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ABSTRACT. Consider a family of smooth immersions F(-,t) : M™ — R"*! of closed

hypersurfaces in R"*! moving by the mean curvature flow % = —H(p,t) v(p,t), for

t € [0,T). We prove that the mean curvature blows up at the first singular time 7" if all
singularities are of type I. In the case n = 2, regardless of the type of a possibly forming
singularity, we show that at the first singular time the mean curvature necessarily blows
up provided that either the Multiplicity One Conjecture holds or the Gaussian density is
less than two. We also establish and give several applications of a local regularity theorem
which is a parabolic analogue of Choi-Schoen estimate for minimal submanifolds.

1. INTRODUCTION

Let M™ be a compact n-dimensional hypersurface without boundary, and let Fy : M"™ —
R be a smooth immersion of M™ into R"*!. Consider a smooth one-parameter family
of immersions

F(,t): M" — R"™!
satisfying F'(-,0) = Fy(-) and

OF (p,t)
ot

Here H(p,t) and v(p,t) denote the mean curvature and a choice of unit normal for
the hypersurface M, = F(M"t) at F(p,t), respectively. We will sometimes also write
x(p,t) = F(p,t) and refer to (1.1) as to the mean curvature flow equation. Furthermore,
for any compact n-dimensional hypersurface M™ which is smoothly embedded in R™ by
F : M"™ — R" let us denote by g = (g;;) the induced metric, A = (h;;) the second
fundamental form, dy = y/det (g;;) dz the volume form, V the induced Levi-Civita con-
nection. Then the mean curvature of M™ is given by H = g/ hy;.

Without any special assumptions on My, the mean curvature flow (1.1) will in general

develop singularities in finite time, characterized by a blow up of the second fundamental
form A(-,t).

(1.1) = —H(p,t)v(p,t), V(p,t) e M x[0,T).

Theorem 1.1 (Huisken [11]). Suppose T < oo is the first singularity time for a compact
mean curvature flow. Then sup,, |A|(-,t) = o0 ast —T.
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By the work of Huisken and Sinestrari [14] the blow up of H near a singularity is known
for mean convex hypersurfaces. They show that when H > 0 one has a pinching curvature
estimate stating that |A|> < C1H? + Cy, for uniform constants C,Cy. In [22] a similar
pinching estimate has been proven for star shaped hypersurfaces. The present article
establishes the blow up of the mean curvature in the case of type I singularities.

Definition 1.1. We say that the mean curvature flow (1.1) develops a singularity of type
I at'T < oo if the blow-up rate of the curvature satisfies an upper bound of the form

Co

(1.2) maxyy, |A]* (1) < g 0<t<T.

In this paper, we prove the following
Theorem 1.2. Assume (1.2) for the mean curvature flow (1.1). If
(1.3) maxyy, |[H| (-, 1) < Cy
then the flow can be extended past time T'.
In fact, the above theorem is a consequence of the following result.
Theorem 1.3. Assume (1.2) for the mean curvature flow (1.1). If for some o > n + 2
(1.4) IH || Lo (arxjo.ry) < Co
then the flow can be extended past time T

The proofs of Theorems 1.2 and 1.3 are based on blow-up arguments using Huisken’s
monotonicity formula, the classification of self-shrinkers and White’s local regularity the-
orem for mean curvature flow.

Remark 1.1. To some extent, the condition o > n+2 appearing in Theorem 1.3 is optimal
as illustrated by the mean curvature flow of the standard sphere S™.

Our Theorems 1.2 and 1.3 left open the question on the possible blow up of the mean
curvature at the first singular time 7" for mean curvature flows with singularities other
than Type I. This seems to be a difficult question. However, assuming the validity of
Multiplicity One Conjecture (see page 7 of [15] and the precise statement in Conjecture
3.1 of the present article), we prove the following

Theorem 1.4. Let M? be a compact, smooth and embedded 2-dimensional manifold in
IR3. If the Multiplicity One Conjecture holds and if

(1.5) maxyy, |H| (-, 1) < Cy
then the flow can be extended past time T'.

The next result is independent of the Multiplicity One Conjecture. It is in some sense a
refinement of White’s local regularity theorem [26]. White gives uniform curvature bounds
in regions of spacetime where the Gaussian density is close to one. We prove the following.
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Theorem 1.5. Let M? be a compact, smooth and embedded 2-dimensional manifold in
IR?. Suppose that (3.1) holds. Let yo € IR* be a point reached by the mean curvature flow
(1.1) at time T. If

_|y—yo|2

(16) lim pyo,Td,ut = lim m

—_— d 2.
t T tT | [4m(T — t)]"/? Jdpe <

exp(

then (yo,T) is a reqular point of the mean curvature flow (1.1).

Remark 1.2. Qur theorem says that for mean curvature flow of surfaces with Gaussian
density limy » [ pyo rdpe below 2, for every yo reached by the flow at time T, the mean
curvature must blow up at the first singular time. In [23], Stone calculated the Gaussian
density on spheres and cylinders. On spheres, the density is 4/e ~ 1.47 and on cylinders

it is /27 /e ~ 1.52.

Remark 1.3. In a recent paper, Cooper [7] gave a new characterization of the singular
time of the mean curvature flow, without assuming type-1 singularities. Roughly speaking,
his result says that at the first singular time of the mean curvature flow, the product of the
mean curvature and the norm of the second fundamental form blows up. His method also
gave a new proof of our theorem 1.2.

We also give the following characterization of a finite time singularity of (1.1) that works
in all dimensions n > 2.

