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GENERALIZED LAGRANGIAN MEAN CURVATURE

FLOWS: THE COTANGENT BUNDLE CASE

KNUT SMOCZYK∗, MAO-PEI TSUI∗∗, AND MU-TAO WANG∗∗∗

Abstract. In [SW2], we defined a generalized mean curvature
vector field on any almost Lagrangian submanifold with respect
to a torsion connection on an almost Kähler manifold. The short
time existence of the corresponding parabolic flow was established.
In addition, it was shown that the flow preserves the Lagrangian
condition as long as the connection satisfies an Einstein condition.
In this article, we show that the canonical connection on the cotan-
gent bundle of any Riemannian manifold is an Einstein connection
(in fact, Ricci flat). The generalized mean curvature vector on any
Lagrangian submanifold is related to the Lagrangian angle defined
by the phase of a parallel (n, 0) form, just like the Calabi-Yau
case. We also show that the corresponding Lagrangian mean cur-
vature flow in cotangent bundles preserves the exactness and the
zero Maslov class conditions. At the end, we prove a long time
existence and convergence result to demonstrate the stability of
the zero section of the cotangent bundle of spheres.

1. Introduction

An almost Kähler manifold (N, ω, J) is a symplectic manifold (N, ω)
with an almost complex structure J such that g = 〈·, ·〉 = ω(·, J ·)
becomes a Riemannian metric. Any symplectic manifold admits an
almost Kähler structure. In particular, on the cotangent bundle N :=
T ∗Σ of a Riemannian manifold (Σ, σ), there is a canonical almost
Kähler structure with respect to the base metric σ. The associated
metric g on N (see Proposition 2.1) is in general not Kähler and the
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associated almost complex structure J is in general not integrable. In

addition, there is a connection ∇̂ with torsion on the tangent bundle of
N which is both metric and complex, and the horizontal and vertical
distributions are parallel with respect to this connection. The torsion
of this connection is completely determined by the Riemannian curva-
ture tensor of the base manifold (Σ, σ). In [SW2], we defined a notion
called Einstein connection (see Definition 2.1) for a complex and metric
connection on an almost Kähler manifold. In the article, we show:

Theorem 1. Let (Σ, σ) be a Riemannian manifold and (J, ω, g) be
the almost Kähler structure defined on the cotangent bundle N = T ∗Σ

with the canonical connection ∇̂ (see §2). Then the Ricci form ρ̂ of ∇̂
vanishes. In particular, ∇̂ is an Einstein connection in the sense of
[SW2].

Given a Lagrangian submanifold M of an almost Kähler manifold,
we also defined in [SW2] a generalized mean curvature vector field

Ĥ in terms of the usual mean curvature vector and the torsion T̂ of
∇̂. In addition, we proved that the restriction of i(Ĥ)ω to M is a

closed one form if ∇̂ is Einstein. Such a relation is known to be true
on a Lagrangian submanifold of a Kähler-Einstein manifold in which

∇̂ is the Levi-Civita connection. This new characterization allows us
to extend many known results regarding Lagrangian submanifolds of
Kähler-Einstein manifolds to this more general setting. In particular,
we found the cotangent bundle case to be analogous to the Calabi-Yau
case in the following. Once we fix a Riemannian metric on the base, we
can locally define the Lagrangian angle θ of a Lagrangian submanifold
by taking the angle between the tangent space TpM and the tangent
space of the fiber of π : T ∗Σ → Σ (the vertical distribution) through

any point p ∈ M . The generalized mean curvature vector Ĥ is in fact
dual to the form dθ which up to some constant is the Maslov form with
respect to the canonical symplectic form on T ∗Σ. There also exists a
parallel (n, 0)-form Ω as a section of the canonical line bundle on any
cotangent bundle. On a Lagrangian submanifold M ⊂ N = T ∗Σ, we
show that (Proposition 3.2) the Lagrangian angle is related to Ω by

eiθ = ∗(Ω|M) (1.1)

where ∗ is the Hodge star operator on M .

In [SW2], we also consider the generalized mean curvature flow with

respect to Ĥ (see a different generalized Lagrangian mean curvature
flow studied by Behrndt [B]). This is a family of moving submanifolds
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Mt, t ∈ [0, T ) such that the velocity vector at each point is given by the
generalized mean curvature vector of Mt at that point. We prove that
the parabolic flow is well-posed and preserves the Lagrangian condition
[SW2]. The above interpretation of Ĥ in terms of the Lagrangian
angle indeed gives a heuristic reason why the latter holds on the linear
level. Therefore, the flow gives a canonical Lagrangian deformation in
cotangent bundles.

When Σ is compact and orientable, a conjecture that is often attributed
to Arnol’d [A, G, LS] asks if a compact, exact, orientable, embedded
Lagranian M in T ∗Σ can be deformed through exact Lagrangians to
the zero section. We refer to [FSS] for the current development towards
the conjecture from the perspective of symplectic topology. In relation
to this question, we prove in this paper:

Theorem 2. Suppose that Σ is a compact Riemannian manifold. Sup-
pose Mt, t ∈ [0, T ) is a smooth generalized Lagrangian mean curvature
flow of compact Lagrangians in T ∗Σ, if M0 is exact and of vanishing
Maslov class, so is Mt for any t ∈ [0, T ).

This is proved by computing the evolution equation of the Lagrangian

angle and the Liouville form along the flow. That the connection ∇̂ is
metric, complex and preserves the horizontal and vertical distributions
is critical in studying the geometry of this flow.

The flow thus presents a natural candidate for the deformation of La-
grangian submanifolds in cotangent bundles. However, it is known that
there are many analytic difficulties even in the original Lagrangian
mean curvature flow case, see [N2, N3]. As a first step towards un-
derstanding this flow, we focus on the graphical case in this article,
i.e. when Mt is defined by du(x, t) for local potentials u(x, t) defined
on (Σ, σ). In particular, we show in Proposition 5.2 that the flow is
equivalent to the following fully non-linear parabolic equation for u (the
special Lagrangian evolution equation)

∂u

∂t
=

1√
−1

ln
det(σij +

√
−1u;ij)√

det σij

√
det(σij + u;ikσklu;lj)

(1.2)

where u;ij is the Hessian of u(x, t) with respect to the fixed metric σij .
We prove the following stability theorem of the zero section when the
base manifold is a standard round sphere.

Theorem 3. When (Σ, σ) is a standard round sphere of constant sec-
tional curvature, the zero section in T ∗Σ is stable under the generalized
Lagrangian mean curvature flow.



4 KNUT SMOCZYK, MAO-PEI TSUI, AND MU-TAO WANG

Theorem 3 holds when the standard round sphere is replaced by a
compact Riemannian manifold of positive sectional curvature. For the
detailed statement and precise condition, see section §7. In particular,
we show that the generalized Lagrangian mean curvature flow of any
Lagrangian submanifold with small local potential in C2 norm (the
smallness can be effectively estimated) exists for all time and converges
to the zero section at infinity. The case when the base metric is flat i.e.
σij = δij is studied in [SW1,Z,CCH,CCY]. In these cases, one can use
the unitary group action to convert the condition of small C2 norm into
a convexity condition (see section 4 in [SW1] for this transformation).
The convexity condition implies the standard C2,α estimate of Krylov
[K] is applicable. In our case the base manifold is no longer flat and no
such transformation exists, and we need to deal with the C2,α estimate
directly. A similar flow for holomorphic line bundles was considered in
[JY].

