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ABSTRACTProving A Manifold To Be Hyperboli
 On
e It HasBeen Approximated To Be SoHarriet Handel MoserLet M be a 3-manifold whose boundary 
onsists of tori. The 
omputer pro-gram SnapPea [19℄, 
reated by Je� Weeks, 
an approximate whether or not Mis a 
omplete hyperboli
 manifold. However, until now, there has been no wayto determine from this approximation if M is truly hyperboli
 and 
omplete.This paper provides two methods for proving that a manifold is 
omplete hy-perboli
 based on the approximations of SNAP [7℄, a program that in
ludesthe fun
tionality of SnapPea plus other features. The approximation is doneby triangulating M , identifying 
onsisten
y and 
ompleteness equations as de-s
ribed by Neumann and Zagier [13℄, and Benedetti and Petronio [3℄ with re-spe
t to this triangulation, and then trying to solve the system of equations us-ing Newton's Method [20℄. This produ
es an approximate, not a
tual solution.Assume the triangulation has n tetrahedra. There are n relevant equations,f1(z1; : : : ; zn) = 0; : : : ; fn(z1; : : : ; zn) = 0, in n variables. Let a1; : : : ; an be anapproximate solution to the equations. De�ne bi = fi(a1; : : : ; an) for 1 � i � nand f : C n ! C n su
h that f(z1; : : : ; zn) = (f1(z1; : : : ; zn); : : : ; fn(z1; : : : ; zn)),so f(a1; : : : ; an) = (b1; : : : ; bn) 2 C n is very 
lose to (0; : : : ; 0) 2 C n : The�rst method applies the 
on
epts inherent in the proof of the Inverse Fun
-



tion Theorem[21℄ to see if there is a neighborhood of (a1; : : : ; an) 2 C n that fmaps homeomorphi
ally onto a neighborhood of (b1; : : : ; bn) 2 C n that 
ontains(0; : : : ; 0): If so, there is a solution to the equations and we have guaranteedthat M is 
omplete hyperboli
 [3℄. The se
ond method applies the Kantorovi
hTheorem [8℄ to f with the same goal of testing for a solution to the equa-tions. Using these methods, every manifold in the SnapPea 
usped 
ensus isde�nitively proven to have a 
omplete hyperboli
 stru
ture.
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Figure 1: The Tetrahedron �j1 Introdu
tionSin
e the determination thatM is 
omplete hyperboli
 is dependent on there being asolution to a set of equations, we shall �rst review the development of these equations.Every orientable 
omplete hyperboli
 manifold of �nite volume is obtained from anideally triangulated one by Dehn surgery on some of its 
usps. This fa
t is do
umentedby Neumann [13℄, based on a Thurston preprint [16℄, so we �rst examine N , a non-
ompa
t 3-manifold that is the interior of a 
ompa
t one whose boundary 
onsists of ktori. N 
an be realized as a gluing of n tetrahedra, �1; : : : ; �n, having k verti
es aftergluing, with a 
oni
 neighborhood of ea
h vertex removed [3℄. A 
oni
 neighborhoodof the vertex, v; is des
ribed as follows. Let v be a vertex and �j a tetrahedron thatv belongs to. Take the se
ond bary
entri
 subdivision of the edges of �j 
ontaining vand let w1; w2 and w3 be the 
losest verti
es to v for these edges with respe
t to thissubdivision. See Figure 1.De�nition 1.1 � L�j(v) = triangle having verti
es w1; w2 and w3 as abovewith respe
t to v and �j



2� L(v) = Sv vertex of �j1�j�n L�j (v)L(v) is 
alled the link of v� U�j(v) = tetrahedron having verti
es v; w1; w2 and w3� 
oni
 neighborhood of v = Sv vertex of �j1�j�n U�j (v):Every vertex is identi�ed with a 
usp of N; and its link is a torus. These trun
atedtetrahedra resulting from the removal of the 
oni
 se
tions 
an now be treated as idealhyperboli
 tetrahedra, so there exists a hyperboli
 stru
ture on Nn1-skeleton of N:In order for N to have a hyperboli
 stru
ture, there must be 
onsisten
y a
ross the 1-skeleton. The 
onditions for this to happen are embodied in the 
onsisten
y equationsand will be des
ribed in detail in Se
tion 2, \Identifying the Equations".Completeness applies to the 
usps. On
e a hyperboli
 stru
ture is identi�ed, itindu
es a similarity stru
ture (i.e., a (C ;A�(C )) stru
ture) on ea
h of the k tori,T1; : : : ; Tk. If the similarity stru
ture of a torus identi�ed with a 
usp is Eu
lidean,N will be 
omplete at that 
usp [3℄. This o

urs when the image of the holonomy ofthe similarity stru
ture for the torus 
onsists entirely of translations, or equivalently,has at least one non-trivial translation [3℄. A holonomy of a similarity stru
ture fora torus, T; is a map � su
h that � : �1(T )! A�(C ) [3℄. The 
onditions for the imageof � to 
onsist entirely of translations are presented by the 
ompleteness equationswhi
h will also be dis
ussed in Se
tion 2, \Identifying The Equations".On
e we establish the 
onditions for 
usps of N to be 
omplete, we turn ourattention to the manifold M , obtained from N by Dehn surgery on some of the
usps. Assume h 
usps remain unsurgered, so there are k � h surgered 
usps. M



3must satisfy the 
onsisten
y equations; however, there are now only h 
usps thatmust be shown to be 
omplete, so we only need the 
ompleteness equations referringto these h 
usps. The remaining k� h surgered 
usps must result from Dehn surgerywith 
o-prime 
oeÆ
ients (pi; qi) for 1 � i � k � h where (pi; qi) and the holonomyof the similarity stru
ture of Ti are joined in one equation [3℄.On
e the equations needed to prove a manifold 
omplete hyperboli
 are identi�ed,we set up the ma
hinery to test whether a solution exists. There are two types of tests,and they o

ur in Se
tion 3, \How to Test for a Solution." The method des
ribedthere 
on
ludes the proof of the following theorem, whi
h is our main result, wherethe �rst inequality is established in Se
tion 3.1 and the se
ond in Se
tion 3.2.Theorem 1.2 LetM be a manifold and assume there are n tetrahedra in the triangu-lation of M a

ording to SnapPea. There are n equations, ffi(z) = 0 j fi : C n ! C gfor 1 � i � n; whose simultaneous solution will guarantee that M is 
omplete hy-perboli
. If SnapPea �nds an approximate geometri
 solution to these equations, leta = (a1; : : : ; an) be an approximate geometri
 solution generated by SNAP on theSnapPea manifold �le for M: Let bi = fi(a) for 1 � i � n and f : C n ! C n withf(z) = (f1(z); : : : ; fn(z)); so f(a) = b = (b1; : : : ; bn). Then there are identi�ableÆ; � and L > 0 su
h that there is a genuine solution to the equations, making M
omplete hyperboli
 when at least one of the following inequalities are true:1) jbj < �Æ42) jbj � 12Ljf 0(a)�1j2 :



4We devote the �nal se
tion to examples. Every manifold in the 
usped 
ensus ofSnapPea has been examined and the results are reported in Se
tion 4, \Examples."However, for detailed dis
ussion, six examples are presented. There are simple ones,su
h as the �gure 8 knot and Whitehead link 
omplements, as well as Dehn surgeryon both of them. There are also two 
ompli
ated link 
omplements, one with 4 
uspsand 32 tetrahedra and the other with 11 
usps and 57 tetrahedra. In un
ompli
ated
ases, it is sometimes possible to show that a knot or link 
omplement has a 
ompletehyperboli
 stru
ture using means other than the SnapPea approximation. Thurstonhas proven that the �gure 8 knot 
omplement has a 
omplete hyperboli
 stru
ture, andshown when a (p; q) Dehn �lling has the same property [18℄. Neumann and Reid havedone the same for Dehn �llings of the Whitehead link [12℄. However, when it 
omesto 
ompli
ated knots and links, until now, it may have been impossible to de�nitivelydetermine whether this stru
ture exists. For several years Leininger has withheldpubli
ation of his paper devoted to the links in the last two examples [9℄ be
ause he
ould not prove that their 
omplements have a 
omplete hyperboli
 stru
ture. Thepaper 
an now be released using the method presented here. So far, every manifoldthat has an approximate solution with respe
t to a geometri
 triangulation in SnapPeathat has been tested by this method has been veri�ed to have a 
omplete hyperboli
stru
ture.
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������ HHHHHH HHH���w1 w2w3v� L�j (v)e������������Figure 2: Edge e of the Tetrahedron �j2 Identifying the EquationsLet �j be an ideal hyperboli
 tetrahedron as des
ribed in Se
tion 1, \Introdu
tion",and pi
k an edge e su
h that w1 2 e and prior to trun
ation, e ended in the vertex v;as in Figure 2. Then L�j (v); the triangle with verti
es w1; w2 and w3 naturally has asimilarity stru
ture as the triangle in C with verti
es 0; 1 and z (see Figure 3) [17, 13,3℄, and the dihedral angle at e will be arg(z): Clearly, z must be in C + ; the upper halfplane in C . The modulus of L�j (v) with respe
t to w1 is z; so that the inner angle ofthe triangle at w1 is arg(z): The modulus of �j at edge e is z: The only other moduliiat the other edges of �j will be either 1� (1=z) or 1=(1� z); so z uniquely des
ribes�j in the upper half plane. There are six edges with opposite edges having the samemodulus [13, 3, 15℄. See Figure 4.2.1 Consisten
y EquationsIn order for N to be hyperboli
, if e is an edge of N; the tetrahedra gluing together ate must 
lose up around e: That is, the produ
t of all the edge modulii asso
iated withe (di�erent modulus for ea
h tetrahedron e belongs to) must be e2�i; assuring that the
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7sum of the arguments is pre
isely 2�: Any of the three distin
t edge modulii of a tetra-hedron, �j; 
an expressed as �zr0jj (1� zj)r00j with (r0j; r00j ) 2 f(1; 0); (�1; 1); (0;�1)g; sothe gluing requirement at edge e isnYj=1 zr0jj (1� zj)r00j = �1;where r0j = r00j = 0 if �j does not 
ontain e. A tetrahedron 
an have more than one edgeglued at e so r0j and r00j 
an take values between �2 and 2. The Euler 
hara
teristi
of N is zero, so it 
an be shown that N has n edges [13℄. Thus, the n edge equations
an be expressed as nYj=1 zr0ijj (1� zj)r00ij = �1 (i = 1; : : : ; n): (1)They are referred to as the 
onsisten
y equations. The existen
e of a solution issuÆ
ient to make N hyperboli
. We rewrite them as log equations be
ause they areeasier to use this way and it re
e
ts the fa
t that the sum of the arguments of themodulii at ea
h edge is exa
tly 2� [11℄.nXj=1(r0ij log(zj) + r00ij log(1� zj)) = 
i�i 
i 2 Z (i = 1; : : : ; n) (2)Let R; C and R be the following matri
es.R = 0B� r011 : : : r01n r0011 : : : r001n... . . . ... ... . . . ...r0n1 : : : r0nn r00n1 : : : r00nn 1CA C = 0B� �
1...�
n 1CA R = (R;C)Proposition 2.1 If rank R = p; then the spa
e of solutions to the 
onsisten
y equa-tions 
an be de�ned by exa
tly p 
onsisten
y equations.



