
MAITHREYA’S LIST OF QUESTIONS FOR THE

GROWING MATHEMATICIAN: VOLUME 1

MAITHREYA SITARAMAN

Introduction: The main purpose of creating these volumes is my resolve
to internalize these questions and their solutions into my everyday thinking,
and hence grow! By making these questions publicly accessible, they will
hopefully be beneficial to other growing mathematicians as well! They are of
varying levels of difficulty, and on a broad range of topics. They are written
in a style which makes them self-contained, easy to follow and answer (for the
most part, I hold the reader’s hand), and yet enable the reader to conclude
something substantial or interesting by the end. Enjoy!

Table of Contents
Block What it entails and some relevant commentary
Questions 1-2 This block entails some chosen topics about SO(3) and

SU(2), specifically: Finite subgroups and the covering
map. One observation that is not touched upon in Ques-
tions 1-2 is that the geometric figures that correspond to
subgroups of SO(3,R) remind me of the allowed molec-
ular geometries in chemistry, and perhaps in the next
volume I will try to make precise what the connection is.

Question 3 This question proves that percolation on Zd almost surely
has a single connected component. The number of con-
nected components that a probabilistic system might sep-
arate into is something which I naturally find interesting.
This is one important and interesting situation where the
answer can be clearly deduced.
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Table of Contents
Block What it entails and some relevant commentary
Questions 4-5 This block contains a Galois theoretic proof of quadratic

reciprocity, and a proof of the primitive element theo-
rem. The reason for the first is that quadratic reciprocity
seemed like magic to me, and the proof using Gauss sums
that i was acquainted with was not entirely satisfying. I
have been told that Gauss proved quadratic reciprocity
in eight different ways during his lifetime, and that he
called it “aureum theorema” meaning the Golden Theo-
rem. The proof I present here strikes me as conceptually
elegant. As for the primitive element theorem.. It might
be easier than most questions here, but it is so ingrained
into our thought process concerning field extensions that
we can sometimes fail to appreciate the somewhat subtle
issue of separability, and hence I desired to write it up.

Questions 6-8 At one point I wondered to myself about which spheres
could be lie groups, which is a natural question to ask
oneself considering that one knows that SU(3) ∼= S3 is
a Lie Group, and of course S1 is a Lie Group as well.
Before I looked up the answer, I really did not expect
such a severe restriction that these were in fact the only
Lie Groups which were spheres, and hence the result was
surprising. It shows us just how powerful mathematics is;
Lie algebra cohomology gives us the answer quite quickly
in fact. Even the degree theory of spheres, which is al-
ready ingrained into our everyday thinking to the point
where it appears obvious, gives us a partial answer to the
question by letting us know that even spheres cannot be
Lie Groups. It is also interesting that the vastly different
techniques of Lie algebra cohomology and degree theory
provide insight into the same question. While I was on
the topic of degree theory, it thought i might as well ad-
dress the Hairy Ball Theorem, so I threw it in there as a
question.

Questions 9-10 Rational Canonical form is appealing to me since the idea
is so simple: viewing a vector space as a module over the
polynomial ring generated by a transformation, and yet
it gives so much structural information about how this
transformation acts on this vector space. Cayley Hamil-
ton Theorem can basically be read off from the Rational
Canonical decomposition, and I much prefer this method
to the more popular proof that uses a density argument
over the complex numbers, simply because this perspec-
tive makes the Cayley Hamilton Theorem an “obvious”
fact. I therefore thought it might be worth dedicating
some questions to this. A fun fact that is not that well
known: The result that the σ-Lights Out puzzle is com-
pletely solvable for every square grid follows from the
Cayley Hamilton Theorem over F2.
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Table of Contents
Block What it entails and some relevant commentary
Questions 11-13 Here we explore some Lusternik-Schnirelman theory,

which is a critical point theory. The reason i found this
appealing is that it seems to connect up ideas from geom-
etry and algebraic topology. However, the original mo-
tivation behind writing these questions was to educate
myself on some basic critical point theory, a subject with
which I was previously unfamiliar and which I desired to
learn.

Questions 14 I formed this question as a natural reaction to the hu-
morous commentary made my Munkres in his book on
point-set topology, which compared sets to doors. I in-
cluded this question simply because I found his commen-
tary and my natural reaction amusing and worthwhile of
remembrance, and not for any mathematical reason.

