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Abstract
In this paper, we show that critical points of the one-dimensional Ambrosio-
Tortorelli functional with fidelity term converge to those of the corresponding Mumford-
Shah functional, a famous model for image segmentation. Equi-partition and con-
vergence of the energy-density are also derived.
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1 Introduction

In this paper, we continue our previous study [13] on the convergence of critical points
of the Ambrosio-Tortorelli functional [3, 4] to those of the Mumford-Shah functional [22].
Here, as opposed to the Dirichlet case in [13], the functionals we study contain the fidelity
term linking the approximate images to the original image. These functionals were pro-
posed as models for image segmentation in computer vision. We will be more specific on
these functionals in the next paragraphs.

The Mumford-Shah functional for image segmentation alluded to above was proposed
by D. Mumford & J. Shah in their celebrated paper [22]. If g € L>(£2; [0, 1]) represents a
continuous interpolation of the collected pixelated data over the image domain 2 C IR?,
then the proposed segmentation consists in minimizing

(u, K) o MS(u, K) ::/

\Vul® de + 2H' (K) + )\/(u —9)% du,
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among all subsets K C € which are union of piecewise smooth curves and all u € H'(Q\K).
In that functional, \ is a positive tuning parameter, K represents the contours of the image,
and u the resulting grey contrast (0 < u(z) < 1).

Proving existence for minimizers of that functional was not a trivial task and it gave rise
to a abundant literature spearheaded by the work of E. De Giorgi and that of L. Ambrosio
on the space SBV(Q); see e.g [1]. The underlying idea was to view MS(u, K) as a one
field functional

(1.1) MS(u) = /Q |Vul? do + 2H (S (u)) + )\/Q(u — g)? dx,

over SBV (), the space of functions u € L*(2) such that their distributional derivative is
a Radon measure Du with finite total variation | Du|(£2), jump set S(u) (the complement of
the set of Lebesgue points for u), and no Cantor part. The next step was to prove existence
of a minimizer u,, of MS in that space, and then to show that the pair (u,,, S(u,,)) was
actually a minimizer for MS. That program was successfully completed, culminating in
De Giorgi-Carriero-Leaci [9] where the authors proved the existence of minimizers of MS
within the class of closed sets K C €. A different approach to prove the existence of
minimizers of MS, based on a priori estimates and elimination technique, was discovered
by Dal Maso-Morel-Solimini [8]. See also [20, 15].

From a computational standpoint, the search for a minimizer of (1.1) is not easy,
because the test fields exhibit discontinuities at unknown locations and the implementation
of classical finite element methods becomes a perilous endeavor. A possible remedy consists
in resorting to variational convergence, specifically I'-convergence, so as to approximate MS
by a more regular functional whose minimizers are easier to evaluate. For more information
on I'-convergence, we refer the interested reader to e.g. [7] and merely emphasize for
now that an important property of I'-convergence is that (approximate) minimizers of the
approximating functionals that converge as € \, 0 will converge to bona fide minimizers of
MS.

There is by now an abundant literature on the approximation of the Mumford-Shah
functional and many approximating sequences have been proposed. The most computa-
tionally efficient in our opinion is that originally proposed by L. Ambrosio & V. Tortorelli
in [3], [4]- denoted henceforth by AT, — in the footstep of the functional proposed by L.
Modica and S. Mortola for the approximation of the perimeter [17]. Consider

AT (u,v) = /Q <(776 + 0?)|Vul* + ¢| Vol + (1_5—1})2) dx + )\/Q(u —g)* dz,

with 0 < 7. << e. It is proved in [3], [4] that AT, T'(B(2) x B(£2))-converges to MS, suitably
extended to a two-field functional as

M5 (u,v) =

400 otherwise.

{MS(U) ifo=1



Above, B(Q2) stands for the set of all Borel functions on €2, and the convergence is the
convergence in measure. Actually, we can also view the convergence as taking place in
L2(Q) x L*(Q).

The functional AT is easily seen, through the direct method of the Calculus of Varia-
tions, to admit at least one minimizing pair (u.,v.) € H*(Q2) x H'(Q), for any fixed value of
e. It follows from a truncation argument (see Lemma 3.1) that the associated minimizing
sequence is bounded in L*>(Q2) x L*(2), and a subsequence can be shown to converge in
measure (and also strongly in L*(Q) x L?(Q)) to (u,v = 1), which, by the already evoked
property of I'-convergence, will be a minimizer for MS.

In practice, one often minimizes the Al functional using the steepest descent method.
This consideration naturally leads to the study of the gradient flow of the AT, functional.
Numerical studies of the gradient flow of the Ambrosio-Tortorelli functional have been
performed, for example, in [10, 16|, its analysis and fully discrete finite element approxi-
mations have been investigated in [12].

A good understanding of the gradient flow of the Ambrosio-Tortorelli functional paves
the way to analyze a reasonably-defined gradient flow of the Mumford-Shah functional. One
may also hope that solutions to the gradient flow of the Ambrosio-Tortorelli functional will
converge to a suitably defined solution of the gradient flow of the Mumford-Shah func-
tional; as are the cases in other models using variational approximations. In any case, the
first step in understanding the convergence properties of solutions to the gradient flow of
AT is to analyze its stationary solutions and this is the main purpose of this paper. Note
that these stationary solutions corresponds to the critical points of the Ambrosio-Tortorelli
functional AT.

In the framework of I'-convergence, there have been relatively few attempts in prov-
ing that critical points of the approximation functionals converge to those of the limiting
functional. One may refer to such convergence results in other settings such as that of the
Allen-Cahn functional in phase transitions, see [14, 24, 25], or that of the Ginzburg-Landau
functional in superconductivity, see [5, 23], or that in the framework of thin elastic bodies,
see [18, 19, 21]. We may also expect those convergence results in the framework of image
segmentation.

This study is a first step in that direction. It investigates the one-dimensional case.
Because real digital images are two-dimensional, the analysis of these functionals in 2D will
be of greater interest and applications. However, carrying out this task is quite a challenge
for the time being, and we only limit ourselves to the one-dimensional case.

In the next section, the one-dimensional functional is introduced and the two main
results are stated: the convergence of critical points of AI. to critical points of MS (see
Theorem 2.1); finally, the convergence of the various terms in the energy AT to their MS-
analogues (see Theorem 2.3). As a preparation for the their proofs, we establish essential
estimates in Sect. 3. The proof of Theorem 2.1 will be carried out in Sect. 4. Finally, in
the final section, we prove Theorem 2.3.