8Proof. Let rank R = p � n; so, without loss of generality, we 
an assume the �rstp rows of R are linearly independent. For s > p; there exist �si 2 C for 1 � i � psu
h that r0sj = pXi=1 �sir0ij r00sj = pXi=1 �sir00ij 
s = pXi=1 �si
i:Assume we have a solution z = (z1; : : : ; zn) to the �rst p 
onsisten
y equations. ThennXj=1(r0ij log(zj) + r00ij log(1� zj))� 
i�i = 0 (i = 1; : : : ; p):Thus, pXi=1 �si ( nXj=1(r0ij log(zj) + r00ij log(1� zj))� 
i�i) = 0:Hen
e, nXj=1 �( pXi=1 �sir0ij) log(zj) + ( pXi=1 �sir00ij) log(1� zj)�� ( pXi=1 �si 
i)�i = 0:This is the same as nXj=1(r0sj log(zj) + r00sj log(1� zj))� 
s�i = 0:Therefore, the last n � p 
onsisten
y equations are determined by the �rst p; so weonly need the �rst p equations to determine hyperboli
ity. �In [13, 3℄ it is proven that for a 
omplete hyperboli
 manifold, rank R = n �k. However, we need to prove hyperboli
ity. Neumann's work in Combinatori
s ofTriangulations and the Chern-Simons Invariant for Hyperboli
 3-Manifolds [11℄ tellsus, without a priori knowledge of hyperboli
ity, that rank R = n � k; and C isdetermined by R; so rank R = n� k: This will be explained in Se
tion 2.3, \MatrixRank". Then, by the above proposition, we only need n� k 
onsisten
y equations todetermine hyperboli
ity.
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ial Loop, 
; on Torus Ti2.2 Cusp ConditionsWe now look at the k 
usps of N: Details of the following dis
ussion 
an be foundin [3℄. Let Ti be the torus asso
iated with the ith 
usp. Sele
t 2 simple orientedloops, mi and li; on Ti; representing the 2 generators of the fundamental group of Ti:Furthermore, mi and li 
an be 
hosen as simpli
ial loops with respe
t to Ti's triangu-lation. Su
h a loop is 
omposed of segments where ea
h segment is an edge of sometriangle L�q (v) � L(v) = Ti, as identi�ed earlier when des
ribing the triangulationof N . Let 
 be any simple simpli
ial oriented loop on Ti 
onsisting of d segments,s1; : : : ; sd; and d verti
es, w1; : : : ; wd; where wr is the vertex at the end of sr as wellas at the beginning of sr+1 for 1 � r � d�1 and wd is the vertex at the end of sd andbeginning of s1. See Figure 5. We lift 
 to C = R2 ; the universal 
over of Ti; startingat the beginning of s1 and map it to C by way of the developing map [15, 18℄. Theresulting 
urve will 
onsist of d straight segments, ~s1; : : : ; ~sd; joined at the verti
es~wr for 1 � r � d � 1; as in 
; ex
ept at ~wd; whi
h does not ne
essarily 
onne
t tothe beginning of ~s1: So it starts at the beginning of ~s1 and ends at the end of ~sd:
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Repeat the development map pro
ess, starting at the end of ~sd and let ~s01 be the�rst segment this time, so ~wd is the vertex between ~sd and ~s01: See Figure 6. Callthis 
urve ~
: A�(C ) 
an be regarded as C o C � with (a; b) 2 C o C � su
h that itrepresents a + bx; an aÆne map of C . The dilation 
omponent of (a; b) is b. Thus, ifan oriented triangle in C has two edges ~e1 and ~e2 where ~e1 ends in the vertex ~x; and ~e2begins at ~x; and the modulus of the triangle with respe
t to ~x is y; then the one andonly orientation preserving similarity of C that takes ~e1 to ~e2 has dilation 
omponentequal to �y. Remember, the modulus of the triangle with respe
t to ~x is de�ned sothat ~e1 is identi�ed with the edge from 0 to 1 and ~e2 with the edge from 0 to y inthe triangle with verti
es (0; 1; y). If xr1; : : : ; xrpr are the verti
es of the pr triangles,L�r1(v); : : : ; L�rpr (v); that tou
h 
 at wr; as in Figure 5, we get pr 
orresponding trian-gles, ~L�r1(v); : : : ; ~L�rpr (v); tou
hing ~
 at ~wr with ~xr1; : : : ; ~xrpr the respe
tive verti
esof these triangles at ~wr. The ordering is su
h that ~sr is the �rst edge of ~L�r1(v); and~sr+1 is the se
ond edge of ~L�rpr (v); at ~wr unless r = d; and then ~s01 is the se
ond edgeof ~L�dpd (v): See Figure 6. If the 
orresponding triangle modulii at ~wr are yr1; : : : ; yrpr ;



11then the dilation 
omponent of the aÆne map that takes ~sr to ~sr+1 is �Qpri=1 yri. Ori-entation is responsible for the \�" in the produ
t. Hen
e, the aÆne map that takes~s1 to ~s01 has dilation 
omponent of Qdr=1(�1)Qpri=1 yri = (�1)dQdr=1Qpri=1 yri. Notethat the modulus of ~L�ri(v) at ~xri for 1 � i � pr is the same as the modulus of L�ri(v)at xri for 1 � i � pr; and this latter modulus has already been identi�ed as eitherzj; 1=(1� zj) or 1 � 1=zj for some 1 � j � n. Therefore, the dilation 
omponent ofthe aÆne map that takes ~s1 to ~s01 is of the form�1 nYj=1 z
0jj (1� zj)
00j :The holonomy of the (C ;A�(C )) stru
ture on Ti is a map � : �1(Ti) ! A�(C ) su
hthat if [
℄ is the element of �1(Ti) represented by the loop 
; then � takes [
℄ tothe aÆne map that takes ~s1 to ~s01. This is a homomorphism that is well de�nedup to 
onjuga
y 
lass within A�(C ). However, any two elements of A�(C ) within a
onjuga
y 
lass have the same dilation 
omponent [3℄, so the map i : �1(Ti) ! C � su
h that[
℄ ! �1 nYj=1 z
0ijj (1� zj)
00ijis a well de�ned homomorphism. �([
℄) will be a translation if its dilation 
omponentis 1; so �([
℄) will be a translation when  i([
℄) = 1.We now look at loops mi and li. For simpli
ity of notation, we also refer to the
orresponding generators of �1(Ti) as mi and li so i(mi) = �1 nYj=1 zm0ijj (1� zj)m00ij (3) i(li) = �1 nYj=1 zl0ijj (1� zj)l00ij (4)



12If the triangulation of Ti 
auses mi to be a simpli
ial loop with d segments and dverti
es, then its holonomy will be a non-trivial translation when  i(mi) = 1 and thesum of the arguments of the modulii at the d verti
es of mi is d� [3℄. Rewriting inlog form, these requirements are expressed asnXj=1(m0ij log(zj) +m00ij log(1� zj)) = 
mi�i with 
mi 2 Z:Similarly, one 
an identify the log equation whi
h sets the 
ondition for the holonomyof li to be a non-trivial translation. It 
an be expressed asnXj=1(l0ij log(zj) + l00ij log(1� zj)) = 
li�i with 
li 2 Z:When the holonomy of the aÆne stru
ture on Ti has at least one non-trivial translationin its image, the aÆne stru
ture is Eu
lidean [3℄. But a Eu
lidean stru
ture on Timeans that the ith 
usp is 
omplete [3℄, so the 
ompleteness equations for all of the k
usps are nXj=1(m0ij log(zj) +m00ij log(1� zj))� 
mi�i = 0 (i = 1; : : : ; k): (5)Now 
onsider a hyperboli
 manifold, N; with k 
usps where h of the 
usps are
omplete, so the above 
ompleteness equations hold only for k � h + 1 � i � k. LetTi be a torus asso
iated with one of the k � h non-
omplete 
usps. If pi and qi are
o-prime integers, (pi; qi) Dehn �lling 
an be performed on this 
usp. In the literature,this pro
ess is frequently referred to as Dehn surgery, but it is really a �lling. In this
ase, pimi + qili is the generator of �1(Ti) that is killed by Dehn �lling. In order toextend the hyperboli
 stru
ture on N to the Dehn �lling at this 
usp, we need [13, 3℄pi� nXj=1(m0ij log(zj) +m00ij log(1� zj))� 
mi�i�+



13qi� nXj=1(l0ij log(zj) + l00ij log(1� zj))� 
li�i� = 2�i: (6)That isnXj=1 �(pim0ij + qil0ij) log(zj) + (pim00ij + qil00ij) log(1� zj)� = 
si�i with 
si 2 Z:Therefore, if the equationsnXj=1 �(pim0ij+qil0ij) log(zj)+(pim00ij+qil00ij) log(1�zj)� = 
si�i (i = 1; : : : ; k�h) (7)are satis�ed, M; the manifold derived from N by Dehn �lling on the k�h 
usps, willbe hyperboli
 near these 
usps.The last step in identifying the equations is the sele
tion of the appropriate n� k
onsisten
y equations. Let s0ij = pim0ij + qil0ij and s00ij = pim00ij + qil00ij; and de�ne thematri
es M; L; S and Mh as R is de�ned on page 7 so thatM = 0B� m011 : : : m01n m0011 : : : m001n... . . . ... ... . . . ...m0(k)1 : : : m0(k)n m00(k)1 : : : m00(k)n 1CAL = 0B� l011 : : : l01n l0011 : : : l001n... . . . ... ... . . . ...l0(k)1 : : : l0(k)n l00(k)1 : : : l00(k)n 1CAS = 0B� s011 : : : s01n s0011 : : : s001n... . . . ... ... . . . ...s0(k�h)1 : : : s0(k�h)n s00(k�h)1 : : : s00(k�h)n 1CAMh = 0B� m0(k�h+1)1 : : : m0(k�h+1)n m00(k�h+1)1 : : : m00(k�h+1)n... . . . ... ... . . . ...m0(k)1 : : : m0(k)n m00(k)1 : : : m00(k)n 1CA



14Let U = � SMh �We will see that rank U = k. We 
an sele
t n� k 
onsisten
y equations so that theirrows in R are linearly independent, and when 
on
atenated with U; give an n� (2n)matrix of rank n. The reasons for this are a 
onsequen
e of [11℄, and will be explainedin Se
tion 2.3, \Matrix Rank". We will assume, without loss of generality, that thelast n� k out of n 
onsisten
y equations are the ones we want.In summary, we haven� k 
onsisten
y equations,nXj=1(r0ij log(zj) + r00ij log(1� zj))� 
i�i = 0 (i = k + 1; : : : ; n);k � h surgery equations,nXj=1 �(pim0ij+ qil0ij) log(zj)+ (pim00ij + qil00ij) log(1� zj)�� 
si�i = 0 (i = 1; : : : ; k�h);and h 
ompleteness equations,nXj=1(m0ij log(zj) +m00ij log(1� zj))� 
mi�i = 0 (i = k � h + 1; : : : ; k):giving a total of n equations that must have a simultaneous solution to make amanifold 
omplete hyperboli
.2.3 Matrix RankIn [11℄, Neumann has 
onstru
ted a 
hain 
omplex, J ; and des
ribed its homology.Using the terminology of Se
tion 1, \Introdu
tion," with respe
t to the triangulationof N and M; let K be the gluing of the n tetrahedra, �1; : : : ; �n. The modules of the
hain 
omplex are C0; C1 and J; where



