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Let U be the open unit disc of the complex plane. We explicitly construct the best pointwise approximation
for determining a function in the Hardy space HpðUÞ from measured data at a countable set of points in U
whenever the data is exact. A regularization scheme is given to deal with the case of nonexact data. Moreover,
optimal error estimates are also studied.
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1 INTRODUCTION

Let U ¼ fz 2 C: jzj < 1g be the open unit disc of the complex plane C and, for
1 � p � 1, let HpðUÞ be the Hardy space on U (which will be denoted as Hp in
what follows), i.e., the space of all analytic functions f on U with the norm

k f kp ¼ lim
r"1

1

2�

Z 2�

0

j f ðreitÞjp dt

� �1=p

<1:

We deal with the problem of reconstructing an Hp-function u from its values
�1,�2, . . . at given distinct points z1, z2, . . . in U:

uðznÞ ¼ �n, n ¼ 1, 2, . . . ð1Þ
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7 We require that the points z1, z2, . . . satisfy the Blaschke condition

X1
n¼1

ð1� jznjÞ ¼ 1: ð2Þ

By condition (2), problem (1) admits at most one solution in a Hardy space Hp

ð1 � p � 1). Despite uniqueness, the problem is still ill posed. The literature on the
problem of approximation and interpolation of analytic functions from exact data is
impressive (see, e.g., [3,4,6,7,9,14,15,16]). However, the ill-posedness of the problem,
especially for Hp-functions, is not usually taken into account. In fact, the right-hand
side of (1) is usually the result of experimental measurements and is subject to error,
i.e., nonexact data (see [1,5] and references therein). Hence, a solution corresponding
to the data does not always exist and moreover, solutions, even though they exist, do
not depend continuously on the given data. This, of course, makes a numerical treat-
ment impossible. Thus, one has to resort to a regularization. We shall consider the
more general problem of finding an Hp-function u satisfying

uðznkÞ ¼ �nk, n ¼ 1, 2, . . . ; k ¼ 1, . . . , n, ð3Þ

where fznkg
1
n¼1, 1�k�n is a given point system in U (znj 6¼ znk, j 6¼ k, 1 � j, k � n) and

f�nkg
1
n¼1, 1�k�n is a given data. If znk ¼ zk, �nk ¼ �k for n � k then we get (1).

Condition (2) can be rewritten as

lim
n!1

Xn
k¼ 1

ð1� jznkjÞ ¼ 1: ð4Þ

The main purpose of our article is to present a regularization of the general problems
(3) and (4) based on finite best approximation. As known, the problem of constructing
the best approximant of an analytic function from its finite values has been studied
extensively over three decades (see, e.g., [2,6–8,12–15]). However, the problem of
how these finite approximations, corresponding to nonexact data, are related to the
exact solution of the problem is not considered. In our work, we shall give an explicit
form of a sequence of functions (not necessarily analytic) that are shown to converge
optimally to the solution whenever data is exact, and that represent approximations
to the solution whenever the data is nonexact if we stop at an appropriate dimension
n of the approximation. In the latter case, we shall find the dimension that makes
the error of the approximation be as small as possible. It is worth noting that the pres-
ent treatment differs from the earlier in that it is more elementary and that the best
approximation is constructed very explicitly. The significance of the above discussion
is made clearer in the following sections.

The remainder of our article consists of three sections. In Section 2, we consider
some preliminary results in the case of exact data and construct best approximations
to Hp-functions. In Section 3, to deal with the case of nonexact data, we propose a
regularization scheme and estimate the error of the approximation. In the final section,
we prove a result on optimal error estimates.

286 D.D. TRONG et al.



D
ow

nl
oa

de
d 

B
y:

 [N
ew

 Y
or

k 
U

ni
ve

rs
ity

] A
t: 

15
:1

5 
6 

D
ec

em
be

r 2
00

7 2 PRELIMINARY RESULT: THE CASE OF EXACT DATA

In this section, we consider the problem of reconstructing an Hp-function from the
exact data on its values at a countable set of points. We shall construct best pointwise
approximations for determining the unknown function (Theorem 1) and propose a
distribution of the set of points at which the measurements are performed to get
small errors of the approximation (Theorem 2). Both results are fundamental for the
development of Sections 3 and 4 which deal with regularization. Note that the results
of this section are also of independent interest.