Theorem 1.6. Assume that for the mean curvature flow (1.1), we have the following
integral bound on the second fundamental form

T p/q 1/p
(.7 U (/M IA!qdu> i) <o

where p,q € (0,00) satisfy
—+-=1
q p
Then the flow can be extended past time T

The previously mentioned results were all global characterizations ensuring that the flow
can not develop any singularities as long as some global quantities are bounded uniformly
in time. We also give a result regarding the local regularity theory.

Theorem 1.7. Suppose M = (M,) is a smooth, properly embedded solution of the mean
curvature flow in B(wzg, p) X (to — p*,to) which reaches xy at time to. There exists e =
eo(Mpy) > 0 such that if 0 < o < p and

to
(1.8) / / |A|" " dudt < &g
to—o2 J MyNB(zo,0)
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then
(1.9)

max sup sup 52 A (x,t) <€5+2 / / |A|" " dp dt)n+2.
0§5§0/2t6[t0—(cf—6)2,t0)xEB(xO,U—6)ﬂMt to—o? J MiNB(zo,0)

Our theorem is a parabolic version of Choi-Schoen estimate [3] for minimal surfaces.
Related results can be found in Ecker [8] and Ilmanen [15]. The precise estimate of the form
(1.9) for the case of minimal submanifolds can be found in Shen-Zhu [20], Proposition 2.2
(see also [4]). Moreover, in [18, 27, 28], the authors showed that if the L™ norm in space-
time of the second fundamental form (or the mean curvature but under various convexity
assumptions) is finite then it is possible to extend the mean curvature flow beyond the time
interval under consideration. Our theorem can be viewed as a local version of these results
without imposing any convexity assumptions. It turns out that the conclusion of Theorem
1.7 also holds in the case when the ambient space is a complete Riemannian manifold with
bounded geometry. We show that in Corollary 5.1. We would like to mention that, as far
as regularity is concerned, our e-regularity result in Theorem 1.7 is a direct corollary of
Theorem 14 in [15], which works in any codimension. However, the essence of our theorem
is the precise estimate (1.9). Finally, up to a constant depending on the dimension n and
the initial hypersurface M, our estimate (1.9) is implied as well by the estimate (27) in
Theorem 14 of [15]. This can be seen using Hélder’s inequality and volume bound during
the mean curvature flow as in Lemma 1.4 in Ecker [8].

The organization of the paper is as follows. In section 2 we give the proofs of Theorems
1.2 and 1.3. In section 3 we prove Theorems 1.4 and 1.5. The proof of Theorem 1.6 will
be given in section 4. We conclude the paper with section 5 in which we prove Theorem
1.7 and give some applications to it.

Acknowledgements: The authors would like to thank Rick Schoen and Bill Minicozzi
for helpful discussions. Bill Minicozzi pointed out to us to try to prove Theorem 1.4 under
the Multiplicity One Conjecture. The authors are very grateful to the referees for their
careful reading, useful comments and sharp critisms which resulted in a hopefully improved
version of the original manuscript.

2. CHARACTERIZATION OF TYPE I SINGULARITIES

This section is concerned with the proofs of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Without loss of generality, assume that M™ C B;(0) ¢ R™*". Let
Yo € IR™™! be a point reached by the mean curvature flow (1.1) at time 7', that is, there
exists a sequence (y;,t;) with t; /T so that y; € M;; and y; — yo. We show that (yo, T
is a regular point of (1.1).

Note that the distance estimate ([9], Corollary 3.6) gives

(2.1) dist(My, yo) < /2 —t), fort <T.
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Consider the parabolic dilation Dy : R™™ x [0,T) — R x [T, 0) of scale A > 0
at (yo,T) defined by

(2.2) Di(y,t) = (My — %), X*(t = T)).
Denote the new time parameter by s. Then ¢t =T + 5. Let
M) = M = Dy(My) = MMy s, — yo)-

Then (M) is a solution of the mean curvature flow in B, (0) for s € [-A2T,0). Denote by
dp the induced volume form on M7. Let py, . : R"™ x (=00, T) = IR be the backward
heat kernel at (yo,7), i.e,

ly — ?Jo’z
2.3 t) = ——— ——).
( ) pyO,T(yv ) [47_[_(7—1 — t)]n/2 exp( 4(T — t))
The monotonicity formula of Huisken [12] says that
d s
2.4 — duy = — H+——|d
( ) dt \/]Wt pyovT He /]\v/[t pymT + 2(T_t) Hot s

from which it follows that the limit lim;_,7 f M, pyo,rdpy exists. Here F L(-,t) is the normal

component of the position vector F(-,t) € R in the normal space of M, in R"**. Via
the parabolic dilation, ) becomes

(2-5) —/ Poodus— / £0,0

Fix sg < 0. Integrating both sides of (2.5) from sy — 7 to s for 7 > 0, we get

. EN| A A
(2.6) / / P0.,0 dpyds = / P00ty 7 — / Po,0d11, -
so—1 J M2 M M2

)t
H? s
2s
s0—T S0
Let t; =T + 5. Then, by the invariance of / M, Pyo,rdit under the parabolic scaling,

/ Pyo, 7ty Z/ Po,odﬂio-
M, M

1

2

A
5*

H)\ - (}7.9)\)L
s 2s

Letting A — oo, one has t; — T" and

lim po.odi, = Lim, / Pyo, Tt
My

A—00 M2
50
Similarly,
lim po.odii, =lim | py, -
o MSAO T Mt

Therefore, by (2.6),

S0 (FA)L
2.7 li H) — s/
(2.7) AEEO/SO—T/MQ Po,o‘ s 95

dpdds = 0.
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On the other hand, the second fundamental form of M7 satisfies
1 1
max [A[* (-, 5)(M) = szmax [A] (- 1)(My) = ——(T — ymax |A]* (-, )(M,).
s
and thus, by (1.2),

—C,

max |A|* (-, s) (M) < , Vs € [-N\T,0).

