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Abstract

We extend some results of Amann about the topological degree for compact potential vector
fields to potential operators of class (S). Using these results, we obtain the existence of a third
buckled state of a thin elastic shell in R* even in the case when the gradient of the potential
energy of the shell might not be compact.
© 2003 Elsevier Ltd. All rights reserved.

MSC: 47H09; 47H11; 74G35; 74G60

Keywords.: Topological degree; Potential operators; Buckling; Shells

1. Introduction

In [9] Rabinowitz established some results about the topological degree for compact
potential vector fields and applied them to prove the existence of the third buckled state
possessed by a thin elastic shell. However, the above results were obtained under the
assumption that the functional whose gradient is a compact vector field was of class C2.
Later, Amann [1] showed that the degree results of Rabinowitz hold for C'-mappings.
In the present paper, we extend some results of [1] to a class of continuous potential
operators of class (S); and use them to relax conditions on the compactness of opera-
tors and the shallowness of shells in [9]. We also give an explicit example illustrating
the relaxation of the compactness of operators (see (iii) of Lemma 3.3).

* Corresponding author.
E-mail address: dmduc@hcme.netnam.vn (D.M. Duc).

0362-546X/$ - see front matter © 2003 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2003.07.016


mailto:dmduc@hcmc.netnam.vn

952 D.M. Duc et al. !/ Nonlinear Analysis 55 (2003) 951—-968

The remainder of our paper consists of two sections. In Section 2, we improve results
in [1]. Then we apply them to study the number of buckled states possessed by a thin
elastic shell in the last section.

2. Topological degree for potential operators of class (5)+

In this section, we extend the results about the topological degree in [1] to potential
operators of class (S).. Throughout our paper, H is a Hilbert space with the scalar
product (.,.) and its dual space H* is always identified with . We denote by B(xo, )
the set {x € H | ||x—xo|| < r} for any xo in H. Now, we recall the class (S). introduced
by Browder (see [2,3]).

Definition 2.1. Let 4 be a subset of H and & be a mapping of 4 into H. We say:

(i) & is demicontinuous if the sequence {A(x,)} converges weakly to /(x) in H for
any sequence {x,} converging strongly to x in H.

(ii) & is of class (S); if & is demicontinuous and has the following property:

Let {x,} be a sequence in 4 such that {x,} converges weakly to x in H. Then {x,}
converges strongly to x in A if limsup,_, . (A(x,),x, —x) <O0.

Let D be a bounded open subset in A with boundary 4D and closure D. Let 4 be a
mapping of class (S), on D and p be in H\h(6D). By Theorems 4 and 5 in [2], the
topological degree of & on D at p is defined as a family of integers and is denoted by
deg(h,D, p). In [10] Skrypnik showed that this topological degree is single valued (see
also [3]). Combining the Galerkin approximation technique in the proof of Theorem 4
in [3] and results in [1] for continuous mappings on finite-dimensional spaces, we have
the following result.

Theorem 2.1. Let U be an open subset of H and G be a real C'-function on U such
that its gradient VG is of class (S), on U. Denote VG by g and assume that there
are xo in H and real numbers o, § and r such that o < f§, r > 0 and

(i) V = G (=00, B)) is bounded and V C U,
(ii) G~'((—o0,a]) C B(xo,r) C V and
(iii) g(x) # O for every x in G~'([a, B]).

Then G~'((—o0, B]) is bounded and deg(g,V,0)= 1.

Proof. First, since V' = G~!((—o0,)) is bounded, ¥ is contained in a ball B(0,R)
for some positive number R. If there is z in G~'({})\B(0,2R) then G has a local
minimum at z since G(x) > f for all x € U\B(0,R). Thus g(z) =0, which contradicts
(iii). Hence

G~'({B}) C B(0,2R).

This proves the first statement of the theorem.
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By the continuity of G, V' is an open subset and

oV C G (=00, BD\G (=00, B)) = G~ ({B}).

