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A VOLUME PRESERVING FLOW AND THE
ISOPERIMETRIC PROBLEM IN WARPED PRODUCT
SPACES

PENGFEI GUAN, JUNFANG LI, AND MU-TAO WANG

ABSTRACT. In this article, we continue the work in [6] and study a nor-
malized hypersurface flow in the more general ambient setting of warped
product spaces. This flow preserves the volume of the bounded do-
main enclosed by a graphical hypersurface, and monotonically decreases
the hypersurface area. As an application, the isoperimetric problem in
warped product spaces is solved for such domains.

1. INTRODUCTION

Let (B™, g) be a closed Riemannian manifold. Let ¢ = ¢(r) be a smooth
positive function defined on the interval [rq, 7| for some ro < 7. We consider
a Riemannian manifold (N1, g) (possibly with boundary) with the warped
product structure,

(1.1) g=dr?+¢%g, r € [ro,7

where § is the metric of the manifold B®. N"*! is naturally equipped
with a conformal Killing field X = ¢(r)d,. Let M be a smooth closed
embedded hypersurface in N"*!, which is parametrized by an embedding
Fy. We consider the following evolution equation for a family of embeddings
of hypersurfaces with Fj as an initial data, i.e. F(-,t) = Fp:

(1.2) %—}; = (n¢’ — uH)v,

where v is the outward unit normal vector field, H is the mean curvature,
and u = (X, v) is the support function of the hypersurface defined by F(-,t).
A hypersurface M is said to be graphical if it is defined by r = p(p),p € B"
for a smooth function p on B". When (B", g) is the standard unit sphere S"™
in R"*! and ¢(r) = sin(r), r,sinh(r), (N"*!, ) represents S"+!, R7+1 Hr+!
respectively. In these special cases, flow (L2]) was studied in [6] in connection
with the isoperimetric problem. In this article, we consider (L.2) in more
general ambient setting of warped product spaces.
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Below are our main theorems.

Theorem 1.1. Let My be a smooth graphical hypersurface in (N1 g) with
n>2 and g in [LI)). If ¢(r) and g satisfy the following conditions:

Ric > (n— 1)K,

(1.3) "2 " -
0<(¢) —¢"¢ <K on ro,7]

where K > 0 is a constant and Ric is the Ricci curvature of §, then the
evolution equation (L2)) with My as the initial data has a smooth solution
fort € [0,00). Moreover, the solution hypersurfaces converge exponentially
to a level set of r as t — oo.

As an application, we obtain a solution to the isoperimetric problem for
warped product spaces. Let S(r) be a level set of r and B(r) be the bounded
domain enclosed by S(r) and S(rp). The volume of B(r) and surface area of
S(r), both positive functions of 7, are denoted as V' (r) and A(r), respectively.
Note that V' = V (r) is strictly increasing function of r. Consider the single
variable function £(x) that satisfies

(1.4) A(r) = &(V(r),
for any r € [ro,7]. The function £(x) is well-defined.

Theorem 1.2. Let Q C N™* be a domain bounded by a smooth graphical
hypersurface M and S(rg). We assume ¢(r) and § satisfy the conditions

(L3) in Theorem [, then
(1.5) Area(M) > £(Vol(R2)),

where Area(M) is the area of M and Vol(Q2) is the volume of 0, and func-

tion & is defined in (1.4). If, in addition to (L3), (¢')* — ¢"¢ < K on [ro, 7]
then “=7is attained in (LX) if and only if M is a level set of r.

Some remakrs are in order.

Remark 1.3. (i) The upper bound condition (¢')? —¢"¢ < K is needed
for the monotonicity properties of the flow, see Theorem [Z.8. In re-
gards to the recent results of of Li-Wang [9], this condition is neces-
sary for solving isoperimetric problems. More details of these condi-
tions can be found in Section[d. Indeed, the condition in this setting
implies the corresponding level set of r is a stable CMC, which locally
minimizes areas subject to the constraint of fixing enclosed volumes.

(i) The lower bound condition (¢')? — ¢"¢ > 0 is needed for the gradient
estimate and this condition is closely related to the notion of “photon
sphere” in general relativity, see more details in Section [3.

(iii) The function A(r) is given explicitly by A(r) = ¢™(r)Area(B™) and
V(r) is characterized by the ODE: % = A(r),V(rg) = 0. To de-
termine the function &, one can first solve r in terms of V and
then plug into the formula of A(r). For example, when n = 1 and
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o(r) = sin(r), we deduce that A(V) = /V(4dr —=V) or &(x) =
Va(dr —z). When n = 1 and ¢(r) = sinh(r), we deduce that
(V) \/V(47T-|—V) or £(x) = \J/x(4m + ).

