suchv as those from K-theoretie DT Hweory of Hureefolos.
Corwersely, withv geometric toolsy one com really control Hre analytic

Hieory of these equations

[Aganagie-0., 16] Monodromy of these g-difference equotions computed
U termg of eliptic R-matrices (K- elduiptic colromology gemeralizotion of
stobple evwelopes). Thus generalizes the Koluo— Drunfeld computation of

the monodiromy of KZ equationy, among otirer Hungs

[Agonagie—-0., 17] Intfegral representotion of soluwtionsy wivcin, unv
portiendor, solves Hie corresponding generolizotion of Hie Betive Ansotz
proplem un tive g->1 lumat






9 ~0Uff eguotions exist for abstroct reosons



q~0Uff equations exist for abstract reasons

The Kdlhder ones sihhould be gwen by a similar grouwpoid,

now- withv rooty of X (o funite subpset of effective cuarve
classes) wustead of the roots of g.

K
N
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q-duff equationy exust for abstract reasons \I\\J\ SR
The Kdlder oney sihhoudd be gwen by a sumidor growpoid, \\\\\

now- wihv rooty of X (o funite subset of effectwe curve N \\-§
hasses) nstead of Hhe roots of g NI \\ NE

Thas i a work un progress [Halpern-Leustner+Mauwlik+O] for rativer general
gauge theorwes. ln otiver cases, one wy stUL looking for the rght modudi spaces.
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Same for shufty unv the eguvoriant vortaples unv A c Aut{X,w). The roots

here are Hre normal weightsy of A ot XA and He wall operotors come from
stable ennelopes



q-duff equationy exust for abstract reasons \I\\J\ SR
The Kdlder oney sihhoudd be gwen by a sumidor growpoid, \\\\\

now- wihv rooty of X (o funite subset of effectwe curve N \\-§
classes) Lnsteads of Hhe roots of g i \\ NE

Thas i a work un progress [Halpern-Leustner+Mauwlik+O] for rativer general

gauge theorwes. ln otiver cases, one wy stUL looking for the rght modudi spaces.

Same for shufty unv the eguvoriant vortaples unv A c Aut{X,w). The roots
here are Hre normal weightsy of A ot XA and He wall operotors come from

stable ennelopes
The dunality should exchange thhe Kalhder tovrus Z and A, and the two

grouwpotds: n some lumited generality, Huws vy indeed shown b a work

W progress witiv M. Aganagie



Unlike classical Langlands duality, Hhe Killer and equivariant rooty bnve un
spoces of apriovy different dimevsion, making Hre dunolity more diramatic

Kaldler roots for XV

Equvariant rooty for X

Equinvoriont rooty for XV
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Wihere s the Kazhdan-Luszing theory ?

The broid growp Umit Sp{O), Su{0) of Hre Kilder growpoid gwes the
right analog of e Hecke algebra for guantizotions of X over a field of
characterstic p > O ay shhoww by [Bezrukoynikov-0] for a Ust of



Wihere s the Kazhdan-Luszing theory ?

The broid growp Umit Sp{O), Su{0) of Hre Kilder growpoid gwes the
right analog of e Hecke algebra for guantizotions of X over a field of
characterstic p > O ay shhoww by [Bezrukoynikov-0] for a Ust of

Better stUl than suche it one shoudd stndy the full elliptic tHheory of
[Aganagic-O]. It controlsy Hre roots of unity analogs of charvacterustic p>»> O
guonfizofion guestiony for fute p It catfegorifies to- eguivalences between
different descriptiony of the category of bouwndary condifionsy un Hhe QFT,
wivehv v wirere tive dufferent ronds of cotegorification wv Lie tiveory
shhouwld corwrerge.
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Any formulay today ?

| havent put e any beyond the X=T*PL example, but Hrese new-
worldy are flll of e.g. remavkaiple g-diff equationy wirose solutlons
confoiimn a treosnre of geometric, representfotion—teorefic,
combpinatorial, and no doubt nmumber -tiveoretic unformation.

Explicit formudas for e.g. stoble enwelopes [Smirnov], Betire eigen-
functiony, efe: confain, as o special case, avusnwers to- many old guestions.










!

ICM2022

[Tenwepoype Ha

Doopo- noncanobomy 6 Carnnmn