In particular, for fixed § € (0,1/2), the inequality

Co
29 A <2
holds for y € M} N By and s € [-A\?*T, —¢%] and therefore for y € M} N Byj; and s €
[—1/6%, —&?] for A sufficiently large depending on 6 and T, say A > As7. By the interior
estimate [10], one has for all m >0

0(007 m, n)

(2.9) VA < =

for y € M} N By a5 and s € [—1/46%, —§%]. Moreover, by (2.1),

dist(0, M) = Mist(yo, Mrs5) < M /2n(55) = V=2ns

for the above times s and A > A5 7. By Arzela-Ascoli theorem combined with a diagonal
sequence argument when letting § N\, 0 for local graph representations of (M?), we can
find a subsequence \; — oo such that (M) converges smoothly on compact subsets of
R"™ x (—00,0) to a smooth solution (M),.o of mean curvature flow. From (2.7), one
sees that H = 5-F- on M for s € (sg — 7, 80).

Take sp — 0 and 7 — oo to see that H = %Fl on M for —oo < s < 0. In other
words, (M), is a self-shrinking mean curvature flow. Moreover, one deduces from (1.3)
and |H§‘ = }%‘ that H = 0 on M®. Thus M is a minimal cone for each s < 0; see
Corollary 2.8 in [6]. Because M$° is smooth, it is a hyperplane. Now, fix sy < 0. One has,
as i — oo, M — M2 = R" and du)i — da™. Thus

: i n
lim [ poodpsy = / poodz™ = 1.
i—00 MR M

This implies that, for t; =T + f\—g

(2.10) lim pyordpty, =1,

t;—T
i My,
and therefore

Ii =1.
m » Pyo,T Afbe

By White’s regularity theorem [26], the second fundamental form |A| (-, t) of M, is bounded
ast — T and (yo,T) is a regular point. Thus, the flow can be extended past time 7. [
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Proof of Theorem 1.3. We will split the proof of Theorem 1.3 in the following two lemmas.
O
Lemma 2.1. Theorem 1.3 holds for a > n + 2.

Proof. We use the same notations as in the proof of Theorem 1.2. Note that under the
parabolic dilations D),,, the inequality (1.4) becomes

Cco > / /M |H|® dpdt = X0~ "+ / . / | H
Thus t
(2.11) /m/ 2|

Now, letting ¢ — oo as in the proof of Theorem 1.2, we get a self-shrinking mean curvature
flow (M), with the property that

0
(2.12) / / |H|" dul®ds =0

because o > n + 2. Therefore H = 0 on M®. Now we can argue similarly as in the proof
of Theorem 1.2. O

Lemma 2.2. Theorem 1.3 holds for « = n + 2.

Nids,

st < n+2

Proof. We use the same notation as in the proof of Theorem 1.2. Under the parabolic
dilations D,,, the inequality (1.4) becomes

Co > //|H|”+2d,utdt / /
My )\QT

Letting ¢+ — oo as before we get a complete and smooth self-shrinker M in the limit with
the property that

(2.13) / / |H|""? du>ds < Cy < 0.

Our self-shrinker satisfies

n+2

st

{z,v)

e

which is equivalent to saying that M = \/—sM>], where M® satisfies the mean curvature
flow. Notice that

[ e = [ (MY ot

= [ T e
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where a := [, [H|"™(-,—=1)du_1. If a > 0 then
M H
1

0
/ / |H|""? dpeds = a - / ds__ 00,
x (=)

which contradicts (2.13). Therefore a = 0, which implies H(-,—1) = 0 on M. Similar
argument shows that H ( s) =0on M for every s < 0. To prove that (yo,T) is a regular
point of the flow we argue as in the proof of Theorem 1.2. O

3. EXTENSION RESULTS FOR SURFACES

In this section, we prove Theorems 1.4 and 1.5. First, we recall the Multiplicity One
Conjecture. In [15] Ilmanen proposed the following conjecture.

Conjecture 3.1 (Multiplicity One Conjecture). If MZ is embedded in R3, then for any
family of rescalings X\j(My—2,, . — yo) with \; — oo, there is a subsequence smoothly con-
J

verging and with multiplicity one to the blowup Ny, that is, there are no concentration
points or multiple layers in the limit.

Theorem 1.4 assumes that the Conjecture above holds and its proof is given below.

Proof of Theorem 1.4. In this proof, n = 2. Without loss of generality, assume that M"™ C
B1(0) € R™!. Let yo € R""" be a point reached by the mean curvature flow (1.1) at time
T, that is, there exists a sequence (y;,t;) with ¢; /T so that y; € My, and y; — yo. We
show that (yo,T) is a regular point of (1 1).

As in the proof of Theorem 1.2, let t =T + % and

M = MPTA = X(Mry s, — yo).

Then (M?) is a solution of the mean curvature flow in By(0) for s € [-A\>T,0). For any
set A C R™!, let us define the parabolically rescaled measures at (yo, T):
WA(A) = AHI M- A).