The article is organized as follows. In §2, the almost Kähler geome-
try of cotangent bundles is reviewed and Theorem 1 is proved. In §3,
we review the geometry of Lagrangian submanifolds in the cotangent
bundle, in particular we recall the generalized mean curvature vector.
There we derive the relation between the Lagrangian angle and the
parallel (n, 0)-form. In §4, we study the evolution equations under the
generalized mean curvature flow in the cotangent bundle and prove
Theorem 2. In §5, we investigate the graphical case in which the La-
grangian submanifold is given by the graph of a closed one-form on
Σ. In §6, we compute the evolution equations of different geometric
quantities that will be used in the proof of the stability theorem. In
§7, we prove the stability theorem Theorem 3. Readers who are more
interested in the PDE aspect of (1.2) can move directly to §5.

The third named author is grateful to Pengfei Guan for raising the
question about how to generalize the special Lagrangian equation to a
Riemannian manifold. He would like to thank Tristan Collins, Adam
Jacob, Conan Leung, and Xiangwen Zhang for their interests and help-
ful discussions.

2. Review of the geometry of cotangent bundles of

Riemannian manifolds

2.1. The almost Kähler structure (ω,J, g) on T∗Σ. We first re-
view the geometry of cotangent bundles, some of which can be found
in [V] or [YI].
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Let (Σ, σ) be an n-dimensional Riemannian manifold with Riemannian
metric σ. Let {qj}j=1···n be a local coordinate system on Σ. Let D be
the covariant derivative (connection) and Λk

ij be the Christoffel symbols
of σij with

D ∂

∂qi

∂

∂qj
= Λk

ij

∂

∂qk
.

Let C i
jkl be the curvature tensor of σij with

C

(
∂

∂qk
,
∂

∂ql

)
∂

∂qj
= D ∂

∂qk
D ∂

∂ql

∂

∂qj
−D ∂

∂ql
D ∂

∂qk

∂

∂qj
= C i

jkl

∂

∂qi
.

C i
jkl can be expressed by the Christoffel symbols by

C i
jkl =

∂

∂qk
Λi

jl −
∂

∂ql
Λi

jk + Λi
pkΛ

p
jl − Λi

plΛ
p
jk. (2.1)

Let N := T ∗Σ be the cotangent bundle of Σ. We take the local co-
ordinates {qi, pi}i=1···n on T ∗Σ such that on overlapping charts with
coordinates qi, pi and q̃i, p̃i, the transformation rule

p̃i =
∂qj

∂q̃i
pj

holds. Denote the Liouville form by λ = pidq
i so that the canonical

symplectic form by ω =
∑n

i=1 dq
i ∧ dpi is given by

ω = −dλ . (2.2)

Recall that {dqi, θi}i=1...n form a basis for T ∗(T ∗Σ) where

θi = dpi − Λk
ihpkdq

h , i = 1, . . . , n (2.3)

that is dual to the basis {Xi,
∂
∂pi

}i=1···n for T (T ∗Σ) where

Xi =
∂

∂qi
+ Λk

ihpk
∂

∂ph
, i = 1, . . . , n. (2.4)

Denote
X i = σikXk, i = 1, . . . , n.

The bundle projection π : T ∗Σ → Σ then satisfies

dπ(Xi) =
∂

∂qi
, dπ

(
∂

∂pi

)
= 0 .

Thus the connection D generates two distributions H , V in T (T ∗Σ),
called the horizontal and vertical distributions. We summarize the
properties in the following:
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Proposition 2.1. Let N := T ∗Σ for a Riemannian manifold (Σ, σ).
The horizontal distribution H ⊂ TN is spanned by X i and the vertical
distribution V by ∂

∂pi
. In terms of these bases, the Riemannian metric

g = 〈·, ·〉 on N (or on the tangent bundle TN of N) satisfies
〈

∂

∂pi
,
∂

∂pj

〉
= σij ,

〈
X i,

∂

∂pj

〉
= 0, and 〈X i, Xj〉 = σij.

In terms of θi and dqi, this metric is

g(·, ·) = 〈·, ·〉 = σijθi ⊗ θj + σijdq
i ⊗ dqj.

The almost complex structure J on TN is defined by

ω(·, ·) = 〈J ·, ·〉
and it satisfies

JX i =
∂

∂pi
, J

∂

∂pi
= −X i, and Jdqi = −σijθj . (2.5)

g is the Sasaki metric [S] on the cotangent bundle N = T ∗Σ.

2.2. The connection, the curvature, and the torsion. Now we

recall the connection ∇̂ (see [V]) on T (T ∗Σ) that is compatible with
the Riemannian metric 〈·, ·〉 and the almost complex structure J (i.e.

the covariant derivative ∇̂ commutes with J). ∇̂ is defined by

∇̂X i = −Λi
jkdq

j ⊗Xk and ∇̂ ∂

∂pi
= −Λi

jkdq
j ⊗ ∂

∂pk
. (2.6)

From these, we can compute the covariant derivative of any vector field.
For example, by (2.4), we have

∇̂ ∂
∂pj

∂

∂qi
= −Λj

ik

∂

∂pk
. (2.7)

We notice that this connection preserve the horizontal and the vertical
distribution. Also X i and ∂

∂pi
are parallel in the fiber direction.

Let R̂ be the curvature tensor of ∇̂. Since ∇̂ is complex and metric,
the Ricci form ρ̂ is given by

ρ̂(V,W ) :=
1

2

2n∑

α=1

g(R̂(V,W )Jeα, eα) =
1

2

2n∑

α=1

ω(R̂(V,W )eα, eα) , (2.8)

where eα is an arbitrary orthonormal basis of TN .
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We recall the definition of an Einstein connection from [SW2]:

Definition 2.1. A metric and complex connection ∇̂ on an almost

Kähler manifold (N, ω, J, g) is called Einstein, if the Ricci form of ∇̂
satisfies

ρ̂ = fω

for some smooth function f on N .

We denote the projection of TN onto the horizontal distribution H by
π1 and the projection onto the vertical distribution V by π2. In terms
of dqi and θi, we have

π1 = dqi ⊗Xi and π2 = θi ⊗
∂

∂pi
.

Since J interchanges H and V we get

Jπ1 = π2J , Jπ2 = π1J . (2.9)

With respect to these structures, we define:

Definition 2.2. The n-form Ω is defined as

Ω =
√

det σij(dq
1 −

√
−1Jdq1) ∧ · · · ∧ (dqn −

√
−1Jdqn). (2.10)

Ω can be viewed as an (n, 0)-form in the sense that

Ω(JV1, V2, . . . , Vn) =
√
−1Ω(V1, . . . , Vn). (2.11)

Proposition 2.2. The (n, 0) form Ω on N = T ∗Σ is parallel with

respect to the connection ∇̂.

Proof. We begin by computing ∇̂dqi. Consider

(∇̂dqi)(Xk) = d[dqi(Xk)]− dqi(∇̂Xk)

= d(σki) + Λk
pqσ

pidqq

= −σkmΛi
msdq

s. (2.12)

On the other hand, (∇̂dqi)
(

∂
∂pk

)
= 0. Therefore,

∇̂dqi = −Λi
msdq

m ⊗ dqs. (2.13)

The proposition follows by putting the together the above formula and
the following standard calculation

d
√
det σij = Λk

sk

√
det σijdq

s.

�
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2.3. Proof of Theorem 1. By equation (2.6), the curvature R̂ of ∇̂
is computed as

R̂

(
∂

∂qk
,
∂

∂ql

)
X i = ∇̂ ∂

∂qk
∇̂ ∂

∂ql
X i − ∇̂ ∂

∂ql
∇̂ ∂

∂qk
X i

= −
(

∂

∂qk
Λi

jl −
∂

∂ql
Λi

jk − Λi
plΛ

p
jk + Λi

pkΛ
p
jl

)
Xj .

