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Reconstruction of HP-Functions:
Best Approximation, Regularization
and Optimal Error Estimates

DANG DUC TRONG* NGUYEN LE LUGC, LE QUANG NAM and TRUONG TRUNG TUYEN

Department of Mathematics and Informatics, Hochiminh City National University,
227 Nguyen Van Cu, Q5, Hochiminh City, Vietnam

Communicated by R.P. Gilbert
(Received 25 November 2003; In final form 24 March 2004)

Let U be the open unit disc of the complex plane. We explicitly construct the best pointwise approximation
for determining a function in the Hardy space H”(U) from measured data at a countable set of points in U
whenever the data is exact. A regularization scheme is given to deal with the case of nonexact data. Moreover,
optimal error estimates are also studied.

Keywords: Hardy space; Ill-posed problem; Best pointwise approximation; Regularization;
Optimal error estimate; Blaschke condition

AMS Subject Classifications (2000): 30D55; 30E05; 30E10; 65J20

1 INTRODUCTION
Let U={z€eC:|z] <1} be the open unit disc of the complex plane C and, for
1 <p<oo, let H(U) be the Hardy space on U (which will be denoted as H” in
what follows), i.e., the space of all analytic functions / on U with the norm

1/p

) 1 27 X
— ity |p
11, _13?11{271/(; | f(re™)| dt} < 00.

We deal with the problem of reconstructing an H”-function u from its values
Ui, U2, ... at given distinct points zy, z,... in U:

u(zy) =y, n=172,... (1)
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We require that the points zy, z, . .. satisfy the Blaschke condition
o0
> (1 = |za]) = 0. )
n=I1

By condition (2), problem (1) admits at most one solution in a Hardy space H”
(1 < p < o0). Despite uniqueness, the problem is still ill posed. The literature on the
problem of approximation and interpolation of analytic functions from exact data is
impressive (see, e.g., [3,4,6,7,9,14,15,16]). However, the ill-posedness of the problem,
especially for HP-functions, is not usually taken into account. In fact, the right-hand
side of (1) is usually the result of experimental measurements and is subject to error,
i.e., nonexact data (see [1,5] and references therein). Hence, a solution corresponding
to the data does not always exist and moreover, solutions, even though they exist, do
not depend continuously on the given data. This, of course, makes a numerical treat-
ment impossible. Thus, one has to resort to a regularization. We shall consider the
more general problem of finding an H”-function u satisfying

H(an)zl,l,nk, n:1,2,, k=l,...,n, (3)

where {zx};2, <4<, is @ given point system in U (2, # zu, j # k, 1 <j, k <n) and
{nktyey 1<k<n 18 @ given data. If zy = zx, wu = i for n>k then we get (1).
Condition (2) can be rewritten as

n

nll)rgo Z(l - |an|) = 0. (4)

k=1

The main purpose of our article is to present a regularization of the general problems
(3) and (4) based on finite best approximation. As known, the problem of constructing
the best approximant of an analytic function from its finite values has been studied
extensively over three decades (see, e.g., [2,6-8,12—15]). However, the problem of
how these finite approximations, corresponding to nonexact data, are related to the
exact solution of the problem is not considered. In our work, we shall give an explicit
form of a sequence of functions (not necessarily analytic) that are shown to converge
optimally to the solution whenever data is exact, and that represent approximations
to the solution whenever the data is nonexact if we stop at an appropriate dimension
n of the approximation. In the latter case, we shall find the dimension that makes
the error of the approximation be as small as possible. It is worth noting that the pres-
ent treatment differs from the carlier in that it is more elementary and that the best
approximation is constructed very explicitly. The significance of the above discussion
is made clearer in the following sections.

The remainder of our article consists of three sections. In Section 2, we consider
some preliminary results in the case of exact data and construct best approximations
to HP-functions. In Section 3, to deal with the case of nonexact data, we propose a
regularization scheme and estimate the error of the approximation. In the final section,
we prove a result on optimal error estimates.
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2 PRELIMINARY RESULT: THE CASE OF EXACT DATA

In this section, we consider the problem of reconstructing an H”-function from the
exact data on its values at a countable set of points. We shall construct best pointwise
approximations for determining the unknown function (Theorem 1) and propose a
distribution of the set of points at which the measurements are performed to get
small errors of the approximation (Theorem 2). Both results are fundamental for the
development of Sections 3 and 4 which deal with regularization. Note that the results
of this section are also of independent interest.

