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Abstract

We study the asymptotic dynamics of the Cahn-Hilliard equation via the “Gamma
convergence” of gradient flows scheme initiated by Sandier and Serfaty. This gives rise
to an H'-version of a conjecture by De Giorgi, namely, the slope of the Allen-Cahn
functional with respect to the H~!-structure Gamma-converges to a homogeneous
Sobolev norm of the scalar mean curvature of the limiting interface. We confirm
this conjecture in the case of constant multiplicity of the limiting interface. Finally,
under suitable conditions for which the conjecture is true, we prove that the limiting
dynamics for the Cahn-Hilliard equation is motion by Mullins-Sekerka law.

1 Introduction

We are interested in establishing convergence results arising in the study of the asymp-
totic limit, as € \, 0, of the solutions to the Cahn-Hilliard equation

( Ot = —Av° (x,t) € 2 x (0,00)
V¥ =eAu —e M f(uf)  (x,t) € Q% [0,00)
(1.1) ou® e
5 (x,t) = o (x,t) =0 (x,t) € 002 x [0, 00)
[ uf(7,0) = vq (7) x € S

Here € is a bounded smooth domain in RY (N > 2), f(u) = 2u(u?—1) is the derivative
of the double-well potential W(u) = 1(u? — 1)® and the initial data uf is a real-valued
function in 2. This equation is widely accepted as a good model to describe various phase
separation and coarsening phenomena in a melted alloy with two stable phases. See [5,
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9, 11] and the references therein for more information on the physical background, the
dynamics, and related issues.

It was formally derived by Pego [19] using the method of matched asymptotic expansions
that the Cahn-Hilliard equation converges to motion by Mullins-Sekerka law (see [17]), i.e.,
as € \, 0, the chemical potential v tends to a limit v, which, together with a free boundary
Uo<t<7(I'(¢) x {t}), solves the following free-boundary problem in a time interval [0, 7] for
some 1" > O:

([ Av=0 in Q\I'(t), t € (0,77,
v =0K on I'(¢), t €1[0,7],
(12) < g—:;:() on 0r€) := 0 x [0,7],
ol = L {@} on I'(t), t € (0,7,
2 |On r()
| T(0) =Ty

Here k(t) is the scalar mean curvature of the hypersurface I'(t) C 2 with the sign con-
1
2
vention that a convex hypersurface has positive mean curvature; o = / VW (s)/2ds = 5;
-1

0, is the normal velocity of the hypersurface I'(t) with the sign convention that the normal
velocity of an expanding hypersurface is positive; n is the unit outernormal either to Q or

[(t); [g—ﬂ r(o denotes the jump in the normal derivative of v through the hypersurface I'(¢),

@} _ Ovt _ ou”
onlT(t) — on on

), , the exterior and interior of I'(¢) in €; and finally, I'y CC € is the initial hypersurface
separating the phases of the function uy € BV(€Q,{—1,1}) which is the L'(Q2) limit of the
sequence {ugo<c<1 (after extraction).

Problem (1.2) is often called the Mullins-Sekerka problem, or also the two-phase Hele-
Shaw problem. Existence of classical solutions of (1.2) when the initial hypersurface Iy is
sufficiently smooth can be found in [7, 10]. For general initial hypersurfaces I'y, existence
of weak solutions of (1.2) can be found in Roger [21].

Under the assumption that (1.2) has a smooth solution on some time interval [0, 7],
a rigorous justification of Pego’s result was carried out by Alikakos, Bates and Chen in
2], using asymptotic expansions and spectral analysis. They showed that there exists a
family of smooth functions {u§(z)}o<-<1 which are uniformly bounded in ¢ € (0,1] and
(x,t) € Qx (0,7T), such that if (u°,v°) satisfies the Cahn-Hilliard equation (1.1) then v®
converges uniformly on €2 x (0,7) to v satisfying (1.2) (see, [2], Theorem 5.1). For the
general case, Chen [6] obtained a global asymptotic solution in a rather weak varifold for-
mulation of (1.2). He proved that v® converges weakly to a function v in L2 _((0, 00), H*())
and the relation v = ok holds up to a multiplicative function m(z,t) > 1. It is not clear
how to obtain the relation v = ok in the limit except for the case of radially symmetric
solutions of (1.1) (see also Stoth [27]). To our knowledge, no general result proving the
strong convergence of (1.1) to (1.2) for general initial data is available yet.

ie., [ where v* and v~ are respectively the restriction of v on Q) and



In this paper, we propose another way of studying the asymptotic dynamics of (1.1) with
initial data more general than those considered in [2] via the idea of Gamma-convergence
(denoted I'-convergence in what follows) of gradient flows. This abstract method, initi-
ated by Sandier and Serfaty [25], is easy to understand and was used successfully for the
dynamics of Ginzburg-Landau vortices. Formally speaking, this scheme states that if we
have a family of energies E. that I'-converges to a limiting energy E, then under suitable
conditions, we can prove that the gradient flow of E. converges to the gradient flow of F.
We take advantage here of the fact that we are in this situation, since it is known that
the Cahn-Hilliard equation is an H~! gradient flow for the Allen-Cahn or Modica-Mortola
energy functional arising in the van der Waals-Cahn-Hilliard theory of phase transitions

(1.3) Bw) = [ SVl + 2W (),

while E. I'-converges to the area functional as proved by Modica and Mortola [15] and
Sternberg [26]; for which we see that (1.2) is also an appropriate gradient-flow. For an
introduction to the notion of I'-convergence, one may refer to the very nice book by Braides
[3]. For precise formulation and proper scaling, see the following discussion.

1.1 The Abstract Scheme for ['-Convergence of Gradient Flows

In this subsection, we recall some definitions and the abstract framework from Sandier
and Serfaty [25] to establish “I-convergence of gradient flows”. Let E. (resp. E) be C*
functionals defined over M (resp. AN), an open subset of an affine space associated to a
Banach space B (resp. B'). Assume that B (resp. B') embeds continuously into a Hilbert
space X, (resp. Y). By the C! character of E., we can define the differential dE.(u) of E.
at u and denote by Vx_ E.(u) the vector of X, that represents it (resp. dE(u) and Vy E(u)
for E'). Then we can make sense of what it means by solution of gradient flow for E. (resp.
E) with respect to the structure X, (resp. Y') and its energy conservation.

Definition 1.1. We say that E. I'-converges along the trajectory u(t) (t € [0,T)) in the
sense S (to be specified in each problem) to E if there exists u(t) € N and a subsequence

(still denoted u®) such that ¥t € [0,T), u®(t) A u(t) and liminf. o E.(u®(t)) > E(u(t)).

If E. T'-converges to E, then the key conditions for which the gradient flow of E. with
respect to the structure X, I'- converges to the gradient flow of E with respect to the
structure Y are the following inequalities for general functions u®
(C1) (Lower bound on the velocity) For a subsequence such that u®(t) A u(t), we have
we HY((0,T),Y) and for every s € [0,T), liminf._q [ [0 (t)||5, dt > [o |0wu(t)]3 dt.

(C2) (Lower bound on the slope) If u* 2 4 then lim inf._q ]|VXEE€(U€)H§(€ > |VyE(u)lf} .
The abstract result on I'-convergence for the gradient flows in [25] states that

Theorem 1.1. (/25], Theorem 1.4) Let E. and E be C* functionals defined over M and
N respectively, and let u¢ € H'((0,T), X.) be a family of conservative solutions of the flow



for E. on [0,T) (i.e., for a.e. t € (0,T), we have Oyu® = —Vx_E.(u®) € X.; and for all
te€[0,7), E-(u®(0)) — E-(u(t)) = f(f H(‘?tug(s)H?(6 ds) with u(0) 24P, along which E. T—
converges to E in the sense of definition 1.1. Then, under the conditions (C1) and (C2)
as above and if u® is well-prepared initially, i.e,

lim inf . (u*(0)) = E(u)

then ¥t € [0,T), u(t) LA u(t) where u(t) is the solution of the gradient flow for E with
respect to the structure Y on [0,T) with initial data u®.

