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MINIMIZING PROPERTIES OF CRITICAL POINTS
OF QUASI-LOCAL ENERGY

PO-NING CHEN, MU-TAO WANG, AND SHING-TUNG YAU

ABSTRACT. In relativity, the energy of a moving particle depends on the observer, and
the rest mass is the minimal energy seen among all observers. The Wang—Yau quasi-
local mass for a surface in spacetime introduced in [7] and [§] is defined by minimizing
quasi-local energy associated with admissible isometric embeddings of the surface into
the Minkowski space. A critical point of the quasi-local energy is an isometric embedding
satisfying the Euler-Lagrange equation. In this article, we prove results regarding both
local and global minimizing properties of critical points of the Wang—Yau quasi-local
energy. In particular, under a condition on the mean curvature vector we show a critical
point minimizes the quasi-local energy locally. The same condition also implies that the
critical point is globally minimizing among all axially symmetric embedding provided the
image of the associated isometric embedding lies in a totally geodesic Euclidean 3-space.

1. INTRODUCTION

Let ¥ be a closed embedded spacelike 2-surface in a spacetime N. We assume X is a
topological 2-sphere and the mean curvature vector field H of ¥ in NV is a spacelike vector
field. The mean curvature vector field defines a connection one-form of the normal bundle
apg = (Vé\,’)eg, eq), where ez = —|—g‘ and ey is the future unit timelike normal vector that

is orthogonal to e3. Let o be the induced metric on X.

We shall consider isometric embeddings of o into the Minkowski space R*!. We recall
that this means an embedding X : ¥ — R*! such that the induced metric on the image
is 0. Throughout this paper, we shall fix a constant unit timelike vector Ty in R*!. The
time function 7 on the image of the isometric embedding X is defined to be 7 = —X - Tj.
The existence of such an isometric embedding is guaranteed by a convexity condition on o
and 7 (Theorem 3.1 in [§]). The condition is equivalent to that the metric o + dr ® dr has

positive Gaussian curvature. Let X be the projection of the image of X, X (X), onto the

A~

orthogonal complement of Tj, a totally geodesic Euclidean 3-space in R*!. 3 is a convex
2-surface in the Euclidean 3-space. Then the isometric embedding of ¥ into R*! with time
function 7 exists and is unique up to an isometry of the orthogonal complement of Tj.
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In [7] and [8], Wang and Yau define a quasi-local energy for a surface ¥ with spacelike
mean curvature vector H in a spacetime N, with respect to an isometric embedding X of
¥ into R*!. The definition relies on the physical data on ¥ which consist of the induced
metric o, the norm of the mean curvature vector |H| > 0, and the connection one-form a.
The definition also relies on the reference data from the isometric embedding X : ¥ — R3!

whose induced metric is the same as ¢. In terms of 7 = —X - Tj, the quasi-local energy is
defined to be ]

(1.1) EX,71) = /Aﬁdvi - / [\/1 + |VT|2coshO|H| — V7 -V — ag(VT)| dvs,
s )

where V and A are the covariant derivative and Laplace operator with respect to o, and 6
is defined by sinh 8 = —Aar1 Finally, H is the mean curvature of ¥ in R3. We note

|H|\/14+|V 7|2

that in F(X,7), the first argument ¥ represents a physical surface in spacetime with the
data (o, |H|,ap), while the second argument 7 indicates an isometric embedding of the
induced metric into R3! with time function 7 with respect to the fixed Tp.

The Wang—Yau quasi-local mass for the surface ¥ in N is defined to be the minimum
of E(X,7) among all “admissible” time functions 7 (or isometric embeddings). This ad-
missible condition is given in Definition 5.1 of []] (see also section 3.1). This condition for
7 implies that E(X,7) is non-negative if N satisfies the dominant energy condition. We
recall the Euler-Lagrange equation for the functional E(X, 7) of 7, which is derived in [§].
Of course, a critical point 7 of E(X, 7) satisfies this equation.

Definition 1. Given the physical data (o, |H|, arr) on a 2-surface . We say that a smooth
function T is a solution to the optimal embedding equation for (o, |H|,ap) if the metric
G =0 +dr ®dr can be isometrically embedded into R with image ¥ such that

ViV \Y
Y ¥aT | iy, (— e cosh §|H| — V8 — az) = 0
V1+|Vr|? 1+ |Vr|?

where V and A are the covariant dem’vaéjve and Laplace operator with respect to o, 0 is
defined by sinh 6 = —A7 hap and H are the second fundamental form and the mean

|H|\/1+|V 72"

curvature of %, respectively.