The hypersurface flow ([2]) is a local flow preserving volume. This seems
to be a novel feature comparing with the known flows in the literature. More
specifically, equation (L.2)) is a pointwise defined parabolic PDE and it pre-
serves the enclosed volume along the flow. To the authors’ knowledge, most
of hypersurface flows in the literature is either local but can not preserve
integral geometric quantities, such as volume, surface area, etc., or after
renormalization, the point-wise DE turns to a PDE which contains some
integral terms. For example, in Huisken’s famous work on mean curvature
flow [7], the original local flow is not volume preserving. If one rescales the
hypersurface so that the volume is preserved along the flow, then an extra
integral term which involves total squared mean curvature and surface area
has to be included. On the other hand, in another paper of Huisken [§], a
volume preserving mean curvature flow was discussed. The definition of this
flow already contains a global quantity related to total mean curvature and
surface area. More details of these comparisons can be found in previous
work [6].

Another advantage of the flow ([L2]) is that the existence and exponential
convergence do not depend on any convexity condition of the domain. This
also seems to be a surprising property for hypersurface flows.

We note that part of the work in this article has been announced on the
PDE workshop at Oberwolfach [5] in 2013.

The rest of the paper is organized as follows. In section 2] we discuss hy-
persurfaces in warped product spaces, and prove a Minkowski identity and
monotonic properties along the normalized flow. In section B, we convert
the flow into a parabolic PDE for a graphical hypersurface and prove the
CP estimate, the main gradient estimate and the exponential convergence of
the flow under conditions in Theorem [LIl In section [l we derive evolution
equations for support function and for mean curvature, then obtain bounds
for these geometric quantities. In section Bl we discuss the conditions im-
posed on the warping function ¢ and also discuss the case when K = 0 in

Condition (L3).

2. A MINKOWSKI IDENTITY AND THE MONOTONICITY

Throughout this paper, we use Einstein convention for repeated indexes.
We use g, g, and ¢ to denote the metrics of the ambient warped product
space N1, hypersurface M", and the base B" respectively. Consequently,
we use V, V, and V to denote gradient with respect to the metrics g, g, and
g respectively. Similarly, we have notations such as Laplacian A, A, and A
in different contexts.
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Let (N"*! ) be a Riemannian manifold with warped product structure,
(2.1) g =ds* = dr? + ¢°3,
where g is the metric of the base manifold B" and ¢ = ¢(r) is a smooth
positive function on (rg,7) for some 7 < co.
Lemma 2.1. Let Y = n(r)0, be a vector field. Then the Lie derivative
of Y is given by Lyg = 2n/(dr? + 77,%(;5257). In particular, the vector field
X = ¢(r)0, is a conformal Killing field, i.e., Lxg = 2¢'(r)g. Moreover,
D Xj = ¢'(r)gij-
Proof. Recall the Lie derivatives for differential forms are

Lydy® = Sl dy®

Ly f= Y(f)
Thus,
Lydr = n'(r)dr
Lydr@dr=2n'(r)dr @ dr.
and

Ly¢*g= 2¢¢'ng
Lyg= 2n'(r)dr®dr+ 2¢¢'ng
= 2n/(r)(dr @ dr + i—n?ngg).
Let n = ¢, then Y = X. The second part of the lemma follows immediately.
O

By direct computations, see for example [I] and [2], we have the Ricci
tensor with respect to the metric g.

Lemma 2.2. The Ricci curvature tensor of (N"*1,g) is given by
(22) Ric= —nZdr?+[(n—1)(K —¢) — ¢¢")j + Ric — (n — 1)K§.

Let M™ C N™*! be a smooth hypersurface in the warped product space.
Under local coordinates on M™", denote by g;;, hij, h; = gikhkj, and H = h!,
the induced metric, the second fundamental form, the Weingarten tensor,
and the mean curvature respectively for 7,7 = 1,--- ,n. We also let o; denote
the [-th elementary symmetric functions of the principal curvatures, i.e., the
eigenvalues of the Weingarten tensor for 1 <[ < n.

We need the following lemma.
Lemma 2.3. Let aéj = % = Hg"l — h¥ be the cofactor tensor. Then the
trace of its covariant derivative is

(2.3) o5 (h); = —Riv,

where v is the unit outward normal of the hypersurface.



WARPED PRODUCT SPACES 5

Proof. In this proof, we will not use Einstein convention temporarily. For
convenience, we use orthonormal coordinates and do not distinguish upper
and lower indexes. By definition of oy, see e.g. [10], we have

(2.4) S0y ()= oF(h)i+ 3005 (h);
= i hug = hiii = 325 Mg

By the Codazzi equation, we obtain

(2.5) hiij — hjii = (R(8;,0;)v,01) = Rjiui,
and
(2.6) hiy — hui = Riy.
Thus,
(2.7) S of(h); = —Ru

O

The following lemma is well-known, for example, can be found in [2] which
follows from Lemma 2.T] and the Gauss equation directly.

Proposition 2.4. Let X = ¢(r)0, be the conformal vector field and ®'(r) =
o(r). Then on a hypersurface M C N"+1,

Oy = ¢'(r)gij — uhij
A® = ng/(r) — Hu,

where u = (X, v), ®;; is the Hessian of the function ®, A® is the Laplacian
of the function ®, both with respect to the induced metric g on M.