Before stating and proving Theorem 1, several literature reviews and remarks are in
order. Best approximation of functions in the disc algebra by rational functions was con-
sidered by Shen and Lou in [12]. The problem of optimal recovery of a holomorphic func-
tion in the unit ball Bn of Cn when its values at the intersection of Bn with an affine
subspace of Cn are given was considered in great details by Osipenko and Stessin [7]
(see also [8]). Here, explicit formulae for the intrinsic error, worst function and optimal
algorithm were given. On the other hand, when there are explicit rational approximants,
many authors just showed the convergence of these approximants or gave the upper
bound for the error, not the precise error; see [10,13]. Recently, best approximation of
functions in Hp

q ðp � 1, q > 1Þ by rational functions with fixed poles was investigated
by Xing and Jin [15]. The upper bound for the error of the best approximation was
also given. However, all these results must have undergone nontrivial changes when
applied to solve the problems of regularization and optimal error estimates. Thus,
Theorem 1 in our present article, though whose result is not completely new but has
the explicit formulae of the recovery coefficients together with the precise intrinsic
error of the approximation scheme, will help directly solve these problems.

Throughout this section, unless specified, p is in the interval [1,1]. For fixed n, let
Bn(z) and Bn, j (z) ð1 � k � nÞ be products

BnðzÞ ¼
Yn
k¼ 1

z� znk

1� znkz
, Bn, jðzÞ ¼

Yn
k¼ 1, k 6¼ j

z� znk

1� znkz
:

For each z 2 U, the function kzð�Þ ¼ 1� z� has no zero in U and since U is simply
connected, there exists an analytic function ’ 2 HðUÞ such that e’ ¼ kz [11, Theorem
13.18, pp. 262–263]. For each real number �, by k�zð�Þ ¼ ð1� z�Þ� we mean the function
e�’ð�Þ: We have the following best pointwise approximation of Hp-functions.

THEOREM 1 Let zn1, . . . , znn be n distinct points in U. For each f 2 Hp, put

Tnð f Þ ¼ ð f ðzn1Þ, . . . , f ðznnÞÞ:

Then for any z 2 U, we have

j f ðzÞ � RnðTnð f Þ, zÞj �
k f kp

ð1� jzj2Þ1=p
jBnðzÞj, ð5Þ

where

Rnð�, zÞ ¼
Xn
k¼ 1

cp, n, kðzÞ�k for � ¼ ð�1, . . . , �nÞ,

RECONSTRUCTION OF Hp-FUNCTIONS 287
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7 and

cp, n, kðzÞ ¼
1� jznkj

2

z� znk

1� zznk

1� jzj2

� �ð2=pÞ�1
BnðzÞ

Bn, kðznkÞ
:

Moreover, if �>0 and  is any mapping from Cn
�U to C then

sup
kwkp � �

jwðzÞ �  ðTnðwÞ, zÞj � sup
kwkp � �

jwðzÞ � RnðTnðwÞ, zÞj ¼
�

ð1� jzj2Þ1=p
jBnðzÞj: ð6Þ

Furthermore, if the sequence fznkg satisfies the condition (4) then

lim
n!1

�

ð1� jzj2Þ1=p
jBnðzÞj ¼ 0 for all z 2 U: ð7Þ

Remarks

1. The inequality (6) shows that RnðTnð f Þ, zÞ is the best approximation of the function
f 2 Hp at z. The quantity eð�, nÞ ¼ ð�=ð1� jzj2Þ1=pÞjBnðzÞj expresses the precision of
the best approximation.

2. If p 6¼ 2, then RnðTnð f Þ, zÞ is not an analytic function of z and hence it is not an
element of Hp. This is a rather surprising fact (see also [6]).

Outline of the Proof of Theorem 1 Let @U ¼ feit: 0 � t < 2�g be the boundary of U.
Consider the contour integral

IpðzÞ ¼
1

2�i

Z
@U

f ð�Þ

� � z

BnðzÞ

Bnð�Þ

1� z�

1� jzj2

� �ð2=pÞ�1

d�:

Using the Residue Theorem, we find that

IpðzÞ ¼ f ðzÞ �
Xn
k¼ 1

cp, n, kðzÞ f ðznkÞ ¼ f ðzÞ � RnðTnð f Þ, zÞ: ð8Þ

Now we prove (5). Let q be the conjugate of p, i.e., ð1=pÞ þ ð1=qÞ ¼ 1: In view of the
fact that jð1� �zz�Þ=ð� � zÞj ¼ 1 for all z 2 U and � 2 @U and by Holder’s inequality,
it implies that

jIpðzÞj � ð1� jzj2Þ1�ð2=pÞ
jBnðzÞj

1

2�

Z 2�

0

f ðeitÞ

BnðeitÞ

p����
���� dt

� �1=p
1

2�

Z 2�

0

j1� zeitj
ð2=pÞ�1

jeit � zj

" #q

dt

( )1=q

¼ ð1� jzj2Þ1�ð2=pÞ
jBnðzÞj k f kp

1

2�

Z 2�

0

1

j1� zeitj2
dt

� �1�ð1=pÞ

¼ ð1� jzj2Þ�1=p
k f kp jBnðzÞj,

i.e., (5) holds.

