THE SMALE HORSESHOE AS A FRACTAL STRUCTURE IN
DYNAMICAL SYSTEMS

MARK BRANSON

ABSTRACT. This paper provides an in-depth look at the two forms (attracting
and repelling) of the Smale Horseshoe map. The fractal structure of the map
is examined and the relationship to the homoclinic tangency is explained. The
author also provides several examples where the horseshoe map appears in
dynamical systems and its relationship to chaoticity in those systems.

1. INTRODUCTION

The map now known as the Smale Horseshoe map was first studied by Smale in
[SML]. The simplest form of the map, from which it gains the name ”horseshoe”
is a map from a square region (we will use the unit square [0, 1] x [0, 1], denoted as
S for convenience) in R? to R? given by applying the three following operations:

Step 1.: Contract the square by a factor of A in the vertical direction, where
0 < A < 3, such that S — [0,1] x [0, A].

Step 2.: Expand the rectangle obtained by a factor of y in the horizontal
direction, where 2 + € < p (the need for this e factor is explained in step
3), such that [0,1] x [0, \] — [0, u] x [0, A].

Step 3.: This produces a rectangle of dimensions p x A. Take this rectangle
and bend it so that it crosses the original square S in two sections. Note
that this produces a bend in the rectangle, as shown in Figure 1. The € in
step 2 is added to account for the extra length needed to create this bend,
as well as any extra on the other side of the square. We will refer to this
rectangle as f[S].

Step 4.: This process is then repeated, only using f[S] rather than the unit
square. Although the operations are not as simple to describe mathemat-
ically, the same basic ideas are used - f[S] is contracted in one direction,
stretched in the other, and spread over itself with a single bend. The nth
iteration of this process will be called f"[S]. f2[S] is shown in Figure 2.

Note. Although this paper will work primarily with the horseshoe which crosses the
original square in a linear fashion, this is not a requirement of the map. Horseshoe
maps which appear in applications are rarely so regular, but the behavior can be
very similar. For an example of a nmonlinear horseshoe map, consider the map
which takes two parallel edges to two parabolas, and then crosses the square. While
this map does not cross the horseshoe in a linear fashion, its behaviour will still be
that of the standard horseshoe, distorted by the monlinearity.
1
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FIGURE 1. The horseshoe map after a single iteration (in light
grey), f[S], superimposed on S.

FIGURE 2. The horseshoe map after two iterations (in dark grey),
f?[S] superimposed on the figure of f[S].

Clearly, at the nth iteration, the rectangle will have a width of A", and a length
of p™. Thus, as one dimension goes to 0, the other dimension goes to oco. If we
restrict our study to the limit set, the intersection of all iterations, denoted by A :

n

(1) Ay = lim A, = (1) f'[S]
n—oo

i>0
the image that emerges is that of an interval crossed with a Cantor-like set. This
is clear from the process presented above. In the first iteration, A, two basic
intervals of dimensions 1 x A are created. In the second iteration, Ao, there are 4
basic intervals of dimensions 1 x A2. In fact, it is trivial to show that A,, consists
of 2" basic intervals of dimensions 1 x A\". This is obviously an interval cross a
Cantor-like set.

This map, however, is only one part of the construction which makes up Smale’s
horseshoe map. We also wish to examine the preimages of our mapping, f~*[S]. If
we examine the first iteration of the horseshoe more closely, we can easily see that
the preimage of the area mapped back into the square, which we will denote A_1,
is simply that of two vertical strips, as Figure 3 shows.

The reader notes that this inverse set A_; closely resembles A; rotated by =~
(of course, this is only in the linear case - in the nonlinear case, the rotation will
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FIGURE 3. Clearly A_; = B|JD is mapped to A; by f[S].

not be so regular). A close examination of the preimage of any Ay shows the same
behaviour. Therefore, we see that the limit set of f~1[S], denoted by A_,

(2) A= lim A, = () f[S]
i>0

is exactly a Cantor-like set cross an interval. Note that the length of the initial
basic interval will be i, since an expansion by p takes it to a rectangle of length 1.