Therefore, 0 & g(dV') and the topological degree deg(yg, V,0) is well defined in the
sense of topological degree for (S); mappings. Denote by {X;};c, the family of all
finite-dimensional subspaces of H such that V;, = V' N X, is nonempty. We define

A=-ue X, CX, Viped
For each 1 in A, let 7; be the orthogonal projection of H onto X;. For x € V/;, put
Gi(x) =G(x),

gi(x) = 1,(g(x)).
Then, it is easy to see that, for any y €V, and x € X},

(VGu(y).x) = (VG(p),x) = (mx(VG()).x) = (mi(g(»)). X) = (g2(¥),x),

ie.,

VG (y)=9:(y) Vyer;.
We shall show that there exists Ay in A such that

g:(x) £ 0 Vxe Gy ([0 B]), A= Jo. (2.1)

Suppose by contradiction that, for each 4, there exist a u >~ /4 and an x,, in G;l( [o, B1)
such that g,(x,) = 0. Thus,

<g(x,u),x,u> = <gu(xu)=xu> =0, <g(xu)a v) = <gﬂ(xu): v)y=0 WY € Xy (2.2)
We define
W, ={uc G ([0, 1) | (g(u),u) = 0 and (g(u),v) =0 YveX;} VieA.

Note that W, C Wy if o > . Therefore, by (2.2), {W,},c4 is a family of nonempty
sets and has the finite intersection property. Denote by K, the closure of W) in the
weak topology of H for any A in A. It is clear that {K;};c, is a family having the
finite intersection property. Since W; is contained in the bounded set G~'([o, ]), K;
is a weakly compact subset of H for any 4 in A. Thus

K = ﬂ K; # 0.
AEA

Let x be in K and v be in H. Choose 4 in A such that x and v are in X;. Since x lies
in K; and H is a Hilbert space, there exists a sequence {x;} in 7, which converges
weakly to x in H. By the definition of W, x; belongs to G~!([x, ]) and

<g(xj)axj> = Oa <g(x])7x> = 07 <g(x])>w> =0 VJE N7 WEXZ'
It implies that

lim sup (g(x;),x; — x) = 0.

J—oo
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Since ¢ is of class (S). on G~ !([a, B]), {x;} converges strongly to x and hence x
lies in G~!([o, B]). Using the continuity of g, we obtain

{g9(x).v) = lim {g(x;).v) =0.

Since v is an arbitrary element of H, it follows that g(x)=0 , which is a contradiction
to the assumption on ¢g. Therefore, we obtain (2.1).
Now, let A be in A such that A = Ay and xy € X;. Then

G; ' ((—00,0]) =G ((—00,a]) N X; C B(xo,r) N X;
=Bi(x0,7) C V3 =G; (=00, )
and
V,cVnNnX,cUNX,=U,.

Therefore, the mapping G satisfies all conditions of the Theorem in [1] for the finite-
dimensional Hilbert space X;. Thus, we obtain

deg(g;,, V;, 0) = deg(VGi, V;ﬁ,O) =1 VAiAs> 4.
Since g is of class (S)y, by definition (see [3], p. 75), the theorem follows. [J

Theorem 2.1 was proved in [1] for compact potential operators. A result similar to
Theorem 2.1 was proved by Klimov [6] (see also [11]).
We have the following corollaries of Theorem 2.1.

Corollary 2.1. Let G be a real C'-function on H such that its gradient g = VG is
of class (S)y on H. Suppose that G(x) — oo when ||x|| — oo and G maps bounded
sets into bounded sets. Moreover, suppose that g(x) # 0 for all ||x|| = ro and some
ro > 0. Then there is a number ry = rq such that

deg(g,B(O,r),O):] fOV all}’;rl,
The proof of this corollary is similar to that of Corollary 1 in [1] and is omitted.

Corollary 2.2. Let W be an open convex subset of H and G be a real C'-function
on W such that its gradient g = VG is of class (S). on W. Let wy be an isolated
critical point of G in W. Assume that G has a local minimum at wy. Then

l(ga WO) = hn(l)deg(gaB(WO»S)sO) =1

Proof. First, we prove that G is weakly sequentially lower semicontinuous on .
Suppose by contradiction that there exists a sequence {wy} in W converging weakly
to w in W such that G(w) > lim inf;_,, G(wy). Choose a subsequence {wy,} of {wy}
such that

lim G(wy,) = liminf G(wy).

m— o0 k—
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Then
mlingo (G(wi, ) — G(w)) < 0.

On the other hand, for each m, there exists a #,, € (0,1) such that
G(wy,) — G(w) = (g(w + tw(wi,, — w)), wi,, — W).

m

Hence

lim sup £,[G(wg,, ) — G(w)] = limsup (g + 1, (Wi, — W))W + £ (wi, — w) — W)

m—0oQ0 m—o0
<0.