Let py,., 1 R"™ x (—00,T) = IR be the backward heat kernel at (yo, T) as defined in (2.3).
Then, a result on weak existence of blow ups of Ilmanen and White (see Lemma 8, page
14 of [15] and also [24]) says that: there exists a subsequence \; and a limiting Brakke

flow [1] {s}s<o (also known as a tangent flow ) such that u3’° — v, in the sense of Radon
measures for all s < 0 and the following statements hold:
(a) (self-similarity) vs(A) = v2(A) = A "wy24() - A), for all s < 0 and for all A > 0
(b) (tangent flow is a self-shrinker) v_; satisfies
S(z)* -
(3.1) ﬁ(x) + % =0, v_; ae x
(¢) Furthermore, Huisken’s integral converges

(3.2) /p()’o(:z;,—l)dys(x) = tli/n%/pyojdut, s < 0.
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Equivalently, a subsequence of rescaled solutions M converges weakly to a limiting flow
X that is called a tangent flow at (yo,T). We know X is a self shrinker. Ilmanen showed
in [15] that it has to be smooth. Our proof will rely on this fact and the validity of the
Multiplicity One Conjecture. Let us briefly explain the notations used in (b).

For a locally n-rectifiable Radon measure u, we define its n-dimensional approximate tan-
gent plane T,u (which exists p-a.e x) by

T.u(A) = ig% A" 4+ X - A).

The tangent plane T, is a positive multiple of H"| P for some n-dimensional plane P.
Let S : R""' — G(n + 1,n) denotes the p— measurable function that maps z to the
geometric tangent plane denoted by P above. An important quantity is the first variation
of p, defined by 6V,,(X) := [ divge X (z)du(z) for X € C*(R"', R""). Here divgX =
Yo D, Xoe; Where 61, -+, e, is any orthonormal basis of S. We also denote by S the
orthogonal projection onto S and thus divgX can be written as S : DX. Now, if the
total first variation ||dV,|| is a Radon measure and is absolutely continuous with respect

to p, then we can define the generalized mean curvature vector ﬁ = ﬁ u € Li () of u as
follows

(3.3) / dive X dy = / “H - Xdu

for all X € C®(R""', R"""). For further information on geometric measure theory, we
refer the reader to Simon’s lecture notes [21]. Note that when p is the surface measure of a

smooth n-dimensional manifold M, the generalized mean curvature vector ﬁu of p exists
and is also the classical mean curvature vector of M; see Corollary 4. 3 in [19]. Therefore,

we can apply (3.3) to u, which is the rescaled surface measure of the smooth manifold
M?. From (3.3) and the definition of x?, one sees that the mean curvature vector ﬁ;\
of us is E where ﬁt is the mean curvature vector of My where ¢ = T'+ 5. The lower

semicontinulty of [|H|dp asserts that
/ < llmlnf/ ’ﬁA dp) < limsup/%du? =0.

A—00
Thus ﬁs = 0 for all s < 0. Now, because X, is smooth for all s < 0, the weak mean

curvature vector ﬁ coincides with the mean curvature vector in classical sense. Thus we
have a smooth solution X, that is a self-shrinker with H = 0 and therefore by the result in
[6] it has to be a hyperplane. Furthermore v represents the surface measure of the plane
X, with multiplicity one by the validity of the Multiplicity One Conjecture. Using the
convergence of Huisken’s integral (3.2), we see that

tli/HTl Pyo.rdpie = 1.

By White’s regularity theorem [26], the second fundamental form |A| (-, t) of M, is bounded
ast — T and (yo,T) is a regular point. Thus, the flow can be extended past time 7. [
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We conclude this section by the proof of Theorem 1.5, which can be viewed as a local
regularity result without a smallness condition. Note that the Multiplicity One Conjecture
is not assumed in this theorem.

Proof of Theorem 1.5. We will use the same notation as in the proof of Theorem 1.4. Note
that, when n = 2, by the fact that [ H? is bounded (follows from the Gauss-Bonnet
theorem for surfaces) and Allard’s Compactness Theorem [21], each Radon measure vy is
integer 2-rectifiable, that is

dv, = 0,(z)dH?| X,
where X is an H?-measurable, 2-rectifiable set and 6, is an H?| X,-integrable, integer
valued "multiplicity function”.

Furthermore the mean curvature vector ﬁs of v, satisfies ﬁs € L>®(vs). Here is the only
place we wish to use (3.1). The same argument as in the proof of Theorem 1.4 implies that

s = 0 and Xy is a plane.
The key point of our proof is the following Constancy Theorem.

Theorem 3.1. (Constancy Theorem) Let = OH™| M be an integral n-varifold in the
open set Q C R™™™, M C Q a connected Ct-n-manifold, 6 : M — Ny be H"-measurable

with weak mean curvature ﬁ“ € L}, (1), that is

(3.4) /divundu = / divymldH" = —/ < ﬁu,n > dp ¥y € Cy(Q, R™™).
M

Then 6 s a constant: 6 = 0y € Ny. Here Ny is the set of all nonnegative integers and
< - > is the standard Euclidean inner product on IR"™™.

Now 6, is a constant and X is a plane. Thus by the convergence of Huisken’s integral
(3.2), we see that

lim [ py,rdp = /po,o(x,—l)dl/s(a:) = /p070(a:,—1)95d7-[2LX5 =0,.

LT
By (1.6) and Proposition 2.10 in [26], 1 < 6, < 2. It follows from the integrality of 65 that
0s = 1. Now, our result follows from White’s local regularity theorem [26]. O

Proof of Theorem 3.1. For the case of stationary varifold u, i.e., ﬁu = ﬁ, the proof of
Theorem 3.1 can be found in [21], Theorem 41.1. For the general case stated above, due to
Schétzle, the proof can be found in [17], Theorem 4.3. However, in our application, when

M is a plane and ﬁ = 6>, Theorem 3.1 has a very simple proof which we include it here.
Choose n € CL(Q2, R**™) such that n € T M-the tangent bundle of M. Then (3.4) gives

/ (divym) 0dH™ = 0.
M

Calculating in local coordinates, this yields V6 = 0 weakly. Hence 6 = 6, is constant, as
M is connected. U
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We conclude this section with the following result, which has been suggested to us by one
of the referees. It serves to somewhat remove the Multiplicity One Conjecture in Theorem
1.4.