Although the statement and the proof of this theorem are quite simple, difficulties arise
when we wish to apply it to concrete situations, especially in proving that criteria (C'1) and
(C2) are satisfied. For the case of the Cahn-Hilliard equation, due to the lack of smoothness
of the limiting interface (see the discussion in the next section) the limiting functional £
is in general not differentiable on Y. So, we can only apply this theorem under additional
regularity assumptions. Moreover, the theorem in [25] was proved for simplicity in the case
where Y was a finite-dimensional space in order to ensure the existence of solutions to the
gradient flow. However, as mentioned there, the idea of the scheme works also in infinite
dimensions provided that a meaning to the limiting flow is known. We will mostly follow
the steps of [25] formally.

1.2 Application to the Cahn-Hilliard Equation

Consider the Cahn-Hilliard equation (1.1) with the associated Modica-Mortola energy
functional defined by (1.3). We asssume the following conditions on the initial data g

1
(1.4) E.(u5) <M < oo, ﬁ/ué =m. € (—m,m) (0 <m < 1).
Q

Observe that the Cahn-Hilliard equation (1.1) is the H, ! gradient flow of the Modica-
Mortola energy functional, where the space H,_(£2), which is similar to H (), is defined
as follows. Let <, > denote the pairing between (H'(Q2))* and H'(2). Then, define

n

HY(Q) = {f € (HY(Q))* | 3¢ € H'(Q) such that < f,p >= / VgV Yoe H(Q)}
Q

Note that the function g in the above definition is unique up to a constant. We denote
by —A 'f the one with mean 0 over 2. Then, H,'(Q) is a Hilbert space with inner
product

n

(1.5) < UV > g1 )= / V(A ) - V(A ) YVu,ve HN(Q).
Q

By some simple calculations, we find that the gradients of E. with respect to the
structures L?(2) and H,'(Q) are respectively

(1.6) Vi E:(u) = —eAu+ 7" f(u), V=10 Ee(u) = —A(—eAu+e7 1 f(u)).



It is well-known (see Modica-Mortola [15] and Sternberg [26]) that E. I'-converges to
the area functional
E(u) = 20HNY(T) := E(T).

Here u is a function of bounded variation taking values 1 which will be denoted u €
BV (Q,{—1,1}) in what follows, I' is the interface separating the phases, i.e, I' = 0{x €
Q:u(x) =1}, and HN~! denotes the (N — 1)-dimensional Hausdorff measure. The sense

S in the statement wu.(t) A u(t) used in Definition 1.1 is understood as: u®(t) converges
in L'(Q) to u(t). It can be seen that, under some smoothness assumptions, the Mullins-
Sekerka flow is the H, ! gradient flow of the area functional (see heuristic arguments in
Section 2). So the convergence of the Cahn-Hilliard equation to the Mullins-Sekerka flow
formally fits into the framework of I'-convergence of gradient flows of [25].

With the choice of X. = H, (), the first criterion (C'1) in the scheme now becomes

Proposition 1.1. Let u® be defined over Q x [0,T] such that [, |u®(t)|dx < M < oo for
all t € [0,T] and all € > 0. Assume that, after extraction, u®(t) — u(t) in L'(Q) for all
t €10, T] where u(t) € BV (Q,{—1,1}) with interface I'(t) = 0{x € Q : u(x,t) = 1}. Then,
for allt € (0,T), we have

t t t
) timipf [ 10w () s> [ 1000 =4 [ 10T ey .

We will prove this Proposition in Section 4. Because the initial interface I'y CC €2 and
we are only interested in the motion of the interfaces, we assume from now on that, there
is some time 7" > 0 so that no interfaces involved can touch the boundary in the time
interval [0,7]. For the solutions of (1.1), this assumption will be justified in Proposition
4.1 where we prove some weak time-continuity of the limiting interfaces.

So far, we have not yet identified the limiting structure Y. For this purpose, observe
that the I'-limit functional E of E. depends only on the structure of the limiting interface
[’ and furthermore, in the inequality (1.7), 0;" is a distribution supported on I'. Thus, Y
should be some space defined on I'. In fact, we can choose Y with

where H{l/z(F) is sort of H, () restricted to I'. Tt is the dual of H}/Q(I’), a trace space
on I' equiped with a two-sided homogeneous Sobolev norm. These spaces will be discussed
in details in Section 2. On the first reading, one can view Hy *(T') as a restricted version
of H(2) on T'. With the choice of Y in (1.8), we now can interpret the second criterion
(C2) of the I'-convergence scheme. Set v = eAu® — e~ f(uf). Then, from (1.6) and (1.5),

2
(19 IVxEON, = ||V B,

2 2
Q) = ||AU6||H;1(Q) = HVUSHLQ(Q)’

Let x and 7 denote the mean curvature and the unit outernormal vector to I. Then

from the calculations in Section 2, we find that Vy E(T') = $Ar(ok) n (see (2.6)); and



again, Ar is a restricted version of the usual Laplacian operator on I'. Therefore, from
Lemma 2.1, one has

1
IVyED)ly = 1 1A (ow)lly = | Ar(0r) 172y = 07 1Kl

So, the second criterion - the lower bound on the slope - is expected to be: for u°* — u in
LY(Q2) where u € BV (Q,{—1,1}) with interface I' = 0{u = 1} C Q, we have

e—0

(1.10) liminf/Q Vo[ > o Hn”fqyz(r).

This inequality is actually a sharp lower bound for the dissipation rate of the e-problem
(1.1) in terms of the corresponding quantity of the limiting problem (1.2), assuming I is
smooth. More succinctly, for the e-problem (1.1), the dissipation rate is

d € _ uf) - ouf = — —5)(—=Af) = 1}62
B 0) = [ Vi) 0 = - [ (w0 = [ e

Similarly, by using (2.5) and (2.1) in Section 2, we find that the dissipation rate for the
limiting problem (1.2) is

—%E(F(t)) = _/F(t) Vi E() - (9.1) ﬁ:/ 2v.0,1

I(t)

av} / 2 2 2
= v | = = [ |[Vu|" =% ||k]|;12 :
/F(t) [an v e HY2 (T ()

Thus, a dynamics formulation for (1.10) is

. d . d
hmmf—aEg(u () > —EE(F(t)).

e—0

Although we are not able to prove the inequality (1.10) in full generality (see the
discussion after the proof of Theorem 1.2, Item A), it motivates us to study the asymptotic
behavior of the functional [, |[Voe|* := [, |[V(eAu® — e~ f(u?))|* of the static problem via
[-convergence. This leads us to the following.

Conjecture (CH). Let {u®},_.., be a sequence of bounded C3 functions satisfying (1.4)

and let uw € BV (Q,{—1,1}) be its L*(Q)-limit (after extraction). Asssume that T = 0{u =

1} € Qs C3. Then / |V(eAu — 5_1f(u5))|2 ['-converges to o* ||Ii||il1/2(r) :
Q n

Note that this is in the spirit of De Giorgi’s conjectures [8] but in an H'-version.

An L?-version of this result was proved by Roger and Schitzle [22] for space dimensions

N = 2,3; see also [16, 18] for partial results. Under suitable assumptions, they proved

that 7.(u®) = / e 1 (eAu® — e f(uf))? T-converges to o? H/‘iHiQ(F) . This result is typical

of the Allen—Caffn equation dyu® = Auf — 2 f(uf) because the quantity 7. (u) is exactly
its dissipation rate and generically uniformly bounded in e. Meanwhile, conjecture (CH)
is typical of the Cahn-Hilliard equation; the quantity 7.(u®) there is unbounded in e.