We end this introduction by highlighting a few differences between the results and
proofs of our paper with those in [13]. First of all, the presence of the fidelity terms in
our functionals makes the analysis more involved than the Dirichlet case in [13]. There are



no conservation laws. We compensate this by using a balance law stated in Proposition
3.3 at the expense of requiring higher regularity of the fidelity terms g.. Secondly, critical
points of MS are no longer piecewise constant and there are no symmetry properties for
critical points of AT.. Therefore, we need more refined analysis in our arguments such as
in Proposition 3.12.

2 Statement of the results

Throughout, C stands for a generic positive constant (so that e.g. C = 2C) that may
change frome line to line but does not depend on the small parameter € > 0 and L is the
length of the interval under consideration. We now introduce the Ambrosio-Tortorelli and
Mumford-Shah functionals used in the paper.

For ¢ > 0 and A > 0, we consider the following e-indexed one-dimensional Ambrosio-
Tortorelli functional with fidelity term g.

(1 —v)?

(2.1) AT (u,v) = /OL ((na + ) (W) +e(v)? + + AMu — 95)2) dz.

In (2.1), n. is a positive number, and (u,v) belongs to the space Y defined by
Y :={u,v € H(0,L)}.

We assume that, as € \ 0,

(2.2) ne/e — 0,i.e., n. K e.

We assume that the fidelity term g. satisfies the following

Assumption. g. converges weakly in H'((0, L)) to a function g € H*((0, L)).

We also introduce, for u € SBV(IR), the one-dimensional Mumford-Shah functional
with fidelity term g

(2:3) MS(u,v) = /0 (') de + 24 (S(w) + Mu —g)* if v =1

+00 otherwise.

In (2.3), v/ denotes the approximate derivative of u, i.e., the density of the absolutely
continuous part of the measure Du with respect to the Lebesgue measure, while S(u)
denotes the jump set of u, defined as the complement in IR of the set of Lebesgue points of
u. Finally, SBV (IR) stands for the class of special functions of bounded variation (see [2]).
They are L'(IR) functions u whose distributional derivatives Du have finite total variation
|Du| (IR) and have no Cantor parts.

Note that AT, serves as a variational approximation for MS in the sense that AT, I'-
converges to MS. For other approximations of MS, see [6]. Therefore, by nature of I'-
convergence, global minimizers of AT converge in suitable topology to those of M5. The



question of interest is whether we have convergence results for intermediate states. This is
the purpose of this paper. We propose to study the convergence property of critical points,
not necessarily minimizers.

Let (ue,v:) be critical points of the Ambrosio-Tortorelli functional (2.1), i.e., pairs of
functions (u.,v.) € Y that satisfy the Euler-Lagrange equations

( " ’ - 1
—ev, + v (u,)? + Ve =

0
€

(2.4)

Our main goal is to study the limit properties of (u., v.) as € goes to 0, provided additionally
that

(2.5) AT (ue,v.) < C < 0.

Our main result here is to show that indeed critical points of the Ambrosio-Tortorelli
functional (2.1) converge to corresponding critical points of the Mumford-Shah functional
(2.3). Recall, from Chapter 7 in [2], that a critical point of (2.3) is a couple (u, 1) where
u is discontinuous at a finite number of points, and between these points, u solves the
equation " = \(u — g) with homogeneous Neumann boundary conditions.

We are now ready to we state our main result.

Theorem 2.1 After extracting a subsequence, v. converges strongly to 1 in L*((0, L)) and
u. converges strongly in L*((0,L)) to a function w € BV((0,L)). The pair (u,1) is a
critical point of the Mumford-Shah functional. More precisely, there is a finite number of
points Xo < X7 < -+ < Xj, < Xpyq € [0, L] with Xg =0 and X1 = L such that the limit
function u of u. solves the following equation on each interval (X;, X;11)(0 <1 < k):

Before stating our next result, it is convenient to introduce the following definition
whose motivation will be given in Section 3.3.

Definition 2.2 Let xz. € [0, L] be a critical point of v.. We say that x. is a v- jump if
v.(z.) < Ce'/? for some positive constant C independent of ¢. We will say that x is a limit
of v-jumps (or a limiting v-jump) if it is a limit of a family (z.) of v-jumps as € — 0.

The second result concerns the convergence of various terms of the Ambrosio-Tortorelli
functional (2.1):



Theorem 2.3 If u. — wu, a critical point for the Mumford-Shah functional, as given in
Theorem 2.1, and if xq,--- ,x; are corresponding limits of v-jumps associated with (ve, u.)
(see also Definition 3.11 and Proposition 3.12), then

e The limit measure of (n. + v2)(ul)*dx is (u')*dz where v’ denotes the approzimate
gradient of u; in fact, (n. + v2)(ul)? converges weakly in L'((0,L)) to (u')?;

3]

o The limit measure of e(v.)?dx, which is also that of (1 —v.)*/edx (i.e., there is equi-
partition of the energy), is a finite sum of Dirac masses at the x;’s.

Remark 2.4 As can be seen from the proof of Theorem 2.1, {Xy,--- , X} C {1, , x;}.
It follows from the fact that u can be discontinuous only at limiting v-jumps, but it does
not have to be.

2.1 Ingredients of the Proofs

Let us say a few words about the ingredients of the proofs. The difficulties in establish-
ing the convergence result in Theorem 2.1 come from the smallness of v.. In the regions
where v, is small, the limit function u of u. can be discontinuous. We need to prove the
vanishing of u" at both sides of the points of discontinuity of u. To do this, we introduce
the quantity F. in (3.5), which is in some sense an approximation for the derivative u; of
Ug. Its limit function F' is smooth and the proof goes about relating the smoothness of u
to the value of F' at each point in the interval [0, L]. This will be done in Section 4. In the
course of the proof, we also use the gradient estimates for v. and u. that can be derived
from the balance law (3.3).

For the proof of the equi-partition of energy in Theorem 2.3, we exploit the positivity
of the discrepancy measure (@ —€ |U;‘2) and the closeness to 1 of v. away from the
v—jumps. The latter ingredient, to be made precise in Proposition 3.12, is based on the
maximum principle and precise estimates on the values of v, at its critical points established
in Lemma 3.8.

2.2 Open questions

In this section, we list several open questions left from our study. In the Dirichlet
case, we proved in Theorem 2.1 in [13] that critical points of Ambrosio-Tortorelli not
only converge to critical points of the corresponding Mumford-Shah functional but also
to very special ones: only critical points with jumps that are symmetrically located on
the interval of study can be obtained through the limiting process. In other words, in the
Dirichlet case, the Ambrosio-Tortorelli approximation acts as a selection mechanism for
the Mumford-Shah functional. In our case with the fidelity term, it is not clear whether
this is still true. If it is, then the next question is: what is the selection mechanism?
Question 1. Is there any selection mechanism for limiting critical points of the Ambrosio-
Tortorelli functional with fidelity term? When w is discontinuous at X € [0, L], is it true

that %“(X*) = g(X)?