Questions 15-18 As far as I understand it, there are three approaches to
studying representations of the symmetric group: the
historical first was via the combinatorial method using
Young Tableaux, then came the approach via Schur Weyl
duality, and finally came the approach that considered
the representations of all symmetric groups at once in a
branching graph. A written document on any of these ap-
proaches usually refers to the historically preceeding ap-
proaches, sometimes in a compare and contrast fashion,
and thus in some sense a thorough understanding original
combinatorial approach via Young Tableaux is important
to appreciate the later approaches. These questions were
written as part of my effort to thoroughly internalize the
historically original approach: they entail some basic re-
sults about the representation theory of the symmetric
group from the perspective of Young Tableaux and their
combinatorics. The final result, Question 18, is a perspec-
tive that is not standard, and is a beautiful piece of math-
ematics: Explicitly writing down the McKay Graphs of
Sn with respect to the standard representation, for every
n, without any computation!
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Table of Contents
Block What it entails and some relevant commentary
Questions 19-20 In these two questions we prove two of the first results

that someone who has seen the p-adic completion of the
rationals Qp for the first time should see. The first ques-
tion is Ostrowski’s Theorem, which justifies the impor-
tance of Qp by stating that the only completions of Q
are itself, R and Qp. My personal belief is that more
than fifty percent of working out a piece of mathematics
is convincing yourself why this piece is important. Once
you are convinced something is important, you tend to
work through the mathematics quite quickly. From this
viewpoint, the benefit of Ostrowski’s Theorem is that it
convinces someone who is new to Qp that Qp is indeed a
fundamental and important object worth studying. The
second question is the result that there are only finitely
many extensions of Qp of each degree. The reason this
might be a-priori surprising is that this is in complete
contrast to the fact that there are infinitely many exten-
sions of Q of each degree. It shows someone who is new
to Qp that this object really behaves in a way different
to what they might be accustomed to, and their curiosity
about this object grows at least ten-fold!

Questions 21-22 One of the earliest (and extremely interesting) connec-
tions between Representation Theory and Probability
Theory that one might see is via random walks on groups
and the Upper Bound Lemma. The dual of an abelian
group is just the thing we expect: the collection of charac-
ters of the group (i.e the Pontryagin dual), and is there-
fore a group itself. When we move to the nonabelian
case, we would like to extend this notion of duality in a
way that allows us to take fourier transforms. Naively,
we might think about taking Pontryagin duals, but every
character of a group factors through the abelianization,
and so the Pontryagin dual of a group and that of it’s
abelianization are the same. Pontryagin duality is there-
fore an insufficient notion. In a nutshell, fourier analysis
on (especially nonabelian) groups involves lifting a func-
tion f : G → C to a collection of transformations from
the irreducible representations of G to themselves, and
we may find a quantitative bound for how fast a random
walk on a group converges to the uniform distribution by
lifting our initial distribution.

Questions 23 Here we prove a cute little theorem called Pick’s The-
orem, which allows us to easily compute the area of a
polyhedron whose vertices live in the integer lattice. I
found this result to be quite amusing, and so I included
it as a question.
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Table of Contents
Block What it entails and some relevant commentary
Questions 24-25 Around the time when one proves the finiteness of class

number from the adelic perspective, one proves that the
adele class group AK /K is a compact Hausdorff group
for any algebraic number field K. It is, at this point,
natural to demand a concrete realization of this group!
In this question-block, we look at the simplest case with
K = Q, and give three different descriptions of AQ

/
Q ,

which a group called a solenoid. The first description
is that AQ

/
Q is the Pontryagin dual of Q, which is

appealing since it forms a connection wtih Representa-
tion Theory. The second description realizes AQ

/
Q as

a projective limit over circles, which is appealing since it
justifies the name: “solenoid”. The third description of

AQ
/
Q identifies it with the group (R× Ẑ) /Z , which is

appealing due to it’s explicitness. Thus, each of the three
descriptions is appealing in it’s own special way.

Questions 26 We conclude the first volume of this series with the cel-
ebrated result that eigenvalue distribution of larger and
larger random Wigner matrices converges to the Wigner
Semicircle measure. The approach we will take is a com-
binatorial approach similar to the approach that Wigner
took himself. However, as far as I understand, the orig-
inal result by Wigner studies the special case of ran-
dom Bernoulli matrices. You can see why the approach
that we take is so natural for that special case, because
the weighted graphs we use as part of the proof become
honest-to-god graphs in the case of random Bernoulli ma-
trices (since all nonzero weights become 1). I thought it
was apt to end the first volume with a proof of a result
which virtually everyone has heard of (it can be consid-
ered as a piece of popular mathematics), and yet the ma-
jority of those who can quote the result have not seen a
proof.

Question 1: In this question, we will find all finite subgroups of the

rotation group SO(3,R). Our strategy will be to consider the action of
SO(3,R) on S2 ⊂ R3. It is my personal view the list which we will write
down is extremely elegant and is not obvious to a layman observer.