(12)  — (H& — 6°¢6%hy)

It is natural to ask the following questions:

(1) How do we find solutions to the optimal embedding equation?
(2) Does a solution of the optimal embedding equation minimize E(X, 7), either locally
or globally?

Before addressing these questions, let us fix the notation on the space of isometric
embeddings of (¥, 0) into R,

IThis notation E(X,7) is slightly different from [7] and [8] where E(X, X,Ty) is considered. However,
no information is lost as long as only energy and mass are considered (as opposed to energy-momentum
vector).
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Notation 1. Ty is a fixed constant future timelike unit vector throughout the paper, X,
will denote an isometric embedding of o into R>! with time function 7 = —X - Ty. We
denote the image of X, by ¥,, the mean curvature vector of ¥, by H. and the connection
one-form of the normal bundle of ¥ determined by H; by apy,. We denote the projection
of X onto the orthogonal complement of Ty by i?T and the mean curvature of iT by ﬁT.

In particular, when o has positive Gauss curvature, Xy will denote an isometric embed-
ding of ¢ into the orthogonal complement of Tj. ¥ denotes the image of Xy, The mean
curvature Hy of 3y can be viewed as a positive function by the assumption.

In [2], the authors studied the above questions at spatial or null infinity of asymptot-
ically flat manifolds and proved that a series solution exists for the optimal embedding
equation, the solution minimizes the quasi-local energy locally and the mass it achieves
agrees with the ADM or Bondi mass at infinity for asymptotically flat manifolds. On
the other hand, when ap is divergence free, 7 = 0 is a solution to the optimal embed-
ding equation. Miao—Tam—Xie [4] and Miao—Tam [5] studied the time-symmetric case and
found several conditions such that 7 = 0 is a local minimum. In particular, this holds if
Hy > |H| > 0 where Hj is the mean curvature of the isometric embedding X, of ¥ into
R? (i.e. with time function 7 = 0).

For theorems proved in this paper, we impose the following assumption on the physical
surface X.

Assumption 1. Let X be a closed embedded spacelike 2-surface in a spacetime N satisfying
the dominant energy condition. We assume that ¥ is a topological 2-sphere and the mean
curvature vector field H of ¥ in N is a spacelike vector field.

We first prove the following comparison theorem among quasi-local energies.
Theorem 1. Suppose ¥ satisfies Assumption 1 and 1o is a is a critical point of the quasi-
local energy functional E(X, 7). Assume further that

|Hr,| > [H]
where H,, is the mean curvature vector of the isometric embedding of % into R®! with time
function 19. Then, for any time function T such that o + dT ® d1 has positive Gaussian
curvature, we have
E(X,7) > E(X,10)+ E(Xs, 7).
Moreover, equality holds if and only if T — 19 is a constant .

As a corollary of Theorem [Il we prove the following theorem about local minimizing
property of an arbitrary, non-time-symmetric, solution to the optimal embedding equation.

Theorem 2. Suppose ¥ satisfies Assumption 1 and g is a critical point of the quasi-local
energy functional E(3, 7). Assume further that
|H-| > |H| >0

where H,, is the mean curvature vector of the isometric embedding X,, of ¥ into R>! with
time function 9. Then, 1y is a local minimum for E(X,T).
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The special case when 79 = 0 was proved by Miao—Tam—Xie [4]. They estimate the
second variation of quasi-local energy around the critical point 7 = 0 by linearizing the
optimal embedding equation near the critical point and then applying a generalization
of Reilly’s formula. As we allow 7y to be an arbitrary solution of the optimal isometric
embedding equation, a different method is devised to deal with the fully nonlinear nature
of the equation.

In general, the space of admissible isometric embeddings as solutions of a fully nonlinear
elliptic system is very complicated and global knowledge of the quasi-local energy is difficult
to obtained. However, we are able to prove a global minimizing result in the axially
symmetric case.

Theorem 3. Let 3 satisfy Assumption 1. Suppose that the induced metric o of ¥ is axially
symmetric with positive Gauss curvature, T = 0 is a solution to the optimal embedding
equation for ¥ in N, and
Hy > |H| > 0.

Then for any axially symmetric time function T such that o + dT ® dT has positive Gauss
curvature,

E(X,7) > E(X,0).
Moreover, equality holds if and only if T is a constant .