We will partially prove conjecture (CH) in the following theorem.



Theorem 1.2. A. Let {u®}o<.<1 be a sequence of C? functions which are uniformly bounded
in & and satisfy (1.4). Let w € BV(Q,{—1,1}) be its L'(Q)-limit and let v* = eAu® —
e f(uf). Assume that the limiting interface T = 9{u = 1} C Q is C® and that the
following conditions are satisfied:

(i) T' has constant multiplicity, i.e, there exists a constant m such that, in the sense of
Radon measures,

15 2 &€
(1.11) <5 [Ver] - LC )> dr — 2modH™ T,

2 €

(ii) either m = 1 or the space dimension N < 3 or the limiting equipartition of energy
holds, i.e, in the sense of Radon measures

e|Vuer W (w)
1.12 — dr — 0
(1.12) L,
then we have the following inequality
. . 12 2 2
(1.13) hrgrilglf/Q]Vv " >0 HHHH}L/Q(F).

B. Assume that T is any smooth hypersurface enclosing 0= CC ). Then we can find a
family of smooth functions {uf(z)}o<e<1 which are uniformly bounded for 0 < e < 1 such
that (1.4) holds, ug(z) — 1 — 2xq-(z) in L'(Q),

(1.14) lim . (u5) = 20HN 1T,

and for the corresponding chemical potentials v = eAu§ — 71 f(ug), we have

: €|2 _ 2 2
(1.15) ll_r% i |Vug|"dx = o Hfi||H71/2(F) :

Remark 1.1. The single-multiplicity assumption (i.e., (1.11) with m = 1) can be verified
i many situations. The simplest example is the case when u® is a minimizer of E..

This theorem is related to the Cahn-Hilliard equation but it also has its own interest.
Following the idea of [25], we deduce the limiting dynamics of the Cahn-Hilliard equation
from Proposition 1.1 and Theorem 1.2 as announced.

Theorem 1.3. Let (u®(z,t),v°(x,t)) be the smooth solution of (1.1) on £ x [0,00) with
initial data u§ such that, after extraction, ui(x) converges strongly in L*(Q) to u®(z,0) €
BV (Q,{—1,1}) with interface T(0) = 9{x € Q : u’(x,0) = 1} CC Q consisting of a
finite number of closed hypersurfaces. Then there exists T, > 0 such that, after extraction,
we have that for all t € [0,T,), u(x,t) converges strongly in L'(Q) to u’(z,t) € BV



(Q,{—1,1}) with interface T'(t) = o{x € Q : u’(x,t) = 1} C Q. Moreover, under the
following assumptions

(A1) The initial data ug is well-prepared, i.e., lim. . E.(u§) = 20HN"1(T(0)),

(A2) Urepory(D(t) x t) is a C? space-time hypersurface,

(A3) The lower bound on the slope holds, i.e, for each time slice t we have

. . e 2 2 2

hmmf/Q|Vv ) >0 H/ﬁ(t)HH}L/z(F(t)),

the Cahn-Hilliard equation converges to motion by Mullins-Sekerka law, i.e., v¢(x,t) con-
verges strongly in L*((0,T.), H'(R2)) to v(x,t) solving (1.2) with the initial interface T'(0).
Finally, T, can be chosen to be the minimum of the collision time (i.e., for all t € [0,T%)

the hypersurfaces contained in I'(t) do not collide) and of the exit time from 0 of the
hypersurfaces under the Mullins-Sekerka law.

Remark 1.2. In the case of radially symmetric solutions to (1.1), (A3) holds. This follows
from the single-multiplicity property of the limiting interfaces I'(t) proved in Theorem 2.2
of Chen [6] and Theorem 1.2.

Remark 1.3. It should be noticed that under the assumptions (A1), (A2) and that for
each t € (0,T}) there exists a constant m(t) > 1 such that

(1.16) v(x,t) = m(t)ok(t)

then the weak formulation of the Mullins-Sekerka law (1.2) in Chen [6] becomes the classical
solution; see Section 2.4 in [6]. The latter assumption requires, among other things, that
the multiplicity of the limiting interface I'(t) is constant for each t € (0,71,). In our
theorem, the assumption (A3) is automatically satisfied if we have either (1.16) or in space
dimensions N < 3 if we assume the constant multiplicity of the limiting interface (see
Theorem 1.2, Item A). The works of Hutchinson-Tonegawa [12] and Tonegawa [28, 29]
showed that the multiplicity is an integer-valued function, however it could be nonconstant.

They studied the equation eAu® — 71 f(uf) = v° assuming the chemical potential v¢ to be
uniformly bounded in WP(Q) where p > N/2.

Remark 1.4. The multiplicity of the limiting interface in phase transitions is a common
issue; it corresponds to how many times the zero level set of u® folds into the limiting
interface T'. In the case of the Allen-Cahn equation Owf = Au® — e 2f(uf), due to the
lack of control on the gradient of the chemical potential v¢, the multiplicity of the limiting
interface can be any positive integer, even in the radially symmetric case (see Bronsard
and Stoth [4] for the profiles). However, for our equation v = eAu® — e~ f(uf), it has
been congectured by Tonegawa [28, 29] that the multiplicity of the limiting interface must be
ezactly one if the chemical potential v is uniformly bounded in WP (Q) (p > N/2) and the
limiting chemical potential v is nonzero there. Recently, there has been some progress in
resolving this multiplicity issue [23] where the authors assume that the chemical potential
v¥ is uniformly bounded in WHP(Q) for p > N. This leads us to believe that (1.18) may be
true without any assumption.



The rest of the paper is divided in three more sections. Section 2 will be devoted to
some notation together with some heuristics about the area functional. In Section 3, we
will prove the I'-convergence of the slope, Theorem 1.2. In Section 4, we prove the dynam-
ical law for the Cahn-Hilliard equation, Theorem 1.3.

Acknowledgments: The author wishes to express his gratitude to his advisor, Professor
Sylvia Serfaty, for her guidance, encouragement, support and for suggesting the problem.

2 Notations and Heuristics

In this section, we collect some notations used throughout the paper together with
some formal derivations of the gradient flow of the area functional with respect to different
structures. It should be emphasized that although many calculations are purely formal,
they can be made rigorous if we have some further regularity on the limiting interfaces.

Let © be a smooth bounded open domain in IRY. Consider a subdomain Q= of { with
boundary I' of finite perimeter. This implies that I' is contained in the union of a countable
number of disjoint closed Lipschitz surfaces. Denote by QF the set Q\Q~. Because the area
functional E(T") depends only on the interface I', we will need some calculus on the interface
I'. Especially, the space H, () will have an interface analogue H,, Y *(T) which we define
in the sequel.

From now on, assume further that I' is the union of a finite number of disjoint closed
Lipschitz surfaces. Under this mild regularity assumption, we can define the trace space
H'Y2(T) as the traces on I' of H'(2™) functions. Now, let f € HY?(T"). Then, we can
extend f into some H'(Q) function over Q. Let X(f) be the set of these extensions.
Because the trace mapping H*(Q2) — L?(T',H¥~!) is compact, we can prove that there

exists a unique function f € X (f) minimizing the Dirichlet functional | |Vu|* over X (f).
Q

We call this f the natural extension of f over the whole domain €. It satisfies

Af=0inQ, f=f on T, and%zo on 0.

With this f, we are able to define the following two-sided homogeneous Sobolev semi-
norm and the semi-inner product on H'/2(T")

@) Wl = || V]

_ v, 1/2
@’ < UV > ey = /QVU Vo Yu,ve H'*(D).