151. C0 = Zmodule generated by the k verti
es of K. Ea
h vertex will be asso
iatedwith a 
usp of N; and the torus that is the link of the vertex.2. C1 = Z module generated by E1; : : : ; En; the n edges of K.3. With regard to J; for ea
h tetrahedron, �j; label the edges as ej1; : : : ; ej6 a
-
ording to the asso
iated parameters as:ej1 = z ej2 = 11�z ej3 = 1� 1zej4 = z ej5 = 11�z ej6 = 1� 1zLet J�j = Z module generated by the six edges of �j with the relations ej� �ej(�+3) = 0 for 1 � � � 3 and ej1 + ej2 + ej3 = 0. Thus, opposite edges of thetetrahedron are represented by the same element of J�j ; and ej3 
an be de�nedin terms of ej1 and ej2. This means that ej1 and ej2 generate the Z module,J�j . Let J = a1�j�nJ�j :The 
hain 
omplex sequen
e isJ : 0! C0 �! C1 �! J ��! C1 ��! C0 ! 0:We have �; �; �� and �� de�ned as follows:1. � : C0 ! C1; where � takes a vertex to the sum of the edges 
ontaining thevertex, with an edge 
ounted twi
e if both ends of the edge are at the vertex.2. � : C1 ! J 
an be de�ned by lettingEi ! X1�j�n X1���6Ei is identi�edwith ej� ej�



16We have the sum P 1���6Ei is identi�edwith ej� ej� 2 J�j be
ause more than one edge of �j
an be identi�ed with Ei.3. To de�ne �� : J ! C1; note that for ea
h �j; we have the edge set fej1; : : : ; ej6g.Let � : fej1; : : : ; ej6g ! fE1; : : : ; Eng be su
h that �(ej� ) = Ei when ej� isidenti�ed with the edge Ei. Then, let��(ej� ) = �(ej(�+1))� �(ej(�+2)) + �(ej(�+4))� �(ej(�+5)) (indi
es mod 6)That is, �� takes ej� to the alternating sum of the edges of N identi�ed withthe edges of �j that tou
h ej� .4. �� : C1 ! C0; where �� sends an edge, Ei; to the sum of its end points.N is the interior of a 
ompa
t manifold, N; whose boundary is the union of the ktori, T1; : : : ; Tk; that are the links of the verti
es of K.Lemma 2.2 When tensored with Q ; the sequen
e, J ; is exa
t ex
ept in the middle,where its homology is H1(�N ;Q) =`1�i�kH1(Ti;Q ).For a proof, see [11℄. We use this to 
ompute the rank of R. However, we will usethe original 
hain with 
oeÆ
ients in Z to show that the rank of the matrix obtainedby 
on
atenating U; as de�ned on page 14, with n� k linearly independent rows ofR; is n.2.3.1 Rank of RThe matrix of the linear transformation, �; is 
losely related to Rt; the transpose ofR; and they have the same rank. Sin
e rankR = rankRt; rankR = rank of the



17matrix of �. The edges E1; : : : ; En are a basis of C1 as a ve
tor spa
e, so the ve
tors�(Ei) for 1 � i � n are the 
olumns of the matrix of �. From the de�nition of �; wesee that in J�j ;�(Ei) = X1���6Ei is identi�edwith ej� ej� modulo relations on J: (8)Thus, if:ej1 or ej4 o

ur, it means Ei is identi�ed with the zj parameterej2 or ej5 o

ur, it means Ei is identi�ed with the 11�zj parameterej3 or ej6 o

ur, it means Ei is identi�ed with the 1� 1zj parameter.In J�j ; ej3 = �ej1 � ej2; also, 1 � 1zj = �1�zjzj . Hen
e, the sum of the 
oeÆ
ients ofej1 in �(Ei) is r0ij; the sum of the exponents of zj with respe
t to the edge Ei in the
onsisten
y equations, and the sum of the 
oeÆ
ients of ej2 in �(Ei) is �r00ij; whi
his �1 times the sum of the exponents of 1 � zj with respe
t to the edge Ei in the
onsisten
y equations, as seen on page 7. Consequently, R; the 2n� n matrix of � isR = 0BBBBB� r011 : : : r0n1�r0011 : : : �r00n1... . . . ...r01n : : : r0nn�r001n : : : �r00nn
1CCCCCAWe see that rankR = rankRt; so rankR = rankR. By de�nition, the rank of Ris equal to the dimension of the image of �. By Lemma 2.2, � is inje
tive, makingdim im(�) = dimC0 = k; and im(�) = ker(�). The matrix of � this way would stillbe R; so rankR = dim im(�)= dimC1 � dimkernel(�)



18= dimC1 � dim im(�)= n� kTherefore, rankR = n � k. Let R; C and R be the matri
es asso
iated with the
onsisten
y equations, as on page 7. Consider the matrix equation R � x = �C.In [11℄ it is proved that there is an ~x 2 Q 2n that is a solution. Then �C is a linear
ombination of the 
olumns of R; so R 
on
atenated with �C has the same rank asR sin
e row rank is the same as 
olumn rank. That is,n� k = rankR = 
olumn rankR = 
olumn rank (Rj�C)= 
olumn rank (RjC) = 
olumn rankR = rankR;so rankR = n� k. Let R� = matrix 
onsisting of n� k linearly independent rows ofR.2.3.2 Rank of (SjMhjR�)For now we will in
lude all k 
usps of N . Let S1(�N ) = Z module of simpli
ial 1-
hains, Z1(�N ) = Zmodule of 1-
y
les and B1(�N) = Zmodule of 1-boundaries. Letej� 2 J�j for � = 1; 2. If the two verti
es at the ends of ej� in �j are vj�1 and vj�2; let�j�1 and �j�2 be the respe
tive edges of L�j (vj�1) and L�j (vj�2) that do not interse
tej� . Do the same for ej(�+3); so we have four 1-simpli
es identi�ed in �N . They are�j�1; �j�2; �j(�+3)1 and �j(�+3)2; with one for ea
h vertex of �j. Now de�ne 
̂0.
̂0 : J�j ! S1(�N)ej� ! �j�1 + �j�2 + �j(�+3)1 + �j(�+3)2



19We have, by [11℄, 
̂0 : im(�) ! B1(�N )
̂0 : ker(��) ! Z1(�N)so there is the indu
ed map
̂ : ker(��)=im(�)! H1(�N ) = a1�i�kH1(Ti)Next, let Æ̂0 : H1(�N ) ! J be de�ned as follows. Let � be a simple simpli
ial loopon the torus, Ti; asso
iated with the ith 
usp of N . In �gure 5, 
 is su
h a loop.Ea
h vertex, wr; of 
; is the vertex of pr triangles L�r1 (v); : : : ; L�rpr (v) where Ti isthe link of v; a vertex of K. De�ne the simple 
ellular path �; by starting at themidpoint of the edge of L�11(v) that ends in w1 but is not s1. Continue a
ross thefL�1q(v)g2�q�p1�1 by 
rossing from one triangle to another at the midpoint of theedges that have w1 as a vertex, ending at the edge of L�1p1 (v) that is not s2. Then
ontinue a
ross L�1p1 (v) = L�21(v) to the edge of L�21(v) that has w2 as a vertexbut is not s2. Repeat the pro
ess until the loop is 
losed by going from the edgeof L�dpd (v) = L�11(v) that 
ontains wd but is not s1 to the starting point. When �
rosses L�rq(v) for 2 � q � pr�1; it goes 
ounter
lo
kwise around the vertex wr; as avertex of L�rq(v); and when it 
rosses L�rpr (v) = L�(r+1)1(v); it goes 
lo
kwise aroundthe vertex of this triangle that is opposite to sr+1. When one of these verti
es belongsto the triangle L�rq(v); the vertex is asso
iated with an edge, erq� ; of �rq for some1 � � � 6; as de�ned at the beginning of Se
tion 2.3, \Matrix Rank", and this edgeis an element of J�rq � J . To ea
h of these edges assign a \+" if � goes around its
orresponding vertex 
ounter
lo
kwise, and a \�" if � goes around its 
orresponding



20vertex 
lo
kwise. � is homotopi
 to �; so we 
an de�ne Æ̂0 : Z1(�N) ! J su
h thatÆ̂0(�) = Æ̂0(�) is the signed sum of these edges in J . That is,Æ̂0(�) = X1�r�d2�q�pr(�1)terq� (9)where t = 0 when erq� is assigned a \+" and t = 1 when erq� is assigned a \�". InJ�rq ; erq� = erq(�+3) for 1 � � � 3 with the last subs
ript mod 6; and erq1+erq2+erq3 =0; so �erq� = erq(�+1) + erq(�+2) with the last two subs
ripts mod 6. Therefore, whenerq� is assigned a \�", we substitute erq(�+1) + erq(�+2) with both subs
ripts mod 6.Hen
e, Æ̂0(�) = X1�r�d1�q�pr erq� (10)where erq� is an edge of �rq that is asso
iated with wr; a vertex of L�rq(v) and wris a vertex of the simple simpli
ial loop � in Ti. The relations of J also mean thaterq3 = erq6 = �erq1 � erq2; soÆ̂0(�) = X1�j�n� 
rossesL�j (v) g0j�ej1 + g00j�ej2 (11)where, with respe
t to �j; g0j� is the number of o

urren
es of the zj parameter minusthe number of o

urren
es of the 1� 1zj parameter and g00j� is the number of o

urren
esof the 11�zj parameter minus the number of o

urren
es of the 1 � 1zj parameter inEquation 10.Now let mi and li for 1 � i � k be the meridianal and longitudinal simple simpli-
ial loops on Ti; as in Se
tion 2.2, \Cusp Conditions". We get 
orrespondingmi and li;
onstru
ted as � was, where mi and li are homologous to mi and li; respe
tively. Somi and li are the generators of H1(Ti) and their image under Æ̂0 are two 
olumns of



21ML; the matrix of Æ̂0. These two 
olumns are of the form~gmi = (g01mi ; g001mi; : : : ; g0nmi; g00nmi) with g0jmi = m0ij and g00jmi = �m00ij~gli = (g01li; g001li; : : : ; g0ni; g00nli) with g0jli = l0ij and g00jli = �l00ijwhere m0ij; m00ij and l0ij; l00ij are the 
omponents of the matri
es M and L from \CuspConditions" on page 13. Let ML be M 
on
atenated with L. For ea
h generatorof H1(�N ) = `1�i�kH1(Ti); there is a 
olumn in the matrix of Æ̂0; so ML has 2k
olumns and 2n rows, where the (2j � 1)th row of ML is equal to the jth 
olumnof ML and the 2jth row of ML is (�1) times the (n + j)th 
olumn of ML. Thus,rankML = rankMLt = rankML. The next step is to show that rankML = 2k. Wehave im(Æ̂0) � ker(��); with Æ̂0(B1(�N )) � im(�); so there is the indu
ed mapÆ̂ : H1(�N)! ker(��)=im(�)Now 
̂Æ̂ : H1(�N) ! H1(�N) is multipli
ation by 2 [11℄, so Æ̂0 must be inje
tive.Consequently, the matrix of Æ̂0 has maximal rank, whi
h is 2k; making the 2k ve
tors,f~gmi; ~glig1�i�k; linearly independent.M is derived from N by the Dehn �lling of k�h 
usps of N with �lling 
oeÆ
ientsof (pi; qi) for 1 � i � k � h. Let ~gsi = pi~gmi + qi~gli for 1 � i � k � h.Lemma 2.3 The k + h ve
torsf~gs1; : : : ; ~gsk�h; ~gmk�h+1; : : : ; ~gmk ; ~glk�h+1; : : : ; ~glkgare linearly independent.Proof. Assume otherwise. Then there exists �si for 1 � i � k� h and �mi and 'li