This theorem will have applications in studying quasi-local energy in the Kerr spacetime,
or more generally an axially symmetric spacetime. It is very likely that the global minimum
of quasilocal energy of an axially symmetric datum is achieved at an axially symmetric
isometric embedding into the Minkowski, though we cannot prove it at this moment. In
[4], Miao, Tam and Xie described several situations where the condition Hy > |H| holds.
In particular, this includes large spheres in Kerr spacetime.

In section 2, we prove Theorem [T using the nonlinear structure of the quasi-local energy.
In section 3, we prove the admissibility of the time function = for the surface ¥, in R3!
when 7 is close to 1p. The positivity of quasi-local mass follows from the admissibility
of the time function. Combining with Theorem [0 this proves Theorem In section 4,
we prove Theorem [Bl Instead of using admissibility, we prove the necessary positivity of
quasi-local energy using variation of quasi-local energy and a point-wise mean curvature
inequality.

2. A COMPARISON THEOREM FOR QUASI-LOCAL ENERGY

In this section, we prove Theorem [I1

Proof. We start with a metric o and consider an isometric embedding into R*! with time
function 9. The image is an embedded space-like 2-surface 3., in R*!. The corresponding
data on X, are denoted as |H,| and QH,, - We consider the quasi-local energy of ¥, as
a physical surface in the spacetime R3! with respect to another isometric embedding X,
into R*! with time function 7. We recall that

E(S,,,7) = /i Hdvg, — /Z [\/1 + V72 cosh Or z) | Hr | = V7 - VO(r00) —aH,O(vT)] dvs:
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—AT

|Hro|\/ 14|V T2
Using E(3,,,7), E(X,7) can be expressed as

where 0, ) is defined by sinh 0, -y =

(2.1) EX, 1) = /Aﬁdvi —/ [\/1 + |V7|2cosh0|H| — VT V0 — OéH(VT)] dvy,
. z 2
= E(

Y, T)+A
where
A= / V14 [VT2cosh 0 ) [Hry| = VT - VO ) — o, (VT)] dvs,
(2.2) >
/ V14 |V7[2cosh 0| H| — VT'VH—CYH(VT)] dvs,.
2

In the following, we shall show that A > E(X, 7).
One can rewrite divy,ag and div, o Hyy using the optimal embedding equation. First,
is a solution to the original optimal embedding equation. We have

(2.3)
. o~ cacAbdi VVaTo (ATp)?
divgag = — (Ho% — 696, ) —2—22_ 4+ d =07
7=t VP \/1+|v70|2 T OnP

ATy

[H|\/1+[V7ol?

+ A |sinh™!

where ilab and H are the second fundamental form and mean curvature of im, respectively.
On the other hand, 7 = 7y locally minimizes E(X,,,7) by the positivity of quasi-local
energy. Hence,

(2.4)
. . JPR VVa1o (A1p)?
diveay, =— (He% — 596, ) —=2220 4 giy H? + ———
iy = )\/1+]V7'0!2 \/1+\V7'0’2 ° T 1+ VP
A
+ A |sinh™! 70

|Ho|\/1 4+ |VTol?

where hq, and H are the same as in equation (Z3) (this can be verified directly as in [9]).
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Using equations (2.3]) and ([2.4]), we have
— [ VAT TP, P+ B - T+ [VrPIHP + (A7)
b

AT AT
— A7sinh™!( )+ A7 sinh ™ (————
|Hry /1 + V7|2 |H|\/1+ yVTP)
. _ ATO . ATO
+ A7sinh™!( ) — Arsinh™!( )
[ Hay /1 4 [Vol? [H[\/1+ [V7ol?
V- V71 o H, 2+ (AT1)? H (ATp)? ]
V14 VP |v¢0|2 L VRl TP
_ _ _Amp
With a new variable x = m and zg = T the first six terms of the integrand
is simply
VIFIVIP|[VIHLP +2% - HP + 22
x x
— z(sinh™' ——— —sinh ™' — —sinh ™! + sinh ™! }
(s ) ] o] I )
Let
fl@) =V/[Hz, P + 22 — V/[H[? + 22
. _ T xT _ ) . _1 29
— 2 |sinh™! —sinh™! — — sinh™! —I—Slnhl—].
[ | H | |H| | Hr | |H|
Direct computation shows that
. _ T . xT _ i) . _1 Zo
f'(x) = sinh~! — — sinh ™! +sinh ™! —sinh™ " —.
|H| [Ho| [Hry| |H|

If |Hy| > |H|, f(z0) = /|Hr|? + 22 — \/|H> + 22 is the global minimum for f(x) and
equality holds if and only if z = zy. Hence,