Likewise,

R̂

(
∂

∂qk
,
∂

∂ql

)
∂

∂pi
= −

(
∂

∂qk
Λi

jl −
∂

∂ql
Λi

jk − Λi
plΛ

p
jk + Λi

pkΛ
p
jl

)
∂

∂pj
.

Therefore, we have

R̂

(
∂

∂qk
,
∂

∂ql

)
X i = −C i

jklX
j and R̂

(
∂

∂qk
,
∂

∂ql

)
∂

∂pi
= −C i

jkl

∂

∂pj
.

(2.14)

In view of these relations, the Ricci form ρ̂, see (2.8), vanishes since J

is an isomorphism between the vertical and horizontal distributions.

3. The generalized mean curvature and the Lagrangian

angle in cotangent bundles

In the last sections we have seen that the cotangent bundle N = T ∗Σ of
a Riemannian manifold admits a naturally defined almost Kähler struc-

ture (ω, J, g) and a canonical connection ∇̂ that is metric, symplectic

and has torsion T̂ , essentially given by the curvature of the underlying

base manifold (Σ, σ). Moreover the Ricci form ρ̂ of ∇̂ vanishes. From

now on we will assume that (N, ω, J, g, ∇̂) is such a cotangent bundle.

We now recall the definition of the generalized mean curvature vector
field of a Lagrangian immersion F : M → N and relate it to the
Lagrangian angle through the holomorphic n-form Ω introduced in the
previous section. We shall identify M with the image of the Lagrangian
immersion and refer M as a Lagrangian submanifold when there is no
confusion. Let ei, i = 1 · · ·n be an orthonormal basis with respect to
the induced metric onM by the immersion F . We recall the generalized
mean curvature form on M is

µi =
∑

k

〈∇̂eiek, Jek〉 (3.1)
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and the generalized mean curvature vector Ĥ is

Ĥ =
∑

i

µiJei . (3.2)

Consequently, the generalized mean curvature vector is dual to the
mean curvature form in the sense that

i(Ĥ)ω|M = −µ. (3.3)

We recall that the Lagrangian angle of a Lagrangian subspace L1 in
Cn with respect to another fixed Lagrangian subspace L0 is given by
the argument of detU where U is a unitary n × n matrix such that
L1 = UL0. Effectively, we choose an orthonormal basis ea1, . . . , e

a
n for

La, a ∈ {0, 1}, and set

ǫai =
1√
2
(eai −

√
−1Jeai )

to be the associated holomorphic basis. If ǫ1i = γ
j
i ǫ

0
j , then det γj

i is the
Lagrangian angle of L1 with respect to L0. We derive a formula for the
Lagrangian angle in terms of arbitrary bases.

Lemma 3.1. Suppose (V, 〈·, ·〉) is a 2n-dimensional (real) inner prod-
uct space with a compatible almost complex structure J (i.e. J is an
isometry and J2 = −I). Let L0 be a fixed Lagrangian subspace of
V spanned by v̄1, . . . , v̄n. Suppose L1 is another Lagrangian subspace
spanned by v1, . . . , vn. Suppose vi =

∑n

j=1 αij v̄j +
∑n

j=1 βijJv̄j for
i = 1, . . . , n. Then the Lagrangian angle θ of L1 with respect to L0

is the argument of det(αij +
√
−1βij). In fact, they are related by

det(αij +
√
−1βij)

√
det〈v̄i, v̄j〉√

det〈vi, vj〉
= e

√
−1θ. (3.4)

Proof. Direct calculation. �

Note that by this formula the Lagrangian angle is not uniquely defined
but it is defined up to adding an integer multiple of 2π.

Suppose F : M → N = T ∗Σ is a Lagrangian immersion. We consider
the Lagrangian angles with respect to the horizontal distribution H

and the vertical distribution V , which differ by a constant. For our
purpose, we shall use θ to denote the Lagrangian angle with respect to
the horizontal distribution.
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Proposition 3.1. Suppose a Lagrangian submanifold of N = T ∗Σ is
given by F : M → N . Let {Fi}i=1···n be an arbitrary basis tangen-
tial to M . Then the Lagrangian angle θ with respect to the horizontal
distribution is

√
−1θ = ln det

(
〈Fi, X

j〉+
√
−1〈Fi,

∂

∂pj
〉
)

+
1

2
ln det σij −

1

2
ln detGij ,

where Gij = 〈Fi, Fj〉.

Proof. Each Fi can be expressed in terms of Xj and pj,

Fi =
〈
Fi, X

k
〉
σkjX

j +

〈
Fi,

∂

∂pk

〉
σkj

∂

∂pj
. (3.5)

Since JX i = ∂
∂pi

, by Lemma 3.1, the Lagrangian angle θ with respect

to the horizontal distribution spanned by {X i}i=1···n is the argument
of

det

(
〈Fi, X

k〉+
√
−1〈Fi,

∂

∂pk
〉
)
.

Using vi = Fi, vi = σilX
l, αij = 〈Fi, X

j〉 , βij =
〈
Fi,

∂
∂pj

〉
, 〈v̄i, v̄j〉 =

σij , we obtain the formula from (3.4).

�

On the other hand, the Lagrangian angle with respect to the vertical
distribution spanned by { ∂

∂pj
}j=1··· is the argument of

det

(
〈Fi,

∂

∂pk
〉 −

√
−1〈Fi, X

k〉
)
.

Therefore, the two Lagrangian angles differ by a multiply of π
2
.

Another way to compute the Lagrangian angle with respect to the
horizontal distribution is to consider the restriction of the (n, 0) form
Ω to M .

Proposition 3.2. Suppose Ω is the n-form given by (2.10), then for a
Lagrangian immersion F : M → T ∗Σ,

∗(Ω|M) = e
√
−1θ,

where ∗ is the Hodge star on M .
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Proof. Given any basis {Fi}i=1,···n tangential to M , ∗(Ω|M) = Ω(F1,...,Fn)√
detGij

where Gij = 〈Fi, Fj〉. We calculate

(dqk −
√
−1Jdqk)(Fi) = 〈Fi, X

k〉+
√
−1

〈
Fi,

∂

∂pk

〉

where equation (2.5) is used. �

Proposition 3.3. For a Lagrangian immersion F : M → T ∗Σ, the
generalized mean curvature vector and the Lagrangian angle are related
by

Ĥ = J∇θ

where ∇ is the gradient operator on M with respect to the induced
metric on M .

Proof. In view of (3.1), (3.2), and Proposition 3.2, it suffices to prove
that

d ln(∗Ω) =
√
−1µ, (3.6)

where ∗Ω = ∗(Ω|M). Let e1, . . . , en be an orthonormal frame tangential

to M . Using the fact that Ω is parallel with respect to ∇̂, we compute

ei(∗Ω) = Ω(∇̂eie1, e2, . . . , en) + · · ·+ Ω(e1, . . . , en−1, ∇̂eien).

Since the tangential part of ∇̂eie1 only involves e2, . . . , en, the first

term becomes Ω((∇̂eie1)
⊥, e2, . . . , en). Likewise for other terms. On the

other hand, we have (∇̂eiek)
⊥ = 〈∇̂eiek, Jel〉Jel. Using the property

that Ω is a holomorphic n-form, see equation (2.11), we derive

Ω((∇̂eie1)
⊥, e2, . . . , en) =

√
−1〈∇̂eie1, Je1〉 ∗ Ω.

Summing up from i = 1, . . . , n, we arrive at the desired formula. �

4. The generalized mean curvature flow in cotangent

bundles

We derive evolution equations along the generalized mean curvature
flow in cotangent bundles for the Lagrangian angle and the Liouville
form.