Corollary 3.1. Let M? be a compact, smooth and embedded 2-dimensional manifold in
R?. If
maxyy, |H|* (-, 1) < Cy

and if no quasi-static higher multiplicity planes occur as tangent flows at any point (yo,T)
where yy € IR® is a point reached by the mean curvature flow (1.1) at time T, then the flow
can be extended past time T

Remark 3.1. For a precise definition of quasi-static limit flow, we refer the reader to White
[25]. In the course of the proof of Theorem 1.4, we showed (without the Multiplicity One
Conjecture) that, under the boundedness of the mean curvature, any tangent flow at (yo,T')
1s a quasi-static plane, maybe with higher multiplicity. The Multiplicity One Conjecture
corresponds to the case that all tangent flows (even non-flat ones) are of multiplicity one.
In Corollary 3.1, the only requirement is that, if a tangent flow happens to be a quasi-static
plane, it must have a point of multiplicity one. Thus, we do not require any information
on the multiplicity of non-flat tangent flows.

Proof of Corollary 3.1. As in the proof of Theorem 1.5, the bound on the mean curvature
implies that at any (yo,7T), the tangent flows are planes. By Theorem 3.1, each of these
planes has constant multiplicity. But at one point, the plane has multiplicity one. Thus
the whole plane must have multiplicity one. Now, our result follows from White’s local
regularity theorem [26]. O

4. SOME GLOBAL RESULTS ON THE EXTENSION OF THE MEAN CURVATURE FLOW

In this section we give global conditions for extending a smooth solution to (1.1), which
has been a subject of study in [18].

Proof of Theorem 1.6. We argue by contradiction. Suppose that 7" is the extinction time
of the flow. Then, by Theorem 1.1, |A| is unbounded. Therefore, there exists a sequence
of points (z;,t;) with z; € M,, such that

(4.1) Qi = |A| (x;,t;) = max max |A| (z,t) = +o0.

0<t<t; xeM;

Consider the sequence M/ of rescaled solutions for ¢ € [0,1] defined by
. t—1
Ei( 1) = Qi(F (- ti + 7) —Ti).

The sequence of rescaled solutions ]N\Nﬂ converges (see [2]) to a complete smooth solution
to the mean curvature flow, call it M, for ¢ € [0, 1] with the property that

(4.2) |A](0,1) = 1.
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If g and A := {hjx} are the induced metric, and the second fundamental form of M,
respectively, then the corresponding rescaled quantities are given by

> |AP

G = Qig; ‘Ai =0

We calculate

1
(4.3) lim / ( / ‘Ai
=0 | Jo (M;):NB(0,1)
» 1
ti a P L 2
= lim / / |A|%dp | dt p < lim / (/ ]A\qdu) dt » =0.
1—00 ti—é thB(O’Q%;) 1—00 - L M,

Q7

)
S
=
N———
QI3
Q
~
—
RS

3 =

The last step follows from the facts that
1/p

T p/q 1
Aqd) dt <oo; lim — =0.
[ (], ra o

By Fatou’s lemma and (4.3) it follows that

! :
5 7)o
0 M;NB(0,1)

By the smoothness of M, this implies |A|(x,t) = 0 for all z € M,NB(0,1) and all ¢t € [0,1].
This contradicts (4.2). O

5. SOME LOCAL REGULARITY RESULTS AND APPLICATIONS

5.1. e-regularity theorem for the mean curvature flow. In this section we prove
Theorem 1.7, which is parabolic version of the epsilon regularity theorem for minimal
surfaces proven by Choi and Schoen [3]. A version of the epsilon regularity theorem for
mean curvature flow has been obtained by Ecker in [8], Theorem 2.1. He required smallness
of the supremum over small time intervals of spatial L™ norms of |A| over small balls.
Ecker’s result has been further generalized by Ilmanen in [15], Theorem 14. He showed
that if [ [ |A|2 is small on parabolic cylinders at all scales, then we have regularity. We
would like to mention that, as far as regularity is concerned, our e-regularity result in
Theorem 1.7 is a direct corollary of Theorem 14 in [15]. This can be seen using Holder’s
inequality and volume bound during the mean curvature flow as in Lemma 1.4 in Ecker
[8]. However, the essence of our theorem is the precise estimate (1.9).

Proof of Theorem 1.7. We may assume without loss of generality that the flow M =
(M;)i<y, is smooth up to and including time tq, because we can first prove the theorem
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with ¢y replaced by ty — « for fixed @ > 0 and then let a 0 afterwards.
Let

F(5) = sup sup 82 A)P (x,1).
te[to—(0—38)2,to] x€B(z0,0—8)NM¢
Since our flow is smooth up to time ¢y, F'(0) = 0. Thus, there exists d, € (0,0/2] such that
F(6.) = maxo<s<q/2 F'(9). It suffices to show that

(5.1) )< g / / AP dudt) 75 = (e n) 7.
to—o? MtﬂB :Eo O’

Suppose not, then

(5.2) F(6,) > (e5'n)7™.

Because the flow is defined up to and including time ¢y, we can find ¢, € [to — (0 — 8,)?, to)
and x, € B(xg,0 — d,) N My, such that

(5.3) 02 |A]? (., 1) = F(6.).
It follows from ¢, € (0,0/2] that
Oy Oy 52 Oy
(54) B(.I'*, 5) C B(.To,O' — 3), [t* — Z,t*] C [to — (U — 5)2,t0].
By the choice of d,,t, and z,
0y
(5)2 sup sup |A]? (2,t) < F(5,) = 62 |A]” (2.).

t€fto—(0— )2 to] x€B(x0,0— % )NM;

Hence

sup sup AP (2,t) < 4|A]? (., L)
t€lto—(o— )2 to] 2€B(zo,0— 5 )N M

and thus, it follows from (5.4) that
(5.5) sup sup |A|? (z,t) < 4|A| (x.,t.).