Smale’s horseshoe map actually consisted of the iterated application of both f[S]
and f~1[S]. Since A consists of a interval cross a Cantor-like set, and A_ consists
of a Cantor-like set cross an interval, the points in A, where

(3) A=A,)5NA-

consists of a Cantor-like set cross a Cantor-like set. This map and its associated
trajectories formed the basis for Smale’s work.

2. FRACTAL STRUCTURE

Clearly the limit set of the map has some fractal structure. By looking at this
structure, we can more clearly understand the system itself.

First of all, we find the Hausdorff dimension of the limit set A. Since A consists
of a Cantor-like set cross a Cantor-like set, this is an easy task.

Theorem 2.1. If we consider the map f[S], where f if the horseshoe map that
contracts by A and expands by pu, where 0 < A < % and u > 2 + €, the Hausdorff

dimension of A is log 2(10éu - 102#)'

Proof. First, we wish to find the Hausdorff dimension of each Cantor set. We will
begin with the vertical set, which we will denote E. This set has basic intervals of
length A. Since this is a Cantor-like set, the Hausdorff dimension s satisfies the
equation A\ 4+ A\* = 1. Therefore 2A\* = 1, so \° = % If we take the common log

1

of each side, we get slog\ = log % Dividing each side by log A obtains s = f)ii

This implies that dimg[E] = fllgg i A similar proof applied to the horizontal set,
log 2

which we will denote F', with % replacing A, obtains a result of dimy[F| = Toe s
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To obtain a Hausdorff dimension for the limit set A, we apply Corollary 7.4 from
[FAL]. Since both E and F' are Cantor-like sets, dimy[F] = dimp[F], and thus
dimy[E x F] = dimyg[E] + dimg|[F). Therefore, we obtain a result of dimgy[A] =

dzmH[E X F] = 10g2(loéu - loé;t)' "

Since the Cantor set itself is an uncountable, nowhere dense set in R, our limit
set A forms an uncountable, nowhere dense set in R2. This can be seen by looking
at the symbolic space of A. Since f[S] consists of 2" basic intervals at step n,
with each basic interval at step n containing two basic intervals at step n + 1, the
symbolic space of Ay is clearly E;‘ . Similarly, if we look at A_, we will see that
basic intervals increase in the same way as n — —oo. Thus, we can represent A _
as Z; . Clearly, if we wish to represent A in the symbolic space, we can represent
it as X9, where nonnegative terms in the nth place represent basic intervals in the
(n + 1)th step (the adjustment by one is to account for the lack of a zero term),
while negative terms in the —nth place represent basic intervals in the —nth step.
Since ¥ is uncountably infinite (the binary map takes it to the interval [0, 1]), and
Y.ocan be considered as a pair of such binary numbers, it can be mapped to the
region [0,1] x [0, 1]. However, this set has Lebesgue measure 0, since it is a product
of two sets of Lebesgue measure 0, and thus A is nowhere dense.

3. DYNAMICAL STRUCTURE

Although the structure of the limit set A is interesting alone, in the same way
that the Cantor set is, A is more interesting when studied as the invariant set of
f[S]. Since f[S] is equivalent to the shift map in the symbolic space, periodic points
are those which repeat the same word infinitely in any direction. For example, there
are two fixed points, represented in ¥gas {---11111---} and {---22222---}. There
are exactly two points of order exactly two (of course the fixed points have order
two), namely {---1212.1212---} and {---2121.2121---}!. In general, the number
of periodic points of order dividing n in the invariant set A will be the number of
words of length n. Since there are two choices for each character of n, the number of
such words is precisely 2". Thus, A has an uncountably infinite number of periodic
points. This is easy to see, since each point in A corresponds to a subset of the
natural numbers (think of each word as a subset containing the natural numbers
corresponding to places where the word has a 1), and Cantor’s theorem tells us
that the set of subsets of N, P(N), is uncountable. Also, those periodic points have
arbitrarily high period - namely, for any n € N, there exists a periodic point in §
with period n.

Note. Although there are an uncountable number of periodic points, there are only
a countable number of periodic orbits - these are the words of finite length up to
shifting.