Before that, let us recall some facts about the torsion connection from
[SW2]. In Lemma 2 in [SW2], it is shown that the torsion connection

∇̂ and the Levi-Civita connection ∇̃ on N are related by

2〈∇̂XY − ∇̃XY, Z〉 = 〈T̂ (X, Y ), Z〉+ 〈T̂ (Z,X), Y 〉+ 〈T̂ (Z, Y ), X〉.
(4.1)
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In particular, for a tangent vector field X on a Lagrangian submanifold
M , we have

n∑

k=1

〈∇̂ekX, ek〉 = divMX +
n∑

i=1

〈T̂ (ek, X), ek〉, (4.2)

where {ek}k=1,··· ,n is an orthonormal basis of TM .

We recall that a smooth family of Lagrangian immersions

F : M × [0, T ) → N = T ∗Σ

satisfies the generalized mean curvature flow, if

∂F

∂t
(x, t) = Ĥ(x, t) , and F (M, 0) = M0 (4.3)

where Ĥ(x, t) is the generalized mean curvature vector of the almost
Lagrangian submanifold Mt = F (M, t) at F (x, t). It was proved
in [SW2] that the generalized mean curvature flow preserves the La-
grangian condition. In the following calculations, we fix a local coor-
dinate system (x1, · · · , xn) on the domain M and consider Fi =

∂F
∂xi =

dF ( ∂
∂xi ), i = 1, · · · , n a tangential basis on the moving submanifolds

Mt.

Lemma 4.1. Along the generalized mean curvature flow Mt in the
cotangent bundle of a Riemannian manifold, the Lagrangian angle θ

satisfies

∂

∂t
θ = ∆θ +

n∑

k=1

(
〈T̂ (JĤ, ek), ek〉 − 〈JT̂ (Ĥ, ek), ek〉

)
, (4.4)

for any orthonormal basis {ek}k=1···n on Mt.

Proof. We compute ∂
∂t
(∗Ω) where ∗Ω = Ω(F1,...,Fn)√

detGij

and Gij = 〈Fi, Fj〉 is
the induced metric on the Lagrangian submanifold Mt:

∂

∂t
(∗Ω) = 1√

detGij

∂

∂t
(Ω(F1, . . . , Fn))− ∗Ω ∂

∂t
ln
√

detGij.

Since Ω is parallel with respect to ∇̂, we derive

∂

∂t
Ω(F1, . . . , Fn) = Ω(∇̂

Ĥ
F1, F2, . . . , Fn)+· · ·+Ω(F1, . . . , Fn−1, ∇̂Ĥ

Fn).
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Decomposing ∇̂
Ĥ
Fi = (∇̂

Ĥ
Fi)

⊥+(∇̂
Ĥ
Fi)

⊤, and noting that (∇̂
Ĥ
Fi)

⊤ =

〈∇̂
Ĥ
Fi, Fj〉GjkFk, we derive that ∂

∂t
Ω(F1, . . . , Fn) is equal to

〈∇̂
Ĥ
Fi, Fj〉GijΩ(F1, . . . , Fn) + Ω

(
(∇̂

Ĥ
F1)

⊥, F2, . . . , Fn

)

+ · · ·+ Ω
(
F1, F2, . . . , (∇̂ĤFn)

⊥
)
.

On the other hand,

∂

∂t
ln
√

detGij = 〈∇̂
Ĥ
Fi, Fj〉(G−1)ij.

Therefore,

∂

∂t
∗ Ω =

1√
detGij

[
Ω([∇̂F1Ĥ + T̂ (Ĥ, F1)]

⊥, F2, . . . , Fn) + · · ·

+ Ω([F1, F2, . . . , ∇̂Fn
Ĥ + T̂ (Ĥ, Fn)]

⊥)
]
.

In the rest of the calculation we can choose coordinates xi at any point
of interest so that {Fi = ei}i=1,··· ,n is orthonormal. We compute

(∇̂e1Ĥ)⊥ = 〈∇̂e1Ĥ, Jek〉Jek

and thus

Ω(〈∇̂e1Ĥ, Jek〉Jek, e2, . . . , en) =
√
−1〈∇̂e1Ĥ, Je1〉 ∗ Ω.

We can likewise compute other terms and obtain

∂

∂t
(∗Ω) =

√
−1

n∑

k=1

(〈∇̂ekĤ, Jek〉+ 〈T̂ (Ĥ, ek), Jek〉) ∗ Ω.

or

∂

∂t
θ =

n∑

k=1

(
〈∇̂ekĤ, Jek〉+ 〈T̂ (Ĥ, ek), Jek〉

)
.
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Now since ∇̂J = 0 and Ĥ = J∇θ we have

∂

∂t
θ =

n∑

k=1

(
〈∇̂ekĤ, Jek〉+ 〈T̂ (Ĥ, ek), Jek〉

)

=
n∑

k=1

(
〈∇̂ek∇θ, ek〉+ 〈T̂ (Ĥ, ek), Jek〉

)

(4.2)
= ∆θ +

n∑

k=1

(
〈T̂ (ek,∇θ), ek〉+ 〈T̂ (Ĥ, ek), Jek〉

)

= ∆θ +
n∑

k=1

(
〈T̂ (JĤ, ek), ek〉 − 〈JT̂ (Ĥ, ek), ek〉

)
.

�

Lemma 4.2. Along a generalized Lagrangian mean curvature flow, the
Liouville form evolves as

∂

∂t
F ∗λ = d(λ(Ĥ)) + µ. (4.5)

Proof. This follows from the Cartan’s formula that the Lie derivative
is LX = di(X)+ i(X)d. Note that by equations (2.2) and (3.3) we have

i(Ĥ)dλ = −i(Ĥ)ω = µ. �

We recall the statement of Theorem 2 and prove it.

Theorem 2 Suppose Mt, t ∈ [0, T ) is a smooth generalized Lagrangian
mean curvature flow in T ∗Σ, if M0 is exact and of vanishing Maslov
class, so is Mt for any t ∈ [0, T ).

Proof. By differentiating both sides in (4.4), we see µ always changes
by some exact form. This shows vanishing Maslov class is preserved.
Since the Maslov class of Mt vanishes for all t, the Lagrangian angle
can be chosen to be a single value function θ for all t. Now equation
(4.5) can be rewritten as

∂

∂t
F ∗λ = d(λ(Ĥ) + θ)

and we see that being exact is also preserved. �
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5. The graphical case

In this section we consider the generalized Lagrangian mean curvature
flow of Lagrangian graphs in the cotangent bundle T ∗Σ of a Riemannian
manifold (Σ, σ) that are induced by 1-forms on Σ. The graphical case
is interesting from an analytic point of view and can be seen as a ”test
case” for the more general non-graphical situation. Let M ⊂ T ∗Σ be
the graph of a smooth 1-form η ∈ Ω1(Σ) on Σ. In this case, we can use
local coordinates q1, . . . , qn on Σ to parametrize M and the graph of η
defined by

F : Σ → T ∗Σ , F (q) = (q, η(q))

is Lagrangian if and only if η is closed (hence locally exact, i.e. η = du

for a locally defined potential u on Σ). In the sequel we will always
assume that η is closed.

We remark the the calculation in this section is non-parametric, as
opposed to the parametric calculation in the last section.

The tangent space to the image of F is spanned by the basis

Fi :=
∂F

∂qi
= Xi + ηj;i

∂

∂pj
,

where ηj;i = ∂iηj − Λk
ijηk denotes the covariant derivative of the one-

form η with respect to the fixed background metric σ on Σ.

The Lagrangian angle can be computed in terms of ηj;i.

