ON THE EXTENSION OF THE MEAN CURVATURE FLOW

NAM Q. LE* AND NATASA SESUM**

ABSTRACT. Consider a family of smooth immersions F(-,t) : M™ — R"*! of closed
hypersurfaces in R"*! moving by the mean curvature flow % = —H(p,t) - v(p,t), for
t € [0,T). In [3] Cooper has recently proved that the mean curvature blows up at the
singular time 7. We show that if the second fundamental form stays bounded from below
all the way to T, then the scaling invariant mean curvature integral bound is enough to
extend the flow past time T', and this integral bound is optimal in some sense explained

below.

1. INTRODUCTION

Let M™ be a compact n-dimensional hypersurface without boundary, and let Fj :
M™ — R™! be a smooth immersion of M™ into R**!. Consider a smooth one-parameter

family of immersions
F(-,t): M™ — R™™

satisfying
F(-,0) = Fo(-)
and
(1.1) % = —H(p,t)v(p,t) Y(p,t) € M x [0,T).

Here H(p,t) and v(p,t) denote the mean curvature and a choice of unit normal for the
hypersurface M, = F(M™,t) at F(p,t). We will sometimes also write z(p,t) = F(p,t) and
refer to (1.1) as to the mean curvature flow equation.

Without any special assumptions on My, the mean curvature flow (1.1) will in general
develop singularities in finite time, characterized by a blow up of the second fundamental

form A(-, ).

Theorem 1.1 (Huisken [6]). Suppose T' < oo is the first singularity time for a compact
mean curvature flow. Then sup,,, |A|(-,t) — o0 ast — T.

By the work of Huisken and Sinestrari [7] the blow up of H near a singularity is known
for mean convex hypersurfaces. They also established lower bounds on the principal cur-
vatures in this mean-convex setting. In [3], by a blowup argument, Cooper shows that
the mean curvature being uniformly bounded up to 7' < oo is enough to extend the flow
(1.1) past time 7. All those results motivate a natural question: what are the optimal
conditions that will guarantee the existence of a smooth solution to the mean curvature
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flow (1.1)7

We will use the following notation throughout the whole paper,

T 1
o]l Lo v o)) = (/ / olP dpdt)r,
0 My

for a function v(-,t) defined on M x [0,T).
In this paper, we prove the following

Theorem 1.2. Assume that for the mean curvature flow (1.1), we have
(i) A lower bound on the second fundamental form

where B 1s a nonnegative number.
(i) An integral bound on the mean curvature

(1.3) HH“La(Mx[o,T)) <0

for some av > n + 2.
Then the flow can be extended past time T

In section 2 we will show the integral bound assumption (1.3) is optimal in certain sense.
In [11] Wang, extending a result of the second author [9], proved the analogous result
for the Ricci flow, namely that if the Ricci curvature is bounded from below, a uniform
integral scalar curvature bound is enough to extend the Ricci flow past some finite time.
As can be seen in the proof of Theorem 1.2 in Section 8, the actual conditions we need
in lieu of (1.2) are the following
(iii) A lower bound for the mean curvature

H > —[ for some [ > 0

and
(iv) An upper bound for the squared second fundamental form in terms of a linear function
of the squared mean curvature

|A]* < C.H? +b for some C,,b > 0.

These conditions can be verified in many situations, e.g, for mean convex intitial hypersur-
faces M™ (see Huisken and Sinestrari [7]) or more generally, all starshaped hypersurfaces
and manifolds that can be obtained by buiding in small, concave dents into mean convex
hypersurfaces (see Smoczyk [10]).

As a corollary we obtain the following result.

Corollary 1.1. Let M"™ be a mean convex or a starshaped hypersurface in R"*1. Assume
we have

[[H || Lo a0,y < 00,
for some a > n + 2, along the flow (1.1). The flow can be extended past time T.
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The proof of Theorem 1.2 is based on a blow-up argument, and the Moser iteration
using the Michael-Simon inequality. By their inequality there is a uniform constant c,,

depending only on n, such that for any nonnegative, C' function f on a hypersurface
M c R™*!, the following holds

(1.4) ( /M F ) < e, /M (V£ + [H|f) d.

The paper is organized as follows. In Section 2, we introduce basic notations concerning
evolving hypersurfaces and provide an example showing that the integral bound (1.3) in
Theorem 1.2 is optimal to some extent. In Section 3, we establish a modified Michael-
Simon inequality and Sobolev type inequalities for the mean curvature flow that can be of
independent interest. Section 4 is devoted to a reverse Holder inequality for a subsolution
to a parabolic equation changing during mean curvature flow. It turns out to be the key
estimate for the Moser iteration process carried out in Section 5 (for the supercritical case)
and Section 6 (for the critical case with a smallness condition). Then we bound uniformly
the mean curvature in terms of its integral bounds in Section 7. In the final Section 8, we
give the proof of the Main Theorem using a blow up argument.