Although A has an uncountably infinite number of periodic points, this is not to
say that there are no nonperiodic points in A. In fact, the number of nonperiodic
points is also uncountably infinite. This can be seen by a proof similar to Cantor’s

IThe ", placed to divide the negative and nonnegative halves of the symbolic representation,
is significant in this case, as the two points are identical up to shift by a single digit
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proof of the uncountability of R using infinite-length random words (which corre-
spond to nonperiodic points) in Yorather than infinite-length random decimals in
Zlo' The details of the proof follow in exactly the same way, so the proof itself
is left to the reader.

Note here that the periodic points are dense in Yo, since any infinite length
sequence can be represented as the limit of a sequence of finite length sequences.
Thus, any point in Ysis the limit of a sequence of periodic points. Similarly, the
nonperiodic points are also dense in Xo. Since both sets are dense in the symbol-
space, they must be dense in A.

The next step in analyzing the system is to look at its stability. Obviously, any
point not in the invariant set A will eventually be mapped out of the square, so
the invariant set itself is a repeller. However, the behaviour for points close to A
is still not simple. Although the point will eventually be repelled from the square,
this will only be after N iterations, where N > n, such that the point is in a basic
interval of the nth iteration. Of course, since a point not in A can be arbitrarily
close to A, so the number N can be arbitrarily large.

Because the point will eventually begin to behave in a normal manner, after
following an orbit of the map for N steps, the horseshoe map is said to produce
intermittent chaos. Once the point leaves a chaotic orbit, though, it may not
continue to behave normally forever. Points can be recaptured by chaotic orbits.
Thus, the graph of a particular point’s position vs. the number of iterations of
f[S] can show periods of chaotic behaviour interspersed with periods of normal
behaviour.

4. RELATIONSHIP TO THE HOMOCLINIC TANGENCY

The most significant contribution of the Smale Horseshoe to dynamics, which
led to Smale’s investigation of the map, is it’s relationship to the homoclinic tan-
gency. The homoclinic tangency, discovered by poincaré while investingating the
famous three-body problem of celestial mechanics, was one of the earliest instances
of mathematical chaos [TAR].

Of course, as is often the case with poincaré’s discoveries, the homoclinic tan-
gency is a nontrivial matter. To understand the structure of the tangency, we will
first need some definitions.

Definition 1. An invariant manifold of a map is a set of points X such that,
Vre X,flz] € X.

Definition 2. FEvery fixed point, with the exception of centers, will be an element
of some invariant manifold. Given a fized point Yy in the invariant manifold, the
manifold Y is called stable if, Vy € Y, f"[y] — Yo as n — oo. Similarly, a manifold
is called unstable if, Vy € Y, f"[y] — Yy as n — co.

Definition 3. A fized point is called hyperbolic if it is the intersection of one or
more stable manifolds and one or more unstable manifolds.

Definition 4. A homoclinic point is a point which lies on a stable manifold and
an unstable manifold of the same fized point. Namely, if X is a stable manifold and
Y is an unstable manifold, with hyperbolic fized point z € X,Y, and Jw € XY
such that w # z, then w is a homoclinic point.
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FIGURE 4. Part of a homoclinic tangency. P is the hyperbolic
fixed point, and the stable and unstable manifolds are indicated
by arrows. X is a homoclinic point, and thus f[X], the forward
iterate of X, is a homoclinic point.

The existence of the homoclinic tangency, as well as the origin of its name, comes
from a simple theorem of poincaré.

Theorem 4.1 (poincaré). If there exists a single homoclinic point on a stable and
an unstable invariant manifold corresponding to a particular hyperbolic fixzed point,
then there exist an infinite number of homoclinic points on the same invariant
manifolds.

Proof. By induction. Our base case is the initial homoclinic point. Thus, assume
that there exist n homoclinic points for these invariant manifolds. Let X be the
stable manifold and Y be the unstable manifold, and let v be the homoclinic point
farthest from the fixed point along the unstable manifold. Since X and Y are
invariant manifolds, flw] € X,Y. Since fv] € X,Y, f[v] is either a homoclinic
point or the fixed point. Since f takes a point on the unstable manifold YV away
from the fixed point, f[v] cannot be the fixed point. Thus, it is a homoclinic point.
For the same reason, it is not one of the n homoclinic points that we already have.
Thus, there exist n + 1 homoclinic points. Therefore, the number of homoclinic
points on the corresponding invariant manifolds is infinite. |

The homoclinic tangency is, quite simply, the tangled intersection of such invari-
ant manifolds with homoclinic points. In order to intersect in such a way, the stable
and unstable manifolds must loop back upon one another, as shown in Figure 4.