2 [
t€[te— 2% 8,] ¥E€B (@, 5 )NMy

We now rescale our mean curvature flow by setting

where
1
Q =2(eon ") "2 |A| (2, 1)
Then we have a mean curvature flow M, on B(z,, Q4,/2) for t € 0,1]. Let g = Q%*g be

the induced metric on M; and let B(z,,r) be the geodesic ball w. r. t. the metric § and
centered at x, with radius r. By (5.2) and (5.3), we have

Q0.

(5.6) >

> 1.
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This combined with (5.5) gives

2 2

(5.7) sup sup ’fl (s,1) < 1.

t€[0,1] e B(xx,1)NM;

(1) g4),21

Note that the last inequality follows from the facts that

~12 4|AP s by 2
4 ‘A‘ (24,1) = % = (egln)e < 1.
To obtain a contradiction, we will use the inequality
P 4
(5.8) (@ — A) A‘ <2 )A

12 12
This is a differential inequality of the form (0; — A)v < fv where v = ‘A‘ and f =2 ’A‘ .

Furthermore f satisfies a smallness condition:

1
/ / L [dpdt < 2 < 27,
0 JMiNB(zx,1)

Thus, we can localize our estimates in Lemmas 5.1 and 6.1 in [18] to obtain the following
inequality
(5.9)

)A

n+2

A (@) < C(n)(/ol /thﬁ’(x*,l)

There is a simple proof of this inequality. It goes as follows. Note that for ¢ € [0,1] and
x € B(zy, 1), (5.7) and (5.8) give

Al djidt)= < C(n)pere.

2
(x4,1) < sup sup
t€[1/12,1] ze B(x.,1/2)

(0, — A) (;1]2 < 2’21\2

67215

P
or equivalently (0; — A)( A’ ) < 0. Now, we can apply Moser’s mean value inequality

12
([8], Proposition 1.6) for e~ A‘ to obtain a constant C}(n) depending only on n such

that
12 1 12
(5.10) 4] (x*,l)gCl(n)/ / A[" apt.
0 JMNB(xx,1)

By Holder inequality

-2 1 . 1 42
ey A @oozam [ aunEf A" dgdey .
0 MtﬂB(:v*,l) 0 Mtﬂé(l’*,l)

By (5.7) and the Gauss equation

Ry = Hhy, — Eilgljiljk
one easily sees that the Ricci tensor satisfies Ry, > —(n — 1). By the Bishop-Gromov

volume comparison theorem, for each time ¢ € [0, 1], one has meB(z* ydp < V(n) where
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V(n) denotes the volume of a unit geodesic ball in an n-dimensional space form of constant
curvature —1. Thus

~|2 n 1 ~|n+2
(5.12) ’A (24,1) < Cl(n)V(n)nH(/ / A‘ d,]dt)n%z
0 Mtﬁé(l‘*,l)
n b 2
—GmveRE([ [ A
t*—é MtﬂB(CE*,%)
T n+2 2
< Ci(n)V(n)m2( | A" dpdt) n+z
t.—02/2 J MyN\B(2+,0+/2)
to
< Ci(m)V(n)=( / / A" dpdt) 72 = Cy(n)V (n) 22,
t070'2 MtﬂB(:Eo,a')
Consequently,
2 ~|2 1 2
i)V () 2 |Af (2, 1) = S (5" m) 7.
This is a contradiction if ¢q is small. Ul

Remark 5.1. In general, we can modify the proof of Theorem 1.7 to obtain the following
result. Suppose M = (M;) is a smooth, properly embedded solution of the mean curvature
flow in B(zq, p) x (to — p?, to) which reaches xo at time ty. Let p and q be positive numbers
satisfying

—4+Z=1

q P
Then, there ezists g = eo(Mo, p,q) > 0 such that if 0 < o < p and

to p/q
(5.13) / (/ A2 d,u) dt < 2
to—o? MtﬂB(:Eo,O')

then
(5.14)
-2 to p/q )
max sup sup AP (z,t) < &y (/ (/ |A|? d,u) dt)r.
0<0<0/2 te[ty—(o—6)2,to) EB(x0,0—5)NM; to—o? MNB(zo,0)

Theorem 1.7 can be extended to the case when an ambient manifold is an arbitrary
Riemannian manifold.

Corollary 5.1. Let n > 2 and N™** be a smooth complete, locally symmetric Riemannian
manifold with bounded geometry. Let My be a compact connected hypersurface without
boundary which is smoothly immersed in B(xo,p) C N. Suppose that M = (M) is a
smooth, properly embedded solution of the mean curvature flow in B(xg, p) x (tg — p?, to)
which reaches xy at time tg. There exists g = eo( Mo, N) such that if 0 < o < p and

to
(5.15) / / |A""? dpdt < e
to—o2 J MyNB(zo,0)
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then
(5.16)

max sup sup 52 A (x,t) <€5+2 / / |A|" " dp dt)n+2
O<5<0‘/2t€[t0 (O’ 6)2 to)xGB(xoU 5)ﬂMt tg—o? MtﬂB CCO O')