288 D.D. TRONG et al.
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7 Now, we consider (6). Denote by B� the ball in Hp of radius � centered at 0 in Hp:
Since KerTn \ B� � B� and since wðzn1Þ ¼ � � � ¼ wðznnÞ ¼ 0 for w 2 KerTn, we have

sup
w2B�

jwðzÞ �  ðTnðwÞ, zÞj � sup
w2Ker Tn\B�

jwðzÞ �  ð0, zÞj: ð9Þ

But ei�w 2 KerTn \ B�, for w 2 KerTn \ B�. Hence

sup
w2KerTn\B�

jwðzÞ �  ð0, zÞj ¼ sup
w2KerTn\B�

sup
�2R

jei�wðzÞ �  ð0, zÞj

¼ sup
w2KerTn\B�

ðjwðzÞj þ j ð0, zÞjÞ

� sup
w2KerTn\B�

jwðzÞj � jgðzÞj

¼
�

ð1� jzj2Þ1=p
jBnðzÞj, ð10Þ

where gð�Þ ¼ ð�ð1� jzj2Þ1=p=ð1� z�Þ2=pÞBnð�Þ (note that kgkp ¼ � and g 2 KerTnÞ: From
(9) and (10), we have, for all  : Cn

�U ! C,

sup
w2B�

jwðzÞ �  ðTnðwÞ, zÞj �
�

ð1� jzj2Þ1=p
jBnðzÞj:

Especially, we have

sup
w2B�

jwðzÞ � RnðTnðwÞ, zÞj �
�

ð1� jzj2Þ1=p
jBnðzÞj:

Combining the latter inequality with (5), we get the inequality in (6).
For the proof of (7), we estimate jðz� �Þ=ð1� �zÞj for z,� 2 U: We have

1�
z� �

1� �z

��� ���2¼ ð1� jzj2Þð1� j�j2Þ

j1� z�j2
�

ð1� jzj2Þð1� j�j2Þ

ð1þ j�jÞ2
�

ð1� jzj2Þð1� j�jÞ

2
:

It follows that

1�
z� �

1� �z

��� ��� � ð1� jzj2Þð1� j�jÞ

2ð1þ ðjðz� �Þ=ð1� �zÞjÞÞ
�

1

4
ð1� jzj2Þð1� j�jÞ,

and

z� �

1� �z

��� ��� � exp
z� �

1� �z

��� ���� 1
� �

� exp �
1� jzj2

4
ð1� j�jÞ

� �
:

RECONSTRUCTION OF Hp-FUNCTIONS 289



D
ow

nl
oa

de
d 

B
y:

 [N
ew

 Y
or

k 
U

ni
ve

rs
ity

] A
t: 

15
:1

5 
6 

D
ec

em
be

r 2
00

7 Now, (7) follows from the inequality

jBnðzÞj � exp �
1� jzj2

4

Xn
k¼ 1

ð1� jznkjÞ

 !
, ð11Þ

and the condition (4). The proof of the theorem is completed. g

The error estimate given by (5) is sharp for fixed z 2 U. However, in reality, we are
only given the points zn1, . . . , znn at which the measurements are performed, so it is
essential to consider the global error estimate

sup
jzj �R

k f kp

ð1� jzj2Þ1=p
jBnðzÞj �

k f kp

ð1� R2Þ
1=p

sup
jzj ¼R

jBnðzÞj: ð12Þ

Hence, we need to estimate the minimum of the quantity jBðz; zn1, . . . , znnÞj � jBnðzÞj
for points zn1, . . . , znn satisfying certain conditions. The following theorem suggests a
model for such zn1, . . . , znn.

THEOREM 2 Let R, r, r1, . . . , rn be in ð0, 1Þ. Then

sup
jzj¼R, jznj j¼rj

jBnðz; zn1, . . . , znnÞj �
1

2

Yn
j¼ 1

Rn þ rnj

1þ Rnrnj

( )1=n

: ð13Þ

If �1, . . . , �n are vertices of a regular n-gon on the circle of radius r centered at the origin of
the complex plane C then

sup
jzj¼R

jBnðz; �1, . . . , �nÞj � 2 inf
jzn1j ¼ ��� ¼ jznnj ¼ r

sup
jzj ¼R

jBnðz; zn1, . . . , znnÞj: ð14Þ

Remark Inequality (14) implies that the distribution of �1, . . . , �n in U is near-optimal.