In Lemma 3.5, we prove that 0 and L are local maxima of v. on [0, L] and the values

v:(0),v-(L) are nearly 1. It is not clear if v-jumps (critical points of v. at which v, is close
to 0) can accumulate to these boundary points. This leads us to the following
Question 2. Is there any limit of v-jumps at the boundary of the interval [0, L]?
More generally, one can ask: given the limiting fidelity term ¢ and a uniform energy bound
C, does exist a positive constant § = §(g,C) such that the distance between any local
minimum and local maximum of v, is at least 67 In the Dirichlet case in [13], due to the
symmetry property of v, the answer is positive.

In order to evaluate precisely the energy Al (u.,v.), one might also ask
Question 3. Do we have single-multiplicity? i.e., does the limit of the weights of £(v.)2dx
at each z; equal to 17

Another question, which is related to Remark 2.6 in [13], is whether u is discontinuous
at every limiting v-jump. In other words, we may ask
Question 4. Is it true that {Xy, -, Xp} = {21, -+, z,;}7?

Finally, in the proof of equi-partition of energy in Theorem 2.3, we used the weak
convergence of g. to g in H*((0, L)). In general, we can ask
Question 5. What are the minimal convergence hypotheses on g. — g that are needed?

Acknowledgments: The author is grateful to Professor Sylvia Serfaty for her encouragement,
support and insights during the preparation of this paper. Thanks are also due to Professor
Gilles A. Francfort for his constructive comments. The author would like to thank the
referee for his/her careful reading, comments, criticisms and useful suggestions.

3 Preliminary estimates

3.1 Classical a priori estimates

In this section, we establish a few canonical estimates that will prove instrumental in
the proof of Theorems 2.1, 2.3. These estimates are completely standard but we include
their proofs for convenience of the reader.

First, it follows from the assumptions on g. and the embedding H'(0, L) — C([0, L])
that
(3.1) ‘

9e

L2(0.0) <C, and ||g€||L°°(0,L) <C

For now, we prove some elementary estimates on the critical points (u.,v.) of (2.1),
which, by the way, are smooth by elliptic regularity.
A first result is a maximum principle for v. and u., namely,

Lemma 3.1
0<ve <1, [Juellog < lgelloe <C.



Proof. The proof of the inequality 0 < v. < 1 is exactly the same as that of Lemma 3.1
in [13]. Therefore, we only need to prove the inequality for ..

Multiplying both sides of the second equation of (2.4) by (u. — [|¢:]|.,)" = max(0, u. —
9:l,) and recalling the Neumann boundary conditions on u., we get

/O (e + ) (e — gl )t = / Atz — g2) (e — [lg:1.)"

This equality can be rewritten as

L

(3.2) / (e = Ngelo) ) (e + 02 (e — gell )t = / Ate — g2) (s — [lg:l0)*

The left hand side of (3.2) is nonpositive. Thus

L
/O Atz — o) (ue — llgell )t <0,

showing that (u. — [g-]..)* =
Multiplication of the second equation of (2.4) by (u-+|gc|| )~ = max(0, —(ue+||g:||..))
would yield the other inequality for u.. O

Next, we establish the convergence properties of the pair (u.,v.).

Lemma 3.2
v, — 1, strongly in L*((0, L)),

and, modulo extraction,
ue — u € BV((0,L)), strongly in LP((0, L)), for any p € [1,00).

Proof. The energy bound (2.5) immediately implies the first convergence. Together

2

with the bounds obtained in Lemma 3.1, it also implies that u.(2v. — vZ) is bounded in

BV ((0,L)). Now let p € [1,00). By the compactness of BV ((0,L)) into LP((0,L)) (see
[11]), a subsequence of u.(2v. — v?) converges in LP((0,L)) to u € BV((0,L)). Because
e — u = (ue(20. — v?) — u) + u.(1 — v.)?, the strong convergence of u. to u in LP((0, L))

follows. O
In the present context, we have the following Noether- type balance law

Proposition 3.3

/

33 {5 (P - e - e -0 | = gl - 00



Proof. The left hand side of the previous expression also reads as

(/UE — 1)7); ron D)
A = o T el - v, (u,)
’ " ) Ve —
= Us(_gvs - UE(“’E) +

— (02 + nucu, + Aue — g:)(u. — g.)

1 I 1" ! i
) - (Ug + nE)usus + )\(UE - gE)(us - gs)

€

c(u2)?) — (02 + ne)ucu, + e — g2) (u; — g.)
—u_[u (ne + v2) + 2veviu] + Mue — ) (u; — g.)
—u_[u(ne +v2)) + Mue — ge) (uz — g.)

= —A(ue — go)us + Mue — g-)(u. — g.) = —Ag.(ue — ge).

Ao = —v.(2u.(u.)?

The first and second equation of (2.4) then imply that
(

[

[ 2

O
This proposition is key to the following gradient estimates

Lemma 3.4 There exists a positive constant C independent of € > 0 such that for e > 0
sufficiently small

The above proposition also plays a crucial role in the following boundary value estimates
whose proofs will be given in the next subsection.

i <

) £

Lemma 3.5 For ¢ sufficiently small, we have
v:(0),v-(L) > 1/2.

Furthermore, 0 and L are local mazima of v. on [0, L].

Proof of Lemma 3.4. For any = € (0, L), integrating (3.3) from 0 to x, and using the
last two equations of (2.4), we get

!’ /

B4y (LN o 20 wl(@) — @) + Mue() — g:(2))?
2 15

’

- (% + Au(0) - gg(o)>2) + /0 A e (t) ~ (0.

Rearranging, we obtain

et < 5 (A a o) - %@W)+Aﬂgwwwwvﬁ»ﬁ

9
11
< S H A gllZ) +

<
2°¢ -

Jue — g€||L2(0,L)

/ C
G g

L2(0,L)

for & > 0 sufficiently small. Therefore, the L>-estimate of v_ follows. g
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Remark 3.6 Note that, on a compact set K away from the limiting v-jumps, we have the
uniform estimates

<Cgk
Lo ()

!/
/U€

where Cx is a constant depending only on K. This estimate follows from Proposition 3.12
and Lemma 5.6.

3.2 Approximate slopes

In the sequel, it is convenient to introduce the following
Notation. Let

/

(3:5) Fe(z) = u (z) (e + ve(2)*) = / Aue(t) = g=(t))dt.
0
From (3.1) and the bounds in Lemma 3.1, we have the uniform bound on F.

(3.6) [Fell e <€

and the convergence results in Lemma 3.2 imply that F. converges uniformly to F' on [0, ],
where

(3.7) Flz) = /0 " Mu(t) — g(t))dt.

