101. Let aq,...,ar € R such that
aiv1 + ...+ agvg = 0.
It follows that
T(0) = T(a1v1+. . .4arvr) = T(a1v1)+. . +T(agvr) = a1 T(v1)+. . .+arT (vg).
Since T is linear, T'(0) = 0 and consequently
arT(vi) + ...+ apT(vg) = 0.

Using the assumption that T'(vy),...,T (vg) are linearly independent, it fol-
lows that a1 = ... =a; = 0.

So, we have seen that ajv1+...+agvy = 0 impliesthata; = ... =a =0
which is equivalent to saying that v, ..., v are linearly independent.
2. 2.8

97(a). Let ay,...,ar € R such that
arT(v1) + ...+ aT(vg) =0
Since T is linear, we have that 7'(0) = 0 and
0=ar1T(v1)+...+arT(vx) = T(a1v1)+...+T(arvr) = T(a1v1+. . . +agvk).
So, we can see that
T(aivi + ...+ agvy) = T(0).
Since T is one-to-one, it follows that

a1v1 + ...+ agvg = 0.

Unsing the assumption that vq,...,v; are linearly independent, it follows
that a1 = ... =a; =0.
So, we have seen that a1T(v1) + ... + axT(vg) = 0 implies that a; =
... = ay, = 0 which is equivalent to saying that T'(v1),...,T(vg) are linearly
independent.
3. 3.2

69. Since det(AA™!) = det(I) = 1 and det(AA™!) = det(A)det(A™1), we
have det(A) det(A™!) = 1. We can divide by the determinant of A because
we know that it is non-zero since A is invertible. Hence

1

~ det(A)

1

det(A™1)



2
71. Using 69, we have
det(B™'AB) = det(B™')det(A)det(B)
= det(A) det(B)

4. 4.1

77. Let U and V be subspaces of R™.

For the set U NV, we have

1.0eUNV,since0 e U and 0 € V,

2. Whenever uand vin UNV,u+visin UV since u+v € U and
u+vev,

3. Whenever u € UNV and c is a scalar, then cu € UV since cu € U
and cu e V.

Hence U NV is also a subspace.

5. 4.2
75. Let T : R® — R™ be a linear transformation and {ui,...,un} be a
basis of R".
For any v € R(T), the range of T, v.= T'(u) for some u in R". Since
{uq,...,un}isabasis of R", u =3y, c;u; for some scalars ¢;, i = 1,...,n.

Moreover, we know that T is linear. Hence
n
v = T(u) = T(Z civy)
i=1

n
= C Z T(ui)
i=1
Therefore {T'(uy),...,T(uy,)} is a generating set for the range of T'.

6. 5.1

66. An n xn matrix A is invertible if and only if the only solution of Ax =0
is 0. Since A0 = 0, it follows that A is invertible if and only if Ax = 0 has
no non-zero solution.

We know that O0x = 0 for any x € R™ and hence

Ax =0 ifandonlyif Ax=0x.

Moreover, Ax = 0x has no non-zero solution if and only if 0 is not an
eigenvalue of A.
Hence, A is invertible if and only if 0 is not an eigenvalue of A.
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69. Let v be an eigenvector of A with eigenvalue A. Hence we have that
Av = A\v and v # 0. Observe that

A%(v) = A(\V) = Mv = My,

Since we have shown that A?v = \?v for a non-zero vector v, it follows that
A2 is an eigenvector of A2,

73. Let vi and va be eigenvectors of a linear operator 1" on R™, and let
A1 and Ao, respectively, be the corresponding eigenvalues. Prove that if
A1 # Ag, then {vy,va} is linearly independent.

If ¢; and cg are scalars such that ¢y vy + cove = 0, using the linearity of
T we deduce that

T (v1) + 2T (v2)
= C1A\1V1 + c2\ava

T(c1v1 + cava)

== 01)\1v1 - Cl)\gvl
c1(A1 — A2)vy

Moreover, T'(0) = 0 and hence
Cl()\l — /\g)vl =0
Since A1 # Ao and vi # 0 (because vy is an eigenvector), it follows that
c1 = 0.
Similarly,

T(clvl + C2V2) = ClT(Vl) + CQT(V2)
= C1A\1V1 + c2ava
= —CaA1V2 + c2Aava
= —c2(A1 = A2)va
= T(0)=0.

Hence, —ca(A1 — A2)ve = 0 and consequently c2 = 0 too.

Therefore {v1,va} is linearly independent.

7. 5.3

84. If A is a diagonalizable matrix, prove that A* is diagonalizable for any
positive integer k.

Since A is diagonalizable, there exist some diagonal matrix D and some
invertible matrix P such that A = PDP~!. Then we have

A" = (PDP ) (PDP!)...(PDP!)
— PD(P'P)D(P 'P)...(P 'P)DP!
= PD'P L

Since D* is a diagonal matrix, A* is a diagonalizable matrix.



8. 6.1

87. v.z=v-w—v-w = 0. Hence v and z are orthogonal. We now want
to show that {v,z} is linearly independent.

Let ¢1v + c2z = 0. Then (¢1v + ¢2z) - v =0-v = 0. Moreover
(av+ez) - v=c(v-Vv)+ ez -v)=ci(v-V)
asz-v=v-z=0. Hence ¢;(v-v) = 0. Since v # 0 it follows that v-v # 0

and consequently ¢; = 0.
Similarly, (c1v +¢2z) -z=0-2z =0 and
(v +coz)-z=c1(v-2)+c2(z-2)co(z - 2).
This implies that c3(z - z) = 0. Since v and w are linearly independent, we
know that z # 0 it follows that z - z # 0 and hence c2 = 0.
Consequently {v,z} is linearly independent and orthogonal subset of
W. Since {v,w} is a basis of W, it follows that dim W = 2. Therefore the

number of vectors in {v,z} is equal to the dimension of W. Consequently,
{v,z} is a orthogonal basis for .

90. We know that
lv-wl|?’=(v-w)-(v-w)=v-v-2v- W+ W W
Since x - x = ||x||? for any vector x and v - w < |Ju|||w]||, it follows that
veov=2vew+wew 2 V]2 = 2ull|w]| + [wl® = ([v] - [[w])?*.

We can then deduce that |[|[v —w|| > |||v]] — |[|w]||.