Proof of Theorem 2 First, we note that, for jzj ¼ R, we have

jBnðz; �1, . . . , �nÞj ¼
Yn
k¼1

z� �k
1� �kz

����
���� ¼ zn � rn

1� rnzn

����
���� � jzjn þ rn

1þ rnjznj
¼

Rn þ rn

1þ rnRn
:

The equality occurs if z is an nth root of ð�RnÞ: Hence, the proof of the theorem
will be completed once (13) is proved. In fact, for zn1, . . . , znn satisfying jzn1j ¼
r1, . . . , jznnj ¼ rn, put

a ¼ sup
jzj ¼R

Yn
j¼ 1

z� znj

1� znjz

����
����:

Assuming that znj ¼ rje
i�j ð j ¼ 1, . . . , nÞ, we put kmj ¼ 2�b�jm=2�c, z

�
mj ¼ rje

ikmj=m,
where bac denotes the greatest integer not exceeding a: Then ðz�mjÞ

m
¼ rmj and z�mj !

znj as m ! 1, for j ¼ 1, . . . , n. Put

a�m ¼ sup
jzj ¼R

Yn
j¼ 1

z� z�mj

1� z�mjz

�����
�����:

290 D.D. TRONG et al.
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7 Letting � be e2�i=m, for all k ¼ 1, . . . ,m, we have

a�m ¼ sup
jzj ¼R

Yn
j¼ 1

z� �kz�mj

1� �kz�mjz

�����
�����:

Thus

a�m � sup
jzj¼R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiYm
k¼ 1

Yn
j¼ 1

z� �kz�mj

1� �kz�mjz

�����
�����m

vuut ¼ sup
jzj¼R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiYn
j¼1

Ym
k¼1

z� �kz�mj

1� �kz�mjz

�����
�����m

vuut

¼ sup
jzj¼R

Yn
j¼1

zm � rmj

1� zmrmj

�����
�����
1=m

¼
Yn
j¼1

Rm þ rmj

1þ Rmrmj

( )1=m

�
Yn
j¼1

maxfR, rjg �
1

2

Yn
j¼1

Rn þ rnj

1þ Rnrnj

( )1=n

:

Letting m ! 1, we obtain

a ¼ lim
m!1

a�m �
1

2

Yn
j¼1

Rn þ rnj

1þ Rnrnj

( )1=n

,

proving (13) and completing the proof. g

3 THE CASE OF NONEXACT DATA: REGULARIZATION AND ERROR ESTIMATE

In this section, we deal with the problems (3) and (4) in the case of � ¼ f�nkg
n
k¼1 being

the nonexact data, i.e., �nk 6¼ uðznkÞ for some positive integers n and 1 � k � n. We
approximate the exact solution of (3) and (4) by Rnð�, zÞ. Then the approximating
function Rnð�, zÞ differs from the exact solution by a larger quantity illustrated in the
following theorem.

THEOREM 3 Let �> 0 and zn1, . . . , znn be n distinct points in U. Let �0 ¼ f�0
nkg

n
k¼1 be a

finite sequence of complex numbers and denote by S the set of all finite sequences � of
complex numbers � ¼ f�nkg

n
k¼1 such that

k�� �0k1 :¼ max
1�k�n

j�nk � �
0
nkj � �: ð15Þ

Then, for all r in (0, 1) and z 2 U, we have

sup
�2S

jRnð�, zÞ � u0ðzÞj ¼ �
Xn
k¼1

jcp, n, kðzÞj þ
ku0kp

ð1� jzj2Þ1=p
jBnðzÞj, ð16Þ

RECONSTRUCTION OF Hp-FUNCTIONS 291
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7 and

sup
jzj�r,�2S

jRnð�, zÞ � u0ðzÞj � � sup
jzj�r

Xn
k¼1

jcp, n, kðzÞj

 !
þ

ku0kp

ð1� r2Þ1=p
sup
jzj�r

jBnðzÞj, ð17Þ

where u0 2 Hp is the unique solution of (3) corresponding to �0, i.e.,

u0ðznkÞ ¼ �0
nk ð1 � k � nÞ:

Proof of Theorem 3 In view of the relation Rnð�, zÞ ¼ Rnð�� �0, zÞ þ Rnð�
0, zÞ and

the recovery of Hp-functions as in Theorem 1, we see that, for z 2 U

jRnð�, zÞ � u0ðzÞj � jRnð�� �0, zÞj þ jRnð�
0, zÞ � u0ðzÞj

¼
Xn
k¼1

cp, n, kðzÞð�nk � �
0
nkÞ

�����
�����þ jRnð�

0, zÞ � u0ðzÞj

� �
Xn
k¼1

jcp, n, kðzÞj þ
ku0kp

ð1� r2Þ1=p
jBnðzÞj:

The above estimate combined with the sharpness of the inequality (5) and a suitable
choice of � such that k�� �0k1 � � yields (17) and (16). g

Since the problem (3) is ill posed, we cannot use all the experimental data to exactly
recover the unknown function. As shown in the estimates (17) and (18), if n is large then
so is the error. In fact, using the inequality