Before stating and proving Theorem 1, several literature reviews and remarks are in
order. Best approximation of functions in the disc algebra by rational functions was con-
sidered by Shen and Lou in [12]. The problem of optimal recovery of a holomorphic func-
tion in the unit ball B,, of C" when its values at the intersection of B, with an affine
subspace of C" are given was considered in great details by Osipenko and Stessin [7]
(see also [8]). Here, explicit formulae for the intrinsic error, worst function and optimal
algorithm were given. On the other hand, when there are explicit rational approximants,
many authors just showed the convergence of these approximants or gave the upper
bound for the error, not the precise error; see [10,13]. Recently, best approximation of
functions in HY (p > 1, ¢ > 1) by rational functions with fixed poles was investigated
by Xing and Jin [15]. The upper bound for the error of the best approximation was
also given. However, all these results must have undergone nontrivial changes when
applied to solve the problems of regularization and optimal error estimates. Thus,
Theorem 1 in our present article, though whose result is not completely new but has
the explicit formulae of the recovery coefficients together with the precise intrinsic
error of the approximation scheme, will help directly solve these problems.

Throughout this section, unless specified, p is in the interval [1, co]. For fixed n, let
B,(z) and B, ;(z) (1 < k < n) be products

n

Bn(z) = ﬁ ﬂ’ Bn,j(z) = 1_[ ﬂ
k=1

— ZnkZ kel kpy L T Fnkz

For each z € U, the function k.(¢) = 1 — Z¢ has no zero in U and since U is simply
connected, there exists an analytic function ¢ € H(U) such that ¢¥ =k, [11, Theorem
13.18, pp. 262-263]. For each real number 6, by k%(¢) = (1 — z¢)? we mean the function
e’ We have the following best pointwise approximation of H”-functions.

THEOREM | Let zy1,. .., zy be n distinct points in U. For each [ € H?, put
T.() =) - f(Zm)-
Then for any z € U, we have

171,

|f(2) = Ru(Tu(f), 2)| < W

1Bu(2)I, %)

where

n
Rn(l), Z) = Z Cp,n,k(z)vk fOI‘ V= (Vl, ceey Vn)s
k=1
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and

1=zl (1 =22 \*"7" Bu(2)
cp,n,k(z) =

z—zg \1—|z2 By i(zuk)
Moreover, if p > 0 and v is any mapping from C" x U to C then

0

sup [w(z) = Y(T,(w),2)| = sup |[w(z) — Ry(T,(w), 2)| = i B2l (6)
wll, < p Iwll, <o (1 =1z
Furthermore, if the sequence {z,} satisfies the condition (4) then
|B,(z)| =0 forall ze U. (7

(=1

Remarks

1. The inequality (6) shows that R, (T,(f),z) is the best approximation of the function
f € HP at z. The quantity e(p,n) = (p/(1 — |z]*)"/7)|B,(2)| expresses the precision of
the best approximation.

2. If p#2, then R,(T,(f),z) is not an analytic function of z and hence it is not an
element of H”. This is a rather surprising fact (see also [6]).

Outline of the Proof of Theorem 1 Let 9U = {¢": 0 < t < 27} be the boundary of U.
Consider the contour integral

1 [ f@©) B2 1=z P!
I)(z) = 271 Jop £ — 2 Bu(2) <1 _ |Z|2) de.

Using the Residue Theorem, we find that
L) =1 =Y epni(@f ) =1() = RA(Tu(f), 2). ®)
k=1

Now we prove (5). Let ¢ be the conjugate of p, i.e., (1/p) + (1/¢g) = 1. In view of the
fact that |(1 —2¢)/(¢ —2z)| =1 for all ze€ U and ¢ € dU and by Holder’s inequality,

it implies that
1/p 1 27 |1 _ Eeit|(2/1])_1 q 174
dt —/ — | dt
27 Jo le! — z|

1-(1/p)
ﬂrwW“Mmmwnif" Ll
P 2 0 |1

— Ze"’|2
=1 = 1z57"U11l, B2

f(eit) p
Bn(ei[)

1 27
|MMSUHMYWWMMMA

i.e., (5) holds.
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Now, we consider (6). Denote by B, the ball in H” of radius p centered at 0 in H?”.