Proposition 5.1. Suppose M is a Lagrangian submanifold of T ∗Σ
defined as the graph of a closed 1-form η ∈ Ω1(Σ). Then the Lagrangian
angle θ of M with respect to to the horizontal distribution is

e
√
−1θ =

det(σij +
√
−1ηj;i)√

det σij

√
det(Gij)

,

where σij is the metric on M , ηj;i is the covariant derivative of η with
respect to σij, and Gij = σij + σklηk;iηl;j is the induced metric on M .

Proof. This follows from Lemma 3.1 with

vi =
∂F

∂qi
= σijX

j + ηj;iJX
j.

�
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The generalized mean curvature flow of graphs can be expressed locally
as a fully nonlinear parabolic equation for the locally defined potential
function u (with du = η) on Σ.

Proposition 5.2. Suppose Mt, t ∈ [0, T ) is a generalized mean cur-
vature flow such that each Mt is locally given as the graph of a closed
one-form ηt with local potential u(·, t) on Σ. The flow is then up to a
tangential diffeomorphism equivalent to

∂u

∂t
= θ =

1√
−1

ln
det(σij +

√
−1u;ij)√

det σij

√
detGij

(5.1)

where σij is the metric on Σ, u;ij = ∂i∂ju− Λk
ij∂ku is the Hessian of u

with respect to σij, and Gij = σij + u;ik σklu;lj is the induced metric on
Mt.

Proof. We parametrize the flow by

F (q, t) =

(
q,

∂u

∂q1
(q, t), . . . ,

∂u

∂qn
(q, t)

)
,

thus ∂F
∂t

= ∂
∂t
( ∂u
∂qi

) ∂
∂pi

and the mean curvature vector Ĥ is computed

from (3.3)
∂θ

∂qi
(G−1)ij(σjk

∂

∂pk
− u;jkX

k).

We claim that the normal part (∂F
∂t
)⊥ of ∂F

∂t
is

∂

∂t
(
∂u

∂qi
)(G−1)ij(σjk

∂

∂pk
− u;jkX

k).

Equating coefficients in (∂F
∂t
)⊥ = Ĥ yields

∂

∂t
(
∂u

∂qi
) =

∂θ

∂qi
, i = 1 · · ·n.

The desired equation is obtained by integration. It suffices to show
that the normal part of ∂

∂pi
is

(G−1)ij(σjk

∂

∂pk
− u;jkX

k) = (G−1)ijJ(
∂F

∂qj
)

which follows from the fact that

∂

∂pi
− (G−1)ijJ(

∂F

∂qj
)

is tangential. �
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Remark 5.1. We remark that if Mt remains graphical, there are two
ways to parametrize the flow. The first way is the parametric flow in
which the velocity vector at each point is the mean curvature vector
and thus represents a normal motion. We fix a domain manifold and
pull back the induced metric as a time-dependent metric defined on the
domain. In particular, the equations derived in §4 are all with respect to
this parametrization. The second way is the so called “non-parametric
flow” in which the velocity vector is a vertical vector, in fact, the vertical
component of the mean curvature vector. In this case, we may take
the domain manifold to be the base manifold with the fixed background
metric. In the first case, it is natural to pull back a geometric quantity
to the domain and then use the (time-dependent) induced metric to
measure it. In the second case, we project the quantity to the base
manifold and use the fixed background metric. All calculations in §6
and §7 are with respect to the non-parametric flow.

6. Graphical Lagrangian mean curvature flow in the

cotangent bundles of Riemannian manifolds

6.1. The special Lagrangian evolution equation on a Riemann-

ian manifold. Let (Σ, σ) be an n-dimensional Riemannian manifold
with Riemannian metric σij in a local coordinate system. Given a
smooth function u on Σ, let u;ij be the Hessian of u with respect to
the base metric σij . Similarly, u;ijk, u;ijkl, etc., denote higher order
covariant derivatives of u. From the definition of curvature (2.1), we
recall the following commutation formulae:

u;pqk − u;pkq = u;lC
l
pqk

u;kpqi − u;kpiq = u;lpC
l
kqi + u;klC

l
pqi

u;mkpqi − u;mkpiq = u;lkpC
l
mqi + u;mlpC

l
kqi + u;mklC

l
pqi.

(6.1)

du, as a closed one-form, defines a Lagrangian submanifold of the cotan-
gent bundle of Σ. The Lagrangian angle (with respect to the horizontal
distribution) of the graph of du is defined as

θ =
1√
−1

ln
det(σij +

√
−1u;ij)√

det σij

√
det(σij + u;ikσklu;lj)

. (6.2)

The generalized Lagrangian mean curvature flow defined in the previ-
ous section corresponds to the following nonlinear evolution equation
of u.
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Definition 6.1. Let (Σ, σ) be a Riemannian manifold, a smooth func-
tion u(q, t) defined on Σ×[0, T ) is said to satisfy the special Lagrangian
evolution equation if

∂u

∂t
(q, t) = θ(q, t) =

1√
−1

ln
det(σij +

√
−1u;ij)√

det σij

√
det(σij + u;ikσklu;lj)

(6.3)

where u;ij is the Hessian of u(q, t) with respect to the fixed metric σij.

Let

Gij = σij + u;ikσ
klu;lj (6.4)

be the (0, 2) tensor on Σ and (G−1)ij be the (2, 0) tensor on Σ such that
Gij(G

−1)jk = δki . The following calculation is on the base manifold
Σ and indexes of tensors are raised or lowered by the base metric σ

which is time-independent. All derivatives are covariant derivatives
with respect to σij .

Lemma 6.1. The derivative of θ is given by

θ;k = (G−1)iju;ijk. (6.5)

Proof. Define γij = σij +
√
−1u;ij, we compute γijσ

jk(σkl−
√
−1u;kl) =

Gil. Thus the inverse of γij is σ
jm(σml −

√
−1u;ml)(G

−1)lp. Therefore
√
−1θ;k

=(γij);kσ
im(σml −

√
−1u;ml)(G

−1)lj − 1

2
Gij;k(G

−1)ij

=
√
−1(G−1)iju;ijk.

�

Now suppose Mt, t ∈ [0, T ) is a generalized Lagrangian mean curvature
flow such that eachMt is given as the graph of a closed one-form η = du.

Taking the derivative of (6.3), in view of Lemma 6.1, we obtain

∂

∂t
u;k = (G−1)iju;ijk, (6.6)

which is equivalent to the generalized Lagrangian mean curvature flow
by Proposition 5.2.

We first derive the evolution of the length square of du with respect to
the metric σ.
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Lemma 6.2. Suppose u is a solution the evolution equation (6.3) on a
Riemannian manifold (Σ, σ), then ϑ = σiju;iu;j satisfies the following
evolution equation:

∂

∂t
ϑ−(G−1)ijϑ;ij = −2σij(G−1)pqu;ipu;jq+2σij(G−1)pqC l

pqiu;lu;j. (6.7)

Proof. A straightforward calculation using (6.6) yields

∂

∂t
ϑ = 2σij(G−1)pqu;pqiu;j

and

(G−1)ijϑ;ij = 2σij(G−1)pq(u;ipu;jq + u;ipqu;j).

The desired equation follows from (6.1).

�

In the following calculation, we often use a normal coordinate system
near a point to diagonalize the Hessian of u. Thus at this point, we
can assume that for each i, j,

σij = δij , u;ij = λiδij, Gij = (1 + λ2
i )δij , (G

−1)ij =
δij

(1 + λ2
i )

(6.8)

where λi, i = 1 · · ·n are the eigenvalues of u;ij.

In the case when the sectional curvatures σΣ has a lower bound c, we
have the following proposition.