�� 	

1� �	

����
���� � j�j þ j	j

1þ j�j j	j
for all �,	 2 U,

estimating directly the right-hand side of (17), we get

sup
jzj�r

jRnð�, zÞ � u0ðzÞj � �	n þ �n, ð18Þ

where

�n ¼
ku0kp

ð1� r2Þ1=p

Yn
k¼1

rþ jznkj

1þ rjznkj
, ð19Þ

	n ¼ Aðp, rÞ
Xn
k¼1

ð1� jznkj
2Þ 1� rjznkjð Þ

ð2�2pÞ=p
Yn

j¼1, j 6¼k

rþ jznjj

1þ rjznjj

1� znjznk

znk � znj

����
����

� �( )
, ð20Þ

Aðp, rÞ ¼
1, if p � 2
ð1� r2Þðp�2Þ=p, if 1 � p < 2:

�
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7 We have to determine the dimension mð�, rÞ of the approximation at which we stop so
that it can be easily computed and the quantity �	n þ �n is as small as possible for each
fixed �: The following theorem will be useful.

THEOREM 4 Let � > 0, r 2 ð0, 1Þ and let fznkg be as in Theorem 3. Let u0 2 Hp be the
unique solution of (3) corresponding to �0. Suppose that limn!1 	n ¼ þ1. Put

m ¼ mð�, rÞ ¼ maxfn 2 N j �	n � �ng,

where �n,	n are defined in (19) and (20). Then

�mþ1

	mþ1
< � �

�m
	m

, lim
�#0

mð�, rÞ ¼ þ1, lim
�#0
�mð�, rÞ ¼ 0,

and

sup
jzj�r

jRmð�, rÞð�, zÞ � u0ðzÞj � 2�mð�, rÞ: ð21Þ

If we assume, in addition, that

	1 < 	2 < 	3 � � � and �1 > �2 > �3 > � � � ð22Þ

then, for �>0 sufficiently small, we have

sup
jzj�r

jRnð�, rÞð�, zÞ � u0ðzÞj � 2 inf
n2N

ð�	n þ �nÞ, ð23Þ

where

nð�, rÞ ¼ mð�, rÞ if
�m
	m

� � �
�m
	mþ1

ð24Þ

¼ mð�, rÞ þ 1 if
�m
	mþ1

> � >
�mþ1

	mþ1
: ð25Þ

Remarks

1. If f	ng is bounded then by (18), limn!1 supjzj�r jRnð�, zÞ � u0ðzÞj � � supn 	n, i.e.,
we have the stability of the approximations.

2. If we consider problems (1) and (2) then we have �1 > �2 > �3 > � � �

Proof of Theorem 4 Using (11), we get

�n �
ku0kp

ð1� r2Þ1=p
exp �

1� r2

4

Xn
k¼1

ð1� jznkjÞ

 !
:

Combining the latter inequality with the condition (4) gives

lim
n!1

�n ¼ 0: ð26Þ
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7 From the definition of m ¼ mð�, rÞ one has ð�mþ1Þ=ð	mþ1Þ < � � �m=	m, and

sup
jzj�r

jRmð�, rÞð�, zÞ � u0ðzÞj � �	mð�, rÞ þ �mð�, rÞ � 2�mð�, rÞ:

We claim that mð�, rÞ ! 1 as �! 0: For any M > 0, we choose 0 < �0 <
min1�n�M ð�n=	nÞ. Then, for 0 < � < �0, we have mð�, rÞ � M. Hence

lim
�#0

mð�, rÞ ¼ þ1: ð27Þ

From (26) and (27), we get lim�#0 �mð�, rÞ ¼ 0. On the other hand,

Eð�Þ � inf
n
ð�	n þ �nÞ � �	mð�, rÞ þ �mð�, rÞ � 2�mð�, rÞ:

Therefore lim�#0 Eð�Þ ¼ 0: Hence, for � sufficiently small, we have

Eð�Þ < �1: ð28Þ

Now, we prove (23). Fix �>0 such that ð28Þ holds. Since limn!1 	n ¼ þ1, there
exists n0 2 N such that

Eð�Þ ¼ En0 ð�Þ � �	n0 þ �n0 : ð29Þ

Put K1 ¼ fn 2 N j �n � Eð�Þg. By ð29Þ, we have n0 2 K1. Put n1 ¼ minK1. By ð28Þ, we
have n1 > 1 and therefore

�n1 � Eð�Þ < �n1�1: ð30Þ

Since n1 � n0 and since the sequence f	ng is strictly increasing, from ð29Þ we obtain
�	n1 � �	n0 � Eð�Þ, and thus, by ð30Þ, we get

�	n1 < �n1�1: ð31Þ

Now, put K2 ¼ fn 2 Nj �	n < �n�1g. From ð31Þ we have K2 6¼ 6 0 since n1 2 K2. Put
n ¼ nð�, rÞ ¼ maxK2. Since the sequence f�k=	kþ1g

1
k¼1 is strictly decreasing and

converges to 0, n is just the unique positive integer satisfying the inequality

�n
	nþ1

� � <
�n�1

	n
: ð32Þ

We consider the two cases.