Since Ker T, N B, C B, and since w(z,1) = - -- = w(z,,) = 0 for w € Ker T},, we have
sup [w(z) — Y(Tu(w),2)l = sup  [w(z) — ¥(0,2)|. ©))
weB, weKer T,NB,

But ¢’w € Ker T,, N B, for w € Ker T,, N B,. Hence

sup  |w(z) — ¥(0, 2)| sup  sup e w(z) — ¥(0, 2)|

weKer T,NB, weKer T,NB, eR

sup — (w(2)] + [¥(0,2)])

weKer T,NB,
> sup  [w(2)] = g(2)]
weKer T,NB,
= o B (10)

where g(8) = (o(1 — 12127 /(1 = 2¢/?) B,(¢) (note that lgll, = pand g € Ker T,). From
(9) and (10), we have, for all ¥ : C" x U — C,

sup |[w(z) — Y(T,(w),2)| > ————+

w€1191| ( ) W( ( ) )l (1 | |2)1/p| ”( )l
Especially, we have

sup |w(z) — R.(T, w,z|_7| (2]

wegp (2) (Tu(w), 2) TEBLG )

Combining the latter inequality with (5), we get the inequality in (6).
For the proof of (7), we estimate |(z — «)/(1 — @z)| for z, € U. We have

z-a ’ _ =P o) (=12 — ) (=17 = el

1_‘ = A+l T 2

1 —az 11— z@

It follows that

tmap (= lA(1 - el

- 1 —az _2(1+(|(z—a)/(1—o:z)|))__(1_| )1 = e,

and

’12__0—?2‘ = GXP(MZ__;Z‘ - 1) = eXp ( i (1 |))
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Now, (7) follows from the inequality

2 n
|Bn(z>|sexp< — L Y- |znk|>>, (an

and the condition (4). The proof of the theorem is completed. [ |
The error estimate given by (5) is sharp for fixed z € U. However, in reality, we are
only given the points z,,...,z, at which the measurements are performed, so it is
essential to consider the global error estimate
/1, 1,
sup ——L — |B,(2)| =——L— s |B (2)]. 12)
e =y PO = ey (
Hence, we need to estimate the minimum of the quantity |B(z; zu1, . . ., Zum)| = | Bu(2)|
for points z,1, ..., z,, satisfying certain conditions. The following theorem suggests a
model for such z,, ..., Zu.
THEOREM 2 Let R, r,ry,...,1, be in (0,1). Then
R}'I _"_ ’H /}’l
S B,(z;zp1, . . " 13
IzI=R,1l|gf|=r/| (25 Znts s Zun)| = 21_[{1 TR ,1} 13)
If 1, . .., &y are vertices of a regular n-gon on the circle of radius r centered at the origin of
the complex plane C then
\Slulian(z; ;15--'7§H)| = 2|" = 1nf| | Islup |B,(z; an’---aznn)|' (14)
Zl= Zntl = =1Zml| =71z

Remark Inequality (14) implies that the distribution of ¢,. .., ¢, in U is near-optimal.

Proof of Theorem 2 First, we note that, for |z| = R, we have

|Z|I1+r R}1+rn
- 1 + |z T1+ /R

o

1 —_ ’ﬂZﬂ

z— Lk
l—az

|BH(Z; é‘l IR é‘n)' =
k=1

The equality occurs if z is an nth root of (—R"). Hence, the proof of the theorem

will be completed once (13) is proved. In fact, for z,,...,z,, satisfying |z, | =
Flso-os|Zuml = 1y, put
n
Z— Zyj
a= sup —
\z\:RJ 1 1 _anZ
Assuming that z,; =re? (j=1,...,n), we put k,; =2x|6;m/2n],z;, = rje”"'”/'/’”
where |a] denotes the greatest mteger not exceeding a. Then (zm]) =r" and z;;, —
zyasm— oo, forj=1,...,n Put
n *
ay, = sup il _Z_’”j .
*
=R ;] 1—ijz
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Letting ¢ be /™ for all k = 1,...,m, we have