Proposition 6.1. Suppose u is a solution of the evolution equation
(6.3) on a Riemannian manifold (Σ, σ). If the sectional curvatures σΣ

of (Σ, σ) satisfy σΣ ≥ c for c ∈ R, then at a point where (6.8) holds
true, we have

∂

∂t
ϑ− (G−1)ijϑ;ij ≤ −2

n∑

i=1

λ2
i

1 + λ2
i

− 2c
n∑

p=1

1

1 + λ2
p

(
∑

i 6=p

u2
;i) .

In particular, if Σ is compact and c ≥ 0, then for t ∈ [0, T ),

ϑ ≤ max
t=0

ϑ

Proof. We simply the right hand side of (6.7) at a point where (6.8)
holds,

2σij(G−1)pqC l
pqiu;lu;j = −2

n∑

p=1

1

1 + λ2
p

(
∑

l,i

Clpipu;lu;i).
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We may assume that the coordinate at this point is chosen so that
Clpip = 0 if l 6= i. Note that Cipip, p 6= i is the sectional curvature
spanned by the i and p directions, and thus by assumption,

2σij(G−1)pqC l
pqiu;lu;j ≤ −2c

n∑

p=1

1

1 + λ2
p

(
∑

i 6=p

u2
;i) (6.9)

and

σij(G−1)pqu;ipu;jq =

n∑

i=1

λ2
i

1 + λ2
i

.

The last statement follows from the maximum principle. �

Consider the evolution equation of ρ, where

ρ =
1

2
ln detGij −

1

2
ln det σij =

1

2
ln det(σij + u;ikσ

klu;lj)−
1

2
ln det σij .

(6.10)

Lemma 6.3. Suppose u is a solution of the evolution equation (6.3)
on a Riemannian manifold (Σ, σ), then ρ defined in equation (6.10)
satisfies the following evolution equation:

∂ρ

∂t
− (G−1)klρ;kl

= (G−1)ij(G−1)pqu k
; j(Ξ1)pqik

− (G−1)kl(G−1)pqu;prkσ
rsu;sql −

1

2
(G−1)klGpq;k(G

−1)pq; l + (G−1)pq; ku;pqiu
k
; j(G

−1)ij,

(6.11)

where

(Ξ1)pqik = u;lkC
l
pqi+u;lC

l
pqi;k+u;lpC

l
iqk+u;ilC

l
pqk+u;lqC

l
ipk+u;lC

l
ipk;q

Proof. We first verify the following two identities:

∂ρ

∂t
=

[
(G−1)pqu;pqik + (G−1)pq;ku;pqi

]
u k
; j(G

−1)ij

ρ;kl = u;prklu
r
; q(G

−1)pq + u;prku
r
; ql(G

−1)pq +
1

2
Gpq;k(G

−1)pq;l .

(6.12)

By the definition of ρ and Gij, after symmetrization we get

∂ρ

∂t
= (

∂u;ik

∂t
)u k

; j(G
−1)ij.
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Differentiating (6.6), we obtain

∂u;ij

∂t
= θ;ij.

Recall from (6.5) θ;i = (G−1)pqu;pqi and differentiate this equation one
more time, we derive

θ;ik = (G−1)pq;k u;pqi + (G−1)pqu;pqik.

This gives the first formula in (6.12). On the other hand,

ρ;k =
1

2
(Gpq);k(G

−1)pq and Gpq;k = u;prku
r
; q + u r

; pu;rqk.

Differentiating one more time, we obtain the second formula in (6.12).
To this end, it suffices to compute

(G−1)pqu;pqiku
k
; j(G

−1)ij−(G−1)klu;prklu
r
; q(G

−1)pq = (G−1)ij(G−1)pq(u;pqik−u;ikpq)u
k
; j.

We write

u;pqik = (u;pqi − u;piq);k + (u;ipqk − u;ipkq) + (u;ipk − u;ikp);q + u;ikpq.

Therefore, by the commutation formula for curvature tensor in equation
(6.1), we obtain

u;pqik = u;lkC
l
pqi + u;lC

l
pqi;k + u;lpC

l
iqk + u;ilC

l
pqk + u;lqC

l
ipk + u;lC

l
ipk;q + u;ikpq

= (Ξ1)pqik + u;ikpq.

�

We simplify the right hand side of equation (6.11) at a point using
(6.8).

Proposition 6.2. Suppose u is a solution of the evolution equation
(6.3) on a Riemannian manifold (Σ, σ), then ρ defined in equation
(6.10) satisfies the following equation at a point where (6.8) holds true:

∂ρ

∂t
− (G−1)klρ;kl

=
∑

p,q,k

−1 + λpλq − λk(λp + λq)

(1 + λ2
p)(1 + λ2

q)(1 + λ2
k)

u2
;pqk −

∑

p<k

2(λp − λk)
2

(1 + λ2
p)(1 + λ2

k)
C

p
kpk

+
∑

p,k,l

(λk − λp)

(1 + λ2
k)(1 + λ2

p)
u;lC

l
kpk;p.

(6.13)
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Proof. We compute those terms that involve the third covariant deriva-
tives u;pqk first. For any fixed indexes p, q, k, we derive

(G−1)pq;k = −(G−1)pr(u;rmku
m
; s+um

; ru;msk)(G
−1)sq = − λp + λq

(1 + λ2
p)(1 + λ2

q)
u;pqk

and

Gpq;k = (λp + λq)u;pqk.

Therefore,

∑

p,q,k,l

−1

2
(G−1)klGpq;k(G

−1)pq;l =
∑

p,q,k

1

2

(λp + λq)
2

(1 + λ2
p)(1 + λ2

q)(1 + λ2
k)
u2
;pqk

and
∑

p,q,i,j,k

(G−1)pq;k u;pqiu
k
; j(G

−1)ij = −
∑

p,q,k

(λp + λq)λk

(1 + λ2
p)(1 + λ2

q)(1 + λ2
k)
u2
;pqk.

On the other hand,

−
∑

p,q,k,l,r,s

(G−1)kl(G−1)pqu;prkσ
rsu;sql =

∑

p,q,k

−1

(1 + λ2
p)(1 + λ2

k)
u2
;pqk.

Adding up the last three terms and symmetrizing the indexes p and q,
we obtain

∑

p,q,k

−1 + λpλq − λk(λp + λq)

(1 + λ2
p)(1 + λ2

q)(1 + λ2
k)

u2
;pqk.

When the base manifold is flat the indexes q and k are symmetric and
this term is

−
∑

p,q,k

(1 + λpλq)

(1 + λ2
p)(1 + λ2

q)(1 + λ2
k)
u2
;pqk.

This recovers the equation in [SW1].

Now we turn to ambient curvature term, first of all we observe that for
fixed indexes i, k, p, q,

∑

j

(G−1)ij(G−1)pqu k
; j =

λk

(1 + λ2
k)(1 + λ2

p)
δpqδik.

Therefore the ambient curvature term becomes

λk

(1 + λ2
k)(1 + λ2

p)
(2λkC

k
ppk + 2λpC

p
kpk +

∑

l

u;lC
l
ppk;k + u;lC

l
kpk;p).
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Symmetrizing k and p using the symmetry of the curvature operator,
we obtain

∑

p,k

−(λp − λk)
2

(1 + λ2
p)(1 + λ2

k)
C

p
kpk +

∑

p,k,l

(λk − λp)

(1 + λ2
k)(1 + λ2

p)
u;lC

l
kpk;p.

The first term is non-positive if the sectional curvature of g is.

�

Note that, in view of the definition of ρ (6.10), at a point where (6.8)
holds,

ρ =
1

2
ln

[
n∏

i=1

(1 + λ2
i )

]
.

If ρ is close to 0, λi is also small. In this case, the first term on the
right hand side of (6.13) is negative and we can show that ρ being close
to 0 is preserved along the flow.

Next, we compute the evolution equation of the third derivatives of u,
which corresponds to the second fundamental forms of the Lagrangian
submanifold defined by du.