(2.8)

By direct computations, we have

Lemma 2.5. Let M™ C N"*! be a graphical hypersurface, which is defined
by a function r = p(p), p € B™. Then

_ 4 K —¢” +¢¢" |Vpl* | A G.) Ll
e | w2| + iy = (0= DKGy) 505

¢
97 Rye, Vi@ = — (n— 1)(K — ¢ + ¢¢") 'O(,u—psf
(2.9)

Vp|?
w3

— (Rij — (n = )Kgy;)
where v = ——2—— (8, — 2:0;) is the unit outward normal vector and
VR T b
e; = piOy + 0; are the tangent vector fields.
Proof. Using Lemma 2.2], we first compute
2
U 1
o +((n—1)(K - ¢”) - ¢¢”)$
. L pipi
(2.10) + (Rij — (n — 1)K9ij)ﬁ'

The first identity of the lemma follows immediately after simplifications.

Ruzx = - (’I’L - 1)(K - ¢/2 + qbqb//)
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Using Lemma again, we have

K — 2 " B ~
#Pi — (Rig — (n — 1)Kgik)£_z-

Combining [B.1]) and (Z.I1), we finish the proof of the second identity. O

(211)  Rye,=—(n—1)

Now we derive a Minkowski identity.

Lemma 2.6. Let X = ¢(r)0, be the conformal vector field and ®'(r) = ¢(r).
Then on a hypersurface M C N1,

(2.12) (n — 1)/ (blaldu = 2/ ooudu +/ Riuq)i,
M M M
where u = (X, V).

Proof. Applying Proposition[2Z4] and contracting the cofactor tensor aéj with
the hessian of ®, we have

(2.13) 0§ ®;; = (n—1)¢'o1 — 209u.

Integrate equation (2I3]) over M and after integration by parts, we have

(n—l)/ ¢/01du—2/ ooudp
M M
= / a;]@ijd,u
(2.14) Mo
= —/ o3 (h);®;
M

= / Ril/q)iv
M

where the last inequality follows from (2.3]). O

Let M (t) be a smooth family of closed hypersurfaces in N" 1. Let F(-,t)
denote a point on M (). We consider the flow (ILZ) in (N"*1, g) where g is

given as in ().

Proposition 2.7. Under flow O,F = fv of closed hypersurfaces in a Rie-
mannian manifold, suppose y is the domain enclosed by the evolving hy-
persurface M(t) and a fized hypersurface , we have the following evolution
equations.

Orgij = 2fhij
(2.15) 81‘,]12‘]: —Viij + f(hz)ij — me'j,, ‘
815]7“{ = _gjkvkvjf - g]kf(hz)ki - ngkRuiku
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Moreover, we have

where A(t) is the area of M(t) and V (t) is the volume of .
Using Proposition 2.7l we obtain the following monotonicity formulae.

Theorem 2.8. Let M(t) be a smooth one parameter family of closed graph-
ical hypersurfaces in N"T1 with M(0) = 0Q which solves the parabolic
equations (L23) on [0,T). Then the enclosed volume is a constant, and if
K — ¢ + ¢¢" > 0, surface area is non-increasing along the flow.

Proof. The proof is a consequence of Proposition 2.7 and the Minkowski
identity from Lemma

V(e = [0~ Hu)duy =0

Al(t) :/(ngb' — Hu)Hdpyg

2n 2n
:/(ngb’H— — 10’2u)d,ug+/(n_ 102 — H*)udp,

2
:/nRi,,ViCI)dug + /(n 11102 - H2)udug
(2.16) <0,
where we have used Lemma[2.6] (2.9]), and Newton-McLaurin inequality. [

Note that above proof fails for case n = 1. This case is treated by different
argument in [3].

3. GRAPHICAL HYPERSURFACE AND C! ESTIMATE

We now focus only on those hypersurfaces that are graphical. Let M be
the graph of a smooth and positive function p on B". Let 01, -+ ,0, be a
local frame along M and J, be the vector field along radial direction. For
simplicity, all the covariant derivatives are with respect to the metric g;; and
denoted as V when there is no confusion in the context.

Denote
w =/ +|Vp]2,
then the outward unit normal is v = %(1, —%15, e ,—%’5). The support

function, induced metric, inverse metric matrix, second fundamental form



8 PENGFEI GUAN, JUNFANG LI, AND MU-TAO WANG

can be expressed as follows.
¢2
v= g g g
9= 05 +pipy, 97 = 5239 — w7 pipj)
hij = w ' (=dViV,p+2¢'pip; + ¢°¢' gij)
W= (@ —w ?pipe) (Vi Vip + 26 prpj + ¢ ¢ rj)

where all the covariant derivatives V and p; are w.r.t. the base metric Gij-

(3.1)

For convenience, we let

_ )
bij = —pw?pij + dpi( ‘VQP‘ )i + &' pip; + ¢ P*w?Gij
(3.2) W= bl

~ . ~ = 12 ~
H= b= =6 Bp+ opi(B4)i + $ Vol +nd/ 67
Thus, H = ¢*w3H and H = -5 H

P
We now consider the flow equation (L.2]) of graphical hypersurfaces in
N"*+1. Tt is known that if a closed hypersurface is graphical and satisfies

OtF = fl/,

then the evolution of the scalar function p = p(F'(z,t),t) satisfies
w
Op=f 5

Thus it suffices to consider the following parabolic initial value problem
on B",
Orp = (n¢/ - Hu)gno = ,O(p,t) for (p7t) € B" x [0700)
(3.3) ¢
P(,O) = po,
where pg is the radial function of the initial hypersurface.