Remark 3.7 F. is a function analogous to the constant c. in our previous paper [15]. It
1s formally the slope u; of the function u.. The limit values of F. at v-jumps are closely
related to the limit values of c.. On the other hand, if x is a limiting v-jump and u is not
continuous there, then Theorem 2.1 requires that u'(x) = 0, which suggests us to prove that
F(x)=0.

Proof of Lemma 3.5. Assume that v.(0) < 1/2. Let x > 0 be a critical point of v.. This
set of z’s contains L and is thus not empty. Then, rewriting (3.4) and using the definition
of F., we have

(1=v(2)? = (1-v(0)*  F(a)
€ Ne + vZ(z)

= A () — go(2))? + Mue(0) — g(0))% — / "N (1) (ua(t) — g ().

(3.8)

The bounds (3.1) imply that the left hand side is bounded. This fact, together with
the uniform bound on F., shows that for e sufficiently small, v.(z) < 2/3. This, in turn,
implies that

3.9 M. = () < 2/3.
(3.9) 533’2}”(@ /
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However, without any assumption except the energy bound (2.5), we can estimate M, from
below via the following inequalities

CZ/OLU_—U&)QZ/OLU—ME)Q:L(l—M5)2‘

9 9 9

Thus, M. > 1 — Cy/e. This is a contradiction with (3.9). Therefore v.(0) > 1/2. Similarly,
ve(L) > 1/2.

Because 0 is a critical point of v, on [0, L] with v_ (0) = % < 0 by the maximum
principle from Lemma 3.1, it is a local maximum for v. on [0, L] and, similarly, so is L. [

The next lemma gives more precise estimates on the values of v, at its critical points.
Though rather simple, they will turn out to be very useful for the proofs of Proposition
3.12 and Theorem 2.3.

Lemma 3.8 There exists a positive constant C independent of € > 0 such that if x is a
critical point of v. then, either

(3.10) v(z) < CVe

(3.11) ve(z) = v-(0) + O(e) > 1 —Cy/e.

Proof. Let = be a critical point of v.. Then (3.8) holds. Multiplying this identity by
(0 + (vo(z))?) and using (3.6), we see that "E+U;(”C)2 (1 —v.(2))* = (1 —v.(0))?) is bounded,
ie.,

e + v.(z)?

€
If v.(z) < 1/4 then, from the inequality v.(0) > 1/2 in Lemma 3.5, we deduce that 775“’8—8(“7)2
is bounded. Therefore, v.(x) < Cy/e.
On the other hand, if v.(z) > 1/4 then [(1 — v.(z))? — (1 — v.(0))?]/¢ is bounded (by C).
Using the inequality |a® — b?| > (a — b)? for a,b > 0, we find that

(ve(2) = 0(0))* < [(1 = ve(2))* = (1 — v(0))?| < Ce.

(3.12) (1= ve(2))? = (1 —:(0)%] <C

Consequently,

ve(2) = v:(0) + O(Ve).
This shows, by choosing x to be the maximum point of v., that v.(0) is nearly maximal:
it is the maximum value of v. up to Cy/e. Now, recalling the estimate for the maximum
value M. of v. in the proof of Lemma 3.5, we have

v:(0) + O(Ve) = M: 21— Cy/e.

and the proof of (3.11) is complete. O
Relation (3.11) is crucial in establishing the following result:
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Lemma 3.9 For all x € |0, L], we have

(1_'08)2_ 2 N2 ()2 2
(3.13) . (ne +v2)(u.)” —e(v)” + AMue — g:)7| <C
and
(3.14) Foa.| < g

Proof. From (3.4), it suffices to show that w is bounded. From the relation (3.11),

we find that 1 > v.(0) > 1 — C+/¢ and hence the boundedness of —(1_”2(0))2.
From (3.13) and the gradient bound of Lemma 3.4, the inequality (3.14) follows easily. [

Remark 3.10 Inequality (3.13) gives a uniform bound for the generalized discrepancy
measure

(1—v.)?

de(z) = = (e +02)(u2)* — () + Aue - ge)”.

Its analogue in [13] is a constant, uniformly bounded in .

3.3 Definition of v-jump
Inequality (3.10) motivates the following

Definition 3.11 Let z. € [0, L] be a critical point of v.. We say that z. is a v- jump if
v.(z2) < Ce'/? for some positive constant C independent of ¢. We will say that x is a limit
of v-jumps (or a limiting v-jump) if it is a limit of a family (z.) of v-jumps as € — 0.

An important fact in the proofs of the main results is that v-jumps accumulate at only
a finite number of points, as stated in the following

Proposition 3.12 There is a finite number jof points on [0, L], denoted by w1, ....,z;,
where 0 < 1 < --- < x; < L, that are limits of v-jumps. For any compact set K C
0, L\{x1, .., z;}, there is a positive constant Cr depending only on K such that for all
small, we have v.(x) > 1 —Cge Vo € K.

Proof. Let z be a limit of v-jumps, i.e., there exists z. such that z. — z and v.(z.) < Cy/z.
Fix § > 0. Then for ¢ sufficiently small, z. € Is = [x — 6,z + 0]. Let T, be the maximum
value of v, on Is5. Then, the easy estimate

CZ/IMZ/Iﬂzz—(S(l—TE)Q

9 9 9

gives

T. > 1—Cy/e/é.
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Let y. € Is be such that v.(y.) = T. and without loss of generality, assume that y. > x..

We can estimate
Ye )
> / (2v. — v?)
Te

/ 1—v,)? ve
/e(@uﬂ > / 5
Is € Te

= [20(y.) — (Us(ys)>2] — [2ve(z.) - (Us(x€>>2] >1-Cye.

This inequality in a small neighborhood of a limiting v-jump is crucial in proving the
finiteness of limiting v-jumps. Suppose that there is an infinite number of them x, zo, - - -.
Then, given a uniform bound C < oo on the energies Al (uc,v.), we choose N > 2C + 10.
We cover each point z; (i = 1,---, N) by a small neighborhood I; 5 for § sufficiently small
such that ;s N I;s =0 if i # j. Thus,

U;(l — V)

N
/ 1—wv.)?
C > A(uyv) = > :/ s(va)u% > N(1—CvE)>N/2>C
i=1 Y 1is

for € sufficiently small. This is a contradiction and hence the proof of the first statement.

Now, we prove the second statement. We start with the following
Claim. Fix a positive number o < 1/2. Then, for any compact set K C [0, L]\{z1, .., z;},
we have v.(z) > 1 — e* Vo € K when ¢ is small.