]\
z—2C ij
171 = Su 1_[
H— j—l §k2n1/
Thus
. m n =z {k*A " n_m Z—{kZ*«
a‘, > sup - :1'/ = su l_[ - il
=R\ i=1j=1 |1 = &zpz| =R =1 k=i |1 — 252
n m __ m l/m n Rm W11 l/m
= Sup : rj = l_[ + ’j
‘Zl:Rlzl 1 ZIﬂr;” /:1 ] _l’_ Rﬂlrj;_n
1/n
R+ 1]
Zl:[ aX{R ’/}_21_[{1+Rn n}
Letting m — oo, we obtain
1/n
Rl’l + n
[— ] * —
a_mh—rgoamzzlj[l_FRn n} ’
proving (13) and completing the proof. |

3 THE CASE OF NONEXACT DATA: REGULARIZATION AND ERROR ESTIMATE

In this section, we deal with the problems (3) and (4) in the case of u = {uu};_, being
the nonexact data, i.e., pu # u(z,;) for some positive integers n and 1 <k <n. We
approximate the exact solution of (3) and (4) by R,(u,z). Then the approximating
function R,(u, z) differs from the exact solution by a larger quantity illustrated in the
following theorem.

THEOREM 3 Let € > 0 and z,1, . . ., z,, be n distinct points in U. Let u° = {,un,} _1 bea

finite sequence of complex numbers and denote by S the set of all finite sequences | of

complex numbers p = {pi i, such that
0 o s 0
i = 1ol = Max [thne = | < €. 15)

Then, for all r in (0,1) and z € U, we have

11,
7 1Ba(). (16)

n
sup |Ru(i, z) — u’(2)| = € [y n i (2)| + ——=
ueg n( ) () ; pnk() (1 —|Z|2)
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and

0
sup |R(u,z)—uO(z)|<esup(2|cpnk(z)|) T IBGL (7

lzl<r, nesS lzl=r \ j=1
where u® € H? is the unique solution of (3) corresponding to 1°, i.e.,
0 = 1<k<
u(Zn) = e (1 =k <n).

Proof of Theorem 3 1In view of the relation R,(it,z) = R,(u — u°, z) + R,(1°, z) and
the recovery of H”-functions as in Theorem 1, we see that, for z € U

|R,(1t,2) — u0(2)| < [Ru(p — MO’ )|+ |RH(MO,2) - u0(2)|

n
= Z cp,n,k(z)(:u'nk - MS/() + |Rn(:u'0a z) — uo(z)l

=< GZ |cp n, k(Z)| + ( ”;1/1, |Bn(z)|

The above estimate combined with the sharpness of the inequality (5) and a suitable
choice of u such that || — u°|lo, < € yields (17) and (16). |

Since the problem (3) is ill posed, we cannot use all the experimental data to exactly
recover the unknown function. As shown in the estimates (17) and (18), if n is large then
so is the error. In fact, using the inequality

a—p
1—ap

< || + 18]
1+ |l |B]

forall o, 8 € U,

estimating directly the right-hand side of (17), we get

sup |R,7(/,L,Z) - MO(Z)| = 6,311 + oy, (18)
lzl=r
where
||Ll ”p r—+ |Zn/c
= 19
o rz)l/p 1_[ 1+ 7|zl (19)

1 - Tmznlc

Znk — Znj

Pn= A, ')Z{(l =z YA = rlzu)E2P ﬁ <r+ |2l

Jj=1, j#k L rlzl

)} (20)

1, if p>2
Alp.r) = {(1 e i< p <2,
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We have to determine the dimension m(e, r) of the approximation at which we stop so
that it can be easily computed and the quantity €8, + «, is as small as possible for each
fixed €. The following theorem will be useful.