We next show that the radial function p is uniformly bounded from above
and below.

Proposition 3.1. Let My be a graphical hypersurface defined by function
po in N"TL If p(p,t) solves the initial value problem ([B.3), then for any
(p,t) € B" x [0,T),

i 70 < 7t S 70'
min p(z,0) < p(p,t) < max p(p, 0)

Proof. At critical points of p, the following conditions hold,

@p =0,w = ¢.
It follows from (BI) that, at critical points of p, H = —¢*Ap + n¢/¢*.
Together with ([B3]), at critical points,

1~
pr = —Ap.
¢
By the standard maximum principle, this proves the uniform upper and
lower bounds for p. O
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We now consider gradient estimate. Throughout the rest of this section,
the covariant derivatives will be with respect to the metric g on B™.

Theorem 3.2. (Gradient estimate and exponential convergence.)
Let p(-,t) be a solution to the flow (L2) on [0,T]. If (¢')* — ¢"¢ > 0, then

3.4 A2 < Vpl?,
(3.4) maxe Vol _Iﬁfggl ol

for some o > 0 which is independent of t.
Proof. Recall the evolution of 0;p,

(3.5) Op = n%w - #H

where H was defined as in (32). We derive the evolution of WT’)F below.

Throughout the proof, we will work at a maximum point of the test funciton

7 |2
@, so that the following critical point conditions will hold,

/
(3.6) Vw? = V@2 or Vw= @v,o

First we have, at critical points of the test function,

VpVH = ﬁpﬂ dw?Bp + ¢pi(2L), + ¢ @2Vl + ng'¢?w 2]

= —¢w?VpVAp + ¢pipk(WTpP~)ik
— (W) Ap + (¢ )k V pI? + npi(¢' &) xw? + 1/ 6% pi (6% )i

Note that

—¢w?VpVAp = —¢w?pr(Vipir — Rikps)
—pw? AL 4 402 pis? + g Ric(Vp, V).

Thus
(3.7)

VpVH = —p(w?er — pip )('Vp‘ )ik + dw?|pij|? + dw?Ric(Vp, Vp)
—p(dw?)eAp + Pk(¢'¢2) (IVpl? + nw?) + ng' ¢ pr(¢*)i

Now we have,
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(3.8)
L o
8t@ = VpVp
= n(%)’|@p|2w + n(%)@p@w - ﬁ@ﬁ@p - #@p@f[
= (e — pip) ()i = Ly |? — L Ric(Vp, Vp)
+¢w3pk(¢w JeBp = L5 o(¢ DIVl +nw?) + 250/ 0% i (7)1
+n( )V p|w —i—n(‘i)Vpr HV#V;}

Let L(¢) = o) — —(w ei; — p'p?)bij be a parabolic operator for any
function v defined on B" Then applying the critical point conditions,

(3.9)
L85 = =Syl = SRic(Vp, V) )
+¢w3pk(¢w 2 Ap ¢wspk(¢,¢2) (VoI +nw?) — 52 ¢'6° o1 (6

+n( )|V p) 2w + n(L )Vpr—HV¢ sVp

= —Llpyl2 - LRic(Vp,Vp) + n(L) Vol
2V/
BP0+ n?) — )9+ L9
—HV 355V + shspr(dw?)ilp

= -5 ’PUP R%c(Vp, Vp) + ”( ) Vp|2w

d,ws Sk (IVp|2+nw ) ¢w3¢’¢2(¢2) Vpl? +n L2 VP
+H(¢2w3 + )‘VPP ( 2¢¢ )’VPPAP

At critical points,

(3.10) = —¢w?Ap+ ¢/¢*|Vp|* + ng/ $?w?
and
(3.11)
= 2 / ~ ~
ey = —Lloyl? — S RplVol? — SRic(Vp, Vp) +n(5) [Vl

2
M’ <\vm2+nw Vo2 — 2§ d(62) rvm%n@ Vp|?
<¢’> (L + 32) (|2 + nw?)|Vp|?

= — Lo = 25 Ap|Vpl? - LRic(Vp, V) + n($)|Vp|2w
~ /2 42 // /2 ~
— B @ G(02) [Vpl2 + n L [Vp|2 4 (3588 _ 4% ) (G |2 4 ns?) | Vpl2.
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Recall the critical point conditions, by rotating the coordinates, we can
pick p1 = |Vp|, thus

(3.12) pi1 =0,and p1; =0,Vj=2,---,n

1\~/[0reover, we can diagonalize pj for j,k = 2,--- ,n at the crical point and

Ap = ijz pjj- By completing the square, we have

(3.13)

L) = 1555, (pis + 34 |Vp|2) + L SVl — L Ric(Vp, V) + n(%) |Vl
259/ 9(6%) [Vpl? + nlZEVpP? 4 (ML — L) (VP2 4 nu?) |V p?