We argue by contradiction. Suppose that there exists a compact set K C [0, L]\{z1,--- ,z;}
such that for all n € N, there exist ¢, < 1/n and z, € K with the property that
Ve, () < 1 — €% After extracting a subsequence, we can assume that x, — z € K.
Let 6 = smin{lz — ;] : 1 <@ < j}. Consider the intervals Is = [z — 6,z + 6] and
I =[x — 20,2 + 26]. Then, Ios N {x1, - ,2x} = (. For n sufficiently large, =, € I5. As
in the proof of the first statement, there exist y, € [z, — 0,x,) and z, € (x,,z, + I
such that ve, (yn), v, (2n) = 1 — Cy/e,/0. We were able to choose y, # x, because
Ve, () < 1 —¢e% < 1—Cy/e,/0, due to the fact that a < 1/2. Similar arguments for
the inequality z, # x,. For n sufficiently large, [y, z,] C [z, — J, 2, + 0] C Izs. In each
interval I,, = [yn, 2,], there must be a minimum point ¢, of v, such that ¢, ¢ {y,, z,} and
Vg, (tn) < ve, (2n) <1 —€ < 1—C,y/E, for n sufficiently large. Therefore, by Lemma 3.8,
ve, (tn) < Cy/E,. In other words, ¢, is a v-jump. Because t, € [z — 26,2 + 2] C K, we
can assume, after extraction a subsequence, that t, — t € K. This means that K contains
a limiting v-jump. However, this is a contradiction with the definition of K and the z;’s,
completing the proof of the Claim.

Now, we employ the maximum principle together with the lower bounds on v. estab-
lished in the Claim to complete the proof of the second statement. Indeed, choose larger
compact sets K; C Ky C [0, L]\{z1,---,z;} such that K C K, dist(K,0K;) > 0 and
dist(K1,0K5) > 0. Choose ¢ sufficiently small such that v.(z) > 1 — /4 Vo € K. Now,
consider a smooth function ¢ € C®(K,) such that 1 — /4 < ¢ < 1 — ¢1g/2 in Ko,
§=1—-ce/2in K, and £ = 1 — &Y% in K,\K;, where ¢, is a positive constant to be
chosen later. Assume that infgv. < 1 — cie. Let h. be a function defined on Ky by
he = v. — &. Then, the function h. satisfies h. > 0 on 0Ks, infyx h. < —cie/2. Thus,
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h. has an interior minimum point at, say, ro € Ky. At xg, one has v.(z) > 1 — /4,
h. = v.(z9) — &(x0) < —c16/2 and
0 <eAh(zg) = eAv.(xg) —eA&(x0)

Ve (o) —

L cAe(m)
h(xo) + &(z0) — 1
19

= e (0) (ug(20))* +

Ve () 2
= U0 (B ()2
(0 + a2
c4 —c1e/2+1—ce/2 -1

5
< C—c +esup|AE].
K>

— eA&(zo)

IN

+ e |A¢(zo)]

However, the last term is negative provided that ¢, is large enough. Thus, one must have
ve(xz) > 1 — Cge Vo € K as desired. O
A simple consequence of the bound (3.6) and Proposition 3.12 is the following

Lemma 3.13 Introduce, if necessary vo = 0 and xj1 = L. Then, on each interval
(i, 2:41)(0 < i < 7), the limit function u solves the equation

1

u = AMu—g).

If v(x) > 6 >0 for all x € [0, L] and € > 0 then the limit function u solves the following
equation on (0, L)

’

u (L) =0.

IS
—

(e
N

Il

Proof. We first prove the second statement. Suppose that v.(z) > § > 0 for all x € [0, L]
and £ > 0. For all ¢ € C*(0, L), one has from the second and third equations of (2.4)

(3.15) /0 ) —u (0. + ve(2)?)’ = /0 ) Mue — go)¢.

From (3.6), we deduce that u_ is bounded. Thus u. is bounded in H'(0,L) and, up to
extraction, weakly converges to u € H'(0, L). Now, letting ¢ — 0 in (3.15) yields

L L
/ —up = / Au— g)p Vo € CH(0, L)
0 0

This is equivalent to what is needed to establish.

We now prove the first statement of the lemma. Let K be any compact set of (z;, x;11).
Then, by Proposition 3.12, there is §x > 0 such that v.(x) > dx > 0 for all x € K and
e > 0. Now, we argue similarly as above, with ¢ € C}(K) to conclude that u satisfied the
equation u” = \(u — g) on (2, i11). O
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4 Proof of Theorem 2.1

In this section, we prove Theorem 2.1. It will follow from the characterization of points
of discontinuity of u in Lemma 4.1 and the relation between u and F when F' does not
vanish, as stated in Lemma 4.2.

Lemma 4.1 Let xg be an arbitrary point in [0, L]. If u is discontinuous at xq then F(x¢) =
0.

Lemma 4.2 Let x be an arbitrary point in [0, L]. If F(x¢) # 0 then u is differentiable at
xo and u' (20) = F(x0).

Proof of Theorem 2.1. By Lemma 3.2, after extracting a subsequence, v. converges
strongly to 1 in L?((0,L)) and w. converges strongly in L*((0,L)) to a function u €
BV((0,L)). We now prove that the pair (u,1) is a critical point of the Mumford-Shah
functional.

Let X7 < -+ < X}, be all points of discontinuity of u in (0, L). By Lemma 3.13, we
know that & is finite and X; € {x1,--- ,x;} for all i € {1,--- | k}.

Now, fix i € {0,---,k}. We have to prove that u" = A(u — g) in (X;, X;;1) with
Neumann boundary conditions. First, we claim that F(X;) = 0 for all [ € {i,i + 1}.
Indeed, if X; is a discontinuity point of u in (0, L), then, from Lemma 4.1, we know that
F(z;) = 0. Otherwise, X, is a boundary point of [0, L] and hence F(X,;) = 0 because
F(0)=F(L)=0.

Consider the case where F' does not vanish in (X;, X;,1). Then, by Lemma 4.2, v =F
in (X;, X;41), but F' = Au—g). Thus v = Mu— g) in (X;, X;41). The Neumann bound-
ary conditions follow from fact that F(X;) = F(z;41) = 0 and the continuity up to the
boundary of u'.

The case F' vanishes inside (Xj;, X;41) is more involved. It is rather easy in the case
where F' vanishes at only a finite number of points inside (X;, X;11). In this case, the
argument is as follows. Without loss of generality, we can assume that F’ only vanishes at
Y. Then, we can prove that u solves u" = A(u — ¢g) with Neumann boundary conditions
on each interval (X;,Y) and (Y, X;;1). Because u is continuous at Y with zero derivative
there, it solves the desired equation on the whole interval (X;, X;.1).

The general argument makes use of Lemma 3.13 and the assumption, which will be
justified below, that F' is not identically zero on any subinterval in I = (X, X;,1). There
are two cases.