V1o VT (A1) (A1)
AZ/E(\/HIVTP ———— \/| Ho|? + 1+|v0 \/| o

1+yv7012 e

/( H 2+ (A1p)? " (A1p)? }
1+rw2 1+ [V T VP

The last inequality follows simply from

Vr19-VT V1ol VT 1
VIFIVE- 2 > (T + V2 — >
( v V1+ |V \2) ( IV \/1+\V7'0\2) V14|Vl

and equality holds if and only if V7 = V1. On the other hand,

(ATp)? (ATp)?
E(X, 1) = H. |2 +
(5,70) /( H'wQ \/| P+ T \/| ]
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if one evaluates divyag and diveap, using equations ([2.3) and (2.4). O

3. LOCAL MINIMIZING PROPERTY OF CRITICAL POINTS OF QUASI-LOCAL ENERGY

In this section, we start with a metric ¢ and consider an isometric embedding into R3!
with time function 79. The image is an embedded space-like 2-surface ¥, in R3!. The
corresponding data on X, are denoted as |H,,| and am,,. We consider the quasi-local
energy of 3., as a physical surface in the spacetime R*! with respect to another isometric
embedding X, into R*! with time function 7. In this section, we prove that for 7 close to
To, T is admissible with respect to the surface ¥,. This shows that, for 7 close to 7y, we
have

EX,,7)>0

3.1. Admissible isometric embeddings. We recall definitions and theorems related to
admissible isometric embeddings from [g].

Definition 2. Suppose i : ¥ < N is an embedded spacelike two-surface in a spacetime
N. Given a smooth function T on ¥ and a spacelike unit normal es, the generalized mean
curvature associated with these data is defined to be

h(X,i,7,e3) = —/1+ |VT|2(H, e3) — e, (VT)

where, as before, H is the mean curvature vector of X in N and a., is the connection form
of the normal bundle determined by es.

Recall, in Definition 5.1 of [§], given a physical surface ¥ in spacetime N with induced
metric ¢ and mean curvature vector H, there are three conditions for a function 7 to be
admissible.

(1) The metric, o + dr ® dr, has positive Gaussian curvature.

(2) X bounds a hypersurface €2 in N where Jang’s equation with Dirichlet boundary
condition 7 is solvable on §2 . Let the solution be f.

(3) The generalized mean curvature h(X,4, 7, e4) is positive where ¢4 is determined by
the solution f of Jang’s equation as follows:

e = cosh fez + sinh fey

where sinh @ = — @) anq e3 is the outward unit spacelike normal of ¥ in €2, e4

is the future timelike unit normal of €2 in N.

We recall that from [8] if 7 corresponds to an admissible isometric embedding and ¥ is a
2-surface in spacetime N that satisfies Assumption 1, then the quasi-local energy E(X, 7)
is non-negative.
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3.2. Solving Jang’s equation. Let (€2, ¢;;) be a Riemannian manifold with boundary
0§ = X. Let p;; be a symmetric 2-tensor on 2. The Jang’s equation asks for a hypersurface
Qin Q x R, defined as a graph of a function f over {2, such that the mean curvature of Q
is the same as the trace of the restriction of p to Q . In a local coordinate 2! on Q, Jang’s
equation takes the following form:

3

i flfj D;D;f o
Zgz:l(g] 1+\Df‘2)(\/m pij) =0

where D is the covariant derivative with respect to the metric g;;. When p;; = 0, Jang’s
equation becomes the equation for minimal graph. Equation of of minimal surface type
may have blow-up solutions. In [6], it is shown by Schoen-Yau that solutions of Jang’s
equation can only blow-up at marginally trapped surface in 2. Namely, surfaces S in 2
such that

Hg +trgp = 0.

Following the analysis of Jang’s equation in [6] and [§], we prove the following theorem
for the existence of solution to the Dirichlet problem of Jang’s equation.

Theorem 4. Let (£2,g;;) be a Riemannian manifold with boundary 0Q = X, p;; be a
symmetric 2-tensor on ), and T be a function on X. Then Jang’s equation with Dirichlet
boundary data T is solvable on € if

Hs. > ‘trzp‘,
and there is mo marginally trapped surface inside 2.

Following the approach in [6] and Section 4.3 of [§], it suffices to control the boundary
gradient of the solution to Jang’s equation. We have the following theorem:

Theorem 5. The normal derivative of a solution of the Dirichlet problem of Jang’s equa-
tion is bounded if

Hy. > |tryp).

Remark 1. In [I], Andersson, Eichmair and Metzger proved a similar result about bound-
edness of boundary gradient of solutions to Jang’s equation in order to study existence of
marginally trapped surfaces.