= -1 Z]>2 <pJJ + 2 w2 |VP| )
+2=3(00)?|Vpl* = L Ric(Vp, V) + n($) [V plw
12 2 i 12 ~ ~
—25(¢/)? ¢2|VP|2+71W§T|VP|2 (B2 — 224290)(|Vp|? + nw?)|Vp|?

3 12 42 " /2 ~ ~
+(3 — L) ([Vpl? + nw?) Vol

2 -
= 5L (pw + 3% ’VPP) — 5 Ric(Vp,Vp)
_|_\Vp\ [ ((Z:) w +n¢’2w4 + nT—1¢2¢/2|@p|2 o 2n¢’2¢2w2
(2¢/2¢2 _ ¢/2|@p|2 _ ¢”¢w2)(|@p|2 + nw2)]

Notice that

(3.14) ) )
n(5)wb + (2672¢% — 2|V pl? — ¢"¢w?)(|Vp|* + nw?)
= (LYWt — ("¢ — ¢") (V|2 + nw?)w? + (¢2¢2 — 2¢/2|Vp[2)(|V p|? + nw?)

= nEGL TR + (0= 1)(876 = ) |Vpl%? + (6267 — 202 |Vp)( Vol +me?)

. 9 o
ﬁ(‘vzp‘ )= 5 ZJ>2 <ng + éqjﬁ \Vp\2) — %ch(Vp, Vp)
—|—‘Vw{;‘2 |:n¢// ¢2¢/2 ’vp’4w2 + (n o 1)((25//(25 o ¢/2)’@p’2w2
—(n+2)¢”?|Vpl* = 2(n - 1>¢2¢’2|%|2]

By the assumption Ric > (n—1)K§ with K > 0. As far as ¢> — ¢"¢ > 0,
we have

V|2
2

L( ) <0.
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By the maximum principle, there is a uniform upper bound for Wp[ More-
over, with the uniform C° and gradient estimates, we now have

(3.16) c(%P) < ~LRie(Vp,Vp) < —a|VpP2,

where a > 0 is a uniform constant depending on the upper bound of |Vp|?.
This implies the exponential convergence. U

4. EVOLUTION OF SUPPORT FUNCTION AND THE MEAN CURVATURE

In this section, we prove a uniform upper bound estimate for the mean
curvature H along the flow. We also prove a uniform positive lower bound for
support function v under condition (¢/)2 — ¢¢ > 0. Although the results
in this section is not needed for proving the main theorem, as important
properties of the flow itself, we include them here for completeness and
future interests.

Suppose that the metric on (N"*! g) is a warped product of the form
(I). We denote the Riemannian metric and the Levi-Civita connection
of (N"1,g) by (-,-) and V, respectively. The conformal Killing field is
X =V (recall ®'(r) = ¢(r)) and X satisfies

(4.1) (VyX,Z) =VyVz® =¢(Y,Z),

where VV @ is the Hessian of ® with respect to g, and Y and Z are any two
vector fields on N™*1,
Let M, by a family of hypersurfaces evolves by (L2):

where f is given by

(4.2) f=n¢ —uH.
The outward unit normal v of M; evolves by

ov M,
(4.3) 5= vMe g
where we use VM and AM¢ to denote the gradient and Laplace operators
on M;, with respect to the induced metric.
We first compute the evolution equation of u. Note that in view of the
evolution equation the relevant parabolic operator for any geometric quan-
tity defined on M, is 0, — ulAyy,.

We compute using ([@1]) and ([@3]):
8t<X7 V> = f(?,,X, V> + <X7 VMt(UH» - ’I’L(X, VJ\/[t<z5/|1\415>

4.4
(44) = £t + (X, V() — (X, TV ).
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Choosing the orthonormal frame {e;};=1..., to M; such that Vé\l/_[tej =0
at a point where the following calculation is conducted:

(45) AMtu - ei<veiX7 V> + ei<X7 v67;’/>‘

The first term vanishes by @I]). Recall that Ve, v = hije; (VMte; = 0),
where h;; is the second fundamental form of M; and the second term is equal
to

ei(hij (X, ej)) = ei(hij)(X, ej) + hij(Ve, X e5) + hij (X, Ve,ej)
= (Vthi) (X, e5) + ¢'H = > h3(X,v).