2. PRELIMINARIES

For any compact n-dimensional hypersurface M™ which is smoothly embedded in
R by F: M™ — R""!, let us denote by g = (g;;) the induced metric, A = (h;;) the
second fundamental form, du = \/det (g;;) dz the volume form, V the induced Levi-Civita
connection and A the induced Laplacian. Then the mean curvature of M" is given by

H = gUhU

In [6] it has been computed that

o
—dy=—H?d
57 1

0
—H = AH + |A*H.

To some extent, the constant & = n+2 appearing in Theorem 1.2 is optimal as illustrated
by the following example.

Example 2.1. Let M be the standard sphere S™ which is immersed into R™™ by F,. Then
the mean curvature flow with initial data M has a simple formula: F(-,t) = r(t)Fy(-) where
r(t) = /1 —2nt. Therefore T = % 1s the extinction time of this mean curvature flow. We
have

r(t)=+2n(T —1t), H(t) = 0
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Let us denote by w,, the area of S™. Compute,

Hlornry = ([ s lun) é

1
B nwﬁ% /T dt “_{<oo ifa<n+2
(gn)% 0 (T—t)% =00 ifa>n+2.

Thus, the constant o in (1.3) cannot be smaller than n + 2.

Remark 2.1. When a = n+2, the quantity [[H || o yryjo.1)) @ tnvariant under the folowing
rescaling of the mean curvature flow (1.1):

F(p.1) = QF (0. ). for Q >0,

Remark 2.2. The characterization of the maximal time of existence of a solution to an
evolution equation by the blow up of its scaling invariant quantities seems to be a ubiquitous
phenomenon. Let us mention a couple of examples among many. In fluid dynamics, we
have the celebrated Beale-Kato-Majda Theorem [1] which says that if the mazimal time of
existence of solutions to the incompressible Euler or Navier-Stokes equation is finite then
necessarily the L%imeL]ﬁ% norm of the vorticity blows up. In the cases of the Ricci and the
mean curvature flow, in addition to controlling the scaling invariant quantities, we also
need lower bounds on the Ricci curvature and the second fundamental form, respectively.
For the incompressible Euler or Navier-Stokes equations, the divergence-free property of
the velocity vector field plays a crucial role and is in some sense analogous to those lower
bounds on the Ricci curvature and the second fundemantal form.

3. SOBOLEV INEQUALITIES FOR THE MEAN CURVATURE FLOW

In this section, we establish a version of Michael-Simon inequality, Lemma 3.1, that
allows us to derive a Sobolev type inequality, Proposition 3.1, for the mean curvature flow.
This Sobolev inequality will be crucial for the Moser iteration in the next sections. The
key step in the Moser iteration is the inequality (4.14).

The following lemma consists of a slightly modified Michael-Simon inequality whose
proof is based on the original Michael-Simon inequality (1.4) together with the interpolation
inequalities.

Lemma 3.1. Let M be a compact n-dimensional hypersurface without boundary, which is
smoothly embedded in IR"™. Let

n

(3.1) Q=< n—2

<oo ifn=2

ifn>2

Then, for all Lipschitz functions v on M, we have

2 2 n+2 2
||U||L2Q(M) < cn <||VU||L2(M) + ||H||L:+2(M) HUHLQ(M))
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where H 1is the mean curvature of M and ¢, s a positive constant depending only on n.

Proof. We only need to prove the lemma for v > 0. Applying Michael-Simon’s inequality
2(n—1)

(1.4)[8] to the function w = v =2, we get

(/ vnQ—n2d,u> ’ < cp (/ |Vv|vnz2d,u+/ |H| v (:21)du)
M M M

By Holder’s inequality it follows that

2n_ nT_Q n-2 ? n 2(n—1) 27:?
/ vn=2dp < ¢ / \Vv]vn—Qdu+/ |H|v "2 du
M M M
2n-1) \ noa
< o (19l 10+ 1o Tl
2
< (HVUH ||U||L2Q )+ ||H||Ln+z )||U||Lzm(M>> :
where
o (n — 1)(n+2)'
(n—2)(n+1)
Thus
2 2
(3.2) [0l 200 < €n <HVU|I ||U||LzQ ay Tt ||H|!Ln+z(M ||U||L2m(M)> :
By Young’s inequality
P —a/Ppa
(3.3) ab = (eY7a)(e71/Pb) < S < ea® +e7UPHe,
p q
where a,b,e > 0, p,qg > 1 and l + l = 1. If we apply it to (3.2), with
HU”L2Q (M) b= ||VUHL2 (M) >
e (-1 2n-1)
1 2(n—1 2(n—1
e P 1T g
we obtain
2 ]. 2 ]. —_n 2
ol s0qany < e (5 10s0mn + ()= IVolaqun + 1H g BolEaman ) -
Hence
2 2
(3.4) [0ll720(ar) < €n <HVUHL2 + |!H||Ln+z(M) |!U||L2m<M)) :