Observe that || f|| a2y = 0 iff f is a constant on I'. So we can define the equivalence
relation ~ in Hl/z(F) . f1 ~ f2 iff ||f1 - f2HH71L/2(F) = 0.
Notation. Let H./*(T') be the quotient space HY/2(I')/ ~ .

Then, H}/Q(F) with inner product < -,- > 12 ., is a Hilbert space. It can be seen as a

™)
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restriction of H'(Q2) on T. i
Let f € HY?(T') and let f* be the restrictions of f on Q. We define the Laplacian
operator Ar on I' as follows:

orr , of”

(2.2) Ar(f) = _(8n+ + 67>

—>+ —

where n ,n  are respectively the unit outer normals on I" of O, Q™ and the right hand

side is understood in the H~/2(T') sense. Then Arf = — [g—ﬂ , and furthermore, Af =
r

Ar(f)or in the sense of distributions. The Laplacian Ap can be seen as the restriction
of the usual Laplacian operator on I'. By Green’s theorem, we now can write the inner
product in H/2(T") in the “instrinsic” form

(2_3) < U,V >HT1/2(F): — /(Apu)v dHNfl Yu,v € H1/2(F).
r

Let H;1/2(F) be the dual of H}/Q(F) with the usual dual norm H-||H_1/2(F) . Using the Riesz

Representation Theorem, we record a characterization of H, Y 2(F) in the following lemma.

Lemma 2.1. (i) For each u € HEI/Q(F), there exists a unique w* € Hy/*(T') such that

Hu||H;1/2(F) = ||u*||H;/2(F) and moreover, for all v € Hy'*(T') we have
<u,v >H;1/2(F)><H71/2(F): - < u*,v >HT1L/2(F) .

In view of this equation and (2.3), we can formally write u = Aru*. Denote u* by Ap'u.
(1) Hn_l/Q(F) is a Hilbert space with inner product

< U0 > oty =< Artu, Arto > /e Yu,v € H;Y?(T).

@) )

Comparing to H,'(Q2), we see that H, Y () is to some extent a restricted version
of H;*(©2) on . Now, let E(T') be the area functional arising as the Gamma-limit of
the Modica-Mortola functional: E(T) := 20HN"!(T'), where I' = 9{z : v’(z) = 1} is
the interface separating the phases of a function u® € BV(Q, {—1,1}). The functional F
depends only on the structure of I" so instead of finding the gradient of F(u°) = E(T") with
respect to the structure H,'(Q), we can find its gradient with respect to the restricted

structure H, "/*(T"). With the choice of -} =4 ||-||i,;1/2(F , we have

)

Proposition 2.1. Assume that T is C3. Then the gradient of E with respect to the structure
Y at T is VyE(I') = %Ap(am) n, where k is the scalar mean curvature and n the unit
outernormal vector to . So if T'(t) is C® in space-time then the gradient flow of E at T'(t)
is the Mullins-Sekerka law (1.2).
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Proof. Because I'is C®, xis C' on I" and thus x € H'/?(T'). Consider a smooth deformation

I'(t) of I and let V = (,I") n be its normal velocity vector at ¢ = 0. Then we have (see
[1], Theorem 7.31)

d
(24) E E(F) =—-20< H7 %4 >L2(F)
t=0

where H = k n is the mean curvature vector of . Therefore, the gradient £ with respect
to the structure L*(T') at T is

(2.5) Vi E[) = —20H = —20k 1 .

Now, we calculate the H, />~ gradient VHTZI/Q(F)E(F) = D n of E(T') with respect to

"y *(T'). To do this, it suffices to express the quantity %} o E(I) as an inner product in
~1/2

Hy (D) 4],y E(T) =< D, 0 >,

of the inner product for Hy/ *(T'), we have

. By Lemma 2.1, and the intrinsic form (2.3)

< D, atF >H;1/2

(T

=< Ar'D, AR'O,T >y = —/F(Ang) - Ar(AFOD)dHN

= - /(A;lD) O, TdHN L
r
It follows from (2.4) that A;'D = 20k. In other words, the H, '/ gradient VH—l/Q(F)E(F)
of E at I" is given by V12, E(T) = D n= Ap(20k) n . Recalling ||-|> = 4 ||-||i,;1/2(F
we find that

) )7

1

- ZVH;UQ

—

(2.6) vy E(T) B(T) = %Arw) 0

(1)
and thus the gradient flow of E(I") with respect to the structure YV is V = —VyE(I') =
—1Ar(ok) n . Recall the definition of Ar in (2.2) to find that 9,' =  [2%] _ and this is

2 Lon
equivalent to the Mullins-Sekerka law (1.2). O

3 TI'-Convergence of the Slope

In this section, we prove Theorem 1.2. In the sequel, C is some generic positive constant
independent of €.

Proof. Item A. We can assume that supg...; [ IVoe|* < O, otherwise the inequality
(1.13) is trivial. From the energy bound and the mass constraint (1.4) and in view of
Lemma 3.4 in Chen [6], we have for all ¢ sufficiently small

(3.1) [ sy < CCE() + V0 2(g) < Co < 0.



12

Now, up to extraction, we have that v weakly converges to some v in H'(Q).

In the case of single-multiplicity, i.e., m = 1, or, equivalently, lim. o E.(u®) = 20 HY~1(T"),
the limiting equipartition of energy (1.12) is also satisfied (see, e.g., Luckhaus and Modica
[13], Lemma 1). If the space dimension N < 3 then from the uniform Sobolev bound (3.1)
and the works of Tonegawa [28, 29|, we also have limiting equipartition of energy. So,
for the rest of the proof, we assume (1.11) and (1.12). We observe the following relation
between the limiting chemical potential v and the mean curvature x of the interface I'.

Lemma 3.1. Suppose that (1.11) and (1.12) are satisfied. Then v =mok on T a.e HN L.

Assuming this lemma, we continue the proof of (1.13). By lower semicontinuity, one
has

(3.2) hmlnf/|VU€| /|VU| inf /|Vw|
weH(Q), w=mok on T

The latter minimization problem has a unique solution w = mok, the natural extension
of mok over  as defined in Section 2. Therefore, from (3.2) and (2.1), we obtain

(3.3) liminf [ |[Vo°]? > m O'2||I£|| 172
e—0 Q I)

Because E.(u®) [-converges to 20HY~1(T"), we have m > 1. Therefore, from (3.3), we get
the inequality (1.13) as desired.
We now prove Lemma 3.1. Let ¢ = (o', ,¢") € (C§(Q2))N. Following the proof

of the monotonicity formula in [28], Lemma 3.1, we multiply both sides of the equation
v = eAuf — e 1 f(uf) by Vue - p and integrate by parts twice to obtain

W £
/ (< |Vu 5\ + (v )>dlvg0—£za U O O’ + uSvediv + usep - Vv) = 0.
Q

7.k

Rearranging terms, we get

oju® Opu’ .
(3.4) / (dlvgp Z Vo W’“Ue‘aw ) e |VuE|?
— / (g IVue|* — W(: )) dive — (u*vdive + ufp - Vo).
Q

We are going to pass to the limit in this relation. First, observe that, by the uniform
bound in L>®() of u¢, u is also the L2(Q)-limit of u¢. Second, let n= (ny,--- , ny) denote
the outward unit normal to the region 2~ enclosed by I'. Then, by the constant multiplicity
(1.11) and limiting equipartition of energy (1.12) assumptions, it can be proved that

(3.5) eVu' @ Vusde — 2mo n @ n HY T
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For the case of single-multiplicity (i.e., m = 1) with limiting equipartition of energy,
this follows from the work of Reshetnyak [20]; and a simple proof in this case can be found
in Kohn et al. [14] (see also Luckhaus and Modica [13]). Inspecting the proof in [14], we
see that it also carries over our case. Therefore, letting € \ 0 in (3.4), using (1.11), (1.12)
and (3.5), we find that