Plugging this back to (£3) and multiplying each term by u = (X, v), we
obtain

(4.6) uAMey, = u(VMthU)(X ej) +ud' H — u? Z hZ;

Combining ([Z4) and (46]), we obtain (we use ¢’ to denote ¢'[y, in the
following)

Opu — uAMey, = o2 Z h?j —2¢/ Hu + n(¢')? + H(X, VMry)
+u[(X, VMH) — (VY hij) (X, e5)] = n(X, Vo)

:4Xﬁ%—%3ﬁ+%MM—mM%Hﬂvaw
+u[<X7 VMtH> - (vz]\/[thljva ej>] - ’I’L(X, VMt¢/>'

Note that (X, VMH) — (VM*h;;)(X,e;) can be expressed in terms of
Ric(XT,v) where X = (X, e;)e; is the component of X that is tangential
to M;. This is the same as the term that appears in the monotonicity
formula. However, in this case, if we only want to prove that u > 0 is
preserved along the flow, the sign of the term Ric(X L v) does not matter.

On the other hand, we compute

VMg =V¢' — (V¢ v)v
and V¢' = ¢''Vr = ¢"0, = ¢—”X. Therefore,

X, 90y = X, X~y = L(g2 ).
¢ ¢
Plugging this into ([4.1), we obtain
H? 1
Ay — uAMey = (Z h?j - 7)u2 + E(Hu —n¢')? + H(X, VMey)
(4.8) " .
wl(X, VM H) — (V] hij) (X, e5)] - n¢—(¢2 —u?)

¢
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Recall in (Z6]) and ([Z39]), we have derived R,e, and
(X, VM) — (V3" hi) (X, €))] = —g" Vi@ Ry,

VoP o -\ Pipi
0 7 o i — 0 R 2

Thus (£8) can be simplified as
(4.9) Opu — uAMey > H(X, VMu) + n(¢? — ¢"¢) — 2¢' Hu.

We now switch to the evolution of mean curvature H along the flow.
Proposition 4.1. Along the flow (I.3), the mean curvature of a graphical
hypersurface evolves as the follows
(4.10)

O H = uAH+ HVHV® +2VHVu + ¢'(H? — n|AJ]?)
~ | = DK = 6) + (n = 290'9" + 57| (1 - 12)
—nSs(Rij — (n = 1)K gij)pipju®.
Proof. Using Proposition 27 and replacing the general f by n¢’ — Hu, we
have

8tH = _Agf - f|A|2 - wa/ B
= —Ag(ngb’—Hu) _f|A|2 _fRuu B
uAH + HAu + 2VHVu — nA¢' — f|A]? — Ry,
= uAH+ HAu+2VHVu —nA¢ — flA]> — fR,,
Using Proposition 24, we have

A = ZAD+ VLV
= Gl Iver,

where f = n¢’ — Hu.
Combining with Proposition 2.4 we have

OH = uAH+H [VHV<1> YRV + Hel — |A|2u]
+2VHVU —n f —nL(5)|VOP — fIAP - fR,,

— wAH + HVHV® + 2VHVu + HR,iVi® + ¢ (H? — n|A]?)
—(n% + Ruw)f —n3 (%) |V
Replacing f by n¢’ — Hu, we get
OH = ulH + HVHV® + 2VHVu + ¢/(H? — n|A?)
(4.11) +H [Ruiviq) + u(n%/ + RW)]
0|0 + Ru)d' + 3(5) VO],
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By (Z9) and the definition of u = 2, we find out the mean curvature term
in the second line of (Z.IT]) vanlshes ie.,

/! _
® LRy =0.

(4.12) R,iV;® + u(n 5

On the other hand, since |[V®|? = Vp ‘2 , using (2.9]) again, we can compute
the last line in (IEII)

[(n¢—u + Ry,)¢' + —

¢//
; (GIver]

1
¢
(4.13)

:[(n_ )K ¢/2+¢¢//

¢?

This yields that

+ (Rij — (n— 1)K jyj) 221y

¢ + o( R

¢" 1|Vpl?
¢):| w?

(4.14)
O = uAH + HVHV® + 2VHVu + ¢/ (H? ~n|AP)

—n|(n - IS (L) | BB — (R — (0~ )KGy) i

¢2w2

Plugging the definition of u into (4£I4]), we finished the proof. O

Remark 4.2. By direct computations, if the ambient space is substatic,
namely satisfying conditions H1-Hj in Brendle’s work [2], the last two lines
in (£-10) are nonnegative, which immediately implies a uniform upper bound
for the mean curvature by the mazximum principle.

Next, we show that the mean curvature H has a uniform upper bound in
general without assuming the substatic conditions for the ambient metric.

Theorem 4.3. Suppose

!

(4.15) ¢ (r) >0, Vre(ry,T).

The mean curvature of the graphical hypersurface evolving along the flow
(L2) has a uniform upper bound,

max H(-,t) < C,
t>0

where C is a uniform constant which is independent of t.
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Proof. From the evolution equations of H and ®, we obtain
(4.16)
LH+®)< HV(H+ ®)V®+2V(H + ®)Vu + ¢'(H? — n|A]?)
—~H|V®]? - 2V®Vu

—25|(n = D¢/ (K — %)+ (n = 2)00'¢" + 6" | (1 - )

= HV(H+®)V®+2V(H + ®)Vu + ¢/ (H2 — n|A]2)
—H|VD|? — 21(VD, VD)
2

— 2 |(n = D/ (K = ¢2) + (n = 2)06/'¢" + 66" | (1 - %)

Since |[V®? = ¢?(1 — ;—2) and functions related to ¢ are all uniformly
bounded from above and below, we conclude that the term in the last line
of euqation ([@I6) is uniformly bounded by C1|V®|? where C; is a uniform
constant which does not depend on t. Thus
(4.17)
LH+®)< HV(H+®)VP+2V(H + ®)Vu+ ¢'(H? — n|A]?)
—H|V®|? - 2n(V®, V) + C1|VD|?