Next, we will use the following interpolation inequality (see inequality (7.10) in [5])
(3.5) [l < ellul

s te HUHU
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where ¢t < r < s and

1 1,1 1
M:(g—;)/(;—;)
Note that, in our case
1<m<Q,
and therefore, by (3.5)
(3.6) [0l p2mary < €Vl z2oary + € NVl 2200
where £ > 0 and
Qm—1) _ n?

(3.7) a= O-m n 2

Plugging (3.6) into the right hand side of (3. 4) we deduce that
2
2 —«
HUHL2Q(M) < CHHVUHLZ "’CnHHHLnH <5HUHL2Q(M)+5 ”UHLZ(M))

2 2 —2a 2
(35) < el Zolaqany + en 1 ntaqury (22 1ola0gan) + 272 [ol2aqan) -

Now, we can absorb the term involving ||UH 120(ary Into the left hand side of (3.8) by choosing

—2
e =— ||HHLn+2

Since Z—:?(l + a) = n + 2, we obtain the desu’ed inequality

2 2 2
101l Z20(ary < €n V0 2ary + a1 H I pnaqany 101122

g

Our Sobolev type inequality for the mean curvature flow is stated in the following
proposition.

Proposition 3.1. For all nonnegative Lipschitz functions v, one has

(3.9) 111125 arxor)
2 e
<ec, or?tix ||U||L2 (M) (HVUHL2(MX[O»T)) * Orgta;gf “UHLZ (Me) ||H||Lt+2 e T)))

where 3 1= 4 ":2).
Proof. By Holder’s inequality, we have

T 2Ant2) r 2 4
//vnd,udt:/dt/vv/”du
o Jum, 0 M,
T . n=2 2
< [o(Lw) (L
0 M; My

T
2
< max ol [ I0C 8 Faeq, -
M g

0<t<T
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Now, applying Lemma 3.1, we get

||U||Lﬁ(M><[0T))

T T
4/n 2 n+2 . 2
< coguos W, ([ 19ednars [7Cf e anlo, o, )

2 +2
< ¢ or?fix ||U||L2 (My) (||VU||L2(Mx[o,T)) + Ofgfgx ||U||L2 (M) ||H||Zn+2 (Mx][0, T))) :

g

4. A REVERSE HOLDER INEQUALITY

In this section, we establish a soft version of reverse Holder inequality for parabolic
inequality during the mean curvature flow. Because of the blow up argument that we will
use in the end, we should keep track of our constants in deriving the estimates, since we
do not want them to blow up after taking the limit of the rescaled flow. Moreover, since
we also need certain smallness conditions to carry out the Moser iteration, we do not want
constants quantifying these smallness conditions to vanish after taking the limit of the
rescaled flow. Here is the convention that we will use.

Constants such as Cy, Cy,Cs, ... will be defined. The constants with alphabetical sub-
scripts Cy, Cy, ... depend on other constants with numerical subscripts Cy, Cy,... in a
controlled way, the former are increasing functions of the later. The d-constants with nu-
merical subscripts, such as d1,09,... depend on the constants with numerical subscripts
Co, C4, ..., the former are decreasing functions of the latter. We will use those facts in the
blow up argument in section 8.

We start with the differential inequality

(4.1) (% —A)v < fo, v>0

where the function f has bounded LY(M x [0,T))-norm with ¢ > 22, Let n(t,z) be a
smooth function with the property that 1(0,z) = 0 for all x.

Lemma 4.1. Let
n+2 o
(4.2) Co = Co(q) = lIflleauxpry,  Cr = U+ 1HI T arxporry) ™2

B > 1 be a fixed number and q > "T“ Then there exists a positive constant C, =
Cu(n,q,Co, Cy) such that

(4.3)

10 Lsomstory, < Cak(BP 1 (12 + 90 + 215, = A| ) sty
where
(4.4) yo_nt?

2 —(n+2)’
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and A(() is a positive constant depending on B such that A(B) > 1 if 5 > 2 (e.g. we can
choose A(B) = 10083).

