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Z110123
classicalS1.2)

OSETUormal
,

seperable
Recall:A splitling field of plaEFExJ is the sonallest EJF
s

.t. PC
2) splits into linear factors, i.e-pla

):TCn-2i).CEF

Let

E be a field. An automorphism off isanisomerphism
from Eto itself . roup
4 The set of all aukemarphisms form agroup
operation is fni composition

-check),

called AutE.

An algebraic entension GIF is normalYCTFAE
):

CDAny polynonial PEFEn that is irreduaible and has
rootin E

,

factors into linear factors in FCnJ.
(2) E is the splilting filld over F of some set of
polynamials

algebraic cesur of F Csmallest field
s

.t. every nonconst.
C

3)

FEEEE LUEFP CnJ has a roat in E
)

Any autemorphism of tlfning elss of ImapsF
E

--E.

is Enamples :

QUEDQ normal entension: it is thesplilling
field of plu )=n2-2€QEnJ
Q/357/0 normali consider23-2

EQ(52?

Roots are 35, 382
w,

35 w? (
where w is the third

root of unity
, gives bye?tib), but w land hence 2

nenreal roots
)

ØQL 3T2).-
Q23,WJQ

normal
!

Pf that these defns areequivalent
O 52: FaEFCuJ

,

take ooreducible polynomial
Pa. By O

,

this fachers into linear factors in FSnJ.
Then by defn.E is the splitting field of this
family of polynomials

.



OD : Consider the entension FlF
,

and take any
OEAUELEIF

),

i
.e.

aut
.

EsF that fines F.

By assumption, E is the splitting field fer
POEFCn

),

and O maps pato itself cas o fines
cets

. of F ).

EAS tissplitting field lie- set of all roots of
Pa in E

),

E is fined by o.
DSO : Let OEAUECEIF). By assumplion o fines F.

Let PEFEnJ and a be a roet ofp inECE.

troot B ofP. Faut. o of E fromats
KEKIB

)

EK
I

1

S \ î

KEKC
2)

EK
5

V

5
beth

=KEn
]/(pcn))

oCa)=ß
SCFJ

=F

LEESB
=OLD)EE,

so all roots in E.

:.All three conditions are equinalent . D

: A polynomial FEFCRJ is called seperable ifno
multiple roots in E.
godef

,f 1)=1 in FCnJ.
UDSEE called seperable coverF) if it is a root of
a seperable polynomial in FCnJ .
bDef : ElFE called seperable if all at are seperableE

is Examples landnon -examples):

(
a)

Non-en: fCa)=C2-232...8 f'=262-2) --.godlf,fl ?n-241.
(D)EN: E

,

char=OG FEF EIF seperable leg .QU5DQ



(dees always work hercharpso
(

CF
=IFpLEP),

E =AFpCE). ConsiderpCa )=NP-EPEFEnJ,
fachers intoCa

-EJPEE,

where hoot has multiplicity p .
Difference between seperable and normal ?
FEE f irreducible polynonial of LEE .
E normals all roots of fare in E.

E seperables all roots of fare dislinct .

(
normal tseperable s thas n distinct roats in E

,

where

n
=degf;

this is one defn of Galois entension
)



IGALOIS

Def :let Ebe a finite extension of a field Fsi .e. LE :FJ=n for
some NEeso

.

TheTEFSCAUECEDAutemorphism Group Aut consists of all- -

automerphisms that fix EF
,

i
.e-all

OESE EAuECE
)

s
.t.

ola
)-a

FaEe
.

"
s(

EIF)

is a subgroup ofAut (E)sie.Aut

Oclosed under composition
.

Ocontains identity
Ocentains inverses

is Caprime thinkof AUELEIF
)=AUELE)

when FEE subfield .
ss when F is the prime subfield of Elsmallest subfield

,

Q fer charo
,

IFp for charP ),OCD)=1 So VAEF,
ola

)=oca-D=a0l)=a.1=a VOEAUELE
).

is Intution:
2

f

E is the splitting field of a pelynomial
PEFEN

),

ClOE CEIF
) peronute the roots 21-..an ofpintAut

stnample
Ca

)

CQIR
)=91,03

Aut wheres

lis identity ,0 is complex conjugation lits.illis.
i

.e.

oCa
+bi)=a-bi.

( uhy? i root of2+
IEREn],

splitsin
CD

)

CQCDQ)=E1,23 where
,

Aut

L is identity (R2182),2 permutes (r2ts-1)si.e.
zlatbr

)=a-biz

Cuhy?EI2 hoot of2-2EQCnJ, splits in QCED
)

CO CQCE,B)/Q)=$1,0,,02,033 whereaut



I is identity
,

Q
'EZT-E,

OZ
:EDV2,

O 3:EHS-V2

B
31sB

BD
-B

BLS
-B

twhy ? IE,IB roatsC22-2)C22-3) splits in QLEQCnJ 1,
B3D)of

5 In fact
,

this is isomerphic toS
2XS2

CKlein
-4 group )-see sectit

CQLEE
,

"DQ):$1,0170204,05,00,074Aut

( why? Fi,I4R roots of24-2= Cn+E2)C2z-E)EQCnJ, splits
in QE

4N2,

i
]).

gp. is the Dihedral group D4(group of symmelriesfut
.

on a square
), given by ,

9
r,S1r4=52=1,

rS
9-=13,

wherer
=rotation,

s
-conjugation

S
:4521s452

r
:4X21-45zi

i 1s
-
i

i ri

Then ŽD
4=Eb2,s, r

3,sr3r3,

sr
.

s
933.