At a maximum point of the test function H + ®, we can choose normal
coordinates, so that the metric tensor at the point is the identity matrix. If
we choose a coordinate system so that the z1 axis direction is the direction
of V®, then ®;, =0, for all t =2,--- | n.

(4.18) LH+®)< —¢'(n|A]? — H?) — (H + 2hy1 — C1)|VD|?

where we have used the critical point condition to eliminate the gradient
terms.

Without loss of generality, we assume g — (1 > 0, otherwise the test
function H 4 @ is uniformly bounded from above by a constant and the
proof is done. This reduces (4.18]) to

(4.19) LH+®) < —¢/'(n|A]? — H?) — (£ 4 2h11)|VO|?

Next we consider two different cases.

Case I: Suppose at the maximum point, % + 2h11 > 0, then (ZIF]) is
reduced to

LH+®)< 0,
and by the maximum principle H + ® is bounded, and so is H.

Case II: Suppose that at the maximum point, %4—2}111 < 0. Let A\; := hy;,
|A|> = X2 +|AJ]?, and H = \; + H. Then
1

(4.20) ~\ > DH.
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and
n|AP? — H? = (n|AP? — H?) + (n+ 1)\? — 2\ H
> (n+ 1A\ —2MH

where we used Cauchy-Schwartz inequality in the inequality.
Recall ¢’ > Cy > 0 and 0 < |[V®|? < C3. Applying (IZ1)), (EIT) yields

L(H+®) < 4bwﬂﬁnynhﬂymug+mg
= —Co(n+ 1A — C3& —2(—X\1)(CoH — C3)).
We assume that H > g—z > 0, otherwise H has an upper bound. This yields
L(H+®)< 0.

By the maximum principle, we conclude that the test function H + ® has a
uniform upper bound. O

(4.21)

By Theorem 3] we know that the mean curvature H has a uniform upper
bound. If we further assume the strict inequality ¢’ — ¢”¢ > 0, then by the
uniform C° estimate and uniform upper bound for H, the second term on
the right hand side of (£9) is the dominant term as uw — 0. Thus by the
maximum principle, we have shown the uniform positivity of the support
function v which in turn yields the needed gradient estimate.

Proposition 4.4. Let My C N1 be a smooth graphical hypsurface with
support function u > 0. Assume condition ({-17]) and

(¢')* —¢"¢ > 0.

then there exists a uniform constant C' > 0 independent of t, such that
u(-,t) >C >0

as long as the solution of the flow (2] exists.

5. CONDITIONS ON THE WARPING FUNCTION ¢

Since equation (B.3]) is a quasilinear parabolic equation, it follows Propo-
sition [BI] and Theorem B2, the flow is uniformly parabolic. The longtime
existence and regularity follow from the standard parabolic theory. The so-
lution converges exponentially to a slice p = constant by Theorem B2l This
proves Theorem [Tl Theorem follows from the following proposition.

Proposition 5.1. Let Q € Nt be a domain bounded by a smooth graphical

hypersurface M and S(ro). We assume ¢(r) and g satisfy the conditions
(@3) in Theorem [, then

(5.1) Area(M) > Area(S(r*)),

where r* is the unique real number in |ro, 7] such that volume of B(r*) en-
closed by S(r*) and S(rg) is equal to Vol(Q). If equality in (51) holds, then
M must be umblic. If, in addition to (IL3), (¢')* — ¢"¢ < K on [ro, 7] then
“=7 s attained in ([LA) if and only if M is a level set of r.
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Proof. By Theorem [2.8] area if evolving hypersurfaces along flow [[.2] is

decreasing and enclosed volume is preserved. By Theorem [l flow con-

verges to a slice S(r*). Then we must have Vol(B(r*)) = Vio(2). Note

that Vol(B(r)) is strictly increasing in 7, thus r® is unique. This proves

inequality (B.)). If equality holds there, inequality (2.16]) must be equal-
n—1

ity. Therefore o9 = WU% at every point, this implies M is umbilic. If

(¢)? — ¢"¢ < K on [rg, 7], @I0) implies Vp = 0. This is, M is a slice. [

We will illustrate that both the lower bound and upper bound in (L3])
are necessary in certain sense and have geometric or physics interpretations.