Case 1 n � n0 Since n � n0, and since the sequence f	ng is increasing, we get
�	n � �	n0 � Eð�Þ. Since n � n1, and since the sequence f�kg

1
k¼1 decreases, we get

�n � �n1 � Eð�Þ. Thus Enð�Þ ¼ �	n þ �n � 2Eð�Þ.
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7 Case 2 n > n0 In this case, n� 1 � n0. Thus, we have �	n < �n�1 � �n0 � Eð�Þ,
�n � �n0 � Eð�Þ: Hence Enð�Þ � 2Eð�Þ.

Finally, we prove (24) and (25). Since

�m
	m

� � >
�mþ1

	mþ1
,

we have either

�m
	m

� � �
�m
	mþ1

or
�m
	mþ1

> � >
�mþ1

	mþ1
:

If ð�m=	mÞ � � � ð�m=	mþ1Þ then ð�m=	mþ1Þ � � � ð�m=	mÞ < ð�m�1=	mÞ. Comparing
the latter inequalities with (32) we get, in view of the uniqueness of n ¼ nð�, rÞ, that
nð�, rÞ ¼ mð�, rÞ:

Similarly, if ð�m=	mþ1Þ > � > ð�mþ1=	mþ1Þ then ð�mþ1=	mþ2Þ < � < ð�m=	mþ1Þ:
It follows that m ¼ n� 1: This completes the proof of (24), (25) and the proof of the
theorem. g

The error estimate given by (16) is optimal for fixed z, but we do not know whether
the global error estimate given by (17) is optimal. This calls for an investigation of the
optimal error estimate in the next section.

4 A RESULT ON OPTIMAL ERROR ESTIMATES

In Section 3, we have used the approximation in the case of exact data to approximate
Hp-functions in the case of nonexact data. This, of course, yields large errors. However,
as we shall show below that in the case of near-optimal points in which zn1, . . . , znn
are vertices of a regular n-gon centered at the origin, the error estimate for the case
of nonexact data, especially that given by (17), is optimal in an appropriate sense
(see Theorem 6). The consideration of this case of near optimality is motivated by
Theorem 2.

In this section, for the sake of simplicity and for the clarity in exposition, we consider
the case in which r¼1/2 and f 2 H1: The general case is almost verbatim. Suppose that,
if we stop at the dimension n of the approximation, which we shall call the nth step of
the approximation process, we have a finite sequence f�njg

n
j¼1 of measured values

(of course, with noise) of f at the points znk ¼ reið�=nÞ2k ðk ¼ 1, 2, . . . , nÞ. For simplicity,
we always write cn, kðzÞ for c1, n, kðzÞ, zk ¼ znk and �k ¼ �nk ðk ¼ 1, . . . , nÞ if we are
in the nth step of the approximation process. Suppose that the deviation of noise
values f�jg

n
j¼1 from the exact values f f ðzjÞg

n
j¼1 is constrained by a positive constant

� > 0 : max1� j�n j�j � f ðzjÞj � �: As in Theorem 1, putting

Rnð�, zÞ ¼
Xn
k¼1

cn, kðzÞ�k,
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7 we first have:

THEOREM 5 Let � be in (0, 1) and let xð�Þ be the largest solution of the equation
�2x � x ln 2 ¼ 0. Put nð�Þ ¼ bxð�Þc, where bac denotes the greatest integer not exceeding
a. Then lim�#0 xð�Þ ¼ þ1, lim�#0 nð�Þ ¼ þ1, and

sup
jzj�r

jRnð�Þð�, zÞ � f ðzÞj �
2

2xð�Þ
ðxð�Þ lnð2e2xð�ÞÞln 2þ 4k f k1Þ � Eð f , �Þ:

Remark When there is no noise, using the de la Vallée Poussin means, Totik gave a
sharp error estimate in Hp (or in the disc algebra A(U)) depending on the smoothness
of the analytic function on the boundary @U (see Corollary 2 in [14]). By a similar
method, we can get a global estimate as in [14].

The proof of Theorem 5 makes use of the following lemmas.

LEMMA 1 Given a regular n-gon A1 . . .An whose vertices lie on a circle ðCÞ of radius r.
Denote by dðA,BÞ the Euclidean distance between two points A,B of the complex plane.
For any point P on ðCÞ, put

sðPÞ ¼
Xn
j¼1

Yn
k¼1, k 6¼j

dðP,AkÞ:

Then s(P) attains its maximum at the midpoint of the small arc AiAiþ1 of (C) for some
i 2 f1, . . . , ng. Here, we denote Anþ1 � A1.