Since g is of class (S); on W and the sequence {w + #,(w;, —w)} converges weakly
to w, the above inequality shows that {w+£,(w;, —w)} converges strongly to w. Since
g is continuous, we have

lim [G(wg,) — G(w)] = lim (g(w + tw(wg, — w)), wg, — W)

= lim (g(w),wi, —w) =0,

which contradicts the inequality lim,,_, . (G(w,) — G(w)) < 0. Hence, G is weakly
sequentially lower semicontinuous on .

Without loss of generality, we can assume that wy = 0, G(0) =0 and there is a
positive real number 7y such that W = B(0,7) and 0 is the unique critical point of G
in W. Let r; and r, be two positive real numbers such that r;, < r, < ryp. We claim
that

B = inf G(B(0,7,)\B(0,r)) > 0. (23)

Suppose by contradiction that there is a sequence {w;} in B(0,7,)\B(0,7) such that
{G(wi} converges to 0. We can (and shall) assume that {w;} converges weakly to w
in B(0,7;). Since G is weakly sequentially lower semicontinuous on ', we have

0.< G(w) < liminf G(w;) =0, (2.4)

which implies w=0. On the other hand, for any integer n, there is an s, in (0, 1) such

that
- 6(2) - (o (242 2). %)
Since G(w,,/2) = 0 and lim, ., G(w,) =0,

. Wp Wy Wy
hyrgigp@ ( 7 + 5, 5 ) ,(1+s,) 7 > 0
As {(1 + s,)w,/2} converges weakly to 0 and g is of class (S); on W, it follows
that lim,_, o w, =0, which contradicts the fact that ||w,|| = » > 0 for all n. Therefore,
(2.3) holds. _

Choose r > 0 such that B(0,7) C G~!((—o0c, )) and put

a = (1/2)inf G(B(0,7,)\B(0,r)).

By definitions and (2.3), we see that r <7y, 0 <o < f, V = G '((—o0, B)) C B(0,r)),
V C B(0,r,), and G~'((—o0,a]) C B(0,r).
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Now, applying Theorem 2.1 for U = B(0,r;), we obtain
i(g,0) =deg(g,V,0)=1. [
We have the following theorem, which will be useful for the application in Section 3.

Theorem 2.2. Let g be a mapping of class (S). on H and xo be an isolated zero of
g in H. Suppose that g is Fréchet differentiable at xo, Vg(xo) is of class (S). and
Vyg(xo)x # 0 for all nonzero vector x in H. Then

i(g,x0) = lim deg(g, B(xo,),0) € {~1, 1}.
Proof. First, we prove that there exists a positive real number a such that
IVg(xo)x|| = allx|]| VxeH. (2.5)

Suppose by contradiction that there exist a sequence {a,} in R and a sequence {x,}
in H\{0} such that lim,_, . a, =0 and

IVg(xo)xall < anllxall (2.6)

For any positive integer n, put x* = x,/||x,]|.
Then ||x%|| =1 and we can assume that the sequence {x}} converges weakly in H
to x* with ||x*|| < 1. On the other hand, from (2.6) we have

Xn
KVmMﬂﬁJiXWI<HVguw

| s = <20 =0
n

Since Vg(xop) is of class (S), it follows that {x*} converges strongly to x*. Hence
|lx*|| =1, and Vg(xo)x* =0, which is a contradiction to our assumption on Vg(x).
Thus we have (2.5).

Since ¢ is Fréchet differentiable at xy, there is a mapping ¢ from a ball B(0,r) into
H such that lim,_.¢ ¢(h) =0 and

g(x) = g(xo) + Vg(xo)(x — x0) + [|x — X0/ (x — x0)
= Vg(x0)(x — xo) + [|x — xo[[o(x — xp).
For any (¢,x) in [0,1] X B(xg,7), put
g(x) = Vg(xo)(x — xp),
h(t,x) = tg(x) + (1 — )§(x) = Vg(xo)(x — x0) + t||x — xo||@(x — x0).