Proof. We follow the approach used in Theorem 4.2 of [8] but with a different form for the
sub and super solutions. Let g;; and p;; be the induced metric and second fundamental
form of the hypersurface €. Let 3 be the boundary of {2 with induced metric & and mean
curvature Hy, in 2. We consider the following operator for Jang’s equation.

fif D;D; f

Q(f) = ; (9" — 1+|Df|2)(\/m _pij)-
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We extend the boundary data 7 to the interior of the hypersurface 2. We still denote the
extension by 7. Consider the following test function

f=M+T
€

where d is the distance function to the boundary of 2. We compute
1
le :—\I//di + DiT
€

1
DZDJf :E(\I’//didj + \I’/DZDJCZ) + DiDjT

Therefore,
(44 _ flf] DiDjf o
QU =(9" — 17 |Df|2)(\/m pij)
L - fr ) U'd;d; L fifi ) V'D;Djd
Y Ty P iv e <Y 1+ DR it DI
i1 DiDj7 P i L

At the boundary of 2, it is convenient to use a frame {e,, e3} where e, are tangent to the
boundary and es is normal to the boundary.

1
Dsf ==V 4+ D,7
€
D,f =D,T.
As € approaches 0, we have

e/ 1+ |Df|2 =¥+ O(e)

fifj ___ab

Moreover, the distance function d to the boundary of ) satisfies

o®d,dy, =0 and c®D,Dyd = Hs.

(g"

Hence, we conclude that

!/

Q(f)zﬁ

Hs +trsp + 0(6)

As a result, sub and super solutions exist when Hy, > [tryp|. One can then use Perron
method to find the solution between the sub and super solution. O

Remark 2. Here we proved the result when the dimension of Q is 3. The result holds in
higher dimension as well.



10 PO-NING CHEN, MU-TAO WANG, AND SHING-TUNG YAU

3.3. Proof of Theorem 2.

Proof. Tt suffices to show that, for 7 close to 79, 7 is admissible with respect to ¥, in R3!
it H, is spacelike.

For such a 7, the Gauss curvature of o + dr ® dr is close to that of ¢ + dry ® d71y. In
particular, it remains positive. This verifies the first condition for admissibility.

We apply Theorem [ in the case where ¥ bounds a spacelike hypersurface Q in R%!
and g;; and p;; be the induced metric and second fundamental form on €2, respectively.
Moreover, the projection of ¥ onto the orthogonal complement of Ty is convex since the
Gauss curvature of o + dT ® dr is positive.

That the mean curvature of ¥ is spacelike implies that |Hy| > |trgp|. Moreover, that the
projection S is convex implies Hy;, > 0. It follows that Hy, > |tryp|. We recall there is no
marginally trapped surface in R®! (see for example, [3]). As a result, Jang’s equation with
the Dirichlet boundary data 7 is solvable as long as ¥ = 9€) has spacelike mean curvature
vector. This verifies the second condition for admissibility.

To verify the last condition, it suffices to check for 7y since it is an open condition.
Namely, it suffices to prove that

WS, Xy, 70, €5) > 0.

Lemma M in the appendix implies that the generalized mean curvature h(X, X, 70, €5)
is the same as the generalized mean curvature h(X, X;,, 70, ¢3(2X,)) where é3(X,) is the
vector field on X, obtained by parallel translation of the outward unit normal of im along
Ty. The last condition for 79 now follows from Proposition 3.1 of [§], which states that for
éJ?)(ET())a

~

H
hE, X7y, 70,63(3r)) = ———=—= > 0.

V14 |V1pl?

4. GLOBAL MINIMUM IN THE AXIALLY SYMMETRIC CASE

In proving Theorem 3, we need three Lemmas concerning a spacelike 2-surface > in
R3! with time function 7. First we introduce a new energy functional which depends on a
physical gauge.

Definition 3. Let X be closed embedded spacelike 2-surface in spacetime N with induced
metric o. Let es be a spacelike normal vector field along ¥ in N. For any f such that the
isometric embedding of o into R3! with time function f exists, we define

(1) E(z,eg,f):/i ﬁfdvif—/zh(ﬁ,i,f,eg)dvz
f

where h(X, 1, f,es) is the generalized mean curvature (see Definition[2).

This functional is less nonlinear than E(3, f). Provided the mean curvature vector H
of 3 is spacelike, the following relation holds

E(S, f) = E(Z, e (f), f)
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where €5 (f) is chosen such that

~Af

[H|\/1+ |V f]?