LEMMA 2 Let zk ¼ reið�=nÞ2k ðk ¼ 1, . . . , nÞ: Then for any complex number z satisfying
jzj ¼ r we have

Xn
j¼1

Yn
k¼1, k6¼j

jz� zkj � rn�1
Xn
j¼1

1

sinðð2j � 1Þ�=ð2nÞÞ
: ð33Þ

The equality holds at z ¼ reið�=nÞð2k�1Þ.

Lemma 2 is a direct consequence of Lemma 1 and the proof is thus omitted. We only
give the proof of Lemma 1 for the case n is an even integer; the case n odd is argued
similarly.

Proof of Lemma 1 Without loss of generality, we can (and shall) assume that P lies on
the small arcA1A2 of ðCÞ:

Since n is even, i.e., n¼ 2k for some k � 2. We have

sðPÞ ¼
Xkþ1

j¼2

ðdðP,AjÞ þ dðP,A2kþ3�jÞÞ
Ykþ1

l¼2, l 6¼j

ðdðP,AlÞdðP,A2kþ3�lÞÞ

( )
:

It can be seen that, in this case, the segments A2A2kþ1,A3A2k, . . . ,Akþ1Akþ2 are
mutually parallel. It follows that each of the 2k quantities dðP,AjÞ þ dðP,A2kþ3�jÞ,
dðP,AjÞdðP,A2kþ3�jÞ ð j ¼ 2, . . . , kþ 1Þ attains its maximum at the midpoint of the
arcA1A2. Hence the lemma follows. g
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7 Proof of Theorem 5 First, we explicitly calculate and estimate cn, kðzÞ: Since zk
ðk ¼ 1, . . . , nÞ are nth roots of rn, we have

BnðzÞ ¼
zn � rn

1� rnzn
,

Yn
j¼1

ð1� zjzkÞ ¼ 1� r2n,
Yn

j¼1, j 6¼k

ðzk � zjÞ ¼ nzn�1
k :

From the formulae of cp, n, kðzÞ in Theorem 1, it follows that

cn, kðzÞ ¼
BnðzÞ

z� zk
�
Yn
j¼1

ð1� zjzkÞ
Yn

j¼1, j 6¼k

1

zk � zj

1� zzk

1� jzj2

¼
1� zzk

1� jzj2
1� r2n

nzn�1
k ð1� rnznÞ

Yn
j¼1, j 6¼k

ðz� zjÞ:

and that

jcn, kðzÞj � 2
1� r2n

nrn�1

1

j1� rnznj

Yn
j¼1, j 6¼k

jz� zjj:

By (16), we get

jRnð�, zÞ � f ðzÞj � �
Xn
k¼1

jcn, kðzÞj þ
k f k1
1� r2

jBnðzÞj

�
2�ð1� r2nÞ

nrn�1j1� rnznj

Xn
k¼1

Yn
j¼1, j 6¼k

jz� zjj þ
k f k1
1� r2

zn � rn

1� rnzn

����
����: ð34Þ

Thus, applying the maximum principle to the right-hand side of (34), we have in view
of Lemma 2

sup
jzj�r

jRnð�, zÞ � f ðzÞj � 2�
1� r2n

nrn�1ð1� rnrnÞ
rn�1

Xn
j¼1

1

sinðð2j � 1Þ�=ð2nÞÞ
þ

k f k1
1� r

2rn

1þ r2n

� 2�
1

n

Xn
j¼1

1

sinðð2j � 1Þ�=ð2nÞÞ
þ
k f k1
2n�2

:

Put

Sn ¼
1

n

Xn
j¼1

1

sinðð2j � 1Þ�=ð2nÞÞ
:

In view of the inequalities

1 <
x

sin x
<
�

2
for all x 2 0,

�

2

� �
,
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7 and

1

xþ 1
< ln

xþ 1

x
<

1

x
for all x > 0,

we have after some arrangements

2

�
ln
2nþ 2

e
< Sn < lnð2e2nÞ: ð35Þ

Combining the latter inequalities with the relation � ¼ xð�Þ ln 2=2xð�Þ, we have

sup
jzj�r

jRnð�Þð�, zÞ � f ðzÞj � 2�Snð�Þ þ
k f k1
2nð�Þ�2

< 2� lnð2e2nð�ÞÞ þ
4k f k1
2nð�Þ

< 2� lnð2e2xð�ÞÞ þ
4k f k1
2xð�Þ�1

¼
2

2xð�Þ
ðxð�Þ lnð2e2xð�ÞÞ ln 2þ 4k f k1Þ � Eð f , �Þ,

which completes the proof of Theorem 5. g

As shown in the latter proof, the global error estimate Eð f , �Þ is quite relaxing, i.e., it
can be large. However, it is optimal to within a factor of 20�=3, since any approxima-
tion process of f using the scheme Rnð�, zÞ would give a global error estimate eð f , �Þ in
such a way that

lim inf
�#0

eð f , �Þ

Eð f , �Þ
�

3

20�
:

This fact will be illustrated in Theorem 6. Here, mð�Þ is the dimension of the approx-
imation process at which one stops and eð f , �Þ � ð1þ k f k1Þ�ð�Þ is the error one obtains
at the dimension mð�Þ.