Consider the first case where there are no limiting v-jumps in (X;, X;41). Then Lemma
3.13 tells us that in I, v" = A(u — g). Thus, in I, " = F + ¢ for some constant c.
Because F' must be different from zero at some point X in I, we have by Lemma 4.2,
u' (X) = F(X) and hence ¢ = 0. It follows that v = F in I and as above, we must have
U(XZ) = Ul(Xi_,_l) =0.

Now, we consider the second case where there are some limiting v-jumps in /. We only
need to consider the case where there is only one limiting jump point X in I. Arguing as in
the first case, one has ' = F in (X;, X) and ' = F in (X, X;41). Because u is continuous
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at X with the same derivative on both sides of X it solve the equation u" = A\(u — g) on
the whole interval (X;, X;;1). Now, the Neumann boundary conditions easily follows.

Now, we indicate how to remove the assumption that F'is not identically zero on any
subinterval in [ = (X;, X;11). Note that in the previous arguments, what is needed is the
fact that «' = F between two consecutive limiting jump points x; and z;,,. We show how
to get this identity in the case F' vanishes identically on J = (x;,2;41). In this case, we
must have v = ¢ on J and by Lemma 3.13, we have u" = 0. Therefore, u, and hence g, is
a linear function on J. On the other hand, on any interval K = [y, z] C J, we have v, > 1,
by Proposition 3.12. Because F.(z) = u_(2)(n. + v?(z)) = F(x) = 0 on K, we find that
u_(r) = 0 on K. Thus, by lower-semicontinuity,

ué(a:)‘da:Z/}JDu\,

implying that u is a constant on K. By its linearity on J, u is also a constant on J.
Therefore, on J, we have u' = 0 = F, as desired. U

0 = lim inf
e—0 K

Remark 4.3 The above proof also shows that, for all x € [0, L], one has F(z) = u'(x).

The remaining part of this section is devoted to the proof of Lemmas 4.1 and 4.2.
Proof of Lemma 4.1. Assume by contradiction that wu is discontinuous at xg but
|F(z9)] = o > 0. Note that, by Lemma 3.13, zy must be a limit of v-jumps. This
means that there are a.s converging to xq such that v.(z.) < Cy/e. Our proof, like in [13],
is then based on the estimate on the size of the set {v. < M./e}, for M large enough.
Because F.’s are Lipschitz and converge uniformly to F', we can choose positive numbers
g9 and dq sufficiently small so as to have, for all § < 4§

(4.1) |FL ()] > % Ve < g0,V € I5 i= (2o — 8,20 + 0).
Recalling u_ = F./(n. + v?), we rewrite the first equation of (2.4) as
" 6F2 £ - 1
—ev, + el = =0.

Integrate this equation over K. 5 := {v. < M+/e} N I; to obtain

1" F2 - 1
(4.2) / ev.dr = / UE—EQde + / i
Ke’(; KE,(; (n5 + Us) KE’[; €

We now claim that

(4.3) The number of connected components of K, s is bounded by Ce~'/3.

On each connected component (a;,b;) of K. 5, we obtain, by virtue of the gradient
bound of Lemma 3.4,

b;
/ av;' = ’5’0;(51') —ev.(a;)| <C.
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Then, with (4.3), the left hand side of (4.2) is bounded from above by Ce~'/3.
Next, we estimate the size of K.s5. Recall from Lemma 3.9 that |FLu.| < € on [0, L].
This gives

F2(z)
Fe(z)u(z)

(af2) o
Cle C

(4.4) ne +vi(z) = > Svre K. ;.
It follows that, for € sufficiently small, v?(z) > n., Vo € K.s. Thus, by (4.1), the right
hand-side of (4.2) is bounded from below by

C(&/2)2U€dx_ |K€75| Z Ca2 |Ka’5| . |K575| Z COé2 |K375| .
K. s vl £ M3e3/2 £ M3e3/2

a? e . . .

Therefore, for e sufficiently small, Ce~1/3 > %ﬁi/ﬂ, implying in turn that
CAETo

(4.5) K. 5] < T

This estimates combined with (4.1) gives

Ct()-i-(s
(4.6) lim inf lim inf /

6—0 e—0 0—5

Indeed, we split

xo+4 , ,
= ’LLE +
r0—09 K. s Isn{ve>1/2}

We bound each of the terms on the right hand side from above.
The first term Jj. From Lemma 3.9 and the inequality (4.1), we note that, on K. s,

u,| = JE + J5 + JE.

’
uE

u

“
I;N{My/e<v.<1/2}

/
€

So, by (4.5), the first term is bounded by

CM37/0 ¢ CMBeM/o
< —_— =

L>(K.5) ~  a? e« a3

(4.7) I <Kl |

/
U'E

The second term J5. From the energy bound (2.5), it follows that
L 2 2
1— o, 1— o, 1 1
CZ/ Mdxz/ ﬂd:p > / —dr = — [{v. <1/2},
0 € {ve<1/2y € foe<1/2) 4€ de

yielding the estimate

(4.8) [{M /e <v. <1/2} < [{v. <1/2}] < Ce.
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On {M/e <wv. <1/2}, we find that

!

Ug

4.9 = .
(4.9) s R R Ve

Inserting inequalities (4.8), (4.9) into the expression for the second term produces the
following uniform upper bound:

/ C C
4.10 JE < / u‘ < " e
( ) 1 {M\ESUES%} M?2e M?2
The third term J5. It is easy to see that the third term is bounded by
(4.11) J: < / u,| < oC.
Lsﬁ{vszl/Q}
Coalescing (4.7), (4.11) and (4.10) and letting ¢ tend to 0 finally leads to
Tt CM3eY? ¢ C
o < timinpEME” C _C '
11I€IL1()Ilf /;;;05 u.| < hgﬂglf( 3 + e +6C) e +4C

Letting M tend to oo and 0 tend to 0, we obtain (4.6).
We can now complete our proof. Recall from Lemma 3.2 that u. — u in L*((0, L)).
Thus, by lower semicontinuity, one has

i
uE

6—0

zo+0
0 = lim inf lim inf /

6—0 e—0 0—6

zo+0
> liminf/ | Du .
z0—0

o—
This is, however, a contradiction with the assumption that u is discontinuous at zy. There-
fore, we must have F'(zg) = 0 as desired.

It remains to prove (4.3). We will use the lower bound on v. in (4.4). Then, for ¢
sufficiently small, we have on K

. F? —1_Ca? 1
(4.12) evf = —=e e oS 2

TR e T e

Thus v, (z) > 0 if v.(z) < Ce'/3. Note that for € small, M/ < Ce'/3. By (4.12), v, is
convex in each connected component D! = (a;,b;) of K.s5. So, once v. goes above M./e,
it cannot go back down below that value without reaching Ce'/? first. Thus, the number
of such components is certainly no greater than the number of connected component E’
of B, := {M/e <wv. < Ce'3}. To complete the proof of (4.3), it suffices to show that the
number of connected components of E. is bounded by Ce~1/3.