Proof. In the formulas that follow, if we mean the metric or the connection on N, this will
be indicated by a bar, for example g,g, etc. The Riemann curvature tensors on M and N
will be denoted by Rm = {R;;;;} and Rm = {R,s,5}. Let v be the outer unit normal to
M;. For a fixed time t, we choose a local field of frame eg, eq,--- ,e, in N such that when
restricted to M;, we have ey = v, e; = gF The relations between A = (h;j), Rm and Rm
are given by the equations of Gauss and Codazzi:

(5.17) Rijie = Rijia + hichji — hahjr,

Observe that we have the following evolution equation:

0 —

&|A\2 = AJAP? = 2|VAP* + 2|A*(|A]? + Ric(v, v))

— AR Ry — high"™ Roiag) — 21 (V Ry, + ViRy ),
whose delii&tion can be found in [13]. Since N is, by our assumption, locally symmetric,
we have VRm = 0 and therefore the previous equation just reads as
0 —
(5.19) §|A|2 = AJAP = 2|VA]* + 2|A*(JA]? + Ric(v, v))
— A(hYRIR,; — high"™ Riay).-

Using the evolution equation (5.19) and the bounds on the geometry of N we obtain

A1 < AJAP + 2141 + ClAP

After rescaling our solution and using (5.7), we obtain

9 _ _
— — A)|AP? < CJA].
(& A <cld
If f:= e C*A|? then we have

0

(5; — A =0

If we take a trace of (5.17) in jl we obtain
Ry, = gjléijkl + hiH — hilhjkgjl > —C.

Applying the Moser mean value inequality to f will lead to a contradiction in the same
way as in the proof of Theorem 1.7. O
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5.2. Some applications of Theorem 1.7. In this section, we give three applications of
the local regularity results obtained in section 5.1.

The first application is a simple consequence of the Remark 5.1. It gives a sufficient
integral condition for (1.1) to have a type I singularity. This will be achieved by showing
that any type-I control on the L°*-norm (s > n) of the second fundamental form for all
time slice ¢ gives a type -I control on the second fundamental form. Precisely, we prove
the following.

Corollary 5.2. Let s € (n,00). Suppose there is a constant Cs > 0 such that for any
T/2<t<T, we have

Cs
s—n *

5.20 Allps S ——=
(520) L e

Then (1.2) holds.

Remark 5.2. We say that the L*-control on the second fundamental form given by (5.20)
is of type 1. Notice that for the shrinking spheres S™ we have the equality in (5.20).

Proof of Corollary 5.2. For ¢ = s > n there exists a positive number p such that
it
s P

Let (g, tg) be arbitrary, where 0 < to < T. Let o € (0,+/%p). Then, for any t € (to — o2, 1)
we have

o s dt_ Co
(5.21) (/ (/ |AP) g/ﬂ < 27 _ _.Ca,
to—o2 \J B(z0,0)NM; to—o2 ' —1 7 T — 1y

where a(T —to) = 2. Fix «a sufficiently small so that Cav < g¢(My, p, q¢) where eq( My, p, q)
is the small constant in Remark 5.1. For this choice of a, the estimate (5.14), taking § =
gives

4 C
AP (20, 1) < — =
[AJ” (o, 0)_02 Tty

and this completes the proof of our corollary. O

The second application is a lower bound on the L*-norm (s > n) of the second funda-
mental form at each time slice. This lower bound can be viewed as a slight generalization
of Husiken’s estimate [12] where the case s = oo was considered. Let s € (n,00). Suppose
that T is the first singular time of the mean curvature flow. We are interested in the
following question:

Does there exist a constant C’; > ( such that for any t < T', we have
c

5.22 All oy > ——2—1
(5:22) L =

We prove a weaker version of the above inequality as follows
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Corollary 5.3. Fort < T, let f(t) = sup;, < ||A|
C. > 0 such that

Ls (M) - Then there exists a constant

!

C

S

(5.23) 02

Proof of Corollary 5.3. For ¢ = s > n there exists a positive number p such that
.
s P

Let (g, tg) be arbitrary, where 0 < to < T. Let o € (0,+/%y). Then, for any t € (to — o2, 1)
we have

to s ﬁ to 32—577. 9 S2_sn
s U (L ar) T [T s = st

2s

Fix o so that o2(f(tg))" = 9(My, p, q) where g9( Moy, p, q) is the small constant in Remark
5.1. For this choice of «, the estimate (5.14), taking § = § gives

A (20, 10) < = — Af(t)7T A(f(to))7

2s
—n

2s

o g2(f(tg)) o, q)

Taking the supremum of the left hand side with respect to zy and in view of Huisken’s
estimate [12] on the lower bound of supy,, |A]?, we get

2s
4 t s—n
T — Lo My, 50(]97 Q)

This gives the desired inequality. O

The third application is a regularity result without a smallness condition. We will
use the curvature estimate in Theorem 1.7 to obtain other curvature estimates without any
smallness condition for mean curvature flow of surfaces. Our result in this direction states

Corollary 5.4. Suppose M = (M,) is a smooth, properly embedded solution of the mean
curvature flow in B(xg,40) x (tg — (40)%,t) C R® x (to — (40)%, o) which reaches xy and
time ty. Given a constant C; > 0, there is a constant Cp > 0 so that if

to
(5.25) / !/ |A| dudt < C;
to—(40)?2 J B(wo,40)NMy
then
(5.26) sup sup A (z,t) < Cpo2.

te[to—o2,to) z€B(zo,0)NM;
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Proof of Corollary 5.4. Our strategy is to use annuli as in the proof of Lemma 1.10 in
Colding-Minicozzi [5]. The idea is that the L*-bounds on the annulus and the L?-bounds
of the second fundamental form on each time slice will give the L*°-bounds for the funda-
mental form in the interior of the annulus. See (5.32) and (5.33) for the precise statements.
Moreover, by (5.25) and Theorem 1.6 for n = 2 and p = ¢ = 4, we have the regularity of
the mean curvature flow up to and including time ¢3. Thus the second fundamental form
is uniformly bounded. The essence of Corollary 5.4 is the explicit bound (5.26). Because
the second fundamental form is uniformly bounded, (M,) is locally a graph over some hy-
perplane. This will replace the use of Rado’s theorem for minimal surfaces as in [5].