22for k � h+ 1 � i � k su
h that0 = X1�i�k�h�si~gsi + Xk�h+1�i�k(�mi~gmi + 'li~gli)= X1�i�k�h�si(pi~gmi + qi~gli) + Xk�h+1�i�k(�mi~gmi + 'li~gli)= X1�i�k�h�sipi~gmi + X1�i�k�h�siqi~gli + Xk�h+1�i�k(�mi~gmi + 'li~gli)We have just seen that f~gmi ; ~glig1�i�k; is linearly independent, so �mi = 'li = 0 fork� h+1 � i � k and �sipi = �siqi = 0 for 1 � i � k� h. But at least one of pi or qiis not 0; so �si = 0 for 1 � i � k � h. �Sin
e rankR = n� k; sele
t n� k linearly independent ve
tors in im(�) that are
olumns of the matrix R; and denote them by ~g�i for k + 1 � i � n. Observe thatim(Æ̂0)\ im(�) = f0g; be
ause otherwise, there is a non-trivial x 2 H1(�N) su
h that
̂0Æ̂0(x) = 
̂0(element of im(�)) 2 B1(�N). Then 
̂Æ̂(x) = 0 2 H1(�N ). But 
̂Æ̂ ismultipli
ation by 2 on H1(�N ); so x = 0; whi
h is a 
ontradi
tion.Lemma 2.4 Let1) S = the 2n� (k � h) matrix whose 
olumns are the ve
tors ~gsi; for 1 � i � k � h2) Mh = the 2n� h matrix whose 
olumns are the linearly independent ve
tors ~gmi ;for k � h + 1 � i � k3) R� = the 2n� (n� k) matrix whose 
olumns are the linearly independent ve
tors~g�i; for k + 1 � i � nCon
atenate these matri
es to get the 2n� n matrix F = (SjMhjR�). RankF = n.Proof. Assume otherwise. Then the ve
tors that are the 
olumns of F are notlinearly independent, so there are �si for 1 � i � k�h, 'mi for k�h+1 � i � k and



23��i for k + 1 � i � n; where not all are zero, su
h that0 = X1�i�k�h �si~gsi + Xk�h+1�i�k'mi~gmi + Xk+1�i�n��i~g�i (12)Therefore,0 = 
̂0(0)= 
̂0� X1�i�k�h �si~gsi + Xk�h+1�i�k'mi~gmi + Xk+1�i�n��i~g�i�= 
̂0� X1�i�k�h �si~gsi + Xk�h+1�i�k'mi~gmi� + 
̂0� Xk+1�i�n��i~g�i�= 
̂0hÆ̂0� X1�i�k�h �si(pimi + qili) + Xk�h+1�i�k'mimi�i+ 
̂0(element in im(�))But 
̂0(im(�)) � B1(�N ); so 
̂Æ̂�P1�i�k�h �si(pimi+qili)+Pk�h+1�i�k 'mimi� = 0.Therefore, P1�i�k�h �si(pimi + qili) +Pk�h+1�i�k 'mimi = 0 sin
e 
̂Æ̂ is inje
tive.Hen
e, 0 = Æ̂0(0)= Æ̂0� X1�i�k�h �si(pimi + qili) + Xk�h+1�i�k'mimi�= X1�i�k�h �siÆ̂0(pimi + qili) + Xk�h+1�i�k'miÆ̂0(mi)= X1�i�k�h �si~gsi + Xk�h+1�i�k'mi~gmiBy Lemma 2.3, �si for 1 � i � k � h and 'mi for k � h + 1 � i � k are all zero.Then, Equation 12 be
omes 0 =Pk+1�i�n ��i~g�i. However, the ~g�i for k+ 1 � i � nwere sele
ted to be linearly independent, so ��i = 0 for k + 1 � i � n. This is a
ontradi
tion. �Corollary 2.5 Ea
h 
olumn of R� has a 
orresponding row in R; the matrix asso-
iated with the 
onsisten
y equations. Let R� be the matrix 
omprised of only these



24n� k rows of R and let F = 0BBBBBB� SMhR�
1CCCCCCA :Then rankF = n.Proof. As before, every (2j � 1)th row of F is equal to the jth 
olumn of F andevery 2jth row of F is (-1) times the (n + j)th 
olumn of F. Thus,rankF = rankFt = rankF = nThat is, rankF = n. �



253 How to Test for a SolutionLet fi(z1; : : : ; zn) = nXj=1 �(pim0ij + qil0ij) log(zj) + (pim00ij + qil00ij) log(1� zj)��
si�i (i = 1; : : : ; k � h)fi(z1; : : : ; zn) = nXj=1(m0ij log(zj) +m00ij log(1� zj))� 
mi�i(i = k � h+ 1; : : : ; k)fi(z1; : : : ; zn) = nXj=1(r0ij log(zj) + r00ij log(1� zj))� 
i�i(i = k + 1; : : : ; n)and let f : C n ! C n su
h thatz = (z1; : : : ; zn) ! f(z) = (f1(z); : : : ; fn(z)):Then lett0ij = pim0ij + qil0ij t00ij = pim00ij + qil00ij t000i = 
si (i = 1; : : : ; k � h)t0ij = m0ij t00ij = m00ij t000i = 
mi (i = k � h+ 1; : : : ; k)t0ij = r0ij t00ij = r00ij t000i = 
i (i = k + 1; : : : ; n):The resulting 
omponents of f arefi(z1; : : : ; zn) = nXj=1(t0ij log(zj) + t00ij log(1� zj))� t000i �i (i = 1; : : : ; n): (13)Then �fi(z)�zj = t0ijzj � t00ij1�zj for 1 � i � n; so�f(z)�zj = �t01jzj � t001j1� zj ; : : : ; t0njzj � t00nj1� zj�: (14)



26Sin
e we are only working with manifolds where SnapPea �nds an approximate solu-tion to f in C n+ ; the upper half plane in C n ; there is an a 2 C n+ su
h that f(a) = b and bis extremely 
lose to 0 2 C n . We begin with the method that uses many of the 
on-stru
ts in the proof of the Inverse Fun
tion Theorem, as presented in [21℄, and�nd that these quantities are used again by the Kantorovi
h method. Ea
h of thesemethods provides a suÆ
ient 
ondition for a manifold to have a 
omplete hyperboli
stru
ture. Consequently, a manifold may not satisfy either 
ondition and still be
omplete hyperboli
. However, if it satis�es at least one we know it has a 
ompletehyperboli
 stru
ture.3.1 Inverse Fun
tion TheoremThe Inverse Fun
tion Theorem states that there exists U 0; a neighborhood of a; thatis mapped homeomorphi
ally by f onto V; a neighborhood of b if the determinantof f 0(a); the derivative of f at a; is not zero. It is our aim to des
ribe V be
auseif 0 2 V and U 0 � C n+ ; there is a solution to f(z) = 0 in C n+ that gives a 
ompletehyperboli
 stru
ture on the manifold. Let H = C n+ : H is open in C n . Ea
h fi isholomorphi
 on H; so f is holomorphi
 on H [14℄. Thus f is smooth on H; with thedi�erential of f at z; df(z); being the linear mapdf(z) : C n ! C nv ! f 0(z) � v;where f 0(z) = ��fi(z)�zj �1�i;j�n [21℄. We know that detf 0(a) 6= 0 [4℄; so rank f 0(a) =n and f is regular at a. Sin
e jdf(z)(v)j; as a fun
tion of v; is a 
ontinuous fun
tionon C n ; it will attain a maximum and minimum on the 
ompa
t set fv 2 C n : jvj = 1g.



27Thus, for any point z 2 H; we 
an de�nejdf(z)jinf = infjvj=1jdf(z)(v)j:We will be interested in 
al
ulating the value of jdf(a)jinf; however now we introdu
e� = jdf(a)jinf2 . The open ball of radius r about z in C n ; fw 2 C n : jw � zj < rg; willbe denoted by Br(z). Whitney [21℄ proves that:� jdf(a)jinf > 0:� There exists a Æ > 0 su
h that if z0; z00 2 BÆ(a) then jf(z0)� f(z00)j � �jz0� z00j;so that f is 1-1 on BÆ(a). This is done by letting � = jdf(a)jinf��n and sele
tingÆ > 0 su
h that j�f(z)�zj � �f(a)�zj j < � for 1 � j � n whenever jz � aj < Æ: This
an be done sin
e the partial derivatives, �f(z)�zj for 1 � j � n; are 
ontinuousfun
tions of z on H:� When we take Æ small enough, BÆ(a) � H; and the rank of f 0(z) for z 2 BÆ(a)is n. If U = BÆ(a) and V = B �Æ4 (b); then V � f(U).Therefore, if 0 2 V and U 0 = U \ f�1(V ); there is a unique ~z 2 U 0 su
h thatf(~z) = 0. This ~z is a solution of the surgery, 
ompleteness and 
onsisten
y equations.Consequently, we need jbj < �Æ4 ; so it remains to 
al
ulate jdf(a)jinf and Æ.3.1.1 Cal
ulate jdf(a)jinfWe know that detf 0(a) 6= 0; so f 0(a)�1 exists. LetB = ff 0(a) � v : jvj = 1g = fw 2 C n : jf 0(a)�1 � wj = 1g:



28We look at the 
ontinuous real valued fun
tion � on the 
ompa
t set B su
h that� : B ! Rw ! jwj2:Let S = fv 2 C n : jvj = 1g: Then � attains a minimum at some ~w 2 B and thefun
tion jdf(a)j will attain a minimum at some ~v 2 S where ~w = df(a)(~v) = f 0(a) � ~v.Now let A = f 0(a)�1. This is a 
omplex matrix, sojAwj2 = (Aw)t(Aw) A = 
onjugate of A and t = transpose of A= (wtAt)(Aw)= wt(AtA)w:Let D = (AtA). This is a self adjoint matrix so it has real eigenvalues [6℄. Then,B = fw : jAwj = 1g= fw : jAwj2 = 1g= fw : wtDw = 1g:Using the Lagrange multiplier method to minimize g = jwj2 on B [6℄, letH(w1; : : : ; wn; �) = jwj2 � �(wtDw � 1)= nXi=1 wiwi � �� nXi=1 wi( nXj=1 dijwj)� 1�:In order to �nd a 
riti
al point for H; all partials with respe
t to w1; : : : ; wn and �must be 0. We set 0 = �H�wi = wi � �( nXj=1 dijwj) (i = 1; : : : ; n);



29so, 0 = w � �Dw= (I � �D)w= (1�I �D)w:Then Dw = w� ; making 1� an eigenvalue of D. Also,0 = �H��= wtDw � 1:Thus, wtDw = 1; and substituting w� for Dw from above, we have wt w� = 1. Thatis, wtw = �. But wtw = jwj2; so minjwj2 = min� su
h that 1� is an eigenvalue of D.From this we see that on B;minjwj2 = 1maximum eigenvalue of D= smallest eigenvalue of D�1 [5℄= smallest eigenvalue of (AtA)�1= smallest eigenvalue of f 0(a)f 0(a)t:By de�nition, jdf(a)jinf = minonBjwj; sojdf(a)jinf =qsmallest eigenvalue of f 0(a)f 0(a)t: (15)The result is that we 
al
ulate the eigenvalues of f 0(a)f 0(a)t using its 
hara
teristi
polynomial and then take the square root of the smallest one to get jdf(a)jinf. We
an now set � = jdf(a)jinf2 .