THEOREM 4 Let € > 0,r € (0, 1) and let {z,} be as in Theorem 3. Let u’ € H? be the
unique solution of (3) corresponding to u°. Suppose that lim,_« B, = +00. Put

m = m(e,r) = max{n € N| €8, < a,},

where oy, B, are defined in (19) and (20). Then

Um+1 U . .
—<e<—, lim m(e, r) = +o00, lima,ue ) =0,
,3m+1 = ,Bm €10 ( ) + €10 m(e,r)
and
sup |Rm(e, r)(,l,L, Z) - u0(2)| =< 205}11(6, r)e. (21)
|z|<r
If we assume, in addition, that
Br<Br<pBz--- and o >a>a3>--- (22)

then, for € > 0 sufficiently small, we have

SUP | Rye (1 2) = ()] < 2inf(efin + ) (23)
where
n(e, r) = m(e, r) if il >e> Gm_ (24)
IBm lngrl
—mle, )+ 1 if 2" s Il (25)
.Bm+l .Bm+1
Remarks

1. If {B,} is bounded then by (18), lim, . sup ;<. [Ru(1,2) — u(z)| < esup, B, ie.,
we have the stability of the approximations.
2. If we consider problems (1) and (2) then we have o > oy > a3 > - -~

Proof of Theorem 4 Using (11), we get

”uO”p 1 -2
animexp 1 Z(l_|znk|) .

k=1

Combining the latter inequality with the condition (4) gives

lim o, = 0. (26)

n—o0
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From the definition of m = m(e, r) one has (@;;+1)/(Bms1) < € < o/ Bm, and

sup |Rl77(e, r)(,u/, Z) - UO(Z)| = eﬂm(e, r) + (e, r) = 205m(5, r).

lz|<r

We claim that m(e,r) —> oo as € > 0. For any M >0, we choose 0 < ¢y <
minj<,<p (&, /By). Then, for 0 < € < €y, we have m(e,r) > M. Hence

li?ol m(e, r) = +o0. 27)

From (26) and (27), we get lim¢ o oty = 0. On the other hand,

E(e) = i%f(éﬂn +a,) < E,Bm(e, P T Ome,r) < 2Ofm(e, ).

Therefore lim, o E(€) = 0. Hence, for € sufficiently small, we have
E(e) < a. (28)

Now, we prove (23). Fix € > 0 such that (28) holds. Since lim,_,, 8, = +00, there
exists ny € N such that

E(e) = Ey(€) = €Bpy + ay,. (29)

Put Ky = {n e N| o, < E(¢)}. By (29), we have nj € K;. Put ny = min K. By (28), we
have n; > 1 and therefore

ay, < E(€) < o, —1. (30)

Since n; < ng and since the sequence {8,} is strictly increasing, from (29) we obtain
€Bn, < €Py, < E(€), and thus, by (30), we get

Eﬁnl < Up;—1- (31)

Now, put K, = {n € N|eB, < a,_1}. From (31) we have K, # # since n; € K,. Put
n=n(e,r) =max K,. Since the sequence {ax/Bri1}4e, is strictly decreasing and
converges to 0, 7 is just the unique positive integer satisfying the inequality

il (32)
,3n+1 ,Bn

We consider the two cases.

Case 1 n<ny Since n <mny, and since the sequence {f,} is increasing, we get
€Bn < €Bn, < E(€). Since n > n;, and since the sequence {oy};>, decreases, we get
ay < oy, < E(€). Thus E,(€) = €By + oy < 2E(e).
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Case 2 n>ng In this case, n—1>ng. Thus, we have €B, < a,_1 < a,, < E(e),
ay < oy, < E(€). Hence E,(e) < 2E(e).

Finally, we prove (24) and (25). Since

(04 (04
m €> m+1

.3m - ,Bm-H
we have either
(07 07 (07 (07
Xm >e> m or m m+1 ]
IBm ,3m+l ﬂm-&-l ﬂm-‘rl

If (ctm/Bm) = € = (otm/Bmt1) then (n/Bumi1) < € < (dn/Bm) < (Am—1/Bm). Comparing
the latter inequalities with (32) we get, in view of the uniqueness of n = n(e,r), that
n(e, r) = m(e,r).

Similarly, if (a/Bms1) > € > (ma1/Bmr1) then (ui1/Bmiz) < € < (@m/Bms1)-
It follows that m = n — 1. This completes the proof of (24), (25) and the proof of the
theorem. |

The error estimate given by (16) is optimal for fixed z, but we do not know whether
the global error estimate given by (17) is optimal. This calls for an investigation of the
optimal error estimate in the next section.