Denote by s! the length of Ei. On each E!, there exist ¢;,d; € E’ such that ¢; < d;,
v.(c;) = M+/z, and v.(d;) = Ce'/3. Then, application of the mean value theorem yields, in
view of the gradient bound on v, in Lemma 3.4, that, for some z; € (¢;, d;),

: 38— M
Ug(Zz‘) = ng—\/E < 9

— C; 9



19

Therefore,
(4.13) st >d; —¢; > Ce(el/? —£V/?),

Next, observe that for e sufficiently small, E. C {v. < 1/2}. Recalling (4.8), we obtain

(4.14) D st < fve <1/2} < Ce.

Combining (4.13) and (4.14) yields the desired bound on the number of connected compo-
nents of E. O

Proof of Lemma 4.2. We will use the same notations as in Lemma 4.1. Because F' is
continuous, there is v > 0 such that F' does not vanish on (xg—~, xo+7). From Lemma 4.1,
we deduce that u is continuous on (xg — v, xo + 7). Because u.(x) — u(z) a.e. x € (0, L),
we can choose 0; — 0 such that u.(zg + 6;) — u(zo + ;) and u.(zo — ;) — u(xe — ;).
Denote I; = (xg — 0;, ko + 9;). As above, assuming |F(zy)| = a > 0, we have

z0+0;
ue(wo + 0;) — uc(xg — ;) :/ u, = / uE—I—/ u5+/ U,
z0—0; Ks,é,i Iiﬂ{M\/Egvggl/Q} Iim{v521/2}
CM3e/6 C ,
= O(T) +0(32) +/IUEX{U8>1/2}'

Because u_(r) — F(z) a.e z € (0, L) and X{%Z%}(az) — X(o.0)(x) a.e x € (0, L), it follows
that w(x) := u;(x)x{vszé}(x) — F(x)x(0,0)(x) a.e. € (0,L). On the other hand, for all
z e (0,L),
_ ()]
= @

Hence, by Lebesgue’s dominated convergence theorem,

/U;X{Uszug}:/U)EdZL’—>/FX(07L)dZE.
I; I; I;

We let € tend to 0 and M tend to oo and obtain

Vo1 (@) S 4|E(0)] <C.

xo+6;

w(zo +6;) —u(xg — 9;) = / F

x0—0;

and the result follows. O

5 Proof of Theorem 2.3

In this section, we prove Theorem 2.3. Its proof is divided into several subsections for
the clarity of presentation. In subsection 5.1, we prove the first part of Theorem 2.3. The
proof of the second part will follow from subsections 5.2 and 5.4.
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5.1 Convergence of the Dirichlet energy

We first prove that the convergence result in Theorem 2.1 implies the nonconcentration
of the energy density (7. + v?)(ul)? in the limit:

Lemma 5.1 The limit measure of (n.+v?)(ul.)?dx is ((u')?) dx where v is the approzimate
gradient of u.

Proof. Let ¢ € C*°(0, L). Consider

L L
(5.1 1) = [ o+ [ Ralpds
0 0
Integrating by parts and using the zero boundary conditions on F., we get
L ! L / / L ’
L) =~ [ (PeYu = [ (Flos Fhudo == [ (Mu = 9o + By ue
0 0 0
Now, letting € — 0, we have
L !
(5.2) lim 1.(i7) = _/ <)\(u — 9o+ Fo ) .
E— 0

Now, using Theorem 2.1, we will show that the right hand side, I(¢), of the above equation
is fOL ((u")?) pdx. Indeed, we decompose

1e) = = [ Mu=gu@iplo)is +

i1

- / UM - gula)plade + Z / X ~Fugdz.

For each i € {0,1,--- , k}, we use integration by parts again, recalling that «" = A(u — g),
u = Fon (X3, Xi1), and v (X;) = ' (Xi1) = F(X;) = F(Xiy1) = 0. Therefore,

Xit1 , Xit1 , , Xit1 ,
I = / (Fu) pdr = / (Fu+ Fu)pdr = / (/\(u —g)u+ (u )2> odz.

X X; X;

Thus,

(5.9 () = Z / Tm((u’)z)so = [Ty

Note that (u')? makes sense in each interval (X;, X;41) and equals zero on end points X's
by Theorem 2.1. O
Now, we improve the above convergence result to that of weak L'(Q).
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Lemma 5.2 (1. + v2)(ul)? converges weakly in L'((0,L)) to (u')?.

Proof. For each positive integer k, set By = U [z; — £.%; + 1]. Then

0
|Ek|:?j—>0, as k — oo.

From the convergence result in Lemma 5.1, we deduce that

!

(5.4 s [ (02 o) < JRGRE

€ B,

for each k fixed (cf. Theorem 1, p. 54, [11]). On the other hand, Proposition 3.12 and
Remark 4.3 show that

F? ’
(5.5) (e +v2) ()" = =55 = 7 = (u)” on [0, L\E.

Now, let ¢ € L>((0, L)), l[¢ll 1o ((0,r)) < 1. Using (5.4) and (5.5), we have, for each fixed k

lim sup
€

[ (o200 - 07) o

< lim sup ‘/ ((7}E + vf)(u’e)2 — (u’)2) wdx
€ [0,L\Ex

< 2/ (u')?dx.
Ey

Now, letting £ — oo, we see that the right hand side of the above inequality goes to zero
and the assertion follows. O

+ lim sup
€

(e 02 = @) e

5.2 Nonconcentration of energy away from v-jumps

We next establish that there is no concentration of energy for the two terms e(v.(x))?
and (1 — v.(x))?/e away from the limiting jump points @1, - - , z;.

/ (5(1}2(9&))2 +(1— UE($))2/€) dx < Cge'/?,
K
where Cx may depend only on K.