(3.6) 2m0/(div<p — ' My @ nyp)dHNT = —/ (wvdivep +up - Vo) = — / udiv(ve).
r Q 0

Upon applying the divergence theorem on manifolds (see, e.g., Theorem 7.34 in [1]) to
the left-hand side of (3.6), using the divergence theorem for the right-hand side of (3.6),
and recalling that u = —1in Q™ and v =1 in Q \ Q~, we get

2m0/gp- (k n)dHN™! = 2/(vg0)- n dHNY
r r

and thus complete the proof of Lemma 3.1. ]

Remark 3.1. A crucial fact in the proof is the relation v = mok where m is a constant.
To our knowledge, this relation has not been established in full generality in any dimension.
However, it was shown in Tonegawa [28, 29] that for N < 3, from (1.4) and the inequality
SUPgecct Jo Vo[> < Co, we can conclude that v(x) = O(x)ok on T where 0(x) is the
multiplicity of the limiting interface T, i.e., the densities (§ Vs (z) ] + W (uf(x))) da
converge to 20(x)odHN 1T in the sense of Radon measures. Remarkably, 0(x) is an odd
natural number HN =1 a.e. x € T. If O(x) is a constant then (1.13) holds.

Proof. Item B. Suppose that I' is a smooth hypersurface enclosing {2~ in a smooth open
bounded set Q C RY. Then from [7, 10] we know that the Mullins-Sekerka problem (1.2)
with initial data I' has a smooth solution (v, Up<i<r(I'y x {t})) in a time interval [0, T
for some T" > 0. We now construct a family of smooth functions {uf(z)}o<.<1 which are
uniformly bounded for 0 < e < 1 such that (1.4) holds, u§(z) — 1 — 2xq-(z) in L'(€),
and for the corresponding chemical potentials v5 = eAu§ — ! f(u§) we have

: €2 2 2 _ 2
(3.7) lli%/QW”d d = 0% Ikl —/Q|Vv(x,0)| da.

For this purpose, we use the initial data of the approximate solutions to (1.1) con-
structed in Alikakos, Bates and Chen [2] (note that there is no time involving in our
function uf though we obtain it from the solution of a time-dependent problem; further-
more, due to the sensitivity to the dimension N of the profile u§ (see also Remark 3.2),
we are unfortunately unable to write down an explicit formula for v). Indeed, from the
proofs of Theorems 4.12 and 5.1 in [2], we know that there exists a family of approximate
solutions {(u,v5) }ocec1 in C2(Qr) x C2(Q7)(Qr = Q x (0,T)) to (1.1) that satisfy prop-
erties (3.8)-(3.15) below:

- the uniform approximation of (1 — 2yq-) holds, i.e,

-1 ifzeQ

| ifreQt uniformly on compact subset
if x

(3.8) lii%u;(m,O) = {



14

- the uniform zero-order approximation of v(z,0) holds, i. e.,
(3.9) lirr(l) (eAus — e f(u3)) (z,0) = v(x,0) uniformly on Q

- the following differential equations are satisfied for each ¢ € (0,1] :

Ousy = —Avy in Qr
(3.10) vy =eAusy —e ' f(ug) +r5  inQp
%i;:%i::o on 9rQ == 0 x [0, 7]

- the boundedness and thin interface conditions
(3.11) [l oo () < Co < 00, measure{(z,t) € Qr | f(us(z,t) < 0} < Coe

and the spectral estimate

V 2 “1s e 9
(3.12) inf inf inf JoeVwl” +e 1 f (uf)w

0<e<1 0<E<T weH(9), ¢ w=0,wE0 /. |V\1/|2
—Av=w,8% =0 on 90 Q

> —C.

Moreover, for some

N2 4+ 6N + 10
AN + 10

and for all ¢ € (0, 1], the function r5 which measures the accuracy in € of the approximate
solutions {(u%,v5)}o<e<1 satisfies the following inequality

(3.13) k> (N +2)

(N+6)k
(3.14) 175l ooy < €772
where ¢ = 2%12. The integer k is roughly the order of expansion in powers of € needed to

construct {u,v5}. Furthermore, the following smoothness condition holds for all & small.
(3.15) Wl ooy + 1Wallorraa,y <& '

Our key observations on the functions (u5,v%) are the following.

Lemma 3.2. A. The functions {u5(x,0)}o<c<1 satisfy the single-multiplicity relation
(3.16) lim E (u5 (-, 0)) = 20HN ().

B. The gradients of the functions {v5(x,0)}o<c<1 satisfy the pointwise convergence
(3.17) Vo5 (x,0) — Vu(x,0) for all z € 2

and the uniform bound

(3.18) (Vv (2,0)| < Cy for all x € Q.
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Assuming this lemma, we proceed to prove (3.7). The sought-for family {u§(x)}o<c<1
is defined by ug(z) = u5(z,0). Then, from (3.8) and (3.16), it follows that (1.4) holds and
that u§(zr) — 1 — 2xq-(z) in L'(Q). Let (u®(z,t),v°(z,t)) be the unique solution to (1.1)
with initial data u®(z,0) = u§(x) = u5(x,0). From (3.10)-(3.15), by Theorem 2.3 in [2],
we have the estimate [|v°(0) — v5(0)[|c1(q) < € for e sufficiently small. Thus, from (3.17),
(3.18) and the dominated convergence theorem, one obtains

lim |Vvs(x,0)|2dx:1im/|va4(a:,0)|2dx:/|Vv(x,0)|2dx.
e—0 Q e—0 Q Q

Since v satisfies (1.1), we see that
vh(2) = eAug(x) — e f(ug()) = eAu(w,0) — e f(u(2,0)) = v*(x, 0).

Thus, (3.7) holds for the family {u§(x)}o<e<i1. Clearly, from (3.16) and uj(x) = u5(x,0),
we have (1.14) and the proof of Theorem 1.2 is completed.

The remaining of this section is devoted to the proof of Lemma 3.2. For this purpose, we
must go back to the actual construction of {u5, v5 } in [2]. These functions were constructed
as modifications of {uf{,vf} where K —2 > k given by (3.13). The construction of
{uf, v} consists of gluing together the inner approximate solution {uf,vf}, the outer
approximate solution {uf,v5} and the boundary approximate solution {uf, vk }. Since
their constructions are quite involved, we refer the reader to the original paper. Our task
here is to demonstrate that these functions actually satisfy (3.16) - (3.18). From now on
to the rest of this section, the only paper we refer to is [2] and for readability, we suppress
the t variable in u5(z,t) and v5(x,t), etc. because we only deal with ¢ = 0.

Let § > 0 be a small number as in Lemma 4.9 of [2]. It was chosen so that dist(I", ) >
26 and d° is smooth in I'(26), where for each a > 0, we denote

INa) :={z € Q| dist(z,T) < a}

and d° is the signed distance function to the interface I' taking negative values inside T'.
1. First, we prove (3.16). Because liminf. . E.(u(+,0)) > 20HY"HT), we will prove
(3.16) by showing that

(3.19) limsup E.(u5(+,0)) < 20HN1(T).

e—0

By construction, u% is a finite expansion in powers of € whose coeflicients are smooth

functions of the form gp(@, x) where d¥ (z) behaves like the signed distance function to
the interface I'. Therefore, to prove (3.19), it suffices to prove it for the expansion p°(x) up

to the first order in € of u5(z), namely, we have to prove that

(3.20) limsup E.(p°) < 20HN1(T).

e—0

It follows from the construction in [2] that in the zero order expansion of %, the
boundary layer is 1, the outer expansion is 1, the inner expansion is —1 and the interface
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expansion is the tangent hyperbolic profile. From pp.195-196, we know that for z € I'(6/2),
d°(x)

pe(x) = tanh(%) +eu'. The function tanh(z) arises as the unique solution to the problem

—0" + flp) =01in R, ¢(0) =0, p(+oo) = +£1

(see p. 174). Furthermore, from p. 199, we know that u'(z) = Ado(x)gol(doém)) where ¢,
satisfies

@1 (@) = f (tanh(z))g1 (2) = 0 — (tanh(x)), 1(0) =0, o1 € L¥(RR).