A

ce
)

CQCV
2)/Q)={13.

Aut

iwhy
?

35 is one of three roats of 23-2
E QC

2J,

and is the

root contained in QC3F), which does not contain
the complen roots ).
(

F)

CQBEZWDQ)=91301,02,03,04,053Aut

I is identity
,

0,:35219352
WO 2:35213352w2,

BTZWOLs3EWz BRZW
13f

352
wZL3Ez

BRW2132w

Oz :3szts3sz O
4;3521-35W 05:351S382WZ

BEWH 3Twz 352 352wh 3rzwrs3W

zewZnssw ts3Ew2 3TWZ BEWZP
3E

In fact, this is isomerphic to 53,gp- of permutations of a
3- element set

. Taking 21=352, 22=352
w,

23=352
W3,

we see elts:

1,0,=1 2 3),02=(132), 03=(23), 04-
t1

27, 05=(3).



we saya finite extension EIF is Galois and set
-

-

G=GalCEIFJ:= Aut CEIF
)

as its Galois group if CTFAE ):
OE is normal and seperable over F.
2 LE:FJ=IGl susefel specificallyher the firnite case
G In general

,

CE
:FJ21aI symgp largeshere

.

as as passible .
B G3 fined ptso FL Eunder elts

. of G.

OO E isa splitting field ofa seperablepolynonial
ouer F

.

"
We

will prove these demns are equivalent !

is Enamples :

of the examples aboue
,

which are Galois entensions?.

which are not? istruerk
I Galois: QIIR

,

QUEZDIQQCE
,03)/Q,

QI
4E,iD/Q

QBE
,wD/Q

unot Galeis
:

QC
3S)Q

We WTS defns 1-4 are equivalent
;

first
,

a lemma
.

FEE,= CEIF
).

Then
/ KLE

:F)

AAut AEIF net necessarily Gralois
7 C-

Pf :
supposeE=FCX1--. an)

FEFCADEFLAMQIJE
extensions Fla

.

toFlan,22)-degl ( a,22):C2.D) F

I a rootof P ., orredi deg.((a.): T FF

E
roots of PiE degp,

elts
)

cAutgo.
s Ccontinuing inductively) I of maps from FDE is ECE :F). D



-Now we prove equivalence of defns:
trivial

;

O
50

splithing field of seperable poly . Pats
normal cas E is splitting field) and seperable
cas pa seperable). V

OsO : say EIF normal and seperable.
Embed FCECE

.

EIF seperable s 21
s-..

an distinct roots of poly -pa
Cn =[

E:

FJ
).

FEFCADEFCLI 22JE-..

X =
C (2.): I Cnots

)

because On
,

seperableaF
EL P

,

has(FCD.): FJ rools

DE alg . closed so ctns.
all roats.

Thus there are exactly Cnots
)

EFFJ entensions fining
elts

. of E .

Now
,

EIF normals any homomorphism ESF

maps EsE, as E is splitting field of polynonial
PEF[nJ, and all roots of P contained in E

Cfixing F)
Thus

,

CE:FJ =n homomorphisms FE
,

and they must
all map E to itseef (as E has all roets

),

so these are

in fact enactly the autemerphisms ETE fining F
li.e. elts. ofG). Thes IGI

=EE:FJ=n.V

258: suppose LE:F3=1G1.

Now
,

elts
. of G must fix FEE

,

so
,

FEEGEE
.

Nate that EIEO by defn has lol auhemorphisms,i.e.

there are 1
o11 autemorphisms ceels. ofG

)ESE that fin
elts. of EG



Now:
L

CE
-FJFIGIECEIEGDIWILF:FTFLES

-

bey lemma
CE:FJ=EF:EGKE: EGJ

BLE :FJ=IGI=CE:EGJ=EE: FJ

-(
since

EE
:FJ-TFEGKEEGD

CFEGJ
=I.

EIEG=F.V

B
0 54O suppose EG=F

Pick 2
tE.

Consider all conjugates of a under maps 0.-.On in C.

aB =0,(D), 2=02(D),-- -.

Note a
4 BF0+.-. Call distinct as 017-. On dist maps)

considerplns -cu-aDCn-B)C2-2) --.
Notice

: Op seperable as all roots (2,B
,8..)

distinct.

o Fined by G cas G permutes roots)
s coefficients in EA=F Cby assump)
spEFCnJ

So any LEE is root of sep poly in KEnJ
,

all roots in E
.

D



TIIOFONDAMENTAL THM OF GALOIS THEORY Cfinite case)

(
finite)

'supposeEIF isa Galois entension with Gralois gp . G.

Then there is an order
-reversing

bijection from
intermediate subfields EELEF and subgroups KHEG
S

.t.