Of course, the actual situation is much more complicated than this, as the curves
must loop an infinite number of times to form an infinite collection of homoclinic
points. However, the image serves to illustrate the basic situation, and to motivate
the connection with the Smale Horseshoe. One quickly notes a resemblance between
the illustration of the homoclinic tangency in Figure 4 and the horseshoe map. In
fact, this resemblance is more than superficial. To illustrate this connection, first
detailed in [SML], we look at a square containing the hyperbolic fixed point on the
graph of the homoclinic tangency. This square is shown in Figure 5.
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FIGURE 5. A square ABCD containing the hyperbolic fixed point

FIGURE 6. Animage, A’B’C’'D’, of the square, and its intersection
with the preimage, A” B"C" D" of the square.

Next, we want to look at what happens to this square as we iterate the map in
each direction. Clearly, as we iterate it in the positive direction, the square will
stretch out along the unstable manifold, always containing a section of the unstable
manifold (since those points on the intersection of the unstable manifold and the
square ABC'D will always be mapped to the unstable manifold). The image of the
square, f"[ABCD],n > 0, is shown in Figure 6.

Similarly, if we iterate in the negative direction, the square will stretch out along
the stable manifold, always containing some section of the stable manifold for the
same reason. The preimage of the square, f™[ABCD],m < 0, is also shown in
Figure 6.

This map contracts and expands (albeit not as evenly) in exactly the same way
as the horseshoe map. In fact, the homoclinic tangency is the same topological
structure as the horseshoe map [WEI]. This can be seen by looking at the horse-
shoe map and producing the homoclinic tangency. Recall that the horseshoe map
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had two invariant sets, one in the positive direction and one in the negative direc-
tion. While we considered only the intersection with the square S, we now wish
to consider these sets in there entirety, including points outside of S. In this case,
the two sets will be convoluted lines intersecting the square in an infinite number
of line segments. As we know, they cross in an uncountably infinite number of
points. The set in the positive direction is clearly our unstable manifold - points
within it are mapped to it for all iterations of f[S]. Similarly, the set in the nega-
tive direction is the stable manifold. Thus, the points at which they cross, A, are
either hyperbolic fixed points or homoclinic points. Since A contains only two fixed
points (the points that correspond to {---11.11---} and {---22.22---} in 3), all
of the other points in A must be homoclinic points of one of those two fixed points.
In fact, they must be homoclinic points of both, since these fixed points share the
same stable and unstable manifolds.

Consider an alternative map, in which these two fixed points do not share the
same invariant manifolds. In this case, then the points of crossing will be hetero-
clinic points.

Definition 5. A heteroclinic point is a point which lies on a stable manifold
and an unstable manifold of different hyperbolic fixed points.

However, it can be easily seen that a similar structure will form, as any one
heteroclinic point will also guarantee an infinite number of such points. This struc-
ture is called the heteroclinic tangency. If we look at a square centered on one of
the fixed points in the same way, we can construct a horseshoe-like map which is
equivalent to the heteroclinic tangency. However, this is not the Smale horseshoe,
and will have different behaviour.

5. ALTERNATIVE HORSESHOE MAPS

In this section, we will briefly discuss some other maps which have similar struc-
ture to the horseshoe map, and have been called horseshoe maps by various people
in various publications.

First of all, we will discuss the simplest (and most similar analogue) to the
normal horsehoe map, the generalized n-horseshoe. The generalized n-horseshoe
has very similar properties to the normal horseshoe. Its invariant set also forms a
homoclinic tangency.

Definition 6. The generalized n-horseshoe is a horseshoe map formed with the
steps seen in Section 1, with the following two exceptions:

1: In Step 2, p should be greater than n + €.