Then g is of class (S), as Vg(xg) is linear and of class (). By (2.5), A(t,x) # 0 for
all (z,x) in [0,1] x 0B(xg, p) when p is a sufficiently small positive number. Since x
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is an isolated zero of the continuous mappings g and g, by the homotopy invariance
of the degree, we obtain

i(g,XO) = deg(g>B(x07 p)a O) = deg(g>B(x07 :0)’ O) (27)

Let {X;},c1 be the family of all finite-dimensional subspaces of H as in the proof
of Theorem 2.1 such that xy € X;. Denote by B,(xo,p) the set B(xp,p) N X, and ¢,
the restriction of 7, o § to B;(xg,p). Using the fact that § is of class (S); and 0 ¢
g(0B(xp, p)), and arguing as in the proof of Theorem 2.1, we can find a /o in A such
that 0 ¢ §;(9B;(xo,p)) and

deg(§, B(xo, p), 0) = deg(§1. Bi(x0,p),0) Vi > Zo. (2.8)

Since §;(x) # 0 for all x € dB;(xg,p), it is obvious that §,(x) # 0 for all x # xo.
Furthermore, we have

gi(xo +h) — gi(xo) = m;(g(xo + 1) — g(xo)) = mi(Vg(x0)(h)) VheX,.
It implies that
Vgi(xo)(h) = m;(Vg(xo)(h)) VheX;.
Since §,(x) = m;(g(x)) = 1 [Vg(xo)(x — x0)] # 0 for all x € X;\{xo}, it follows that
Vi (xo)(h) #0 VYheX;\{0}.
Thus, by the Leray—Schauder index formula [7, Theorem 4.7, pp. 136—137]
deg(d;» Bi(x0,p),0) € {~1,1}. (2.9)
By (2.7)<(2.9), we obtain the theorem. L[]

3. An application to shell buckling

Let S be a thin elastic shell in R? which has a single-valued projection Q on the xy
plane. S is assumed to be in equilibrium under the effects of edge stresses and of an
applied force. In [9] Rabinowitz used the results of the topological degree for compact
vector fields to prove the existence of three buckled states of S. In this section, we
apply our results in Section 2 to obtain a similar result and show that we can relax
some conditions on the compactness of mappings and the shallowness of the shells.

First, we need some definitions. Let A be the usual Sobolev space WOZ’Z(Q) with
the scalar product and norm

(u,v)H:/ AulAvdxdy,
Q

12
ol = { / Aulzdxdy} Vi oeH
Q

where A = 0%/ox* + 0%/0y*.
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In this section, let (k;;)i<ij<2> be a symmetric matrix whose elements are given
measurable functions on Q. We put

u 0%v n 0*u 0% Pu %
ox2 0y*  0y?* Ox2 0x0y 0xdy’

0 Ju 0 ou 0 ou
N(u)= o (kll 6x> + a <k12 @y) + F <k21 0x>

[u,v] =

+% <k22 232) Yu,v € H.
Using the Cauchy—Schwarz inequality and Corollary 9.10 in [5], we obtain
/Q [[u,v]|dxdy < ||u|lullvllg  Yu,veEH. (3.1)
Integrating by parts, we see that
| tritoaxay= [ puodsdy, (32)
/QN(w)godxdy:/QN(qo)wdxdy Yw, o € H. (3.3)

We assume that there is a positive real number C such that

/N(w)(pdxdy' < Clolgllelly Yw, @€ H. (3.4)
Q

Hereafter, by C we mean a general constant.

Let w, f, Z(x,y), V1, ¥, and 4 be, respectively, the deflection of the shell from
its initial state, the Airy stress function, the applied force, the edge stresses, and a
measure of the magnitude of ¥, and ¥,. After appropriate dimensional scalings have
been made, w and f satisfy the von Karman equations:

Aw=[fw]+N(f)+Z (3.6)
ow ow 3 f afr
w_a_a_ S ¥, E—MI/Q on 0Q, (3.7)

where n(x, y) and 1(x, y) are the normal and tangent to 0€Q, respectively.
Assume that Q, ¥, and ¥, are sufficiently smooth so that there is a solution Fy in
C*(Q) to the following boundary problem:
A’Fy=0 in Q
0*Fy 0’F
— =Y — =Y 0Q.
mor " dwor 2 "

We further require that Z = —AN(F)), i.e., the external force just balances the edge
stresses so that w = 0, f = AF, is an equilibrium state of the shell and satisfies
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(3.5)—(3.7). Putting F=f — AF), we can reduce the systems (3.5)—(3.7) to the following
system:

A’F = —L[w,w] — N(w), (3.8)
A’w = [F + AFy,w] 4+ N(F), (3.9)
ow  ow oF oOF R
W‘&‘@_F_ﬁ_ﬁ_o on 09Q. (3.10)
Put
1
lw(q)):—/{2[w,w]—|—N(w)}(pdxdy Yw, p € H. (3.11)
Q

By (3.1), (3.4) and the Sobolev embedding theorem, we have
(@) < 3wl ol + Clwlialolla
< Cwli + Iwlmlolla  Yw.o €H. (3.12)

Thus, by the Riesz representation theorem, for each w in H, there exists a unique F(w)
in H such that

L) = (F(w),p)n VoeH. (3.13)
Choosing F as F(w), by (3.13), we see that system (3.9) becomes
A*w — [F(w) + AFo,w] — N(F(w)) =0,
or, in the weak form

/ {AwA@ — [F(w) + AFy,w]p — N(F(w))p}dxdy=0 VeoeH. (3.14)
Q

In order to solve (3.14), we consider the following potential energy of possible shell
states:

G(l,w)= % /Q(|Aw|2 + [AF(W)[* — A[Fo,wlw)dxdy.

The following lemmas contain properties of G(4,-) and its derivatives. First, let
us prove

Lemma 3.1. Let A, B be two weakly continuous operators of H into H, that is,
for any sequence {w,} converging weakly to w in H, the sequences {A(w,)} and
{B(w,)} converge weakly to A(w) and B(w), respectively. Define an operator T on
H as follows:

(T(w), phsr = /Q [Aw). B dxdy Vo e H.

Then T is a compact operator on H.
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Proof. Fix a w in H. By (3.1) and the Sobolev embedding theorem, we have

[ v B0 o asay] < 1a0n Bl ol
< CllAMWulBOullelly Vo € H.

Therefore, T is well defined by the Riesz representation theorem. Let {w,} be a
sequence in H converging weakly to w in H. Then the sequences {4(w,)} and {B(w,)}
converge weakly to A(w) and B(w) in H, respectively. By the Sobolev embedding
theorem, the sequences {4(w,)} and {B(w,)} converge strongly to 4(w) and B(w) in
C(9Q), respectively. Moreover, by (3.1), we have

1T(wa) = TW|7 = (T(wa) = T(w), T(wy) — T(W))1

= [ (008, B05 ) = LAOHBOOD(T 031) = TO0) dxdy
< ‘ / [A(wn)—A(w>,8(wn)]<T<wn)—T(w))dxdy’

+‘ /Q [A(w),B(wn)—B(w)kT(wn)—T(w))dxdy‘
_ ‘ /Q [T(w,,)T(W),B(Wn)](A(Wn)A(W))dXdJ”

+‘/Q [A(w), T(wn) — T(W)](B(Wn)—B(W))dxdy’

< NTwn) = Tl B9[] [[A(wn) — AW)] ¢
T Own) = Tl |40 [|BOw) = BOW)l )
Hence
1Twn) = Tl < ([Awa)ller + [1BOw) )1 Awn) = A 3
+1Bwn) = BW)l| ¢(g))-

Therefore, the sequence {7(w,)} converges strongly to 7(w) in H and we obtain
the lemma. [J

Lemma 3.2. (i) For any fixed ., G(4,.) is Fréchet differentiable on H and its gradient
g9(2,.) =V G(4,.) is given by the following formula:

gl w)=w — AL(w) — Li(My(w)) — M(w) + L3(w) VYweH,



D.M. Duc et al./ Nonlinear Analysis 55 (2003) 951—-968 961

where L, Ly, My and M are operators on H defined as follows:

(LOw), o = /Q [Fo, wle dxdy,
(La(w), ) = /Q NOw)pdxdy,

1
M R = —— X dxdy,
(Mi(w), @)1 Z/Q[W wlpdxdy

<M(W),§0>H=/Q[F(w),w]<pdxdy Yw, @ € H.

Furthermore, the operator L, is continuous, the operators L, M, and M are
compact.

(ii) G(4,-) is a C'-function on H.

(ii1) g(4,-) is of class (S)+.

(iv) Vg(4,0) is given by the formula

Vg(7,0)(w)=w — AL(w) + L} (w) VYwecH
and is of class (S);.