Remark 4.1. As will be seen later, we can choose
(45) Ca(na q, 007 Cl) = (26n0001)1+u-

Proof. We use n*v%~! as a test function in the inequality

ov
—A — <
v+ 5 fu.

It follows that, for any s € (0, 7], we have

S S a S
(4.6) / / (—Av)n%ﬁ_ld,udt—i-/ / a—znzvﬁ_ldudtg/ / | f| v dpdt.
0 Jm; 0 Jm; 0 Jm;

Note that, by integrating by parts
(4.7) / (—Av)*v?tdy = / 2 < Vo,V >’ ldu + (8 — 1)/ 20972 |Vol* dp.
My My My

Using the evolution of the volume form
Owdp = —H*dp

and recalling the properties of 1, we get

° v, G-1 / / 2
—nv"  dudt = n-dpudt
= = [ "n’d / / VPO, (n*d
ﬁ M, :u‘() ﬁ M, t lu’)

1
8,2 8 2
(4.8) = Sv n-dup /0 /Mtv {27] r H } dpdt.

Therefore, we deduce from (4.6)-(4.8) the following inequality

s 1
(4.9) / / (2 < Vo,V >+ (B = D)2 (Vo) dudt + = | o"nPdu
My

t /6 Me
1 S S
< —// vﬁ2n@d,udt+// | f| P dpdt.
ﬁ 0 My at 0 M,y

As will be seen later, because we can get good control of the quantity (% — A)n for suitable
choices of 7, it is more convenient to make this term appear on the right hand side of (4.9).
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Observe that, integrating by parts yields

1 [° B,
0?2 ddt = —// <v62 — — A)p+v%2mA >d dt
ﬁ//M n 1 5), | "(at n nAn) ) du

s 0
— 6/0 /M <vﬁ2n(a —A)p— QV(Uﬁn)V'r]> dudt

/ <vﬁ2n(% — Ay —20°|Vn]? =26 < Vu, Vi > nvﬁl) dpdt
My

| —

IN

= =

/
/ / 5277(2 — A)ndpdt — / / 2n < Vo,V > v ldudt.
o Jum, ot o Jum,

Then (4.9) implies

s 1
(4.10) / / (4 < Vo,V >+ (B = D2 Vo) dudt + = | o"nPdu
My

B Ju,

// 5277‘——A ‘dudt+// | fl P v’ dpdt.
Mt 0 Mt

Using the Cauchy-Schwartz inequality

/ / 4 < Vv, Vn > g ldudt > —252/ / 2yP= 2|VU| d,udt— / / 5|V77| dudt
0 JM; 0 JM; My

we get from (4.10),

1
(4.11) / / —1- VPVl dudt + = | oPnPdu
My 5 Ms
1
—/ / 5277‘ — —A) ‘d,udt—l—/ / | f| P dudt + = / / 0% |V |? dpdt.
ﬁ M My My
Choosing €2 = 71 and observing that ‘V(vﬁ/2)|2 = %2215*2 Vol yield

2(1— l)/ / Uh \V(vﬁ/2)|2dudt+/ Vintdp
B Jo Ju, M,
B N X ’ 2,8 86 [* [ 51w
< V72 (= — A)n|dpdt + |fl v dpdt + —— v? | Vn|” dudt.
o Jm, ot o Jum B=1Jo Ju,

Combining the previous estimate with

V(o) [* < 207 |V (07| + 20° | V)
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implies

(1-3) / INCERE / s
My
/ /M ﬂ?n‘ (= —A) ‘dudt+ﬁ/ /M |f|ﬁ2vﬁdudt+8(%+%)/j /M o (V2 dpdt,

It follows that, for some A(3) > 1 (say A(B) = 1003 if 5 > 2),

/ / |V<nv5/2)|2dﬂdt+/ VP dp
0 M,
< AP (/ / {277 n '+|an2}dudt+/ / |f|n2vﬁdudt>
M o JMm,
- 2 2 3
(/ /Mt {277’ A)n ’+|V77| }dﬂdt‘|’||f||m mx[o,r) |77 07| Ll 1(M><[OT))>
- _ 2 2,0 .
(/ /M {217‘ Ay ‘+|V77| }dudt+Co||nv | MX[OT))) !