Solving this ODE, we find that ¢1(z) = —gtanh(z)?. Away from the interface T, p° tends
to £1 exponentially fast; so for the proof of (3.20), we only need to prove that

(3.21) limsup/ =
e—0 Jyaoj<s/2 2

2
1 do € 0 2 do ? N-1
< - .
+ oz (1 (tanh( - ) GAd tanh”( - )) de < 201" (T)

2

d° d°
\% (tanh(?) - %Adotanh2(?))

There are many contributions on the left-hand side of (3.21). First, observe that the
0
contribution coming from tanh(dT(x)) - the zero order expansion in ¢ of u%, satisfies

1 d° \?
(3.22) M, = - (1 — tanh2(—)) dr < 20HN"Y(T) + o(1).
|d0|<5/2 € €
(note that, by the choice of 4, |Vd°(z)] = 1 if € Ty(§/2)). Indeed, we split M. into
1 .\’ 1 )
M, = - <1 — tanh2(—)> dx +/ - <1 — tanhz(—)> dr := N, + P..
VE<|d|<5/2 © € |40 <vz € €

Then, using the coarea formula to estimate

P. < /ﬁ (1- tanhQ(t))zdt max HY 7 (d(z) = s)
v sl<ve
<20 ‘n|r1a\>}HN_1(d0(x) =5) < 20HN"HT) + o(1),
s|<+/e

and

VE<ls|<a/2

N: < (/1 ) (1- tanhQ(t))zdt) max  HYHd(z) = s) = o(1),
Lap<s

and thus obtain (3.22). Now, using the coarea formula and estimating similarly, we find
that other contributions in (3.21) vanish in the limit as € \, 0. The proof of (3.21) is now
complete.
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2. Next, we prove (3.17) and (3.18).

From the construction of v§ in pp. 195-197, we see that the outer expansion v and
the boundary layer expansion v5 of v% have uniform gradient bounds in €. Therefore, we
shall show (3.17) and (3.18) by proving that

(3.23) v%, converges locally uniformly in the C! sense to v in Q\I'
and that
(3.24) Vs (x)] < O for all z € I'(6/2).

3. First, we prove (3.24). The construction of v5 can be found in pp. 195-197. We know
from p.197 that v5 = v — & but from p.196, we also know that for = € I'(§/2), v = vE.
Therefore, for x € '(§/2), v5 = vK — éX. In the above formulas, v (x) is defined by

(3.25) vi(z) = Zsivi(z,x) :
i=0 L4 (@)

where d¥(z) = 3-8 £id’(x). Recall that d°(x) is the signed distance to the interface I' and

for each 7 > 1, d'(z) is a smooth function defined in a neighbourhood of ' as in p. 176.

We now estimate Vo (z) and Vé¥ (x) separately. For vX(z), the most dangerous term for

the boundedness of its gradient comes from the term v%(z, x). So it suffices to show that

(3.26) }Vvo(zw)‘ < Cy for all z € I'(§/2).

0

The function v” constructed in p. 191 is explicitly given by the formula

(3.27) V(z,2) = vg (@)n(2) + v (2)(1 = n(2))

where 7(z) € C*(IR) is a smooth function satisfying (see p. 179) n'(z) > 0 Vz € R, and

o0

nz)=0if z<—=1; n(z)=1if z > 1; / [n(2) — 1/2](1 — tanh®(z))dz = 0.

—0o0

The functions v3 are defined as follows. First, let v* be the restrictions of v on Q* (Q~ is

the inside of T'; while QT is the ouside of T"). Then va—L are the smooth extensions of v* to
Q* UT(25). We have

(328)  Dy0°(2,2) = Dy (2)n(2) + Doy (2)(1 = n(2)) + (v (x) — vg ()7 (2) D2

The first two terms on the right hand side of (3.28) are clearly bounded. Consider now
the third term. Note that n'(z) # 0 if and only if z € [—1,1]. Furthermore, when t = 0
and z € T one has vy (z,0) = v, (2,0) = orx. We will explore this relation to prove the
boundedness of the third term on the right hand side of (3.28). For simplicity, consider
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K
the case z € [0,1]. Then z € Q' and from the inequality z = <Z 5idi(x)> /e <1 we
i=0
deduce that d°(z) < e. If ¢ is sufficiently small, there exists a unique zy € I' such that
d°(z) = dist(z, zo). Hence we get the following estimates

|vg () =g ()] < |og () = ok] + |vg (2) — ok] < |og (2) = vF (zo)| + |vg () — vy (20))]
(3.29) < sup |Vug | dist(z, z) + sup | Vg | dist(z, z0) < Coe.

K
On the other hand, for z = ¢! Zsidi(m), we have |D,z| < Cy/e. Thus, combining this

i=0
with (3.28) and (3.29), we easily get (3.26).
It remains to estimate the term é%. It is defined in p. 197 as the solution to the equations

Oé

AéK:eK—ﬁ/QeK(ﬁ)dﬁ in =0 on 092 and /éK(f)dfzo.

n Q
Here |[ex||coiay) = 0(eX~1). By elliptic regularity, one has éx(x) € C*(€2) and
(3:30) i 1 ) = 0.

Now combining (3.26) and (3.30) yields (3.24).
4. Finally, we prove (3.23). We have by definition v5 = vf — éX and thus

(3:31) 105 = vller < v = w6 llr +[[06 = vllc + [1€%]lca

where v5 is defined in p. 195. We have the following formulae for v (p. 191) and v§ :

K K
(3.32) v = UJX@—{— Vo Xq; » v5 (z,t) = Zeivjxajt Zeiv[XQa Vi € Q,
i=0 i=0
(for the construction of v;"’s, see pp. 177-179). Therefore, lim,_.q va — U”C’l(Q) = 0. This,
together with (3.30) and (3.31), will imply (3.23) once the following is proved

(3.33) vk converges locally uniformly in the C* sense to v in Q\I.

This can be argued similarly as in the proof of Theorem 4.12 of [2], using the outer-
boundary matching conditions, the inner-outer matching conditions and a boundary layer
of order &* for u,v%. For the convenience of reader, we give here the details of the argu-
ment. Let ¢ € C§°(IR) be a cut-off function such that ((z) = 1 if |2| < 1/2, {(z) = 0 if
|z| > 1 and 2¢'(2) < 0 in IR. Then, we have (see p. 196)

(Ug n 89—5/2)
vEC(dp/0) + (1 = ((dp/d))vs  in O(6)\IJ/2)
vl =< vE in Q\(9Q(0) UT(4))

v5¢(d°/0) + (1= ((d°/6))vs  in T(H)\I'(6/2)
vk in I'(6/2).

\
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As in p. 196, we have

(3.34) lir% vk —v5 + lim [[v} — = 0.

| % |
O llcz(a0(\o0(8/2)) ' 20 O llc2((8)\I'(5/2))

By the definition of v& in p. 196, we have

(3.35) Ze V5(2, %) |amdg@)e —€"vh (0,2) YV € 9Q(6).