L
-sGal/EIL) Imaps are inverses afeachother

EHGH

and ElL Galeis BHIG normal subgroupsie. ThEH, gEG ,
Ghg -tEH.
Intuition for pf :

t soallELL
)o

EH j H
- p

l̂

^i

GallEIL
) c GallElEHj

E

WTSL =EGAICEID andH =GalCEIEHS

Since LEEGaLCE1L) and HEGALCEIEM
),

suffices to show the

sizes are the same
,

i.e.

Need to show:

OHSEH HHIFLE
:EHSI ) SELEM
Galois Cdet.O in IO

) so Orueby defnD
21

sGal/E1L

7
IlGael

C EILI

We will look at a few enamples of Galois correspondances
before completing the pf !



Enamples :

(
a)

QCV
,0D/Q

Recalt( from1:4- elt. Galois gp . permutes roats IV2, IB3.
sayf :52ts-F2, and9:

B3-7-53.

Then can sayG=E1, f, 9, fg3.

Subfields : Q
,

QCV
2),

QCB
),

QCG
).

QCE
,53)

"
B.B

Subgroups :ŞlŞ,El,fŞ,ŞlgŞ,El,fgs,Ebsf,gsfg}=G.
correspondance :

subfields subgra
--

Qcr
2,B)

- {1 }

2 2 2

-
QCB

)

QCTz
) QCT

6) {1,
f3 {1g3{1,893

Q G
=Elf,g,fgs

wm

QCV
2,53)

m
913

since identity fines elts . of QCE, B).

QCr
3)mE1,f3

since B
3

is fined under f .
QCV2)1 21,93 since i2 is fined under g
QCG)HE1,fg3 sinceN6=V2B is fixed under fg .
QtSG since all elts. of Q are fined under all elts of G.
(

Nate" onder-reversing" larger subgp fines smaller

subfield, I nice versa)
HereG=S2XS2=2

a,blaz=b?=Cab)?=17,

Klein Four Group .



(
b)

QC
452,

i
)/Q

Recall( fromI 1O):O-elt. Galois gp
-permutes

I
452,

I
48i.

GÊD
4=Er,S1

r4=s2=1, rsr
-=13

rcrotation
)

maps 4821+4
i,insi

scconjugation) maps 45279452, ins-i.
w

subfields

QC4r,i)

4
4

QUUE
)

QUe
.)

QLBD QUECIOD QIOELITOD
\ I y ^ \ \ -
QCVz

)

QCiJ QCEi
]

2
}z 2

Q

subyps-

y Ş1"
{1,

ru3{1,sr
2}{1,s

}

E
1,5r3

{ 1, sr2}

\ l H YprşEl
,s,

sr
3r23 Ebr

,r3r33

sr
.

sr
33

\
pa

^1SG

213 cerresponds toQ14s, i) as only identity fines all4
roots.

E
1,53 corresponds to QC452) since sfines 452.

: Iso sarth)

G corresponds to Qas all its elts. must fin Q



(
c)

QC
3v2,

w
)/Q

Recall( from IO ):6-elt. Galoisgp
.

permutes 372, 352w, 352w?,
where Wee?tils (3rd root of unity ).
HereG

=53,

the
gp . of permutations of 3 elts.

We can describe the elts of Gas permutatien cycles :

taking 1=352,2=352w, 3=35w?, we have,

Identity = 1, 0=(123), 02-(1 32), 03= (23),04=(12),05=(13).

subfieles--

QCw
,

35)

3
2

2 2

Ä
"

123^

QC
3=) ØÜûw

)

QB
5wz)

note that QCW
)

QLWDlQis 33
3

itself cralois 2

blc QUw
)DQ

L

Chormal subgp
,

invariant Q
under conjugatior , (2 3)

rines

a
,

(3 1)

ie .gngEQCwlnEQ(wl,gEQ fines (1 2)

az sixes

I=SC123)w=w
s )I )subgroupe1237,1132) fin w 23

why? Tw =Wzl

-SL1237011237 Q
1=1123722 { 1 }

=0 (1237
w 3V2w= 3T2w?

likewise for (132).

nalternating E1,(23)} {1, (31)} {1, (1 27}
groups
ŞIC237Ç13z13Azz
correspondingly ,"

seo

As se checar.

subgroups



.Pf of Fundamental Thm.:

Recall
, suffices to show that

, given FELEE and KHEG,
HHIFLE

:EHT

O

OOLILlGallEILDI

Pf :
First

,

we claim O fellows directly from the fact that Cby
TO

)

EEH is a Galois entension with Gralois Gp . H,
so we must have IHI =E:EHJ.V

Now
,

consider D :

FELEE

IGaLLEIFDI 2(
extensionsfromma

7
|

FSL

CE: F
]

in
EF '

i27

E

(
because EIL: )F

ElF Gralois
)

=

lbath are equalities
)

z

=
sEE:EDEEL: JY:

LJ=FEE:FJ

x0
T

wo
I

II of extensions fromL-E)=IE:LJ(since : becomes
-

byos.
IGalCEILI=IELJ as desired

.

D