-----

Let Us := Uj—1..._j(x) — 6,2 + d) and let us denote V5 = [0, L] \ Us. Consider A, := {z €
[0,L] : v.(z) < 1 —e'/4}. Then, for ¢ sufficiently small, we have by Proposition 3.12

(5.6) VsN Az = 0.
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Because K C [0, L] \ Us = V4, it suffices to prove that
(5.7) / (e(0(@))® + (1 — va(2))?/) d < Cxe/™.
Vs

Multiplying both sides of the first equation of (2.4) by v. — 1 and integrating over Vs, we
get

" N (ve(z) — 1)?
(5.8) —ev_ () (ve(x) = Ddz+ [ v(z)(u.(x)) (ve(z) = 1)dz+ | ———dzx =0.
Vs Vs Vs <
Note that Vs is a union of a finite e-independent number J (< j + 1) of intervals on [0, L]:
Vs = Up=y,s[a”, b*]. Now, integrating by parts the first term of (5.8), and rearranging,

one obtains

59 [ (st D) e = 3" e (@00 — 1) — e onla) ~ )
" /V ()P0 (2)(1 — ve()) e

By the definitions of A. and Vs and (5.6), we have |1 —v.| < ¢/ on V5. Furthermore,
from (3.6), we deduce that u_ is bounded on Vs. Combining this fact with the gradient
bound for v. in Lemma 3.4 yields that the right hand side of (5.9) is bounded from above
by Crel/* for some constant Cx which may depend only on K. Hence the desired result
stated in (5.7) follows. O

Remark 5.4 The previous lemma shows that the measure limits of ¢(v.(z))? dz, and of
(v-(x) — 1)*/e dx are Dirac masses concentrated at x1, ..., ;.

Remark 5.5 The above proof is very similar to that of Lemma 6.1 in [13]. If we use the
2

positivity of the discrepancy measure %

Proposition 3.12, we get a stronger estimate

—e(v.(x))? in Lemma 5.6, then, also from

/K (e(@l(2))* + (1 — v-(2))*/e) da < 2/ (1 —v.(x))?/edr < 2|K|Cke.

K

5.3 Positivity of the discrepancy measure

We now prove the positivity of the discrepancy measure M — £(v.(z))? which is
crucial in the proof of the equi-partition of energy in Lemma 5.7. Its positivity played a
central role in establishing the equi-partition of energy in our previous paper [13].

Lemma 5.6 For allx € [0, L], D.(z) := M —e(v.(x))? > 0.
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Proof. If x is a critical point of v. then clearly D.(z) > 0. Suppose that x is not a critical
point of v.. Then z lies between two consecutive critical points 2° and z' of v.. Because
there is no other critical point between z° and x!, v.(x) must lie between the two values
v.(2°) and v.(x'). We can assume that v.(z°) > v.(z) > v.(z'). Because

i

VO L)) = —20) (@) () ()

(D-(2))’ = 20} () (22

we can integrate (3.3) from z° to z to obtain

0 £

D.(x) = D.(z") + / "Dty dt = L) / o).

Zo

If 2° < z then v, is decreasing in [2°,2]. Thus v_(t) < 0 for all t € (2°,2) and hence the
positivity of the right hand side of the above equation. If z° > z then v, is increasing in

[z, 2°], and because
0

D.(x) = w - /w 2(u.) v, ..

we also have the positivity of D.. O

5.4 Equi-partition of energy
We are now ready to establish the equi-partition property of energy

Lemma 5.7

L
(5.10) lir% le(vl(z))? — (ve(x) — 1) /e| dw = 0.
E— 0

Proof. Let K be a connected compact subset of [0, L|\{z1,--- ,z;} with |K| > 0. Let zf
be a global maximum of v. over K. Then, from Proposition 3.12, one has for € small
(5.11) ve(xf) > 1 — '/t

After extraction a subsequence of €’s, = converges to zg € K. Set § := 1/4miny— __; dist(zy, K).
Then
(512) K1 = [l’o-&l’o-f-é] - [0, L]\{l‘l, ,(L’j}.

Using the conservation law (3.3), we find that for all x € (0, L)

(5.13) Du(e) = el () ~ Auele) — gu(o))? + 2O oot a2

+ Mue(w5) — g:(25))* — Fe(af)uc(af) + / —Ag.(t)[u(t) — g-(t)]dt

1>
o
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Observe that, by Lemma 3.9, we also have

!

De(z) = Fx(z)uc(w) — Mue(7) — g:(2)) + de(2)

where ||dc|| oo (o)) < C. 1t follows from Lemmata 5.1 and 3.2 that D.(z) conveges in the
weak sense of Radon measures to D(z). We are going to evaluate D(x) by passing to the
limit the right hand side of (5.13) in the weak sense of Radon measures.

* The first term F.(2)u_(x), by Lemma 5.1, converges to (u')?.

* The second term —\(u.(z) — g.(x))?, by Lemma 3.2, converges to —A(u(z) — g(z))? in
L3(0,L).

* The third term M, by Proposition 3.12, converges to 0.

* The fifth term A(u.(x§) — g-(x§))?, by the local maximality of v. at x§, converges to
Au(o) — g(o) . Indeed, we write ge(25) — g(x0) = ge(25) — e (%0) + 6 (o) — g o). The last
term g.(zo) — g(xo), by the weak convergence g. — g in H'((0, L)), converges to 0. So does
the first term, because it is bounded by Hg;”m([xgm]) |25 — o|"? < C a5 — 0|"*. On the

other hand, for the function u, we also write u.(x) —u(zo) = u.(2§) —ue (o) +ue(zo) —u(xo).
Note that, for ¢ sufficiently small, [x§ — 0, 2z§ + 0] C Ky C [0, L\{z1,--- ,z;} and v.(x) >
1 —e'*in [25 — §,25 + 6] by Proposition 3.12. Thus, from (3.6), we deduce that u_ is
bounded in [z] — 6, x5 + 6]. Now the arguments are similar to those for g.

* The sixth term —F.(x5)u. (2§) converges to —(u (0))?. Indeed, from (5.11), we get

e ) = o B (Pla)? = ()

by Remark 4.3.
* The final term f;os —Ag.()[uc(t) — g(t)]dt converges to

/ " ang () (ult) — g(t) = / - gy — 2 / " (8)(ult) — (1))

o zo o

= AMu(z) — g(2))* = Mu(zo) — g(x0))* — 2 /x M (t)(u(t) — g(1))

Zo

Therefore, keeping in mind that the fourth term —e(v_(z§))? of (5.13) is nonpositive, D,
converges, in the sense of Radon measures, to

D(x) < (u'(2))*— (u'(z0))” - 2/36 M (1) (u(t) — g(t))

zo

= (@) — (u (z0))? — 2 / " (1) = 0.

zo

We indicate how to obtain rigorously the last line of the above equation. It is obvious in
the absence of X;’s in the interval [xq, z|. Now, it suffices to consider the case that zo < x
and that there is only one, say X, in [xg,2]. Then, u" = A(u — g) in (29, X;) and (X1, x).
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Therefore,

xT

2 /“’M'@)(u(t)_g(t)) ~ / () (u(t) — g(t)) +2 / X (£) (u(t) — g(t))

_ / 0 () + 2 /X d (1)
(0 (X1))? = (u'(20))* + (u'(x))* — (u'(X))?

’ /

u (2))* = (u (20))*.

Because D(x) < 0 and by the positivity of D, from Lemma 5.6, we must have D(z) = 0.

This completes the proof of equi-partition of energy. O
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