From (3.32), (3.35) and Lemma 4.7 of [2] which asserts that vl (-, x) = v;"(z) on 9(d) for
1=20,1,2,3,4 we see that

(3.36) lim v} —

e—0

V6 || o2 ey = 0-

On I'(6/2), we use the definition of v¥ (see p. 195 of [2]) which is given by (3.25). Let
M be a compact set in Q\I'. Then there exists § > 0 such that for all x € M we have
|d°| > 23 where we recall that d° is the signed distance to I'. So, when ¢ is small enough,
dE = d° + ZK1 e'd" satisfies |df’ > (3 for all x € M. This implies that for x € M we have
JK
lin%| z| = hr% ’ | = +o00. Using the inner-outer expansions (see (4.4), p. 178 of [2] which
£— IS
aserts that for all 4, m,n,l > 0 we have D7D D! [vi(£z, x,t) — v (z,t)] = 0(e™**) as z —
oo) we find that (3.32) and (3.25) yield

(3.37) lim ||} —

e—0

UgHCQ(M) =0.

From (3.34), (3.36) and (3.37) we get (3.33). This completes the proof of Lemma 3.2. O

Remark 3.2. In the construction part of the L*-version of De Giorgi’s conjecture or of
the fact that the Modica-Mortola functional T'- converges to the area functional, one only
needs to use the tangent hyperbolic profile tanh(dwt xF))' This 1s the zero-order expansion
in powers of . On the contrary, the construction of uf in [2] requires the expansion up to
the k'™~ order of € where k > (N + 2)Ni}i?—f:g#0 given in (3.13). So, the profile of uf is
highly sensitive to the dimension.

Remark 3.3. It would be very interesting to construct a profile for ug that is independent
of the dimension. Given a smooth interface I in Q. Let v = ok and m = ﬁ (1QF] —1927]).

For each ¢ in (0,1), let uf solve the minimization problem

(3.38) min (Ea(u)—i—/uv).
weHY(Q), [qu=m|Q] Q

Then, ug is smooth and satisfies

—eAuf+ e f(uf) +v =\ inQ, and 88720 () =0 on 09,
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where X° is a Lagrange multiplier. Let v = eAug—e =1 f(ug) = v—A°. Then clearly we have
(3.7). We can show that {u§}, .., are uniformly bounded and satisfy the uniform energy
bound E.(ui) < M < oo. The sequence {u5} has an L*(Q)- limit u° € BV (Q,{—1,1}) with

interface T = 0{u® = 1} separating the phases. The construction part is_complete once we
verify that u®(z) = 1-2xq-(v). Were this true, we would find that I' = I'. However, we do
not know whether I' and I' coincides. In other words, by solving the minimization problem

(3.38), we may lose the interface T.

4 The Limiting Dynamics of the Cahn-Hilliard Equa-
tion

In the first part of this section, we prove the lower bound for the velocity as stated
in Proposition 1.1. Then, as a preparation for the proof of Theorem 1.3, we prove a
selection result, saying that after a suitable extraction, we have that for all ¢ € [0,7],
u®(z,t) converges strongly in L'(Q2) to u%(z,t) € BV (Q,{—1,1}). Finally, we establish
the limiting dynamical law of the Cahn-Hilliard equation, Theorem 1.3.

4.1 Lower bound on the velocity and a selection result
First, we prove Proposition 1.1.

Proof. Fix t € (0,7T). It suffices to prove (1.7) for the case where its left-hand side is
finite. In this case, the sequence {9;u®(z, s)} is bounded in L?((0,t), H,*(£2)). Therefore,
we can extract a subsequence which is still denoted by {0,u®(x, s)} that converges weakly
tow € L*((0,t), H,*(£2)). On the other hand, from the assumptions of our Proposition and
the dominated convergence theorem, we find that u® — u in L*(Q2 x [0, T]). It follows that
Owuf(x,s) — Owu(x, s) in the sense of distributions and thus w(z, s) = dyu(x, s). Denote by
Q7 (s) the set {x € Q : u(x,s) = 1} and recall that T'(s) = d{u(s) = 1} is the interface
separating the phases —1 and +1. Then, dyu(s) = 0y(u(s) + 1) = 0;(2xa+w)) = 20.L(s).
Now, (1.7) follows from the lower semicontinuity property of weak convergence

o ¢ N t 2 t 2
liminf.o [; [|0pu (S)HH;1(9) ds > [ ||8tu(3)||H;1(Q) =4 ||atr(5>||H;1(Q) ds.
O
Next, let us turn to the selection result. For the rest of the section, (u®,v¢) denotes the

solution of (1.1) on € x [0,00). Let T"> 0 be any finite number. Then, for all ¢ € [0, T,
(4.1)

/ 6 Wf(t)'2+W(f(t) )= B ) = B0 (0) - / V9 g s < B (0) < M.

Using (4.1) and the compactness of BV functions in L'(2), we can prove the following

Lemma 4.1. For each t € [0,T], u®(-,t) converges strongly in L*(Q2) (after extraction a
subsequence) to u®(-,t) where u°(-,t) € BV (Q,{-1,1}).
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This lemma can be proved similarly as in Sternberg [26] and we thus omit the proof.

Note that the choice of the subsequence in Lemma 4.1 may differ for each ¢ and this is
not sufficient to establish our convergence result in Theorem 1.3. Therefore, we first prove
that we can actually find a subsequence of & such that the L'(€)-convergence is valid for
all time slices. The idea of the proof is to establish some time-continuity property of the
limiting function u°. Before stating our result in this regard, we define the following norm
on distributions u on €2

/ upl,
Q

i.e., the norm in the dual of Lipschitz functions. We are going to prove the following

(4.2) [ull, = sup
PECE (), [Vel<1

Proposition 4.1. There exists u® € L*(2 x [0,T]) such that u° is C®Y/2 in time for the
||l,-norm, and that, after extraction,

(4.3) ut —u’ in LY(Q x [0,T]).
Moreover, for allt € [0,T], we have u°(t) € BV (Q,{-1,1}) and

(4.4) ut(t) = u’(t) in L*Q), v (t) — u'(t) in L'(Q).

Proof. Our proof is inspired by the proof of Theorem 3 in Sandier and Serfaty [24] in the
context of Ginzburg-Landau vortices. From (4.1), we find that

T 1 T
/ / — (1 — |uf(x, t)]})2dxdt < / E.(uf(t))dt < MT < oo.
o Ja2e 0

Thus u¢ is uniformly bounded in L*(Q2 x [0, T]). Therefore, there exists u® € L*(Q x [0,T7)
such that, after extraction, we have (4.3). Now, we prove the Holder continuity in time for
the ||-[|,-norm of u°. Consider ¢ € C2(Q) with [[V(|| (g < 1. Let ¢ € C2°((0,T)). Since
(¢ is independent of time and 0;u® = —Av®, we get

// t)-COppdrdt = // )0 (Cp)dadt = // —Vvi(z,t)-V(Cp)dadt.

Since V((p) = (V()p and using Holder’s inequality, we can estimate the last integral from
above by

o1 ([ ) e ar ) " { / ) ([ 1wt dx)Q}m

T 1/2
snvcum)rm(/ / |W<x,t>|2dxdt) lelleom < 19 MY ol ooz -
0
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The last inequality follows from (4.1) and [|[V(]| ) < 1. Consequently, by the weak
convergence (4.3), we have

/ / ) - COhp(t)dedt = lim / / ) COup)dudt < 2 M2 ] oo

From the definition of the [|-||,-norm in (4.2), we deduce that ¢ —— [[u°(-,¢)|, is in
H'((0,T)) and by the continuous imbedding H'(0,T) < C%/2([0,T]), the Holder conti-
nuity in time for the ||-||,-norm of u° follows.