Let G ≤ SO(3,R) be a finite subgroup. Let P denote the set of all p ∈ S2

which are fixed by a nonidentity element of G.
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(a) Observe that:

(i) the action of G on S2 descends to an action of G on P .

(ii) Every g ∈ G has exactly two fixed points, and these two
points are antipodal.

(iii) |P | ≤ 2(|G| − 1)

(b) Break up P into G-orbits O1, ..,On, and define ai = |G|
|Oi| for each

i.

Show that

|G| − 1 =
1

2

∑
p∈P

(|StabG(p)| − 1)

and thereby deduce that

|G| − 1 =
1

2
n|G| −

n∑
i=1

|Oi|

Conclude that

2− 2

|G|
= n−

n∑
i=1

1

ai

(c) Using (b), (a)(iii), and the observation that |P | =
∑n

i=1 |Oi|,
deduce that |G| > 4 =⇒ n ≤ 3.

(d) If n = 1, bound a1 by |G| and apply (b) to deduce that G is the
trivial group.

(e) If n = 2, then bound a1, a2 by |G| and apply (b) to deduce that
a1 = a2 = |G|. Deduce that G is a finite subgroup of
SO(2) ∼= S1 ⊂ SO(3,R) and hence conclude that

G ∼= Z /mZ
for some m ∈ N.

[Hint: Note that |O1| = |O2| = 1, and that the unique points in O1

and O2 are be fixed by all g ∈ G (and are thus antipodal)].

(f) Now, let n = 3.

(i) Explain why the definition of P implies that ai > 1 for all
i.

(ii) Observe using (b) that 1
a1

+ 1
a2

+ 1
a3
> 1.
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(iii) Order a1 < a2 < a3. Observe that

(a1, a2, a3) ∈ {(2, 2, k) | k ≥ 2} ∪ {(2, 3, 3), (2, 3, 4), (2, 3, 5), (2, 4, 4)}

(iv) Note that if (a1, a2, a3) = (2, 2, 2), then |G| = 4. In
particular, G ≤ S4.

(v) Suppose that (a1, a2, a3) = (2, 2, k) for some k ≥ 3. Note
that |G| = 2k, and write P = O1 +O2 +O3, where |O1| = 2
and |O2| = |O3| = k. Deduce that O1 = {p,−p} for some
p ∈ S2, and therefore, deduce that
G ∼= Z /kZ oZ /2Z ∼= D2k, the dihedral group of 2k elements.

(vi) Suppose that (a1, a2, a3) = (2, 3, 3). Note that |G| = 12,
and write P = O1 +O2 +O3, where |O1| = |O2| = 4 and
|O3| = 6. Notice that the stabilizer of an element of O1 is
Z /3Z , and deduce that O1 is the set of vertices of an
inscribed tetrahedron. Let G′ be the group of rotational
symmetries of this tetrahedron. By noting that G ≤ G′ and
that |G′| = 12, deduce that G = G′. Conclude that G ∼= A4.

(vii) Suppose that (a1, a2, a3) = (2, 3, 4). Note that |G| = 24,
and write P = O1 +O2 +O3 where
|O1| = 6, |O2| = 8, |O3| = 12. Consider O2, and note that the
stabilizer of an element of O2 is Z /3Z . Deduce that O2

comprises of the vertices of a cube. Letting G′ denote the
group of rotational symmetries of the cube, notice that
G ≤ G′ and |G′| = 24, and deduce that G ∼= G′. Conclude
that G ∼= S4.

(viii) Suppose that (a1, a2, a3) = (2, 3, 5). Note that |G| = 60
and write P = O1 +O2 +O3, where
|O1| = 12, |O2| = 20, |O3| = 30. Consider O1 and notice that
the stabilizer of an element of O1 is Z /5Z . Deduce that O1

comprises of the vertices of a dodecahedron. Letting G′

denote the group of rotational symmetries of the
dodecahedron, notice that G ≤ G′ and |G′| = 60, and deduce
that G ∼= G′. Conclude that G ∼= A5.

(g) Putting it all together, deduce that finite subgroups of SO(3,R)
are:

(1) Z /mZ for m ∈ N

(2) D2k for k ≥ 2
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(3) Subgroups of S4.

(4) A5

Question 2: In this question, we will establish that SU(2) is a double

cover of SO(3,R), not only as topological spaces but also as Lie groups.

(a) Explain why SU(2) ∼= S3 as a topological space. We may notate
elements of SO(3) by R(θ, v̂), where v̂ is the unit vector that gives
the axis of rotation and θ is the anticlockwise angle of rotation
about that axis. Consider the map from SO(3)→ R3 given by
R(θ, v̂) 7→ θv̂. Show that this gives an isomorphism

SO(3) ∼= D3
/
{x ∼ −x on ∂D3} ∼= RP 3. Deduce that as topological

spaces, SU(2) is a degree 2 cover of SO(3). However, this does not
show that it is a cover as a lie group.