303.1.2 Cal
ulate ÆSin
e the partial derivatives �f(z)�zj for 1 � j � n are 
ontinuous fun
tions of z on H;there exists a Æj > 0 su
h that j�f(z)�zj � �f(a)�zj j < � when jz � aj < Æj for ea
h j. LetÆ = minj(Æj); so that for all j; j�f(z)�zj � �f(a)�zj j < � whenever jz�aj < Æ. Thus, we mustidentify these Æj for 1 � j � n.����f(z)�zj � �f(a)�zj ��� = �����f1(z)�zj � �f1(a)�zj ; : : : ; �fn(z)�zj � �fn(a)�zj ���� (16)� nXi=1 ����fi(z)�zj � �fi(a)�zj ���: (17)If there exists a Æj su
h that when jz � aj < Æj we have j�fi(z)�zj � �fi(a)�zj j < �n for all1 � i � n; we 
an set Æ = minjÆj and our 
onditions are satis�ed. From page 25,�fi(z)�zj � �fi(a)�zj = t0ijzj � t00ij1� zj � �t0ijaj � t00ij1� aj �= �t0ijzj � t0ijaj �� � t00ij1� zj � t00ij1� aj �= �ajt0ij � zjt0ijajzj �� �(1� aj)t00ij � (1� zj)t00ij(1� aj)(1� zj) �= �ajt0ij � zjt0ijajzj �� �t00ij � ajt00ij � t00ij + zjt00ij(1� aj)(1� zj) �= t0ij (aj � zj)ajzj + t00ij (aj � zj)(1� aj)(1� zj)= (aj � zj)� t0ijajzj + t00ij(1� aj)(1� zj)�: (18)From this we see that we need only 
on
ern ourselves when both t0ij and t00ij are notzero, be
ause otherwise �fi(z)�zj � �fi(a)�zj = 0.Let M̂ = min(jajj; j1 � ajj) and Æj � min(M̂2 ; Im(aj)): We note that a 2 H soIm(aj) > 0 and 1 � aj 6= 0; so Æj > 0: By restri
ting Æj to be less than or equal to



31Im(aj); we guarantee solutions only in H: Then Æj � jaj j2 ; sojajj � Æj � jajj2 > 0: (19)Thus, 1jajj � Æj � 1jaj j2 : (20)Similarly, Æj � j1�aj j2 ; so j1� ajj � Æj � j1� ajj2 > 0; (21)giving 1j1� ajj � Æj � 1j1�aj j2 : (22)Let z 2 BÆj (a); so that jzj � ajj < Æj. In Equation 18 there are two quantities to
onsider: t0ijajzj and t00ij(1�aj)(1�zj ) :1. t0ijajzjjajj � jzjj � jzj � ajj < Æj; so that jzjj > jajj � Æj. However, jajj � Æj > 0;whereby 1jzjj < 1jajj � Æj : (23)Hen
e, by Equations 23 and 20, we have��� t0ijajzj ��� < jt0ijjjajj(jajj � Æj) � jt0ijjjajj jaj j2 :That is, ��� t0ijajzj ��� < jt0ijjjajj jaj j2 : (24)



322. t00ij(1�aj)(1�zj ) j1� ajj � j1� zjj � j(1� zj)� (1� aj)j= jaj � zjj< Æjso that j1� ajj � Æj < j1� zjj: (25)But j1� ajj � Æj > 0; so that��� 11� zj ��� < 1j1� ajj � Æj :Combining with Equation 22, we get��� 11� zj ��� < 1j1�aj j2 : (26)Hen
e, ��� t00ij(1� aj)(1� zj) ��� < jt00ijjj1� ajj j1�aj j2 : (27)Going ba
k to Equations 18, 24 and 27, we 
on
lude:����fi(z)�zj � �fi(a)�zj ��� < 2Æj jt0ijjjajj2 + 2Æj jt00ijjj1� ajj2 = 2Æj� jt0ijjjajj2 + jt00ijjj1� ajj2�: (28)Let Æij = min� �2n� 1jt0ij jjaj j2 + jt00ij jj1�aj j2 �; M̂2 ; Im(aj)� and Æj = min1�i�nÆij:Then, for jz � aj < Æj;����fi(z)�zj � �fi(a)�zj ��� < 2 �2n� 1jt0ij jjaj j2 + jt00ij jj1�aj j2 �� jt0ijjjajj2 + jt00ijjj1� ajj2�: (29)



33That is, for jz � aj < Æj; we have����fi(z)�zj � �fi(a)�zj ��� < �n (i = 1; : : : ; n):In 
on
lusion, let Æ = min1�j�n(Æj). Using the values of � and Æ just 
al
ulated, thetest for a solution to the equations, as presented on page 27, means 
he
king ifjbj < �Æ4 :This 
ompletes the �rst part of the proof of Theorem 1.2.3.2 Kantorovi
hThe Kantorovi
h Theorem [8℄ provides a test for the solution of f . The relevan
e ofthis theorem to the solution of f was brought to our attention by Joan Birman afterthe Inverse Fun
tion Theorem test of Se
tion 3.1 had been developed. We thank herfor telling us about it. The Kantorovi
h Theorem is usable in our situation be
ausewe 
an identify the quantities used. This is not the 
ase for all fun
tions.Theorem 3.1 (Kantorovi
h) Let U be an open neighborhood of a point, a; inC n and f : U ! C n a holomorphi
 mapping with invertible derivative f 0(a) at a:Let hh = �f 0(a)�1f(a); ~a = a+ hh and U0 = Bjhhj(~a): If U0 � U and1. The derivative f 0(z) satis�es the Lips
hitz Condition on U0; with Lips
hitz Ra-tio, L2. jf(a)jjf 0(a)�1j2L � 12 ;



34then f(z) = 0 has a unique solution in U0:The Kantorovi
h Theorem applied to our fun
tion, f; works as follows. Let U = H:Given a; an approximate solution to f(z) = 0; apply Newton's method to f at a toget an even better approximate solution, ~a: That is, let hh = �f 0(a)�1 � f(a) and ~a =a+hh = (a1+hh1; : : : ; an+hhn) so ~aj = aj+hhj : Then see if a Lips
hitz Ratio, denotedby L; 
an be identi�ed for z 2 Bjhhj(~a) so that f 0(z) satis�es the Lips
hitz 
ondition onU0 with L: One way to do this is to �nd an upper bound, 
ijk; on the se
ond partials,j�i�jfk(z)j for 1 � i; j; k � n for z 2 Bjhhj(~a); and let L = qP1�i;j;k�n(
ijk)2 [8℄:This works for us, but in general, the major stumbling blo
k to using this theorem isthe diÆ
ulty in �nding this L. Here, jf 0(a)�1j; the norm of f 0(a)�1; 
an be either thesupremum norm, whi
h we will denote by jf 0(a)�1jsup; or the length norm, referredto as jf 0(a)�1jlen; where jf 0(a)�1jsup = supjvj=1jf 0(a)�1 � vjand if a 
omponent of f 0(a)�1 is denoted by hij;jf 0(a)�1jlen =s X1�i;j�n jhijj2:Now substitute values in the inequality found in the se
ond part of the Kantorovi
hTheorem and see if they pass the test. If so, there is a solution in Bjhhj(~a): The
ijk are found by methods similar to those used in the 
al
ulation of the Æij; and the
al
ulation of the supremum norm is almost identi
al to that of jdf(a)jinf: In fa
t, thesupremum norm 
an be expressed in terms of jdf(a)jinf:



353.2.1 Cal
ulate jf 0(a)�1jSupremum Norm:jf 0(a)�1jsup Follow the work in Se
tion 3.1.1, only this time weare interested in f 0(a)�1 instead of f 0(a): Thus, let AK; DK and BK be de�nedas follows:AK = (f 0(a)�1)�1 = f 0(a); DK = AtKAK = f 0(a)tf 0(a) andBK = ff 0(a)�1 � v : jvj = 1g = fw 2 C n : jf 0(a) � wj = 1g:Then, maxonBK jwj2 = 1smallest eigenvalue of DK= 1smallest eigenvalue of AtKAK= 1smallest eigenvalue of f 0(a)tf 0(a) :By de�nition, jf 0(a)�1jsup = maxonBK jwj; sojf 0(a)�1jsup = 1qsmallest eigenvalue of f 0(a)tf 0(a) : (30)Two matri
es that are 
onjugate to ea
h other have the same eigenvalues, sof 0(a)tf 0(a) and f 0(a)f 0(a)t have the same eigenvalues. The relation betweenthe Inverse Fun
tion Theorem and Kantorovi
h methods is seen now, sin
e thede�nition of � on page 29 means thatjf 0(a)�1jsup = 12� : (31)Length Norm:jf 0(a)�1jlen Let the 
omponents of f 0(a)�1 be (hij)1�i;j�n: Thenjf 0(a)�1jlen =s X1�i;j�n jhijj2: (32)



36
0 1

.aj&%'$.~aj.zj
Figure 7: Dis
 of radius jhhjj about ~aj3.2.2 Cal
ulate 
ijkLet z 2 Bjhhj(~a): Then jz�~aj < jhhj; so jzj�~ajj < jhhj; where zj�~aj = zj�(aj+hhj)sin
e ~aj = aj+hhj: Figure 7 shows the situation for ea
h j. There are three tests thatneed to be performed before we test for the inequality in the Kantorovi
h Theorem.The entire pro
ess stops and Kantorovi
h tells us nothing about a manifold when anyof these tests fail.Test 1 We want a solution in H; so we require that Im(~aj) > jhhj: Otherwise,there are z 2 Bjhhj(~a) that have Im(zj) � 0; and the solution 
ould be one ofthese z:Test 2 j(zj � aj)� hhjj = jzj � (aj + hhj)j = jzj � ~ajj < jhhj:Using triangle inequalities,jzj � ajj � jhhjj � j(zj � aj)� hhjj:Therefore,jzj�aj j�jhhjj < jhhj; giving jzj�aj j < jhhjj+jhhj: But jhhjj � jhhj;