We now prove (4.4). Let us choose a time t, € [0,7]. Since E.(u®(ty)) < M, we see
that, after extraction u®(ty) has a weak limit u in L*(Q). Let us consider uf defined in
[—T,T) by u® = u(tg) for t < to and u®(t) = u°(t) for t > ty. One can easily check that
uf is uniformly bounded in L*(2 x [=T,T]), thus we deduce that uf converges weakly in
LY x [T, T)) (after extraction) to some limiting function 7 that is C%'/2 in time for the
||l,;-norm. Using test functions, we see that @ = u a.e in (=T, ty) and uw = u° a.e in (to, T).
Because u and u® are both continuous in time, we must have, by continuity at the time ¢,
u = u(ty). We deduce that the only possible limit of extracted sequences of u®(tg) is u°(t)
and thus u?(ty) converges weakly in L*(2) to u°(to) for all ¢y € [0,T]. On the other hand,
the inequality E.(u®(tg)) < M and Lemma 4.1 allow us to extract a further subsequence
of & such that u®(ty) converges strongly in L'(Q2) to some w € BV(Q,{—1,1}). Thus, we
must have u®(tg) = w € BV (Q,{—1,1}) and u°(ty) converges stronly in L'(Q) to u’(ty)
for all ¢ty € [0, 7). This completes the proof of (4.4) and our proposition. ]

We are now in a position to prove Theorem 1.3. Here we follow the method of [25].

4.2 Proof of Theorem 1.3.

Proof. 1. First, the existence of T, > 0 in the first statement of the theorem follows
from the time-continuity property of the limiting function u° € L*(Q x [0,7]) proved in
Proposition 4.1. By the selection result in Proposition 4.1, after extraction, we have that
for all t € [0,T.], u®(z,t) converges strongly in L'(Q) to u’(z,t) € BV (Q,{-1,1}) with
interface T'(t) = d{z € Q : u%(z,t) = 1} C Q. Let us prove that the interfaces I'(¢)
(t € [0,T%)) evolve by the Mullins-Sekerka law (1.2). Indeed, because the solution (u*, v°)
o (1.1) is smooth, the flow for E.(u°) is conservative. Hence, we have for all ¢ € (0, 7})

E.(u®(0)) — E.(u®(t)) = —/0 < VHgl(Q)Ea(ua(s)),&uE(s) > g1y ds

1t
:5/0

1 ‘ 1> g
= 5 ] IV @y + 1000 e .

2
€ € 2
VH,jl(Q)Es(u (S))HHgl(Q) + [|Gru <S)HH£1(Q) ds

For each s € (0,t), recall that x(s) is the mean curvature of I'(s). Define the func-
tion w(z,s) € H'(Q) to be the natural extension of ok(s) over €, i.e., w(x,s) satisfies
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Aw(z,s) =0in Q\ I(s), w(z,s) = ok(s) on I'(s) and finally 4 = 0 on <2 By Proposi-
tion 4.1, all assumptions of Proposition 1.1 are satisfied for u® and u°. Thus, using (A3),
the lower bound on velocity (1.7) and the Cauchy-Schwarz inequality, we obtain

1

t
4D P0) = B (1) = 5 [ o Inlnpg, + 410 ey ds = ofD)

t
= %/ /\Vw(x,s)\Q+4‘VAn18tF(x,s)|2dxds—0(1)
0 Jo

(4.6) > =2 /t/ Vuw(z,s) - V(A 'O, (2, s))dwds — o(1).

In view of the definition of A ! in (1.5), the right hand side of (4.6) becomes

t t
2/ < O (s),w>ds—o(l) = / / 20k(8)0,I'(s)dH" "tds — o(1)
0 0 JI(s)
bd

(4.7) - —/0 —B(D(s))ds — o(1) = B(D(0)) — B(T(t)) — o(1).

Equality (4.7) follows from the smoothness assumption (A2). From (4.5)-(4.7), one gets
E(u*(1)) = E(C(@)) < E-(u(0)) = E((0)) + of1).

By (A1), we deduce that limsup,_, E.(u(t)) < E(T'(t)). However, since E. I'— converges
to E, we have liminf. o E.(u®(t)) > E(I'(t)). Therefore, we must have

(43) lim E.(u(1)) = B(T(1).

This means that well-prepared initial data remains “well-prepared” in time. Furthermore,
this also shows that the inequality (4.6) is actually an equality. This implies that for
each s € (0,t) and for a.e z € Q, we have Vw(x,s) = —2VA19,(z,s). So w(z,s) =
—2A,10,T'(z, s) + c(s) for some function ¢ depending only on time. Thus, in the sense of
distributions 0,I'(z, s) = —%Aw and by the definition of the function w, this relation is
exactly the limiting dynamical law we wish to establish. Our proof of this Mullins-Sekerka
law is valid as long as I'(t) C © and hypersurfaces contained in I'(#) do not collide for all
t < T,. Consequently, T, can be chosen to be the minimum of the collision time and of the
exit time from ( of the hypersurfaces under the Mullins-Sekerka law.

2. Second, we show that v® converges weakly in L?((0,7%), H(Q2)) to w. Indeed, for all
t € (0,T,) we have

t
[ 190 6 ds = Bl (0) = Euur(e)) <
0

Again, using Lemma 3.4 in Chen [6], we see that for € sufficiently small,

[0° () 1) < CE(u(s)) + (VU (8) ] 12()) < CM + V7 ()] 12))-
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It follows that for e sufficiently small, we have

t t
| 1 ey ds < COE + [ 1906y 45 < € < o

Therefore, up to a further extraction, we have that v® weakly converges to some v in
L3((0,T.), H*(€)). We are going to prove that for a.e. t € (0,7%),

(4.9) v(z,t) = or(x,t) = w(x,t) for HY ' ae. x € T(t).

Indeed, from the single-multiplicity property (4.8) of the limiting interface I'(¢) on each
time slice and the uniform bound (4.1) on the energy E.(u®(t)) < M for all t € [0,T,] and
all € > 0, by the dominated convergence theorem, we have

- The single-multiplicity in space-time, i.e, in the sense of Radon measures,

(£|Vu5\2 L W)

5 . ) drdt — 20dHN 1| T(t)dt.

- The limiting equipartition of energy in space-time, i.e, in the sense of Radon measures

e |Vuel? ~ W(w)

5 dzdt — 0.

Arguing as in the proof of Lemma 3.1, we get (4.9). Now, passing to the limit in the
equation d;u® = —Awv® and recalling that v° satisfies the zero Neumann boundary condition,
we find that 20,I'(s) = —Av in Q x (0,7,) and %% = 0 on 9Q x (0,7,) in the sense of
distributions (see the proof of Proposition 1.1). Therefore, in the sense of distributions,
A(v—w)=01in 2 x (0,7}) and W =0 on 09 x (0,7%). From (4.9), we conclude that
v =w a.e. in QX (0,7,) and this shows that v° converges weakly to w in L*((0,T), H'(Q)).
3. Finally, we now complete the proof of the theorem by showing that v* actually converges
strongly in L%((0,7T%), H'(Q)) to w. In fact, because of the equality (4.8), the inequality
(4.5) is actually an equality. Therefore

T

T*
lim ||VUE(S)H%2(Q):/ /|Vw(:c,s)|2d:cds.
e=0Jo o Jo

Since Vv® converges weakly to Vw in L?*((0,7.), L*(Q2)), we conclude that Vv® con-
verges strongly to Vw in L*((0,7.), L*(Q)). It follows that v° converges strongly to w
in L*((0,T.), H(€2)) and this completes the proof of Theorem 1.3. O

Remark 4.1. It follows from the proof of this theorem and that of Theorem 1.2 that the
“well-preparedness” in time of the Cahn-Hilliard equation is equivalent to the inequality
(1.13) for almost every time t. Observe that this proof only relies on item A in Theorem
1.2 and Proposition 1.1 so it is quite short. The main issue seems to be really in the
question of constant multiplicity and limiting equipartition of energy.
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