Consequently,
2,87, <
(4.12) [max. /MS nv’dp < A
and
r 2
(4.13) / / |V (0P| dpdt < A.
0o Jm
We are now in a position to apply Proposition 3.1 to nv?/? and get the following estimates
2 (n+2)/n o 2112(n+2)/n
[In ﬁHL(n+2 )/n(Mx[0,T)) ||77Uﬁ/ HLW+2 )/n(Mx[0,T))

B8/2 B/2\]12 3/2 n+2
< CnOI?tEE%HT’U / ||L2(Mt (Hv(m) )||L2(M><[O,T)) +0I2ta<}§.,an / ||L2(Mt ||H||Ln+2 MX[OT)))

L +2(Mx[0,T)) L7 +2(Mx[0,T))

< " (At AN peim)) = oA (0 I gy )

Let S := M x [0,T) and let the norm || - ||L»(arx[o,r)) be shortly denoted by || -||zr(s). Then
the previous estimate, using a definition of A, can be rewritten as

°Il, ez o S AL+ | H

(4.14) = c,C4A (/ / {277' ——A) ‘+ !Vm2}dudt+COH772UﬂHL >
M; o 1(5

Since 1 < q%l < "*2 , by using the interpolation inequality

n+2

Ln+2(8 )) =)

[at

<e ||7721)B|

ni2 o € [z |

7] 52 ®

qls
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in (4.14), for v = qu(tjﬂ)’ one gets

[1 = e, A(B)CoChel || n°0”|

n+2
L™ (5)

_ 0
< cnCiA(B) | Coe H772Uﬁ”L1(s) + U6(|V77’2 + 277(@ — A)n) :
LY(S)
If we choose € = m, then

||772UBHL"T+2(S)

AT+ 202 — Ay

< 2 A
~ Cnol (6) (9t

Co2A(B)eaCoCr)” (|00 || 1) +

LI(S)]

where C,(n, q, Cy, C1) = (2¢,CoC1)' ™. In conclusion, we get a soft reverse Holder inequal-
ity

0
P+ VP + 2n(5 — A)n)

< Caln,q, Co, CL)A(B)H ot

Lis)

0
< Culnaa Co. OB (3P + 90+ 2051 = ) s

2,8
20 ez

g

5. THE MOSER ITERATION PROCESS FOR THE SUPERCRITICAL CASE

We will use the notation from previous sections. Consider the function v, which is a
solution to (4.1), where f € L(S). Assume ¢ > ™2 which corresponds to a supercritical
case. We will show in this case that an L>-norm of v over a smaller set can be bounded
by an L%-norm of v on a bigger set, where 8 > 2. Fix zy € R""'. Consider the following

sets in space and time,
D = U0§t§1(8<l’0, 1) N Mt), D = ULStSI(BCUO?
Let us denote by
Dy, = Uy, <i<1(B(xo, 1) N M)
where
1 1 1 1

b = (1= ),
=gt =)

Then,
Pk = Thet = Tk = ST tr — th1 = pi.

Let us choose a test function n, = n(¢, x), following Ecker [4], of the form

(5'1) nk(tvx) = <Pﬂk(t) X wﬂk(|x - 1‘0|2).
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In (5.1), the function ¢,, satisfies
1 ift<t<l1,

Co (t) = € [0, 1] it <t< tr,
0 if ¢t <tp_;.
and
, Cn_

whereas in (5.1), the function 1, (s) satisfies

0 ifs>ry |,

¢Pk<s) = S [07 ]-] lf T‘Z S S S lefla
1 ifs <7l
and
| (s) < 5
Pk — :02
We have
(5.2) 0<m <Lim =1in Dy;n = 0 outside Dy_;.

Using the following identity for the mean curvature flow derived in Brakke [2]
d

(5.3) <E —A) |z — x> = —2n Yz € M,

we can verify the following

Lemma 5.1.

(5 — Dlt,2)

(5.4)  sup sup (77,3(25, ) + | Vie(t, 2)|* + 2mi(t, z)
tel0,1] z€ My

C
) S _7; — cn4k+1-
P

The main result of this section is the following Harnack inequality in the supercritical

case.

Lemma 5.2. Consider the equation (4.1) with T > 1. Let us denote by A = "T“, let
q> ”TJFQ and 3 > 2. Then, there exists a constant Cy, = Cy(n, q, 3, Co, C1) such that

(5.5) ”UHLOO(D') < Cy(n, ¢, 3,Co, Ch) HUHL,B(D) )

and

(5'6) HU”LOC(D’) S Ob(”»‘]aﬁa CO>Ol> HUHLBA’“(D,C) vk 2 L.