37so jzj � ajj < 2jhhj: Nowjzjj = jaj + (zj � aj)j � jajj � j(zj � aj)j:Thus, jzjj > jajj � 2jhhj: (33)We need jajj � 2jhhj > 0 in order to de�ne L; so the se
ond test is to see ifjhhj < 12 jajj: Then, 1zj < 1jajj � 2jhhj : (34)Test 3 We do a similar pro
ess as in the previous test. We already know thatjzj � ajj < 2jhhj: Only now, we use 1� zj instead of zj; soj1� zjj = j1� aj � (zj � aj)j � j1� ajj � j(zj � aj)j:Hen
e, j1� zjj > j1� ajj � 2jhhj: (35)We need j1� ajj � 2jhhj > 0; a third test is to 
he
k that jhhj < 12 j1� ajj:Then, 11� zj < 1j1� ajj � 2jhhj : (36)Remainder of Cal
ulationWe are now ready to look at the se
ond partials. By page 25 we see that forz 2 Bjhhj(~a); �jfi(z) = �fi(z)�zj = t0ijzj � t00ij1� zj :



38Therefore, �k�jfi(z) = 0 for k 6= j (37)= �t0ijz2j � t00ij(1� zj)2 for k = j: (38)Consequently, j�j�jfi(z)j � jt0ijjjzjj2 + jt00ijjj1� zjj2 :Combining this with Equations 34 and 36 yieldsj�j�jfi(z)j � jt0ijj(jajj � 2jhhj)2 + jt00ijj(j1� ajj � 2jhhj)2 : (39)Using this, 
ijk for 1 � i; j; k � n is de�ned as
ijk = 0 for j 6= k (40)
ijj = jt0ijj(jajj � 2jhhj)2 + jt00ijj(j1� ajj � 2jhhj)2 : (41)The Lips
hitz Ratio, L; 
an now be identi�ed asL = s X1�i;j�n(
ijj)2L = vuut X1�i;j�n� jt0ijj(jajj � 2jhhj)2 + jt00ijj(j1� ajj � 2jhhj)2�2: (42)The theorem 
an �nally be applied, testing to see if jf(a)jjf 0(a)�1j2L � 12 : Sin
eb = f(a); this 
an be rewritten asjbj � 12jf 0(a)�1j2L:We really have two tests, one using the supremum norm and the other using thelength norm. This 
ompletes the last part of the proof of Theorem 1.2.



394 ExamplesThe methods presented are implemented by the use of two programs: SNAP to getinformation about the manifold and Pari-Gp [2℄ to do 
al
ulations. We use Pari-Gpinstead of Mathemati
a be
ause of its high level of pre
ision. Page 41 begins thetemplate for a program that is written in an edit �le and then 
opied into Pari-Gp for exe
ution. The template needs to be adjusted for information gotten fromSNAP. Assume we have a manifold �le in SNAP for the manifold, M: On
e SNAPis open, read in the �le for pro
essing. The \pr sol" 
ommand will print the type ofsolution SNAP has found. A geometri
 solution means that the solution is in H: Anyother response is useless here, so there is no need to go any further. Assuming it isgeometri
, pro
eed with setting up the template. Issue the \pr sh" 
ommand. SNAPwill return the transpose of a ve
tor representing an approximate solution to our setof n equations for M: The number of 
omponents of the ve
tor will be equal to n;the number of tetrahedra in the triangulation. Then 
opy this ve
tor from SNAP tothe template, repla
ing [a1; : : : ; an℄; so that a now has the value of our approximatesolution. The tilde at the end of the Snap response must be eliminated so that aappears as a 1� n matrix. Next 
omes the \pr �ll" 
ommand. SNAP will display a(n+ k)� (2n+ 1) matrix where the 
omponents of ea
h row are the 
oeÆ
ients of a
usp or 
onsisten
y equation. Assuming M is the result of Dehn �lling on h out of k
usps, the �rst k � h rows represent the 
usp surgery equations, the next h rows arethe meridian 
ompleteness equations for the unsurgered 
usps, and the last n rowsare all the 
onsisten
y equations before any have been eliminated. If all 
usps areunsurgered, h = k; so the �rst k rows are all meridianal 
ompleteness equations. This
ommand to print �lling equations is 
losely related to the \pr gl" 
ommand whi
h



40prints the gluing equations. This latter display presents the k meridianal followed bythe k longitudinal 
ompleteness equations for the original k 
usps before any surgery,and then all of the n 
onsisten
y equations. But it is simpler to use the �llingequations, even for manifolds where no surgery has been done. Copy this matrixfrom Snap to the template, initializing the matrix FG. The s
ript will then 
reatethe matri
es F and G; where F 
onsists of the �rst k rows of FG and G 
onsistsof the last n rows of FG: The rows of F are linearly independent and the programsele
ts n� k rows from G so that when added to F; the resulting matrix has rank n:The only further adjustments may be Pari-Gp pun
tuation to re
e
t line 
ontin-uation. In order to tell Pari-Gp to ignore an end of line from the text editor, a \n"followed immediately by Return must end that text line. This is needed with a largeve
tor or matrix, so it will probably be needed on
e the values for a; F and G are
opied into the template.



414.1 Template/* set pre
ision to 60 (or higher for very large manifolds) from the default of */np 60/* read the �le FILENAME into SNAP *//* see that there are h unsurgered 
usps *//* (,) (,) (,) (,) *//* print shapes - the triangulation has n tetrahedra *//* enter the shapes as a ve
tor, so it is regarded as a 1� n matrix */a =[a1; : : : ; an℄/* �nd n; the number of tetrahedra */n = matsize(a)[2℄/* print �lling equations and use this to initialize the matrix FG. The �rst k � h nequations are 
usp surgery equations, followed by the h meridianal 
ompleteness nequations, and �nally all of the n 
onsisten
y equations. */FG =[x11; : : : ; x1(2n+1); : : : ; x(n+k)1; : : : ; x(n+k)(2n+1)℄/* �nd n+ k; the number of equations derived from the Snap 
ommand "pr �ll" */numalleq = matsize(FG)[1℄/* �nd total number of 
usps, k */k = numalleq - n/* initialize F, the 
usp equations matrix, using the �rst k equations from FG */F = matrix(k,2*(n) +1,ii,jj,FG[ii,jj℄)/* initialize G, the matrix of all 
onsisten
y equations, using the last n equationsn



42from FG */G = matrix(n,2*(n) +1,ii,jj,FG[k+ii,jj℄)/* de�ne matrix H by eliminating the last 
olumn of F representing the �i n
oeÆ
ient */H = matrix (k,2*n,i,j,F[i,j℄)/* de�ne matrix K by eliminating the last 
olumn of G representing the �i n
oeÆ
ient */K = matrix (n,2*n,i,j,G[i,j℄)/* rede�ne F and H by adding rows to them from G and K respe
tively nuntil the rank of F and H are both n */r = 1v(r) = ( (2*n)+1,l,G[r,l℄ )t(r) = ve
tor( 2*n,l,K[r,l℄ )while( n � matrank(H) && (n+1�r), if( (matrank(
on
at(F,v(r))) n� matrank(F)) && (matrank(
on
at(H,t(r))) � matrank(H)), n(F = 
on
at(F,v(r))) && (H = 
on
at(H,t(r))), r=r+1))eval(F)eval(H)/* set up the �lling equations as log fun
tions evaluated at a */f(i) = sum( j = 1, n, F[i,j℄*log(a[j℄) ) + ( j = 1, n, F[i,n+j℄*log(1-a[j℄) ) n+ F[i,(2*n)+1℄*Pi*I/* de�ne the ve
tor b in C n */b = ve
tor( n, i, f(i) )/* identify the norm of b */



43normb = sqrt( norml2(b) )/* identify A; the derivative matrix for f at a */g(i,j) = ( F[i,j℄/a[j℄ ) � ( F[i,n+j℄/(1-a[j℄) )A = matrix( n, n, i, j, g(i,j) )/* 
he
k that determinant of A is not zero */matdet(A)/* INVERSE FUNCTION THEOREM PROCESSING *//* �nd eigenvalues for D = (
onjugate of A) � (transpose of A) */D = 
onj(A)*mattranspose(A)wapprox = polroots( 
harpoly(D,x) )w = real( wapprox )/* de�ne Eta = (square root of smallest eigenvalue of D)=2 */Eta = sqrt ( ve
min( w ) )/2/* de�ne Eps = ((square root of smallest eigenvalue of D) � Eta)/n */Eps = ( sqrt( ve
min( w ) ) � Eta )/n/* Identify DELTA *//* If not both F [i; j℄ and F [i; j + n℄ are equal to zero, sele
t delta(i; j) a

ordingnto instru
tions. If both equal zero, then we get zero as the denominator; howevernany arbitrarily large delta will work for this i and j; so sele
t ndelta(i,j)=((4*normb)/Eta) + 1 */delta(i,j) = if( abs(F[i,j℄)+abs(F[i,j+n℄),( Eps/(2n) ) n* ( 1/( (abs(F[i,j℄)/(abs(a[j℄))^2) + (abs(F[i,n+j℄)/(abs(1�a[j℄))^2) ) ),n((4*normb)/Eta)+1 )



44ve
delta(j) = ve
tor( n, i, delta(i,j) )mindelta(j) = ve
min( ve
delta(j) )ve
mind elta(j) = [mindelta(j),imag(a[j℄),(norml2(a[j℄))/2,(norml2(1�a[j℄))/2℄mmindelta(j) = ve
min(ve
mindelta(j) )VECDELTA = ve
tor( n, j, mmindelta(j) )DELTA = ve
min( VECDELTA )/* �nd the value that the norm of b must be less than */(Eta*DELTA)/4/* 
ompare norm of b to above */normb < ( (Eta*DELTA)/4 )/* KANTOROVICH PROCESSING *//* 
hange b into a matrix to do matrix multipli
ation */B = matrix(n,1,j,i,b[j℄)/* de�ne the ve
tor hh and �nd its length, normhh */hhh = �(A)^(�1)*(B)hh = ve
tor(n, j, hhh[j,1℄)normhh = sqrt(norml2(hh))/* perform the �rst three tests to see if this method is appli
able */atilde = a + hh/* test 1 to see if fat solution; if j > n */for (j = 1, n, if(normhh < imag(atilde[j℄), , nerror("failure at atilde[", j, "℄")))/* test 2 to see if 
ijj 
an be de�ned */for(j = 1, n, if(normhh < (1/2)*abs(a[j℄), , n



45error("failure at atilde[", j, "℄")))/* test 3; other test to see if 
ijj 
an be de�ned */for(j = 1, n, if(normhh < (1/2)*abs(1 � a[j℄), , nerror("failure at atilde[", j, "℄")))/* identify the Lips
hitz ratio, Lips */
(i,j) = (abs(F[i,j℄)/(abs(a[j℄) � 2*normhh)^2) n+ (abs(F[i,j+n℄)/(abs(1�a[j℄) � 2*normhh)^2)Lips = sqrt( sum( j = 1, n, sum(i = 1, n, 
(i,j)^2) ) )/* identify normAinv, the norm of A^(�1), using the de�nition of matrix nnorm as the supremum of A^(�1)v for v on the n-sphere */normAinv = 1/( 2 * Eta )/* do the Kantorovi
h tests *//* �nd the value that the norm of b must be less than or equal to with respe
t nto the supremum norm */1/(2 * (normAinv)^2 * Lips)normb <= 1/(2 * (normAinv)^2 * Lips)/* �nd the length norm and the value that the norm of b must be less thannor equal to with respe
t to the length norm */sqrt(norml2(A^(�1)))1/(2 * norml2(A^(�1)) * Lips)normb <= 1/(2 * norml2(A^(�1)) * Lips) �



464.2 Using the TemplateThe template is ready to be used. If you want a 
opy of what has happened, �rst turnthe log on in Pari-Gp by typing \nl log�lename". Then 
opy the adjusted templateto Pari-Gp, wait for the run to 
omplete, and open the log �le to see the results.Make sure that there are no error messages from the quali�
ation tests des
ribed.If there are, any further results are of no value. If there are no error messages, aresponse of \1" to at least the Inverse Fun
tion Theorem or either of the Kantorovi
hinequalities will indi
ate the manifold is 
omplete hyperboli
. A 
opy of the template
an be found at [10℄. We now look at six examples. Ea
h example will have two setsof data. The �rst 
omes from SNAP and the se
ond is the result of 
al
ulations inPari-Gp. The ve
tors and matri
es are printed as they appear in SNAP. When one ofthem extends beyond one line, it is edited on
e 
opied into the template to add theline 
ontinuation 
hara
ter, \n;" after ea
h line before its end. The Pari-Gp data hasbeen shortened to 40 de
imal pla
es from the 
al
ulated pre
ision of 60 de
imal pla
esso as to �t on one line sin
e in these examples, it has no e�e
t on understanding theresults.1. FIGURE 8 KNOT COMPLEMENTThe simplest is the �gure 8 knot 
omplement. We know [18℄ that this is 
ompletehyperboli
 already. However, only suÆ
ien
y 
onditions have been presentedhere, so it is ni
e to see that a manifold we know to be 
omplete hyperboli
does not fail the test.QUANTITIES FROM SNAPn = 2



47h = k = 1a =[0.5000000000000000000000000000+0.8660254037844386467637231707*I,0.5000000000000000000000000000+0.8660254037844386467637231707*I℄F =[1, 0, 0, 1, 0℄G =[2, -1, -1, 2, 0; -2, 1, 1, -2, 0℄Pari-Gp CALCULATIONSjbj = 1:296666384352891444530724934775173278518E� 28Inverse Fun
tion Theorem data:� = 0:3140257650798779229370147391728000202907� = 0:1570128825399389614685073695864000101453Æ = 0:01308440687832824678904228079766698232949�Æ4 = 0:001027210220145861215835361282642896699237Kantorovi
h data:L = 4:472135954999579392818347339211785668123jf 0(a)�1jsup = 1:592226038754547070932399593119376104348jf 0(a)�1jlen = 1:63299316185545206546485604971658734793712jf 0(a)�1 j2supL = 0:0441007080850304566635040722184608250030212jf 0(a)�1 j2lenL = 0:041926274578121056807672006276797201624662. (3; 2) DEHN SURGERY: FIGURE 8 KNOT COMPLEMENTDehn surgery on the �gure 8 knot 
omplement with 
oeÆ
ients outside there
tangle with verti
es (�4;�1); (�4; 1); (4; 1) and (4;�1) are known to behyperboli
. Our test 
on�rms this for (3; 2) Dehn surgery.



48QUANTITIES FROM SNAPn = 2h = 0 and k = 1a =[0.4954656064075546882700742435+0.3184344025224255962108800064*I,0.2384629932649871770466704016+0.3145299052214213676739562796*I℄F =[3, -4, 0, 11, 2℄G =[2, -1, -1, 2, 0; -2, 1, 1, -2, 0℄Pari-Gp CALCULATIONSjbj = 6:465667870212635404201807594225101849482E� 28Inverse Fun
tion Theorem data:� = 1:618205277801913438468680573543738992211� = 0:8091026389009567192343402867718694961057Æ = 0:004830066958223720619553909664170838579078�Æ4 = 0:001954009960983564713909747682988867681415Kantorovi
h data:L = 44:60747497092832814628093161972439417944jf 0(a)�1jsup = 0:3089842845397057433721243439808921852965jf 0(a)�1jlen = 0:313005807019555712586265176733335094115512jf 0(a)�1 j2supL = 0:117405808009198431759682070254292545502812jf 0(a)�1 j2lenL = 0:11440831099520442995506702230773763581213. WHITEHEAD LINK COMPLEMENTThe Whitehead link 
omplement is known to be 
omplete hyperboli
 [12℄ also.



49It is presented here.QUANTITIES FROM SNAPn = 4h = k = 2a =[1.000000000000000000000000000+1.000000000000000000000000000*I,0.5000000000000000000000000000+0.5000000000000000000000000000*I,0.5000000000000000000000000000+0.5000000000000000000000000000*I,0.5000000000000000000000000000+0.5000000000000000000000000000*I℄F =[1, 0, -1, 0, -1, 0, 1, 1, 0; 0, 0, 0, 1, 1, -1, 0, 0, 0℄G =[1, 1, 1, 1, 1, -2, 0, 0, -1; 0, -1, -1, -1, -1, 1, 1, 1, 1;-1, 1, 1, 1, 1, 0, -2, -2, -1; 0, -1, -1, -1, -1, 1, 1, 1, 1℄Pari-Gp CALCULATIONSjbj = 0:E � 67Inverse Fun
tion Theorem data:� = 0:3492524727549174997185960915454269701487� = 0:08731311818872937492964902288635674253719Æ = 0:001819023295598528644367687976799098802858�Æ4 = 0:0001588245959966463417128364714387159755176Kantorovi
h data:L = 11:24722187920199251903453975695565990771jf 0(a)�1jsup = 1:431629090714748459427410728433167294882



50jf 0(a)�1jlen = 1:77218085984472815036945231783857224076412jf 0(a)�1 j2supL = 0:0216902077749494641372738422764616924328912jf 0(a)�1 j2lenL = 0:014154960381274015716245069994792091599194. (9872; 11111) DEHN SURGERY: WHITEHEAD LINK COMPLEMENTThis example 
onsiders Dehn surgery on only one of the two 
usps of the White-head link 
omplement.QUANTITIES FROM SNAPn = 4h = 1 and k = 2a =[0.9999343700073827649570992430+1.000170536257729817727630077*I,0.4999147436597508540443693049+0.4999671844066970777583211769*I,0.5000852675298210651958243937+0.5000328032070212542658981140*I,0.4999147436597508540443693049+0.4999671844066970777583211769*I℄F =[20983, 0, -9872, 0, -9872, 11111, -1239, 20983, -2;0, 0, 0, 1, 1, -1, 0, 0, 0℄G =[1, 1, 1, 1, 1, -2, 0, 0, -1; 0, -1, -1, -1, -1, 1, 1, 1, 1;-1, 1, 1, 1, 1, 0, -2, -2, -1; 0, -1, -1, -1, -1, 1, 1, 1, 1℄Pari-Gp CALCULATIONSjbj = 6:290546043622649509854067366063508951285E� 24Inverse Fun
tion Theorem data:



51� = 0:4699646092529863617956753210664308522515� = 0:1174911523132465904489188302666077130628Æ = 0:0000003499960590771897201036385563192345713977�Æ4 = 0:00000004112144028607414931402210141793751163981Kantorovi
h data:L = 56237:01131396100111291495604741250466464jf 0(a)�1jsup = 1:063909899076773471157618529051471308315jf 0(a)�1jlen = 1:23541566132487349717522223681282373534812jf 0(a)�1 j2supL = 0:00000785485319329127816522549498105368696584812jf 0(a)�1 j2lenL = 0:0000058253438707783179765329204172785526622525. SMALLLINK COMPLEMENTThis is the smaller of two extremely large link 
omplements. See �gure 8. Ithas 32 tetrahedra and 4 
usps. These two links are used by Leininger [9℄ to
onstru
t other knots and links by 
ut and paste methods, and then lookingat their 
overs. For any even integer g > 0; we eventually get from Smalllinka two 
omponent link whose 
omplement in S3 
ontains an embedded totallygeodesi
 surfa
e of genus g. The importan
e of Smalllink is that prior to this,su
h embedded surfa
es 
ould only be found in the 
omplement of links withmore than two 
omponents.QUANTITIES FROM SNAPn = 32h = k = 4a =



52

Figure 8: The Link Smalllink[5.431680776271168985E-77+1.043190149785894973378994944*I,0.4788708557877967957032308372+0.4995533597773714501527030266*I,-4.471822153042346518E-77+0.9585980084313877504633692171*I,0.5211291442122032042967691627+0.4995533597773714501527030266*I,0.2929970420861826752219808548+1.473911044296957810855392169*I,-0.4509782171525463654321193064+1.200765444220459728291241593*I,1.000000000000000000000000000+0.9300613056344272435239940348*I,0.4638110047891777790136229363+0.4986886369525889712130902195*I,0.2371128008078259554449875702+0.6313317290357266968810549581*I,0.3060049499572359024927254903+0.4485055715132523515850447879*I,0.8585412796265143611585133046+1.027932770073775455116265474*I,0.5000000000000000000000000000+0.4792990042156938752316846085*I,0.4375240155821198504166057790+0.8813536566549109733830907053*I,1.042258288424406408593538325+0.9991067195547429003054060533*I,0.6696776343174901312972923995+0.7426519144895069642064793083*I,0.4518888703362351094400929330+0.9102903934144040876554144906*I,



530.03927009472823897821842546946+1.571359648665194056162768058*I,-8.46343996E-78+0.9585980084313877504633692171*I,1.000000000000000000000000000+1.043190149785894973378994944*I,0.02451089142372681728394034675+0.5982980953722294364585245396*I,0.9621628947892310086730291057+0.3083453854492406606721071067*I,0.7354295168083648566686302069+0.5515583107626382072967381105*I,0.6213864977872760582396031709+0.4161571993484503024065288682*I,0.6756917822944407062548472825+0.1978399260627268524593119332*I,0.5213536432299720005859050458+1.346701507985612627940863123*I,0.2659365860052524158474189000+0.5690611275237113909012011313*I,0.8916797222785394793793396465+0.5330292860478110834980601119*I,0.4489838724616496515202858898+0.4713823217067450930880172825*I,0.5364433482241135276673629307+0.6234802797569418514001720639*I,-0.4489884234808609710528328543+0.3884305318039174460267193001*I,1.000000000000000000000000000+0.9585980084313877504633692171*I,-8.49494342E-77+1.043190149785894973378994944*I℄F =[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0,-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0;0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, -1, 0, -1, -1, 1, -1, -1, 0, 1, 1, 1, 2, 0, 1, 0, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0,0, 1, 1, 0, 1, 0, -2, 0, 0, -1, 0, 0, 0, 0, 1, 1, -1, 1℄G =[0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1,0, 0, -1, 0, 0, 0, 0, 0, 0, 0, -1, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0; -1, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, -1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 0, 0,0; 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1; 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0,



540, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1; 0, 1, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 1, 0, -1, 1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0,0, 0, 2; 0, 0, 1, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1,0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, -1, 0, 0, 0, 0, 1, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0; 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0,0, 0, 0, -1; 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -2; 0, 0, 0, 0, 0, -1, -1, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 1, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 2; 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 1, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1; 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, -1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0, -1, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, -1, 0, 0,0, 0, 0, 0, 0, 0, 0, -1; 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0,0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1,1, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, -1; 0, 0, 0, 0, 0, 0, 0, 0,0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, -1,0, 0, 0, 0, -1, 0, 0, 0, -2; 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, -1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, -1, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0,0, 0, 0, 1, 0, 0, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 1, 0, 1, 0, 0, 0, -1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, -1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 1, -1, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 1, 1, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1; 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, -1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, -1, 1, 0, 0,0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 1, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 1, 0, 0,0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 0; 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 0, 0, 0, 0, -1, 0, 1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,1, 1, 0, 0, 0, -1, 1, 0, 0, 0, 1, 0, 0, 2; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, -1, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 1, -1, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, -1℄Pari-Gp CALCULATIONSjbj = 2:890741236697218507543429035402903716418E� 27



55Inverse Fun
tion Theorem data:� = 0:06088023362739367144207474114386922499683� = 0:001902507300856052232564835660745913281150Æ = 0:000002621083393319875853253543451425259797429�Æ4 = 0:00000003989304233554895469198952121344260068223Kantorovi
h data:L = 38:46960927036768465200292167581178343887jf 0(a)�1jsup = 8:212846275527759925085525656342053316915jf 0(a)�1jlen = 10:3214571077924481240693775313133059844312jf 0(a)�1 j2supL = 0:000192692513223990442366484987156668242823612jf 0(a)�1 j2lenL = 0:00012200291428418181728451377112277231072186. BIGLINK COMPLEMENTThis example deals with the larger of the two links mentioned in the previousexample. See �gure 9. It has 57 tetrahedra and 11 
usps. For any g > 2; the
omplement of Biglink 
ontains a 
losed totally geodesi
 surfa
e of genus g; andthere is an in�nite sequen
e of Dehn �lling 
oeÆ
ients f(pij; qij)1�i�10g1j=1 su
hthat for ea
h j; the surfa
e is also in
luded in the Dehn �lling of 10 out of the 11
usps in the 
omplement of Biglink in S3. By 
ut and paste on Biglink, thereis an in�nite sequen
e of knots, fKjg1j=1; where for ea
h j; the 
omplementof Kj in S3 is homeomorphi
 to the 
over of the 
orresponding Dehn �llingdes
ribed above. The prin
ipal 
urvature of the embedding of the surfa
e intothe 
omplement of Kj 
onverges to zero as j ! 1. This gives eviden
e that
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Figure 9: The Link Biglinkthere is a 
ounterexample to the 
onje
ture of Menas
o and Reid that thereare no hyperboli
 knots in S3 whi
h 
ontain 
losed embedded totally geodesi
surfa
es in their 
omplement. The 
al
ulations in Pari-Gp have been set to 125signi�
ant digits, but as above, they are only displayed to 40 signi�
ant digits.QUANTITIES FROM SNAPn = 57h = k = 11a =[1.158782270647143247050917636+0.9196847760114970597472726274*I,0.3692744572717491962139324887+1.541520107870206798762555869*I,0.4651382994027756058550693063+0.3345287563803869057830781538*I,0.7418144117219689011103202648+0.6706052330258012594446576994*I,0.2242167001072306964797384009+1.298688353401913664176971985*I,0.3023974615050923737812872753+0.5536626255098309764278713932*I,0.5830321410748256540594026280+1.083022604258112203184180379*I,



570.2519097114045880666087096754+0.5449470633051167964915168767*I,0.5259845582416346104061851974+0.8805165307787365494680454513*I,1.000000000000000000000000000+0.6260298578271997951529634803*I,0.6395741954951861796362729751+0.4801239881029394577432337424*I,1.000000000000000000000000000+0.9233417622756045666495433329*I,-2.72517217E-137+1.083022604258112203184180379*I,0.4602064199688765219662062469+0.4984139554509951427519747932*I,0.2762905482350840528817033509+0.6901047959738613482364244899*I,0.5000000000000000000000000000+0.4616708811378022833247716664*I,0.3743007095348759849629913911+0.7800643549806902744851580640*I,0.9602254248324689231620227991+0.7762843619303948855002015497*I,0.5000000000000000000000000000+0.7952032238523349385477646774*I,0.03977457516753107683797720087+0.7762843619303948855002015497*I,-0.2791483909903723592725459503+0.9602479762058789154864674849*I,1.000000000000000000000000000+0.7506931822526181950548573042*I,0.7184355092002201289002039952+0.4497620796826256977049533749*I,-6.117559714432124475E-135+0.9233417622756045666495433329*I,0.5397935800311234780337937530+0.4984139554509951427519747932*I,0.7914318917644015561752442055+0.6112573604450261180032331368*I,0.6469534030923889064938529645+1.083022604258112203184180379*I,0.7370077208791826947969074012+0.4402582653893682747340227256*I,0.4547246175170458323155054225+1.332676274355746974479468977*I,1.000000000000000000000000000+1.083022604258112203184180379*I,0.4602064199688765219662062469+0.4984139554509951427519747932*I,



581.000000000000000000000000000+0.5973590953215259340130126106*I,0.4065088426210201073063291103+0.6805100078073114320639594485*I,0.5000000000000000000000000000+1.222021309936367533656049638*I,0.5259845582416346104061851974+0.8805165307787365494680454513*I,0.2293345248982259555296819493+0.6721181753724961795982236043*I,0.7390728466303382839959029562+0.8004325990940453144914948035*I,0.6226807304139232560571957507+0.6743773062742306578386953216*I,0.1266813969858828307645942983+0.6361697448790930107855080342*I,0.5000000000000000000000000000+1.632044276893366528129474857*I,0.4795012707624852590078929240+0.8538624437590239378622942580*I,0.4740154417583653895938148025+0.8805165307787365494680454513*I,0.5000000000000000000000000000+0.8370174722641113808522003186*I,0.5000000000000000000000000000+1.222021309936367533656049638*I,0.6904010911733571045007793186+0.8041449942382041126934846798*I,0.1290927941390155494448398675+0.7477199877452115734618515298*I,1.000000000000000000000000000+0.9233417622756045666495433329*I,1.079587160062246956067587506+0.9968279109019902855039495864*I,0.5000000000000000000000000000+1.248875143182024612422732343*I,0.07958716006224695606758750608+0.9968279109019902855039495864*I,-0.6050428150975738666770697550+0.7961929363532453752743663404*I,1.000000000000000000000000000+1.083022604258112203184180379*I,0.5397935800311234780337937530+0.4984139554509951427519747932*I,0.8270620386659764830999618379+2.166045208516224406368360759*I,0.9633734779922633804202076464+0.4587466042012591685781199239*I,



591.000000000000000000000000000+0.9233417622756045666495433329*I,1.000000000000000000000000000+1.083022604258112203184180379*I℄F =[0, 0, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 2, 0, 0, 0, 0, -1, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 0, 0, -2, 0, 0, 0, 0, 0, 0,0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, -1; 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, -1, 0, 1, 1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, -1, 0, 0, 1, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, 1, -1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 1, -1, 1, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, -1, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, -1, -1, -1, -1, 0, 0, 0, -1, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 1,0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 1, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0; -1, 2, 0, 1, 1, 1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, -1, 1, 0, 0,0, 0, 0, 0, -1, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -2, -1, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1,1, 1, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 2, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1℄G =[1, 0, 1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 1, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 1, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0, 0, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; -1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, -1, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0; -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,-1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, -1, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2; 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
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620, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 1, 0, 0, -1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, -2; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, -1, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0, -1, -1; 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0,0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 1, 1, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, -1, 0, -1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, -1, 0, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 0, 1, -1, 0, 0, 0, -1, 1, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,-1, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, -1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 1, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 1, -1, 1, 0, 0, -1, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, -1, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, -1, 1, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 1, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1,1, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 1, 1, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,-1, 1, 0, 0, 0, 0, 0, 0, 0, 0, -1; 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,



630, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, -1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, -1, 1, 0, 0, 0, 0, 0℄Pari-Gp CALCULATIONSjbj = 4:561638089524197282780803329134126087047E� 27Inverse Fun
tion Theorem data:� = 0:04411048735566768512251112007367997834516� = 0:0007738681992222400898686161416435083920204Æ = 0:0000007859853502525206262922122859280543982934�Æ4 = 0:000000008667549213513461966953652607177743018047Kantorovi
h data:L = 38:69990090618816909906768917402744007679jf 0(a)�1jsup = 11:33517288005560449348826624292354127942jf 0(a)�1jlen = 14:5823030041796196084842415592972554846712jf 0(a)�1 j2supL = 0:000100555042736215013110015703377138296393512jf 0(a)�1 j2lenL = 0:000060758621930987995116246838642955352710914.3 Cusped CensusWe 
an apply the tests of Theorem 1.2 to every manifold in the SnapPea 
usped
ensus. The results are found in the following theorem.Theorem 4.1 Every manifold in the SnapPea 
usped 
ensus has a 
omplete hyper-boli
 stru
ture.A program was written in Perl [1℄ that issues 
ommands to Snap to send tetrahedronshapes and �lling equations for ea
h manifold in the 
usped 
ensus to an output �le.



64Then a Pari-Gp program reads the �le, getting the needed data per manifold, andapplies the template using this input. The program then prints out the results. The�rst run of this pro
ess determined that all but four manifolds, 5 168, 6 297, 7 1431and 7 1927, have a 
omplete hyperboli
 stru
ture. The program reje
ted these fourbe
ause ea
h one, upon triangulation by Snap, had one tetrahedron shape parameterwith an imaginary 
omponent that was e�e
tively zero. This was remedied by revisingthe original Perl program to pro
ess only these four manifolds, and in
luding the\randomize" 
ommand to get a di�erent, a

eptable triangulation. The Pari-Gpprogram, also revised to pro
ess only these four manifolds, was then run using these
ond Perl output �le. The result was a determination that they also have a 
ompletehyperboli
 stru
ture.These programs 
an be adapted to give other information, su
h as the maximumvalue that normb; the norm of b; assumes over all the manifolds in the 
usped 
ensus.Call this maxnormb. Similarly, for ea
h manifold, we 
an as
ertain the largest of thethree values that normb is 
ompared to, and then the minimum of these maximum
omparison values over all the manifolds in this 
ensus. We do this be
ause as longas normb of a manifold is less than the largest of the three 
omparison values for thatmanifold, the manifold will have a 
omplete hyperboli
 stru
ture. Then if normb of amanifold in the 
ensus is less than the smallest of these maximum 
omparison valuesover the whole 
ensus, that manifold is guaranteed to have a 
omplete hyperboli
stru
ture. Call this minimum of maximum 
omparison values minmaxvalue. It tellsus the pre
ision needed to evaluate a manifold in the 
ensus. We havemaxnormb = 1.717844093022015223183888589087321425164875899778 E-26minmaxvalue = 0.00000147831677691814063380907736140260722549837777747014.



65Thus, the approximate solution given by SnapPea, whi
h is given to 10 digits butis 
omputed to an internal pre
ision of at least 15 signi�
ant digits, is suÆ
ient foruse as our a1; : : : ; an. It is interesting to see that the largest normb is 
onsiderablysmaller than the smallest 
omparison value over the entire 
usped 
ensus. The Perlprograms and output �les, as well as the Pari-Gp programs and log �les, 
an be foundat [10℄.
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