We start with the following claim.

Claim 5.1. Given (5.25) there is a constant C' so that

sup / |Al?dx < C.
tE[to—(QU)Q,to) B(mo,?o’)ﬂMt

Proof. Let n(x,t) be a cut off function compactly supported in B(xg,40) N M; X [ty —
(40)2, ty), identically equal to one on B(xg,20) X [ty — (30)2,to) (the same one that Ecker
used in [8]). Multiply the evolution equation of |A|?

A1 = AJAP —2IVAP + 2)4]

by n? and integrate it over M,;. Using the evolution equation of the volume form %u =
—H?%dy, we see that

d ) d. L d
— AlPn? < — A n? + |A]" —n?
G [ A < [ LA AR G
d
= [ (@IAP = 2AVAP 2P + AP
M
d
(5.27) = [ VAP0 - A 2Al 2 AR nd + AJAR R~ 2 (VAP

Integrating by parts gives
[ 2P nan+ AlAPE —21VAR s = [ -2V (AP0 Yl - VAP ViR - 2|V
Mt Mt
(5.28) = [ SV IAlnVy — 2147 Vol - 2 VAP
M,

Using Kato’s inequality |V |A|| < |V A| and Cauchy-Schwarz’s inequality, one deduces from
(5.28) that

(5.20) /M 2 AR Ay + A LA — 2 |VA[R R < /M 8 A2 V|2
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Combining (5.27) and (5.29), we get

d d
g [ AP < [ 1AP G - A+ 81AF 9+ 2141

Using the estimate in Lemma 1.1 in [9] that
c
sup  (|Vnl” + 277|(— —A)l) < —
MX[tofl,to] O-

and that vol(B(zg,40) N M;) < Co? (this can be proved using Huisken’s monotonicity
formula [12]; see for example Lemma 1.4 in [8]) we have

d C
|m%wus;/’ Mﬁm+c/ Al du.

dt B(zo,40) B(xo,40)NM; B(zo,40)NM¢

Choose a cut off function t(t) in time so that ¢» = 0 for t € [0,ty — (40)?], ¥(t) = 1 for
t >ty — (20)% and in between grows linearly. Multiply the previous inequality by (¢) and
integrate it over [ty — (40)%,t], where t > t; — (20)%. Then,

C [P ~
/ Apaps S [0 AP du+ C.
B(wo,20)NM; 0% Jtg—(40)2 J B(wo,40)N My

By Holder inequality and the euclidean volume growth we have

C to 3 to 3 N
o495 L) Ly o)+
B(z0,20)NM; g to—(40)? J B(zo,40)NM; to—(40)? J B(zo,40)NM;

C’C T
< =L.(160% co?)z +C
— 6*7
where C is a uniform constant, independent of o. O

Having (5.25) and Claim 5.1 we can continue as follows. Let ¢ € (0,g9) be a small
number to be determined. Here ¢q is as in Theorem 1.7. Let N be an integer greater than
Ci/e. Given x € B(xg,0) N M; where t € [to — 02, 1), there exists 1 < j < N with

0
/ / |A|* dudt < C;/N < e < «.
to—(20)2 J B(z,91-90)\B(z,9790)NM;

Note that, if s =977¢ then B(z,9s) C B(xg,20). Therefore

(5.30) / / A[* dudt < / / Al dpdt < C.
to—(20)2 J B(z,9s)NM; (20)2 J B(z0,20)NM,

From the estimate
to
/ / A dudt < e < e
to—(20)2 J B(x,9s)\B(z,s)NM;
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we have, by the Choi-Schoen type estimate in Theorem 1.7

(5.31) sup sup A" (y, 1)
teto—(20—s)2,to) y€B(s,85)\B(z,28)NM¢

to 1/2
<egt?s7? ( / / |A[* dudt) < gy el 262
to—(20)2 J B(x,9s)\B(z,s)N M

The proof of the above inequality is similar to the proof of (1.9) in Theorem 1.7. To obtain
(5.31), we need to verify that (5.9) goes through for the annuli used here. Indeed, instead
of using (5.10) to deduce (5.9), we use the more general estimate given in the proof of
Proposition 1.6 in Ecker [8], namely

2 (z, t)n*™ ) (z,t) < C(n) //SP“?

Now, for the case of annuli considered here, (5.9) follows by choosing a suitable cut off
function n, compactly supported in the annulus.

Moreover, inspecting the proof, we can replace extrinsic balls by intrinsic balls B(z, s).
Thus, for each time slice ¢ € [ty — (20 — 5)%, o), we have the following two estimates

(5.32) sup AP (y,t) < gy /22572
yeB(x,85)\B(x,25)NM;

~12
A A|” dpdt.

sup  sup
t€[0,1] zeB(zx,1)

and

(5.33) [ Mreas [ arascn

B(z,9s) B(x0,20)NM;
Now, arguing as in the proof of Colding-Minicozzi [5], Lemma 1.10, one can find a small
number ¢ depending only on C; and ¢y such that (5.32) and (5.33) imply the following
curvature estimate

sup AP <s72=(970)2 <9P5 2

B(x,s)CM;

Hence, for z € B(zg,0) N M; where t € [ty — 0, 1y), the following estimate holds

A (z,1) < 9Po2,
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