Proof. (i) Consider functionals G,(4,.) and Gp(.) defined as follows:

1
Gulhow) = 3 / (1AW = AlFo,whw} dx dy,

1 1
Gb(w):E/ |AF(W)\2dxdy:§||F(w)||f, Yw, o € H.
Q

Then
G(2,w)=Gu(2,w) + Gp(w) VYweH.

It is clear that G,(4,.) is Fréchet differentiable on H and its gradient ¢,(/,.) =
VG,(4,.) is defined as follows:

(Gala W) ) = (v )i — /Q (Foowlpdxdy Yy € H, (3.15)

Fix w,}y € H and put
S(w,Y) = F(w + ) — F(w).
By (3.11) and (3.13), we have

(SO, @Y = (F(w + ), 0) it — (FW), @)t = Ly (@) — Lu(@)

:—/Q{;[w+lll,w+l//](p+N(w+l//)(p} dxdy
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1
+/Q {2 [w, w]p +N(w)(p} dxdy

1
-/ {—[w, Vo — 5 1. vlo - N(w)w} dxdy VpcH. (3.16)
It follows that

ISe )l < ’ / {[w,w]S(w,¢)+;w,mS(w,w>+N(w>S<w,¢)}dxdy'

< ClUWle Wl + 1l + LSO,y

Hence

lim [ISOw. ¥l = 0. (3.17)
Using the definition of Gp(-) and substituting ¢ = F(w) + %S(w, Y) into (3.16) yield
1 1
Go(w + 1) = Gyp(w) = 3 [F(w) + Sow. )l = 5 1FOow)l
1

- /Q (. WIF () — N@F(w)} dxdy

1 1
w5 [ {Fomsenn - wanero

+S(w,¥)) —N(tp)S(w,tp)} dxdy. (3.18)
By (3.1), (3.4) and the Sobolev embedding theorem, we have
[ omuron - KRy asay

< Wwlla o lEODll @) + ClY Il 1E )]z
< C{lwlle[FEO)e + [FEO) e W L (3.19)

/ {—[w, VISOn ) — 5 [0 WIFOR) + S0w,10)) — NOHS(, w)} dx dy‘

< (Wl llz SO ¥l @) + % W3 1127 (w)
+SwP)lleqa) + ClYllalSOn ¥)llu
< ClYla{IwllalISOv )| + (12F(w)
+ Sl + SOyl - (3.20)
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Combining (3.2), (3.3) and (3.17)—(3.20) and the equation
F(w)=M(w) — Li(w),

we see that G, is Fréchet differentiable at w and its gradient g, = VG is defined
as follows:

(g (w). ) = /Q (Do YIF(w) — N(Fw)} dxdy
- /Q (IF O W) — N(FO0)0) dxdy

- /Q ([P Wl — Ny (w))
FNLi)W)dxdy Ve H. (3.21)

Therefore, the formula of g(4,-) follows from (3.15) and (3.21).

By (3.4), Ly is continuous on H. Now, let {w,} be a sequence converging weakly
to w in H. By Lemma 3.1, the sequence {M;(w,)} converges strongly to M;(w)
in H. Now, fix a ¢ in H. By (3.4) and the weak convergence of {w,} to w, we have

(Li(wn) = Li(w), @)u| = ’/Q N(@)wn — W)‘ — 0.

Hence, the sequence {Li(w,)} converges weakly to L;(w). Thus, the operators L; and
F are weakly continuous. Hence, by Lemma 3.1, the operators L, M|, M are compact.
The proof of (i) is complete.

(ii) It is easy to see that (ii) is derived from (i).

(iii) Let {w,} be a sequence converging weakly to w in H such that

lim sup (g(A, wy,), w, — W)y < 0. (3.22)

We shall prove that {w,} converges strongly to w. Note that
(gAwn)y Wy — Wiy = (Wyy Wy — W) — (AL(wy,) + M(wy,), w, — W)y
— (L (M1 (Wa))s W = W) i+ (LT (W), W — W) (3.23)

By (i), the sequences {AL(w,) + M(w,)} and {M (w,)} converge strongly in H and
{Ly(w,)} converges weakly to L;(w) in H. Thus,

lim — (AL(w,) + M(w,), w, — w)g =0,
JE‘;O — (LM (W), Wy — W) = nlggc — (Li(Wn) — Li(w), My(wy)) i = 0,

lim sup (L3(wy ), w, — w)g = limsup ||L1(w,,) — Li(w)||3; = 0.