(H,eg™(f)) =

In addition, the first variation of E‘(E, es, f) with respect to f can be computed as in

8]:
(H,e3)V f

VIHIVIP

595 bdhc ) vallf

—_— i
T IVIP

(HAab Uo(

) + divg e,

where ilab and H are the second fundamental form and mean curvature of 3 f, respectively.

We recall that for ¥, assuming the projection onto the orthonormal complement of Ty
is an embedded surface, there is a unique outward normal spacelike unit vector field é5(X;)
which is orthogonal to Tp. Indeed, é5(X;) can be obtained by parallel translating the unit
outward normal vector of iT, v, along Tj.

Lemma 1. For a spacelike 2-surface ¥ in R31 with time function T, f = T is a critical
point of the functional E(3;,é3(3;), f).

Proof. The first variation of E(X,,¢&3(3,), f) at f =7 is

VoVt ) hVT

Y+ diVy (————=
V1+ (VT2 (\/1—|-|V’7'|2

where h = (HT, €3(X7)) and a = ag,(x,) are data on %, with respect to the gauge ¢3(%)

(H6% — 6765 hg) ) + divya.

and hab and H are the second fundamental form and mean curvature of E Denote the
covariant derivative on ¥ with respect to the induced metric 6 by V. We wish to show
that the first variation is 0.

Recall from []], we have

~ a(VT)
H=—p— Y7
1+ |Vr|?

Moreover, we have the following relation between metric and covariant derivative of 3,
and X,:

b b
ab TT abe T A VoVt
1+ V7|2’ o Vet Ty V7|2’ e VaVoT =977 VT2
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In addition, for a tangent vector field W¢, VWt =V, W+ % As a result,
VoVt
= Vpl(H5Y — 596 heg) /1 + [VTI2Vor] — (H5% — 696" heq) (Vo) (Vi/1 + [VT]2)

. v/ [(HAab O_aco_bdh d vV 1+ |V7-|2Va7- %VV:;)(HAMJ Aaca'bdilcd) /1 n |v7-|2@a7-
(HAab 6_aca_bdizcd)@a7_ TVyVer
V14 |VT[?

= Vu[(H6% — 676" heg) /1 + [V T[2Var].

Hence,

(ﬁﬁab o 5a05bdilcd)

(Ha_ab 595 bdh ) VbVU«T . hVT

7—1'(1“1 —
« 1+ |Vr|? =( 1+ |Vr?

hr b
= Vo[(H5% — %6 heq) /1 + [VTPV,T + ——ee T +a”)

) + divy«

= V696" /T + VT2V T — |V TP (V1) +a?
—bdp, aT€ 7b
=V = — (V1) + ).
SViEn 2 R
On the other hand, by definition,
1 BGCTC
o = V_ o 0, Ty + V1) =
1+ yv7\2< gem 0 ) 1+|Vr]?
Hence,
b b O’abilacTc b ilacTaTc &“bﬁacTc
= (VT) +a’ = - 5 = .
1+ [V7] VIFIVIE  L+|VTE /14 V2 1+ ]|VTP
This shows that - ,
—6"%hegT€ T b
— a(VTt)+a’ =0
e Tr e
and completes the proof of the lemma. O

Lemma 2. Let X,.,0 < s <1 be a family of isometric embeddings of o into R®' with time
function sT. Suppose X, the image of Xo, lies in a totally geodesic Euclidean 3-space, E®,
and Y4y, the image of Xer, projects to an embedded surface in E> for 0 < s < 1. Assume
further that g is mean convexr and Hg > (Hgr, Hsr) for 0 < s < 1. Regarding ¥y as a
physical surface in the spacetime R31, then

E(X,7) > 0.
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Proof. Instead of proving admissibility of 7, we will use variation of the quasi-local energy
and the point-wise inequality of the mean curvatures.
Hence, we consider

F(s) = E(Xo,sT)

for 0 < s < 1. F(0) = 0 and we shall prove that F'(1) is non-negative by deriving a
differential inequality for F'(s).
Let

G(s):/A ﬁ”dvisr‘

For any 0 < so < 1, G(s) is related to E(Xs,r,¢3(Xsyr), 57) by
(4.2)

G(S) = E(280T7 53(2507), ST)+/

Zso‘r

(_<H80'r7 é3(280‘r)> V14 ’VSTP - aég(ESOT)(VST)> dUZSOT'

As a consequence of Lemma[Il we have

0 ~

%E(ES()‘IW 53(2507.)7 ST) — O

S=50

By equation (£.2)),

- Hs T Z Es T v 2
G/(SO) :/E < < 0 63( 0 )>80| 7—| o O[euS(Eso‘r)(vT)> dvESOT
SOT

1+ s3|VT?