In the above inequalities, Cy and Cy are defined by (4.2).
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Proof. If > 2, then let A(F) = 1005. Note that n, = 1 on Dy and 7 = 0 outside Dy
by (5.2). Recall that S := M x [0,T). We have

1ol 22y < MImke”ll gz

< Cyu(n,q,Co, Ch)A ”“/ / (nﬁlvm + 21, (——A)
My

) dpdt

< 4 CL(n, q, Co, CA(B) 1J”’/ v dudt

Dy

= Cz(n7 q, 007 01)416—1614'” HvﬁHLl

(Di-1)’

where C.(n,q, Cy, Cy) := 42 x 100", C,(n, q, Cy, C1). In the above chain of inequalities,
the second line follows from Lemma 4.1, the third line results from Lemma 5.1 and the
definition of pg. For simplicity, let us denote by C, = C,(n, q,Cy, C1). Then the previous
estimate can be written in the following form

(5.7) [0l ntzg ) < L 4T g “loll o,y

A (Dy)
This form of the reverse Holder inequality is the key estimate for our Moser iteration
process. Let \ = ”T“ Then, replacing 3 by A*13 in (5.7), one obtains

(58) H/UHLQ)\k < C’BAIC 146>‘k 1()\k 1ﬁ>ﬁ)‘k 1 ”UHLB>\k 1
It follows by iteration that for all kg >0

(Dg—1) *

k=1 1

14w J=ko \J 1 1+v k=1 4
HUHLBW(D,C) < (Cﬁﬁ B > (46 A\ B )Zgzko \ H’UHLW‘kO(DkO)
(59) S Cb(,anaﬁa C()?Cl) ||U’|Lﬂ>\k0([)k0) )
where we choose
n2
(510) Cb(n, q, ﬁ, 007 Cl) = (4)\1+VCZﬁ1+V)77
since
Z n(n + 2) <n?
N (= 1 4 -
Note that Dy = D and D C Dy, for all positive integer k. Thus
(5.11) [0l ore (pry < Coln, ¢, B, Co, C1) ||Vl 1o pyy = T, q, B, Co, C1) 0]l 1oy
Letting £ — oo, we find that
(5.12) 0]l ey < Co(n,q, B, Co, C) [[v] 1)

If we fix a k > 1, doing the above iteration process for [ > k, letting [ — oo we obtain
(5.6). O
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6. THE MOSER ITERATION PROCESS FOR THE CRITICAL CASE

In this section we will deal with the differential inequality

0
(6.1) (= —A)v < fo, v>0,
ot
where the function f is bounded in the L"3*(S) norm. In this case i 222 Thus,

we cannot absorb the term ¢, C1A(3)Cy Hn VP H appearing on the right hand side of

LT (
estimate (4.14) into the left hand side of the same equ)ation, which was the crucial estimate
in obtaining the reverse Holder inequality (5.7). This inequality is the key estimate for
performing the Moser iteration in the supercritical case. However if we assume a smallness
condition on Cy = Cp(™$2), we have the following lemma.

Lemma 6.1. Let 3 be a constant greater than 1. Then there exist two constants d1(n, 3, Ct)
and C.(n, B,C4) such that if

(6.2) ||f||L"T+2(D) < d1(n, B, C1)
then
(6.3) 0] L"528(py) < Ce(n, B, C1) HU”Lﬁ(D)

Proof. We will use (4.14) with n = n;, keeping in mind that the constant Cy appearing on
the right hand side of (4.14) can be chosen to be [|f||;.(p), where ¢ = 242 Since m = 0

outside D, we see that the term [ [, [f[niv’dudt can be bounded from above by

[ 11t < 1 07 -

Thus, for = 1, the term Cq ||nfo?|| s in A (defined in (4.14)) can be replaced

LT (Mx[0,T))

[ P [

n+2 _ n+42

and - = , we have

Consequently, as ¢ =

(6.4)  ||riv”|| nse )

cconn([ [ ol

If we choose
(65) 51(n7ﬁ7 Cl) =

then from (6.2) and (6.4) we get

el sy < o) ([ o {om]
M

a A)nl

#1917, g 207, )

L 2 (D)

1
2¢,C1A(B)’

Y A)Ul

+ ivmy?} dudt> .
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By Lemma 5.1,
0 n
(6.6) sup (72 + [Vil* +2m | (5, - A)m| ) < 55 =,
ot P1
Hence
(6.7) [73v°]] sz ) < aCLAB) (|07 1 )
Now, recalling that n; =1 on Dy, we have
0 g, = 10552y < 0] ) < SO [ 1) = nCA) el
Thus
||v||LnT+2ﬁ(D1) S OC(n’ ﬁ’ Cl) ||u||Lﬁ(D) )
where
1
(6.8) Ce(n, B8, Ch) = (e, C1A())7 .
O

7. BOUNDING THE MEAN CURVATURE

In this section we will bound the mean curvature along the mean curvature flow in
terms of || H||pn+2(s), having that the second fundamental form is uniformly bounded from
below and an extra smallness assumption. First we derive a differential inequality for the
modified mean curvature H defined below.