2: In Step 3, rather than bending once, the rectangle should be bent n—1 times,
and € should be large enough to accomodate these bends and still allow the
horseshoe to pass through the rectangle n times.

One notes that the definition above makes no distinction about how the bends
are made, thus allowing either of the 3-horseshoes shown in Figure 7. However,
these maps are not significantly different - one can easily create a one-to-one cor-
respondence between them in the symbolic space 23 by exchanging the digits 2
and 3 in each infinite sequence.
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Ficure 7. Two different versions of the generalized 3-horseshoe.

As stated above, the dynamics of the n-horseshoe are very similar to the standard
horseshoe. As far as fractal structure is concerned, the Hausdorff dimension can be
determined in precisely the same way.

Theorem 5.1. If we consider the map f[S], where f is a generalized n-horseshoe
map that contracts by A\ and expands by p, where 0 < A < % and p > n +¢€, the

Hausdorff dimension of A is log ”(méu - loéu).

Another significant variation on the horseshoe map which is sometimes called
the Smale horseshoe [TAB], this one with very different behaviour, is the horseshoe
attractor.

Definition 7. The horseshoe attractor is a horseshoe map formed with the steps
seen in Section 1, with the following two exceptions:

1: In Step 2, p should be less than 2 — €.

2: In Step 8, when the bent horseshoe is mapped to the unit square, the entire

horseshoe is mapped to the interior of the square with no points of S mapped
to R?\ S.

In the case of the horseshoe attractor, only positive powers of f[S] are consid-
ered, since the preimages of every f™[S]| are exactly S. The reader will quickly
realize that rather than producing a hyperbolic invariant set, this map will produce
an invariant set which consists of a one-dimensional stable manifold. Thus, this
manifold will be an attractor for all the points in S. However, the attractor still
contains an uncountably infinite number of nonperiodic orbits, and still produces
chaotic behaviour. In fact, unlike the intermittent chaos of the horseshoe map itself,
the horseshoe attractor produces persistent chaos. Any random point picked in S
is guaranteed to be attracted by a nonperiodic point and fall into a persistently
chaotic behaviour, since the nonperiodic orbits are dense. The horseshoe attractor
is what is called a strange attractor.

Definition 8. An attracting set is called a strange attractor if the set has mea-
sure zero and fractal structure.
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6. THE SMALE HORSESHOE IN CHAOTIC SYSTEMS

As was previously mentioned, the Smale horseshoe appears prominently in many
natural systems that exhibit chaotic behaviour. One such example, the Fitzhue-
Nagumo model of the nerve, was discussed in class and thus will not be covered
here. Another example is the one which initially sparked interest in the homoclinic
tangency - namely, the three-body problem.

The problem is surprisingly simple when one considers how difficult it has proven
to solve. It concerns the actions of three bodies upon each other in celestial me-
chanics. While the gravitational interaction of two bodies has been well understood
for some time, the perturbation produced by other bodies (like the pull of the sun
in the simple Earth-Moon system) has proven difficult to determine, even when
restrictions were placed upon their motion?. When poincaré discovered the homo-
clinic tangency, he proved that the system (for certain initial values, at least) was
chaotic and unable to be determined analytically.

Of course, poincaré’s discovery led to the advent of dynamics and chaos theory in
physics, and is thus, in a way, the progenitor of the other examples we will consider.
One such example is the damped forced pendulum. For sufficiently large €, where €
is the coupling parameter, the behaviour of the pendulum is modeled by a strange
attractor. However, the Smale horseshoe manifests for a particular square in the
map, given proper initial parameters.

Another example where the homoclinic tangle, and thus the horseshoe map,
appears are the famous Lorenz equations.

X =0(Y - X)
Y=-XZ+rX-Y
7 =XY —bZ

If one takes a fixed b = % and ¢ = 10 and varies the third parameter r, then for
values of r between (approximately) 13.926 and 24.74, a homoclinic point forms in
the Lorenz map ([TAB]). Of course, with a single homoclinic point comes infinitely
many such homoclinic points, and the homoclinic tangency forms. For r > 24.74,
the map begins to resemble a three dimensional analogue of the horseshoe attractor
mentioned in Section 5.
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