Let

Θ2 = (G−1)ip(G−1)jq(G−1)kru;ijku;pqr (6.14)

and

Υ2 = (G−1)ms(G−1)ip(G−1)jq(G−1)kru;ijkmu;pqrs. (6.15)

Lemma 6.4. Suppose u is a solution of the evolution equation (6.3) on
a Riemannian manifold (Σ, σ). If the curvature tensor of Σ is parallel,
Θ2 defined in (6.14) evolves by the following equation:

∂

∂t
Θ2 − (G−1)ms(Θ2);ms

=− 2Υ2 + 2(G−1)ip(G−1)jq(G−1)kr(G−1)ms
;jkumsiu;pqr

−(G−1)ms
[
2(G−1)ip;ms(G

−1)jq(G−1)kr + (G−1)ip(G−1)jq(G−1)kr;ms

]
u;ijku;pqr + I+ II+ III,
(6.16)

where

I =

[
2
∂(G−1)ip

∂t
(G−1)jq(G−1)kr + (G−1)ip(G−1)jq

∂(G−1)kr

∂t

]
u;ijku;pqr ,

(6.17)
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II = − (G−1)ms
[
2(G−1)ip;m(G

−1)jq;s (G
−1)kr + 4(G−1)ip;m(G

−1)jq(G−1)kr;s
]
u;ijku;pqr

− (G−1)ms
[
8(G−1)ip;s (G

−1)jq(G−1)kr + 4(G−1)ip(G−1)jq(G−1)kr;s
]
u;ijkmu;pqr,

(6.18)

and

III = 2(G−1)ip(G−1)jq(G−1)kru;pqr

[
(G−1)ms

;j u;msik + (G−1)ms
;k u;msij

+ (G−1)ms(2u;ljsC
l
imk + 2u;ilsC

l
jmk + 2u;lmkC

l
isj + u;ilkC

l
msj + u;ijlC

l
msk + u;ljkC

l
msi)

]
.

(6.19)

Proof. Recall that u;ijk is symmetric in the i, j indexes. A straightfor-
ward calculation using this symmetry gives

∂

∂t
Θ2

=2
∂(G−1)ip

∂t
(G−1)jq(G−1)kru;ijku;pqr + (G−1)ip(G−1)jq

∂(G−1)kr

∂t
u;ijku;pqr

+2(G−1)ip(G−1)jq(G−1)krθ;ijku;pqr

(6.20)

and

(G−1)ms(Θ2);ms

= 2(G−1)ms(G−1)ip(G−1)jq(G−1)kru;ijkmsu;pqr

+2(G−1)ms(G−1)ip(G−1)jq(G−1)kru;ijkmu;pqrs

+ (G−1)ms
[
2(G−1)ip;ms(G

−1)jq(G−1)kr + (G−1)ip(G−1)jq(G−1)kr;ms

]
u;ijku;pqr

+ (G−1)ms
[
2(G−1)ip;m(G

−1)jq;s (G
−1)kr + 4(G−1)ip;m(G

−1)jq(G−1)kr;s
]
u;ijku;pqr

+ (G−1)ms
[
8(G−1)ip;s (G

−1)jq(G−1)kr + 4(G−1)ip(G−1)jq(G−1)kr;s
]
u;ijkmu;pqr.

(6.21)

Subtracting (6.21) from (6.20) and regrouping terms, we derive

∂

∂t
Θ2 − (G−1)ms(Θ2);ms

=− 2Υ2 + 2(G−1)ip(G−1)jq(G−1)kr(θ;ijk − (G−1)msu;ijkms)u;pqr

− (G−1)ms
[
2(G−1)ip;ms(G

−1)jq(G−1)kr + (G−1)ip(G−1)jq(G−1)kr;ms

]
u;ijku;pqr + I + II.

(6.22)
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Note that

θ;ijk =[(G−1)msu;msi];jk

=(G−1)msu;msijk + (G−1)ms
;jku;msi + (G−1)ms

;j u;msik + (G−1)ms
;k u;msij.

(6.23)

Using commutation formulae in equation (6.1), we obtain, under the
assumption of parallel curvature tensor,

u;msijk

= u;ijmks + u;ljmC
l
isk + u;ilmC

l
jsk + u;ijlC

l
msk

+ u;lskC
l
imj + u;lmkC

l
isj + u;ilkC

l
msj + u;ljkC

l
msi.

In addition,

u;ijmks = u;ijkms + u;ljsC
l
imk + u;ilsC

l
jmk.

Thus
u;msijk − u;ijkms

=u;ljsC
l
imk + u;ilsC

l
jmk + u;ljmC

l
isk + u;ilmC

l
jsk + u;ijlC

l
msk

+u;lskC
l
imj + u;lmkC

l
isj + u;ilkC

l
msj + u;ljkC

l
msi.

(6.24)

Combing (6.23) and (6.24), we obtain

(G−1)ip(G−1)jq(G−1)kr(θ;ijk − (G−1)msu;ijkms)u;pqr

= (G−1)ip(G−1)jq(G−1)kr
[
(G−1)ms

;jku;msi + (G−1)ms
;j u;msik + (G−1)ms

;k u;msij

+ (G−1)ms(2u;ljsC
l
imk + 2u;ilsC

l
jmk + 2u;lmkC

l
isj + u;ilkC

l
msj + u;ijlC

l
msk + u;ljkC

l
msi)

]
u;pqr.

(6.25)

�

In the rest of this section, we estimate the right hand side of (6.16). We
introduce another geometric quantity Λ ≥ 0 to measure the Hessian of
u:

Λ2 = σijσklu;iku;jl (6.26)

We prove the following differential inequality.

Proposition 6.3. Suppose u is a solution of the evolution equation
(6.3) on a Riemannian manifold (Σ, σ). If the curvature tensor of Σ is
parallel, Θ2 defined in (6.14) satisfies the following inequality:

∂

∂t
Θ2 − (G−1)ms(Θ2);ms ≤ −Υ2 + C1(1 + Λ2)Θ4 + C2Θ

2, (6.27)
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where Λ is defined in (6.26) and C1 and C2 are constants that depend
only on the dimension of Σ.

Proof. From
Gij = σij + u;ikσ

klu;lj ,

we compute that

(G−1)pq; k =− (G−1)pr(u;rmku
m
;s + um

;ru;msk)(G
−1)sq

=− um
;su;mrk

[
(G−1)pr(G−1)sq + (G−1)ps(G−1)rq

]
.

(6.28)

Taking one more derivative, we derive:

(G−1)pq; kj = − um
;sju;mrk

[
(G−1)pr(G−1)sq + (G−1)ps(G−1)rq

]

− um
;s

{
u;mrk

[
(G−1)pr(G−1)sq + (G−1)ps(G−1)rq

]}
;j
.

(6.29)

On the other hand, using
∂u;ij

∂t
= θ;ij , we compute

∂Gij

∂t
= θ;ikσ

klu;lj + u;ikσ
klθ;lj .