Lemma 7.1. Suppose that

(7.1) hij > —Bgi;.
Then, for
H:=H+nB>0
one has
(7.2) O,H < AH + H® + nB*H.

Proof. Recall that the evolution equation of the mean curvature H ([6]) is,
(7.3) O,H = AH + |A]* H.
Let \;(: =1,--- ,n) be the principle curvatures. Then \; > —B and
AP = A2+ 4 02
Because \; + B > 0, one gets
M+B? 4+ +M+B?<(M+B+---+ M\ +B)?=(H+nB)*= H.

That is R
|A]> + 2BH 4+ nB* < H?
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or, equivalently
(74)  |A?< H?—2BH —nB? = H?* —2B(H —nB) —nB* = H*> — 2BH + nB>.
Now, by (7.3), we have
OH = O,H=AH+|AH=AH+ (H —nB)|A
< AH+ H(H?>-2BH +nB?
< AH+ H(H*+nB?).
O

Let Cy, C} be as in (4.2) and C. as in Lemma 6.1. Then, using Moser iteration, we can
establish a Harnack type inequality for the mean curvature.

Lemma 7.2. Suppose that
(7.5) hij > —Bg;.
Let

(7.6)  C3:=2CZ(n,n+2,C1) (”HHin”(D) +1° B |[1 sz py + 1B ”1”L(”§3)2 (D)) :

then there exist positive constants d3(n, Cy) and Cy(n,Cy,C3) such that if

(7.7) [H || pnr2(py + B[ poszpy < 02(n, Ch)
then
(7.8) ||H+HLOC(D’) < Ca(n, Cr, C3)([|H | pns2(py + Bl prsepy)-

Proof. Let H = H +nB > 0. Then, by Lemma 7.1

(7.9) 0,H < AH + fH, where f=H?+nB
We have
: : g2
||f|| p = / / (H2+n32) dys dt
0 MtﬂB({L‘Q,l)
1
< cn/ / (H"? + B"*?)dudt
0 MtﬂB(QEQ,I)
1
< cn/ / (|H|"" 4+ B"**)dudt
MtﬂB(QEQ 1)
= o |Hl ) + enB" 2 L0 )
n+2
< (1l gz + Bl o))

It follows that )
112y < e (1l pmszqy + BTl iay)
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Let us choose

> 2
(7-10) 52(7%01) = 51 (n,n—li— ’CO,

Cr
where 01(n, 3, Cy) has been defined in the proof of Lemma 6.1. Then, if

||HHL"+2(D) +B HlHLn+2(D) < 02(n, Ch),

one has

171l

This means we are in the critical case (¢ = having a smallness assumption (6.2)
satisfied. Hence, we can apply (6.3) with 3 = n + 2 to obtain

LQJQQ(D) < 51(77,,77/—'— 2a01)'

42)

~

(7.11)

<C(7L 7L+2 Cl

7]

LD 042 () L 2(p)

This inequality brings us to the supercritical case for (7.9). In fact, let
n+2 n—+2 n—+2
= . > .
¢=(——) () >—
Then we can bound f in ||-|[4p,) by C3 defined by (7.6). Indeed, using (7.11) we get

||f||LtI(D1) = HﬁQ + nB2‘

2

Lq(Dl)

~

2
LS4 (p )—I—TLB 1] 7(71;3)2(D1

< C%*n,n+2,C1) HHH +nB2||1|| n+2)2( o)

< 22(nn+2,0) (||Huin+z<m+n232||1||in+2<m+nB?H1H )
L 2n (D)

Thus, we can use (5.6) with A = ”T“, G=mn+2and k =1 to obtain

~

H

< Cb(”)Qan+27C3acl) HFI’

'n+2

L=(D") (n+2)(Dy)

< Cy(n,q,n+2,C3,C1)Ce(n,n+2,CY)

]

Ln+2(D

Noting that

A

HHJFHLOO(D’) =

Loo(D")
we finally obtain the desired estimate

HHJFHLOO(D’) < Cy(n,q,n+2,C5,C1)Ce(n,n+2,Ch) HH‘

Ln+2(D)
< nGy(n,q,n+2,C3,C1)Ce(n,n+2,C1) (| H| povzpy + B 11| prre())

= Ca(n,Cr, C3)([[H|| prs2(p) + B

nt+2 (D) ) 9



18 NAM Q. LE* AND NATASA SESUM™*

where

(7.12) Ca(n,Cy, C3) :=nCy(n,q,n + 2,C3,C1)Ce(n,n + 2,CY).

8. PROOF OF THE MAIN THEOREM
In this section, we give the proof of the main Theorem 1.2 stated in the introduction.
Proof of Theorem 1.2. Since |[H||pa(yrxjory) < o0 implies that [[H||pwrzypory < 00 if
a > n + 2, we only need to prove the Theorem for o = n + 2.