4 A RESULT ON OPTIMAL ERROR ESTIMATES

In Section 3, we have used the approximation in the case of exact data to approximate
HP-functions in the case of nonexact data. This, of course, yields large errors. However,
as we shall show below that in the case of near-optimal points in which z,,..., z;,
are vertices of a regular n-gon centered at the origin, the error estimate for the case
of nonexact data, especially that given by (17), is optimal in an appropriate sense
(see Theorem 6). The consideration of this case of near optimality is motivated by
Theorem 2.

In this section, for the sake of simplicity and for the clarity in exposition, we consider
the case in which r=1/2 and / € H'. The general case is almost verbatim. Suppose that,
if we stop at the dimension n of the approximation, which we shall call the nth step of
the approximation process, we have a finite sequence {unj} ", of measured values
(of course, with noise) of f at the points z, = re'™** (k =1, 2 .,n). For simplicity,
we always write ¢, x(z) for ¢j nx(2), zx =z and pp = puk (k =1,...,n) if we are
in the nth step of the approximation process. Suppose that the deviation of noise
values {u;};_; from the exact values {f(z))};_, is constrained by a positive constant
€>0: maxlfjf,, lwj —f(z)] < e Asin Theorem 1, putting

n
Ry(11,2) =) e i1k,
k=1
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we first have:

THEOREM 5 Let € be in (0,1) and let x(€) be the largest solution of the equation
2" —xIn2 = 0. Put n(e) = |x(¢)], where |a] denotes the greatest integer not exceeding
a. Then lim, o x(€) = 400, lim. o n(e) = +oo, and

2
2x(€)

SUp | Ruo (1, 2) = f(2)] < 555 (x(€) In2e*x(e))In 2 + 4] 1)) = E(f ).

|zl=r

Remark When there is no noise, using the de la Vallée Poussin means, Totik gave a
sharp error estimate in H” (or in the disc algebra 4(U)) depending on the smoothness
of the analytic function on the boundary oU (see Corollary 2 in [14]). By a similar
method, we can get a global estimate as in [14].

The proof of Theorem 5 makes use of the following lemmas.

LEmMMA 1 Given a regular n-gon A, ... A, whose vertices lie on a circle (C) of radius r.
Denote by d(A, B) the Euclidean distance between two points A, B of the complex plane.
For any point P on (C), put

n n

sPy=3" [] dwP 4p.

J=1 k=1, k#j

Then s(P) attains its maximum at the midpoint of the small arc A;A;v1 of (C) for some
ie{l,...,n}. Here, we denote A,y = A;.

LEMMA 2 Let z = re' ™™k (k = 1,...,n). Then for any complex number z satisfying
|z| = r we have

n n n 1
lz—zel <Py — : (33)
jglk:l, kot ; sin((2j — 1)/ (2n))
i(n/n)(2k71).

The equality holds at z = re

Lemma 2 is a direct consequence of Lemma 1 and the proof is thus omitted. We only
give the proof of Lemma 1 for the case n is an even integer; the case n odd is argued
similarly.

Proof of Lemma 1 Without loss of generality, we can (and shall) assume that P lies on
the small arc 4; 4, of (C).
Since 7 is even, i.e., n =2k for some k > 2. We have

k+1 k41
s(P) =Y "{(d(P, 4)) + d(P, Ays3—)) [] (d(P. ANd(P, Azi3-0) {-
=2 1=2, I
It can be seen that, in this case, the segments A,Asii1, A3Aok, ..., A1 Ajin are

mutually parallel. It follows that each of the 2k quantities d(P, 4;) + d(P, Ax13—)),
d(P, Aj))d(P, Aox+3—j) (j =2,...,k+1) attains its maximum at the midpoint of the
arc A1 4. Hence the lemma follows. [ |
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Proof of Theorem 5 First, we explicitly calculate and estimate c¢, (z). Since zj
(k=1,...,n) are nth roots of ", we have

n n n n
zZm—=r

B =1—r [l0-zz0=1-r" ] G-z =ng".