n—o0 n—oo
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Therefore, by (3.22) and (3.23), we have

lim sup |w, — w||?; = lim sup (w,,, w, — w)y < 0.

n—oo n—o0o

Thus, {w,} converges in H to w, and we obtain (iii).
(iv) Using the formula of g(4,w) and arguing as in the proof of (i) and (iii), we
find that Vg(4,0) has the desired properties. [l

Lemma 3.3. Let Ly be as in Lemma 3.2. Then

(i) The operator I + L% is an isomorphism from H onto H.
(i) If L? is compact then Ly is also compact.
(iii) If Q=B(0,1) and
when i # j,

kij(z) ’
ij\Z2) =
! = ||z||)72 when i = j,

where z = (x,y) € Q and ||z|| = (x> + y*)'2, then g(1,.) is a continuous but not
compact vector field on H for any A in (0,00).

Proof. (i) Note that
(@ +LDHW), )i = il + i) = wlli-

Therefore, by (3.4) and the Lax—Milgram theorem, we obtain (i).
(ii) Let {w,} be a sequence in H converging weakly to w in H such that {L3(w,)}
converges strongly in H. Since

||L1(Wn - W)H%{ = <L%(Wn - W), Wy — W>H = <L%(Wn) - L%(W): Wy — W>Ha

the sequence {L;(w,)} converges strongly to L;(w) in H. So, (ii) is proved.
(ii1) By the Cauchy—Schwarz inequality and the weighted Sobolev inequality
[8, Theorem 8.4], we have

/ Nw)pdxdy| = ’/(1 - ||z|)_2Vw-V(pdxdy‘
Q Q

12
< {/ (- |z||>2w2dxdy}
Q

12
. { / (1- ||z||>-2|w|2dxdy}

< Clwllallola-

Consequently, (3.4) holds and L, is a linear continuous operator on H. For each pos-
itive integer i, let 7, and a; be, respectively, the number 27/=2 and the point (1—27%,0)
in Q. Then {B(a;,r;)} is a family of disjoint subsets of Q. Choose ¢ in C>(B(0,1))
such that

12
{/ |vm¢2dxdy} =4,>0 VYm=1,2.
Q
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We define
bi(2) = rih (Z - “") VieN.
v

i

Then, it is easy to see that ¢; is in C2°(B(a;,r;)) and
1/2
{/ |V’”¢>,»2dxdy} =r7""4,, >0 VYm=12, ieN.
Q

Since the supports of ¢; are disjoint and ||¢; ||z =42, {¢:} is an orthogonal system
in H. Therefore, {¢;} converges weakly to 0 in H. Hence, {L;(¢;)} converges weakly
in H to L1(0) =0 by the linearity of L;. Moreover, we note that

(=272 = (@ = llailD) + lla: = z[)7? = 5727 ¥z €Bairy), i€N,

1

(L (). b ]/ N )qbldxdy’ /(1f||z||> 2|V dxdy

- / (1= [2]) 2|Vl dxdy
B(ajri)
P A7
and

[(Li(¢:), di) | < [Li( )l illr = | L1( D) ||z A2.

Thus, {L1(¢;)} does not converge strongly to 0 in H since ||L(¢;)||lu = A3/254; > 0
for all i€ N, and the operator L; is not compact. By (i) of Lemma 3.2 and (ii) of
Lemma 3.3, we obtain (iii). [J

Arguing as in the proof of Lemma 2.1 in [9], we obtain the following result.

Lemma 3.4. Let A and [ be two real numbers. Then the set {weH |G(Lw) < f}
is bounded.

By Lemmas 3.2 and 3.3, the operator (/ + L3)~! o L is compact. We shall suppose
that the linear characteristic value problem

Y+ Ly = ALy (3.24)
has infinitely many positive characteristic values 4; < --- < 4, — 00 as n — o0.

Lemma 3.5. Let . be in the interval (A1,00) and w be an eigenvector of (3.24)
corresponding to Ay. Then G(A,w) <0 when ||w||y is sufficiently small.