We argue by contradiction. Suppose that 7' is the extinction time of the flow. Then,
by Theorem 1.1, |A| is unbounded. It follows from (1.2) that we have (7.4),

|A]> < H?> = 2BH +nB* < H? + nB? = (H + nB)* + nB?,

and thus |H| is unbounded. Because H > —nB, we know that H' is unbounded. There-
fore, there exists a sequence of points (x;,¢;) with x; € M;, such that

(8.1) Qi = H(z;,t;) = Jax max H(z,t) — +o0.

Consider the sequence M/ of rescaled solutions for ¢ € [0,1] defined by

t—1
Q?
If g, H and A := {hj;} are the induced metric, the mean curvature and the second fun-

damental form of M;, respectively, then the corresponding rescaled quantities are given
by

N - H .2 |A]
9= Qg Hi= = |A| = 5.
Qi Q7
It follows from (8.1) and (1.2) that, for the rescaled solutions we have
and
~ B
Ai > — =i
Qi

Consider the following sets in space and time

~ . ~ ~ -/ 1 ~
D' = Uogtgl(B(il?u 1) N (Mi)t)Q (Dl) = Uigt<1(3($i7
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Then, we can calculate

. ~ B
(82) lim (HH s O ||1||Ln+2(,5i))

1 1
t; n+2 t; n+2

= lim / t/ |H|"*? dudt +B / / dpdt

o0 ti—é? thB(xzﬁQii) ti—é? MtﬂB(xi,&i)
1 1
t; n+2 t; nt2
< lim / / |H|"*? dpdt + B / / dudt = 0.
1—00 iié M, i*é My

The last step follows from the facts that

T T
/ / |H " dudt < oo; / / dudt < oo
0o Jm o Ju,

1
lim — = 0.
Consequently, there is a universal constant C' > 1 such that, for our rescaled flows, the
constants

and

_n_
n+2

n+2 n ti 192
)= 1+/ /|H|” dpdt
Ln+2(M; x[0,1]) ti_é M,

satisfy
(8.3) 1<Ci<c.

By our choice of the constants d,(n, C?), which are decreasing in the second variable (follows
from (6.5) and (7.10)), we obtain

3(n,C1) > 65(n,C) > 0.

Hence, recalling (8.2), we have for i sufficiently large,

. B -
(8.4) 1]+ 1Moy < 20, G,
Thus, by Lemma 7.2

B

oy | Q;

On the one hand, we can also check that, for our rescaled flows, the constants

(8.5) H@

< Culn. G, C3)(|

1 n AVE
. U

~ . . ~ 112 BQ B2
i 2 (4 . 2= 2 - P
G4 = 2C%(n,n +2,C5) (HHZ pesngoy g Mmooy + 1z 1] oo (m)
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satisfy
(8.6) Ci<C.

This easily follows from (6.8) and (8.3). On the other hand, by our choice of the constants
Cq(n, -, ), which are increasing in the second and third variables (by (7.12), (5.10), (6.8)
and (7.6)), since we have (8.3) and (8.6) we obtain

Cy(n,Ct,CL) < Cy(n, C,C) < 0.
As a result, we deduce from (8.5) that

) - B
8.7 | | < cutn,0,0) ([[& B Y
(8.7) i e (piyy = 4(n, C,C) B [
Letting ¢ — oo in (8.7), and recalling (8.2), we find that
(8.8) lim HmH -0
im0 Le=((D1))

Le=((D?))
Main Theorem is complete. O

This is a contradiction because HH;r

We will give a proof of Corollary 1.1.

Proof of Corollary 1.1. In both cases, the mean convex case and the starshaped case we
have
(i) A lower bound for the mean curvature

H > —[ for some [ > 0

and
(ii) An upper bound for the squared second fundamental form in terms of a linear function
of the squared mean curvature

\A[Z < C,H? + b for some C,,b > 0.
In the mean convex case (ii) follows from [7] and in the starshaped case, both (i) and (ii)
follow from [10], for some uniform constants C\, b, . Choose k large enough so that k > 2I
and (k — )2 > b which imply, for H = H + k,

H>l — (H-Fk)?<H
H? > (k—1)?>b, and therefore,
AP <C.H>+b=C,(H—-k)?+b< C.H?
for a uniform constant C’*. It easily follows that
O.H < AH + C.H®.

As can be seen from the proofs of Lemma 7.2 and Theorem 8.1, this differential inequality

combined with the integral bound (1.3) of the mean curvature in Theorem 1.2 allows us to
extend the mean curvature flow past time T O
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