=1 =1, j#k

From the formulae of ¢, , x(z) in Theorem 1, it follows that

B (Z) 1 _EZ/\
Cn, k(Z) 1_[(1 - ZjZk) l_[ 1 2
j=t gk Sk~ L= 1]
1 —2Zz, 1 —rn
T Pz (=) !_]Lk(z %)
and that
1 — 2 1 1
. <2— —zi|.
|C ’k(z)l — nrn—l |1 }""Z"| 1_/[#]( |Z Z]
By (16), we get
I/,
|Ry(14.2) — [(2)] < eDcn D+ 5 1Bi2)]
26(1—V N T I/l
1 — iz = H Iz =2l + —r2 1 —phzn| (34)

=1 j=1. j#k

Thus, applying the maximum principle to the right-hand side of (34), we have in view
of Lemma 2

1—r I/, 2"
R _ 2 - n 1
SUp [ R, 2) =1 (G| < 2€ L —pmy! Zsm((2]—1)7r/(2n))+l—r1+r2”

¢ 1 /14
= ZGZ; Sn((2 — D/@ny) T 22

Put

1< 1
S=1 /; sin((2j — D/(2n))

In view of the inequalities

X b1 b4
= <2 forall =
< pr— < 5 or all x € (0, 2),
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and

1 x+1
——— <In
x+1 X

<1 for all x > 0,
X

we have after some arrangements

2. 2n+2

1 < S, < In(2¢’n). (35)

Combining the latter inequalities with the relation € = x(¢)In2/2"¢, we have

sup |Rue) (1, 2) — f(2)] < 2€Sue) + 2|Lfe)”12 < 2eIn(2e%n(€)) +

lz|<r
4171,
2x(e)—1

= %(X(G) In2e*x(€) In2 + 4] f1I;) = E(f. ©),

41711
Dn(e)

< 2eIn(2e’x(€)) +

which completes the proof of Theorem 5. ]

As shown in the latter proof, the global error estimate E(f, €) is quite relaxing, i.e., it
can be large. However, it is optimal to within a factor of 207r/3, since any approxima-
tion process of fusing the scheme R,(-,z) would give a global error estimate e(f, €) in
such a way that

. e(f, e) 3
im ol 7o = 20m

This fact will be illustrated in Theorem 6. Here, mi(¢) is the dimension of the approx-
imation process at which one stops and e(f, €) = (1 + || f||;)a(¢) is the error one obtains
at the dimension m(¢).

THEOREM 6 Suppose that there exist functions m:(0,1) > N, a:(0,1) — (0,00)
such that

161{%1 m(€) = 400, 15%1 a(e) =0,

}m(e)

and that, for any f € H' and any finite sequence n = {j; C C satisfying the condition

maxi<j<me lj —f(zj)| <€, we have

Sup [ Ry (1, 2) = f(2)] = (1 + [ fll)e(e) = e(f €).

|z|<r

Then we have

ale) > % ((M(e) + l)lanZ ¥ 1),
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where M(€) is the largest solution of the equation €2t' — (x + 1)wIn2 = 0. Furthermore,
for every f € H', we have

. .e(f,e) 3
fim inf =
N E( e~ 200

where E(f,€) is defined in Theorem 5.
Proof of Theorem 6 Consider the function

m(e) -z
1@ =Ili—=:

k=1

Then f € H', ||fl; =1 and f(z;) =0 for k = 1,...,m(e). We have

m(e)

Z /-’chm(e),/c(z) - Bm(e)(z) .
k=1

2a(€) = sup [Rye (1, 2) = f(2)| = sup

lz1=

Choosing z = zp := re'™™ and u, in an appropriate way with |ux| =€ (k=
1,...,m(e)), we find in view of the formula of ¢, r(z) as in the proof of Theorem 5
that

m(e) m(€)
20{(6) = ‘Sl‘lp Z M/(Cm(e),k(z) - Bm(e)(z) > € |Cm(e),k(20)| + |Bﬂ1(€)(20)|
ZI=r | k=1 k=1
i 1 I |1 — Zoze| 1 — r¥© 2
=€ N
= m(e)sin((2k — 1)w/2m(€)) 1 — |z|* 1+ 2O = 2m(E 4 (1/2m()
3 1
> geSm(e) + —Zm(é) .