Differentiating θ;i = (G−1)pqu;pqi one more time gives

θ;ik = (G−1)pq;k u;pqi + (G−1)pqu;pqik. (6.30)

Within this section, for any positive integer i, Ci denotes a positive
constant that depends only on the dimension n. At any point where
(6.8) holds true Λ =

√∑n

i=1 λ
2
i and

|u i
; j | ≤ Λδij, for anyi, j

|(G−1)klu;lj| = | λk

1 + λ2
k

δkj | ≤ δkj for anyk, j
(6.31)

From (6.28) and (6.30), we have

|(G−1)pq; k| ≤ 2Λ|u;srk(G
−1)ps(G−1)qr|,

|θ;ik| ≤ 2Λ|(G−1)ps(G−1)qru;pqiu;srk|+ |(G−1)pqu;pqik|,
and |∂Gij

∂t
| ≤ 2|θ;ij|. Thus

|2∂(G
−1)ip

∂t
(G−1)jq(G−1)kru;ijku;pqr|

≤4(G−1)ir(G−1)sp(G−1)jq(G−1)kr|θ;rs||u;ijk||u;pqr|
≤C1ΛΘ

4 + C2Θ
2Υ

(6.32)
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for some constants C1, C2 depending only on n. Similarly,

(G−1)ip(G−1)jq
∂(G−1)kr

∂t
u;ijku;pqr ≤ C1ΛΘ

4 + C2Θ
2Υ.

Thus |I| ≤ C1ΛΘ
4 + C2Θ

2Υ.

Similarly, we have

|II| ≤ C3Λ
2Θ4 + C4ΛΘ

2Υ.

and
|III| ≤ C5ΛΘ

2Υ+ C6Θ
2.

Using |(G−1)pq; k| ≤ 2Λ|u;srk(G
−1)ps(G−1)qr|, |um

;s | ≤ Λδms and (6.29), we
have

|2(G−1)ip(G−1)jq(G−1)kr(G−1)ms
;jkumsiu;pqr

−(G−1)ms
[
2(G−1)ip;ms(G

−1)jq(G−1)kr + (G−1)ip(G−1)jq(G−1)kr;ms

]
u;ijku;pqr|

≤C7(1 + Λ2)Θ4 + C7ΛΥΘ2

(6.33)

The right hand side of (6.16) can thus be bounded from above by

−2Υ2 + C14(1 + Λ2)Θ4 + C15(1 + Λ)ΥΘ2 + C16Θ
2.

The claim (6.27) follows from this and the Cauchy-Schwarz inequality.
�

7. Proof of Theorem 3

We give the precise statement of Theorem 3:

Theorem 3 When (Σ, σ) is a standard round sphere of constant sec-
tional curvature, the zero section in T ∗Σ is stable under the generalized
Lagrangian mean curvature flow. Suppose a Lagrangian submanifold
M0 is the graph of du for a smooth function u on Σ and let λi be
the eigenvalues of the Hessian of u with respect to σ. There exists a
constant ǫ depending only on n and the curvature of Σ such that if∏n

i=1(1+λ2
i ) ≤ 1+ ǫ, then generalized Lagrangian mean curvature flow

of M0 exists smoothly for all time, and converges to the zero section
smoothly at infinity.

Proof. Let χ =
detGij

det σij
=

∏n

i=1(1 + λ2
i ). From the condition χ ≤ 1 + ǫ,

we have Λ2 =
∑

i λ
2
i ≤ ǫ and λiλj ≤ ǫ for 1 ≤ i, j ≤ n. Since the

section curvature of σ is positive and the curvature tensor is parallel,
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the evolution equation of ρ in (6.11) implies hat the condition χ ≤ 1+ǫ

is preserved by the generalized Lagrangian mean curvature flow if 3ǫ ≤
1.

In particular, by assuming 3ǫ ≤ 1, we obtain the following differential
inequality along the flow:

∂ρ

∂t
− (G−1)klρ;kl ≤ (−1 + 3ǫ)Θ2.

In the following calculation, we denote ∇Gf · ∇Gg = (G−1)klf;kg;l and
|∇Gf |2 = (G−1)klf;kf;l for functions f and g defined on Σ. With ρ =
1
2
lnχ, the last inequality can be turned into a differential inequality of

χ:
∂χ

∂t
− (G−1)klχ;kl ≤ 2(−1 + 3ǫ)χΘ2 − |∇Gχ|2

χ
. (7.1)

Since Λ2 ≤ ǫ, we have

∂

∂t
Θ2 − (G−1)kl(Θ2);kl ≤ −Υ2 + C1(1 + ǫ)Θ4 + C2Θ

2 (7.2)

from (6.27). Let p be a positive number to be determined, we compute:

∂

∂t

(
χpΘ2

)
− (G−1)kl(χpΘ2);kl

= pχp−1Θ2
(∂χ
∂t

− (G−1)klχ;kl

)
+ χp

( ∂

∂t
Θ2 − (G−1)kl(Θ2);kl

)

− p(p− 1)χp−2Θ2|∇Gχ|2 − 2pχp−1∇Gχ · ∇G(Θ
2).

Using (7.1) and (7.2) in the above equation, we obtain

∂

∂t

(
χpΘ2

)
− (G−1)kl(χpΘ2);kl

≤ 2(−1 + 3ǫ)pχpΘ4 − p2χp−2Θ2|∇Gχ|2 − 2pχp−1∇Gχ · ∇G(Θ
2)

+χp
(
−Υ2 + C1(1 + ǫ)Θ4 + C2Θ

2
)

≤ − 2p∇G(χ
pΘ2) · ∇G lnχ + p2χp−2Θ2|∇Gχ|2

+
(
2(−1 + 3ǫ)p+ C1(1 + ǫ)

)
χpΘ4 + C2χ

pΘ2.

Note that we used

∇G(χ
pΘ2) · ∇G lnχ = pχp−2Θ2|∇Gχ|2 + χp−1∇Gχ · ∇G(Θ

2).

Recall that

ρ;k =
1

2
(Gij);k(G

−1)ij =
∑

i

λiu;iik

1 + λ2
i
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and

|∇Gρ|2 =
∑

i,j,k

λiλju;iiku;jjk

(1 + λ2
i )(1 + λ2

j)(1 + λ2
k)

≤ ǫ

2

∑

i,j,k

u2
;iik + u2

;jjk

(1 + λ2
i )(1 + λ2

j)(1 + λ2
k)

≤ ǫΘ2.

Thus p2χp−2Θ2|∇Gχ|2 = 4p2χpΘ2|∇Gρ|2 ≤ 4p2ǫ2χ2pΘ4 where we have
also used the fact that 1 ≤ χ . This implies that

∂

∂t

(
χpΘ2

)
− (G−1)kl(χpΘ2);kl

≤ − 2p∇G(χ
pΘ2) · ∇G lnχ+

(
4p2ǫ2 + 2(−1 + 3ǫ)p+ C1(1 + ǫ)

)
χ2pΘ4 + C2χ

pΘ2.

Choose ǫ small enough so that (−1 + 3ǫ)2 − 4C1ǫ
2(1 + ǫ) > 0 and

1−3ǫ > 0. Then we can find p > 0 so that 4p2ǫ2+2(−1+3ǫ)p+C1(1+ǫ)
is negative. The maximum principle implies that χpΘ2 is uniformly
bounded. Hence Θ2 is unformly bounded based on the fact that χ ≥ 1.
Standard arguments imply that the higher order derivatives of u are
also bounded. This proves the long time existence and convergence
of the generalized Lagrangian mean curvature flow. Using Proposition
6.1, c = 1 and

∑
i λ

2
i ≤ ǫ, we have

∂

∂t
ϑ ≤ (G−1)ijϑ;ij −

2c(n− 1)

1 + ǫ2
ϑ

and ϑ ≤ (maxt=0 ϑ) · e
−2(n−1)t

1+ǫ2 or ϑ = σiju;iu;j is sub-exponential decay.
This shows that the section du converges to the zero section. �

Finally, we remark that the stability theorem (Theorem 3) holds true
when the sphere is replaced by a compact Riemannian manifold of pos-
itive sectional curvature. Lemma 6.4 needs to be modified to accom-
modate the covariant derivatives of the curvature tensor. However, the
contribution is of lower order, and Theorem 3 still holds, except that
the constant ǫ depends on the covariant derivatives of the curvature as
well.
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