The lower bound of (¢')? — ¢” ¢ is closely related to the notion of “photon
spheres”. For each warped product space with a Riemannian metric dr? +
»?(r) gijduiduj , there is an associated static spacetime G with the spacetime
metric

(5.2) —(¢/(r))?dt* + dr®* + ¢*(r)gijdu'du? .
Such a spacetime has a natural conformal Killing-Yano two form and is of

great interest in general relativity, see [11] Remark 3.7]. For the Schwarzschild
manifold with the Riemannian metric 1_%(182 + 52 gijdu’du’ (after a change

of coordinates s = ¢(r)), the associated static spacetime is the Schwarzschild
spacetime with the spacetime metric

1 o
—1-2)a? + s + gy du'dud.
s _m
S

We recalled that a hypersurface is said to be totally umbilical if the second
fundamental form is proportional the induced metric (the first fundamental
form). A totally umbilical timelike hypersurface ¥ of a spacetime & is called
a photon sphere [4], where null geodesics are trapped (i.e. a null geodesic
which is initially tangent to ¥ remains within the hypersurface T). This is
easily seen from the following relation: for any null vector field X,

VEX = VY X,

where V® and V? are the covariant derivatives of & and T, respectively.
We claim that the equation (¢')? — ¢¢” = 0 characterizes exactly the
location of the photon sphere.

Proposition 5.2. For a spacetime & with metric of the form [B5.2), (¢')? —
o¢" =0 at ro if and only if r = ro is a photon sphere.

Proof. 1t suffices to prove that the hypersurface ¥ defined by r = rg is totally
umbilical. The induced metric of ¥ is

(5.3) — (¢')2dt? + ¢*gizdu’du?

and the unit outward normal of ¥ is %. We compute

(V801,00 = 30,(~(¢)* = 4"
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and
(V§0r,0;) = %@(@bth’j) = ¢¢' Gij
therefore the second fundamental form of ¥ is
—¢' ¢ dt* + ' Gijdu’ du’.
Comparing this with (53)) yields the desired conclusion. O

On the other hand, the upper bound for (¢')? — ¢”¢ is needed for the
proof of the monotonicity properties of the flow, see Theorem In [9], it
is shown that the isoperimetric problem may not hold when this condition
is violated.

To end the paper, we discuss the convergence of flow (L2]) when K = 0
in (I3). For example, then base manfold B™ is Ricci flat. As we assume
0 < (¢)?—¢¢ < K, this forces (¢ (r))? = ¢(r)¢" (r),¥r € [ro,7]. Note
that Proposition B.1] still holds in this case.

Proposition 5.3. Assume K = 0 in (I3) and (¢ (r))*> = ¢(r)¢" (r),¥r €

[ro,7]. Then flow (L2) exists for allt € [0.00) and converges to a slice p = ¢
in C* Vk as t — oco.

Proof. Identity (¢ (r))2 = ¢(r)¢" (r) is equivalent to (log ¢(r))” = 0. That
is,
(5.4 o(r) = ac™,

for some constants a > 0,b € R. In the proof of Theorem B.2] at the critical
point of [Vp|?, (BI5) holds,
@ 2 / ~ 2 ~ ~ ~
L) = =25, (i + 4551902 = LRic(Vp. Vp)
7 |2 "o 12 ~ ~
(5.5) + BBE [R5 [V p[t? + (n — 1)(66 — ¢)|Vplw?
~(n+2)62|Vpl* — (n — 1)626Vpl?]
It follows that - -
VAP e VAL
2 t=0 2

Therefore, by the standard theory of parabolic quasilinear PDE, we have
regularity estimates in C* for all £ > 1 and the flow exists all time.

To show the convergence, we only need to show ||Vp|/pe~ — 0 as t — oc.
First, if b # 0 in (5.4)), by the CY estimate, we have
(5.6)

> 12 S 12

E(\Vp\ Vol 2,
2 2
for some C' > 0. By standard ODE comparison to the equation f'(t) =
—Cf2(t), we get

Vp|?

)S_w5

[0+ 20621901+ 30— 1626 T0?] <

maxpy(o) WPP

(5.7) max |Vp|? < - ,
M(t) Ctmax o) [Vp|? +1
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for some C' > 0 which is independent of .
If b =0in (B4), then ¢ = a > 0 is a constant function. In this case,

H = —%@(i). Evolution equation (2)) becomes

V a2+|Vp|?
pr = @(Vif‘t
\/ a? + |Vp|?

Multiply p in above equation, then integrate over [0,t] x B",

%(/n Pt ) _/npz(o,.)) - _/ot/n azpy(;:(f,.)!?dt

The left hand side is bounded as ¢t — oo, by regularity estimate, we must
have

v 2
(5.8) / NP({’ )l —0, t— o0.
" a@? V()PP

).

That is Vp(t,.) — 0 in L2, regularity estimates imply Vp(t,.) — 0 in L.
In conclusion, evolution equation (L2)) with M as the initial data has a

smooth solution for ¢ € [0,00) and the solution hypersurfaces converge to a

level set of r as t — oo. O

As a consequence, in the case of K = 0 in (L3)), if @ € N"*! is a domain
bounded by a smooth graphical hypersurface M and S(rg), then there exist
a function £ such that

(5.9) Area(M) > £(Vol(Q)).
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