By inequality (35), we have

ae) >

3 /(€ | 2m(e) + 2 1
g ; n e 2m(e)+l .
Put

€. 2x+2 1
g(x):;ln . ﬁ

Then

3
a(e) > grglon g(x).
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Since g attains its miminum at the point M(e) satisfying the condition

€ In2

g(M(e) = (M6 +1)  2M@+

0,

it follows that

3

3 . 3 2 1
€)= min ) = $2M(0) = 5 iy (0100 + D 2D

In2 + 1).

From the equations defining x(¢) and M(€), we casily see that

ln_n —1 < M(e) — x(e) < ln_n for sufficiently small e.
In2 In2

Hence, letting € — 0 in the inequality

e(/f.e) 3 A+ 1/1D)M(e) + 1) In2(M(e) + 1)/e) In2 4+ 1)
E(f,e)~ 10.2ME-x(e)+] (x(e) In(2e2x(e)) In 2 + 8|1 f 1)
yields the desired result. The proof of Theorem 6 is complete. |
Acknowledgments

The authors would like to thank the referees for their constructive comments leading to
the improvement of our article. Trong would like to thank Professor Saburou Saitoh
for his helpful discussion. This work was supported by the Council for Natural
Sciences of Vietnam.

References

[1] D.D. Ang, R. Gorenflo, V.K. Le and D.D. Trong (2002). Moment Theory and Some Inverse Problems in
Potential Theory and Heat Conduction, Lecture Notes in Mathematics 1792. Springer Verlag, Berlin,
Heidelberg, New York.

[2] D.D. Ang, T.T. Le and D.D. Trong (2000). Reconstruction of Analytic Functions: A Problem of Optimal
Recovery. Preprint from the Department of Mathematics and Informatics, Hochiminh City National
University, Hochiminh City.

[3] P.L. Duren (1970). Theory of H” Spaces. Academic Press, New York.

[4] D. Gaier (1987). Lectures on Complex Approximation. Birkhduser, Boston, Basel, Stutgart.

[S] M.M. Lavrent’ev, V.G. Romanov and S.P. Shishatskii (1986). Ill-posed problems of mathematical
physics and analysis. Translations of Mathematical Monographs, Volume 64, Amer. Math. Soc.,
Providence, Rhode Island.

[6] K. Yu. Osipenko (1976). Best approximation of analytic functions from information about their values at
a finite number of points. Math. Zametki, 19, 29-40.

[7] K. Yu. Osipenko (1992). On optimal recovery of a holomorphic function in the unit ball C". Constr.
Approx., 8, 141-159.

[8] K. Yu. Osipenko and M.I. Stessin (1992). On some problems of optimal recovery of analytic and har-
monic functions from inaccurate data. J. Approx. Theory, 70, 206-228.

[9] J.R. Partington (1997). Interpolation, Identification, and Sampling. Clarendon Press, Oxford.

[10] K. Reczek (1988). Rational interpolation on the unit circle. Opuscula. Math., 3, 85-89.
[11] W. Rudin (1974). Real and Complex Analysis, 2nd Edn. McGraw-Hill Co, New York.



Downloaded By: [New York University] At: 15:15 6 December 2007

RECONSTRUCTION OF HP-FUNCTIONS 301

[12] X.C. Shen and Y.R. Lou (1977). The best approximation by a rational functions in a domain of the
complex plane. Acta Math. Sinica, 20, 301-303.

[13] F. Stenger (1986). Explicit, nearly optimal, linear rational approximation with preassigned poles. Math.
Comp., 47, 225-252.

[14] V. Totik (1984). Recovery of H’-functions. Proc. Amer. Math. Soc., 90(4), 531-537.

[15] F.C. Xing and Y.Z. Jin (1994). On the best approximation by rational functions with fixed poles
in H? (p > 1,q > 1) spaces. Kyungpook. Math. J., 34, 137-143.

[16] J.L. Walsh (1960). Interpolation and approximation by rational functions in the complex domain, 5th
Edition, Amer. Math. Soc., Providence, Rhode Island.