Proof. Let w be an arbitrary eigenvector of (3.24) corresponding to 4. By the defi-
nitions of operators L,L;,F and (3.24), we have

/ [Fo,wlwdxdy = (L(w),w)y = %kuz + i (LA(w), w)g, (3.25)
Q 1 A
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<L%(W),W>H:/Q [N(Ll(w))]wdxdyZ/QN(W)LI(W)dXdy
- /Q [ wILy (w) dxdy — (F(w), L ()
:_%/Q [W,W]Ll(w)dxdy—/QN(w)F(W)dxdy
:_%/Q [w,w]Ll(W)dxdy-f'%/Q [w, wlF(w)dxdy + [|F(w)l|7

i
) / [, wI(Li(w) = F(w)) dxdy + [|F(w) [, (3.26)
Q

/Q [ wl(La () —F<w)>dxdy\ < ILw) — FO)l ey / ]| dirdy

< CHWH%{(HLl(W)HC(Q) +IFW)l¢(a))
< ClwlE UL )l + [Fw)]|m)
< Clwlzwle + Iwliz). (3.27)
Combining (3.25)—(3.27), we obtain
26(iw) = [ (18w + AP = lFo,whw) drdy

= Il + IFOnIE — / [Fo, wlw dx dy
Q

A
= Wil + IFOIF — = lIwllz — 7
Al 1

A
_ (1 _ A) (Wl + IF O]
1

+ [ wwlaw) — FOw))dxdy
22] 1o}

A
< (1 _ il) (Il + IFO0IE) + Clwl el + 1.

Since A > 4; > 0, we have 1 —1/1; < 0 and thus G(4,w) < 0 if |w||y is sufficiently
small. [

Lemma 3.6. Let A be in (11,00). Then there exists wy in H such that G(/,w) is a
negative minimum of G(4,.) in H.

Proof. By Lemma 3.4, G(4,.) is bounded from below. By Lemma 3.2, G(4,-) is a
C'-function and its gradient g(/,-) is of class (S).. Hence, arguing as in the proof



D.M. Duc et al. | Nonlinear Analysis 55 (2003) 951968 967

of Corollary 2.2, we see that G(4,.) is weakly sequentially lower semicontinuous.
Therefore, by Theorem 9.2 in [12], G(/,-) has a minimum in H. By Lemma 3.5, this
minimum is negative. [

By (3.14), Lemma 3.2 and standard arguments, we see that (w,F(w)) is a solution
of (3.8) and (3.9) if and only if (w, F(w)) satisfies

L(@)=(F(w),o)u Vo€H,
g(4,w)=0.

Since F(w) is uniquely determined in terms of w from Eq. (3.13), it remains to

solve the latter equation of the above system. Clearly, this equation implies that w is a

critical point of G(4,-). Consequently, the problem of finding solutions to the system

(3.8)(3.10) now turns to the problem of seeking critical points of G(4,-).
We have the main result of this section as follows.

Theorem 3.1. Let A be in (A1,00)\{A,:n € N}. Then the system (3.8)—(3.10) possess
at least three distinct solutions.

Proof. A first solution is (wg, F(w))=(0,0) and a second solution (wy, F(w;)) # (0,0)
is obtained from Lemma 3.6. If G(4,-) has infinitely many critical points then there
is nothing more to prove. Therefore, we only consider the case in which all critical
points of G(/,-) are isolated and there exists o > 0 such that g(4,w) # 0 whenever
[Iw|| = ro. Since A is not a characteristic value of (3.24), Vg(4,0)(w) # 0 if w # 0.
By Lemma 3.2, parts (iii) and (iv), the conditions of Theorem 2.2 are satisfied. Hence

i(g(4,-),wo)e{—1,1}. (3.28)

Lemma 3.4 implies that lim,, |~ G(4,w) = oco. By Lemma 3.2 and Corollary 2.1,
there exists a number r; > ry such that

deg(g(;”")9B(09r),0) =1 fOI‘ all r 2 ri.
By Lemma 3.2, part (ii), Lemma 3.6 and Corollary 2.2,
i(g(4,),w1) = 1. (3.29)

Suppose by contradiction that G(/,-) has only critical points wy and w; in B(0,r).
Then by (3.28) and (3.29) and the additivity of the degree, we have

1= deg(g(/% '),B(O,V),O) = l(g(/% ')n WO) + l(g(}: ')7W1 ) € {092},

which is a contradiction. This proves our theorem. [

Remark 3.1. Theorem 3.1 was showed by Rabinowitz in [9] if the shell is sufficiently
shallow and the vector field g(4,.) is compact. Here we relax both conditions. Lemma 3.3
gives us an example of the relaxation of the compactness. We can also get other
examples by using weighted inequalities in [4].
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