G (SOAT)2

(80) 1 / 1
o J(Hy Ha) + —202T g
50 50 Jsor V14 sEVTI? (Hoor, Haor) 1+ |soVT|? >0

Recall that by the definition of quasi-local energy:

F(s) = G(s) — /Z <\/(1 sVIP)HE + (sA7)? — sArsinh~} (—>2T )) dvs, .

Hy\/1+ |8V7’|2

We write the integrand of the last integral as

AT)? (sAT) o SAT
V14 s2|V7|? H? + (s — sinh ™! .
V7l <\/ O 14 |sVr[2 1+ [sVT|? (Ho 1+ |sVT|2)

Differentiate this expression with respect to the variable s, we obtain
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s|Vr|? (sAT) (sAT) L SAT
— HZ + 7 — sinh 1( )
1+ 82|V L+ [sVT]2 /14 [sVT]? Hoy/1+ [sVT?

AT SAT
— 1 + 32 VT 2 S— Sinh_l
VISV e S G s o)

1

SAT

H()\/ 1+ ‘SVTP)

V(1 + [sVr[2)H? + (sA7)2 — sATsinh ™

1

(sAT)?
/1 + 32’VT‘2 1 + |sVT|?

Since the induced metrics on ¥4, and ¥y are the same, we can evaluate all integrals on
the surface Xy. This leads to

(sAT)2 (sAT)2
Fs) 1 / \/H v \/<HsﬂHsT> TGRS
e -
o 1+ 82| V7|2 0
The assumption Hg > (Hgyr, Hs;) implies the last term is non-negative and thus
F(s)

Fi(s) = =

F'(s) >

As F(0) = F'(0) = 0, the positivity of F(s) follows from a simple comparison result for
ordinary differential equation. O

The last lemma specializes to axially symmetric metrics.

Lemma 3. Suppose the isometric embedding Xo of an axially symmetric metric o =
P2d6? + Q?sin% 0d¢? into R3 is given by the coordinates (usin ¢, ucos ¢,v) where P, Q, u,
and v are functions of 0. Let T = 7(0) be an axially symmetric function and X, be the
isometric embedding of o in R3 with time function 7. The following identity holds for the
mean curvature vector H, of ¥, in R31,

('UQAT — T9A0)2

H. H,)=H; -
e He) = Ho ===

where A is the Laplace operator of o.

Proof. The isometric embedding for an axially symmetric metric is reduced to solving ordi-
nary differential equations. The isometric embedding of o into R? is given by (u sin ¢, u cos ¢, v)
where
u? = Q*sin? 0 and vg +uj = P2
The isometric embedding of the metric o + dr ® dr into R? is given by (usin ¢, u cos ¢, ?)
where
Bl =Pt
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Vg = \/’Ug—l-Tg.

Differentiating one more time with respect to 0,

Thus,

- VoV + ToToo
i
vy + 7

Ab = —— (0yAv + TpAT).

/.2 2
vy + 75

For the mean curvature, we have
HZ =(A(usin ¢))? + (A(ucos ¢))? + (Av)?, and
(Hy, H,) =(A(usin ¢))? + (A(ucos ¢))* + (AD)? — (A1)
Taking the difference and completing square, we obtain

HZ — (H,, H,) =(Av)? + (A1)? — (AD)?

1
:m [’UQAT — TQA'U]2.
6 6

and therefore

Let’s recall the statement of Theorem Bl

Theorem 3 Let 3 satisfy Assumption 1. Suppose that the induced metric o of X is axially
symmetric with positive Gauss curvature, T = 0 is a solution to the optimal embedding
equation for X in N, and

Hy > |H| > 0.

Then for any axially symmetric time function T such that o + dr ® dt has positive Gauss
curvature,

E(2,7) > E(S,0).

Moreover, equality holds if and only if T is a constant .

Proof. By Theorem [I] it suffices to show that E(Xg,7) > 0. First, we show that for any
0 < s < 1, the isometric embedding with time function s7 exists. Recall the Gaussian
curvature for the metric o + dr ® dr is
1

——  [K+ 1+ |V} tdet(V?