THEOREM 6 Suppose that there exist functions m : ð0, 1Þ ! N, � : ð0, 1Þ ! ð0,1Þ

such that

lim
�#0

mð�Þ ¼ þ1, lim
�#0
�ð�Þ ¼ 0,

and that, for any f 2 H1 and any finite sequence � ¼ f�jg
mð�Þ
j¼1 � C satisfying the condition

max1� j�mð�Þ j�j � f ðzjÞj � �, we have

sup
jzj�r

jRmð�Þð�, zÞ � f ðzÞj � ð1þ k f k1Þ�ð�Þ � eð f , �Þ:

Then we have

�ð�Þ >
3

5:2Mð�Þþ1
ðMð�Þ þ 1Þ ln

2ðMð�Þ þ 1Þ

e
ln 2þ 1

� �
,
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7 where Mð�Þ is the largest solution of the equation �2xþ1 � ðxþ 1Þ� ln 2 ¼ 0. Furthermore,
for every f 2 H1, we have

lim inf
�#0

eð f , �Þ

Eð f , �Þ
�

3

20�
,

where Eð f , �Þ is defined in Theorem 5.

Proof of Theorem 6 Consider the function

f ðzÞ ¼
Ymð�Þ

k¼1

z� zk

1� zkz
:

Then f 2 H1, k f k1 ¼ 1 and f ðzkÞ ¼ 0 for k ¼ 1, . . . ,mð�Þ. We have

2�ð�Þ � sup
jzj�r

jRmð�Þð�, zÞ � f ðzÞj ¼ sup
jzj�r

Xmð�Þ

k¼1

�kcmð�Þ, kðzÞ � Bmð�ÞðzÞ

�����
�����:

Choosing z ¼ z0 :¼ reið�=mð�ÞÞ and �k in an appropriate way with j�kj ¼ � ðk ¼

1, . . . ,mð�ÞÞ, we find in view of the formula of cmð�Þ, kðzÞ as in the proof of Theorem 5
that

2�ð�Þ � sup
jzj�r

Xmð�Þ

k¼1

�kcmð�Þ, kðzÞ � Bmð�ÞðzÞ

�����
����� � �

Xmð�Þ

k¼1

jcmð�Þ, kðz0Þj þ jBmð�Þðz0Þj

¼ �
Xmð�Þ

k¼1

1

mð�Þ

1

sinðð2k� 1Þ�=2mð�ÞÞ

j1� z0zkj

1� jz0j
2

1� r2mð�Þ

1þ r2mð�Þ
þ

2

2mð�Þ þ ð1=2mð�ÞÞ

>
3

5
�Smð�Þ þ

1

2mð�Þ
:

By inequality (35), we have

�ð�Þ >
3

5

�

�
ln
2mð�Þ þ 2

e
þ

1

2mð�Þþ1

� �
:

Put

gðxÞ ¼
�

�
ln
2xþ 2

e
þ

1

2xþ1
:

Then

�ð�Þ >
3

5
min
x>0

gðxÞ:
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7 Since g attains its miminum at the point Mð�Þ satisfying the condition

g0ðMð�ÞÞ ¼
�

�ðMð�Þ þ 1Þ
�

ln 2

2Mð�Þþ1
¼ 0,

it follows that

�ð�Þ >
3

5
min
x>0

gðxÞ ¼
3

5
gðMð�ÞÞ ¼

3

5:2Mð�Þþ1
ðMð�Þ þ 1Þ ln

2ðMð�Þ þ 1Þ

e
ln 2þ 1

� �
:

From the equations defining xð�Þ and Mð�Þ, we easily see that

ln�

ln 2
� 1 � Mð�Þ � xð�Þ �

ln�

ln 2
for sufficiently small �:

Hence, letting �! 0 in the inequality

eð f , �Þ

Eð f , �Þ
>

3

10:2Mð�Þ�xð�Þþ1

ð1þ k f k1ÞððMð�Þ þ 1Þ lnð2ðMð�Þ þ 1Þ=eÞ ln 2þ 1Þ

ðxð�Þ lnð2e2xð�ÞÞ ln 2þ 8k f k1Þ

yields the desired result. The proof of Theorem 6 is complete. g
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