1+ V72 (K + (L4 [V7[") " det(V7)]
where K is the Gaussian curvature for the metric 0. Since K and K+ (14|V7|?) " det(V?7)
are both positive, we conclude that o + d(s7) ® d(s7) has positive Gaussian curvature for
all 0 < s < 1. By Lemma [B] we have Hg > (Hgr, Hsr). The theorem now follows from
Lemma O
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APPENDIX A. PROOF OF LEMMA [

Here we present the proof of Lemma [ used in the proof of Theorem 2. Since the lemma
is a general statement for any time function 7, we use 7 instead of 7g.

Lemma 4. For a surface ¥, in R>! which bounds a spacelike hypersurface 2, let f be the
solution of Jang’s equation on ) with boundary value 7. Then

h(E, X, 1,e5) = h(Z, X, 7,83(27))

Proof. 1t suffices to show that e = ¢€3(X;). For simplicity, denote é3(X;) by €3 in this
proof.

Let Q and 3 denote the projection ¢ of € and its boundary, X, to the complement of Ty.
Let V be the covriant derivative on & and D be the covariant derivative on Q. Let V be
the covriant derivative on ¥.

Write  as the graph over ) of the function f. f can be viewed as a function on € as
well. f is precisely the solution to Jang’s equation on 2 with Dirichlet boundary data 7.

We choose an orthonormal frame {&,} for TS. Let é5 be the outward normal of 3 in Q.
{é4,¢3,Ty} forms an orthonormal frame of the tangent space of R®»!. The frame is extend
along Ty direction by parallel translation to a frame of the tangent space of R%! on .

Let {e3, es4} denote the frame of the normal bundle of 3 such that eg is the unit outward
normal of ¥ in Q and ey is the furture directed unit normal of © in R*!. In terms of the
frame {é,,és3,Tp},

es = |1 [Orpes + %(TO + V)
" V1-1DP V1= 9P

1

ey =———
V3I-IDf?

Let {ef, €} } denote the frame determined by Jang’s equation. By Definition 5.1 of [§], it is
chosen such that
—e3(f)

/
€3,€y) = ————"——
tes-c4) 1+ Vo2

(To + Df)

Using equation (A,

<63, eﬁl> =

—es(f) —es(f)
VIEIVTE TR 1= sy 1= V7

As a result,

—é3(f)

(e, €) = ——t
V1172

since (1 — |V7[?)(1 + |V7]?) =
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On the other hand, the frame {é3,¢é,4} is the frame of normal bundle such that €3 = és.

In terms of the frame {é,,és,Tp},

. To + @T
€4 = —F/——
\/1—|V7]?
Using equation (A.T]),
1 eNELHIV?) | =)
(e3,€4) =7
IV VYN ) R ATy
As a result,
<€3, é4> = <€3, e£1>
Hence, {ef, ¢} and {€3,¢4} are the same frame for the normal bundle of ¥ O
REFERENCES
[1] L. Andersson, M. Eichmair, and J. Metzger, Jang’s equation and its applications to marginally trapped

surfaces Complex analysis and dynamical systems IV. Part 2, 13—45.

P.-N. Chen, M.-T. Wang, and S.-T. Yau, Fvaluating quasilocal energy and solving optimal embedding
equation at null infinity. Comm. Math. Phys. 308 (2011), no. 3, 845-863.

M. Khuri, Note on the nonexistence of generalized apparent horizons in Minkowski space. Classical
Quantum Gravity 26 (2009), no. 7, 078001,

P. Miao, L.-F. Tam, and N.Q. Xie, Critical points of Wang-Yau quasi-local energy. Ann. Henri Poincaré.
12 (5): 987-1017, 2011.

P. Miao and L.-F. Tam, On second variation of Wang-Yau quasi-local energy. arXiv:math/1301.4656.
R. Schoen and S.-T. Yau, Proof of the positive mass theorem. II. Comm. Math. Phys. 79 (1981), no. 2,
231-260.

M.-T. Wang and S.-T. Yau, Quasilocal mass in general relativity. Phys. Rev. Lett. 102 (2009), no. 2,
no. 021101.

M.-T. Wang and S.-T. Yau, Isometric embeddings into the Minkowski space and new quasi-local mass.
Comm. Math. Phys. 288 (2009), no. 3, 919-942.

[9] Y.-K. Wang, personal communication.



	1. Introduction
	2. A comparison theorem for quasi-local energy
	3. Local minimizing property of critical points of quasi-local energy
	3.1. Admissible isometric embeddings
	3.2. Solving Jang's equation
	3.3. Proof of Theorem 2

	4. Global minimum in the axially symmetric case
	Appendix A. Proof of Lemma ?? 
	References