(b) SU(2) acts by conjugation on 2× 2 complex matrices, which
gives rise to an 16-dimensional real representation of SU(2). Show
that the real vector space of anti-hermitian matrices is invariant
under this action. Call this real vector space of anti-hermitian
matrices as M−. Noting that trace is invariant under conjugations,
note that M0

−, defined to be the real vector space of zero-trace
anti-hermitian 2× 2 complex matrices, is invariant under SU(2)
action.

(c) Show that i :=

(
0 i
i 0

)
, j :=

(
0 1
−1 0

)
, k :=

(
i 0
0 −i

)
form a

basis of M0
−. Though it is not necessary for what proceeds, check

that M0
− ⊕ R · (Id) ∼= H, the real ring of quaternions.

(d) Consider the bilinear form Tr : M0
− ⊕M0

0 → R given by

Tr(A,B) = −1
2 tr(AB) (i.e it is a multiple of the trace form). Notice

that Tr is invariant under SU(2) action. Moreover, for
A,B ∈ {i, j, k}, show that Tr(A,B) = δAB. Show therefore that any
x ∈ SU(2) acts by conjugation on M0

−
∼= R3 in the same way as an

element of the orthogonal group O(3) acts by multiplication.
Explain why this gives a homomorphism SU(2)→ O(3). Call this
homomorphism f .

(e) By considering how small metric perturbations in SU(2) and
O(3) affect the position of vectors in R3 upon action, deduce that f
is continuous, open, and locally bijective (and hence a local
homeomorphism). Since f is continuous and SU(2) ∼= S3, deduce
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that the image of f is connected. Show that the connected
component of the identity of O(3) is SO(3), and deduce that the
image of f is contained in SO(3). Thus, f : SU(2)→ SO(3) is a
local homeomorphism.

(f) Take a neighborhood U ⊂ SU(2) which contains the identity.
f(U) ⊂ SO(3) is an open subset containing the identity. Using (a),

we know that the identity is the point 0 ∈ D3
/
{x ∼ −x on ∂D3} ,

and that a small neighborhood of the identity contains “small”
rotations about arbitrary axes. Use the fact that the product of
“small rotations” about an axis gives a large rotation about the axis
to deduce that f : SU(2)� SO(3) is a surjection.

(g) Conclude that f : SU(2)� SO(3) is therefore a covering map.
Conclude that SU(2) ∼= S3 is a 2 sheeted cover of SO(3) ∼= RP 3 not
only as topological spaces, but also as Lie Groups.

Question 3: This question gives a proof of a wonderful theorem in

percolation theory which in a nutshell asks how many infinite clusters exist
on an integer lattice. The setup is as follows: We consider the graph Zd
and we declare each edge of Zd to be open with probability p and closed
with probability 1− p. We endow the space of edges E with the product
measure which we call P. Let us choose p > 1

2 so that there exists an
infinite cluster with nonzero probability (this is nontrivial, but the exact
bound of 1

2 is not important for what we are about to do). An
infinite cluster is an infinite connected subgraph all of whose edges are
open. We will prove that:

P(∃ exactly one infinite cluster ) = 1

(a) Prove that translations T : E → E are ergodic with respect to P.
Hence, any translation invariant event E ⊂ E occurs with
probability either 0 or 1.
[Hint: Approximate by a cylinder set and then translate such a set
sufficiently far...]

Notice that the event
Ek = {w ∈ E |w has exactly k infinite clusters } is translation
invariant for any k ∈ {0} ∪ N ∪ {ℵ0}.
(ℵ0 here refers to countable infinity in case it was not clear).

(b) Notice that our choice of p guarantees that P(E0) = 0.
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(c) Let k ∈ N≥2. For N ∈ N, let FN be the event that there exists
exactly k infinite clusters and all k clusters intersect the boundary
∂[−N,N ]d.

We will prove that P(Ek) 6= 1 for any k ∈ N≥2 via a contradiction
argument. Suppose for contradiction that P(Ek = 1):

(i) Show that P(FN )→ 1 as N →∞. Deduce that for
sufficiently large N , P (FN ) > 0.

(ii) Notice that FN is measurable with respect to edges
outside [−N,N ]d. Let GN be the event that all edges of
∂[−N,N ]d are open. Notice that GN and FN are
independent and deduce that for sufficiently large N ,
P(GN ∩ FN ) > 0.

(iii) Deduce from (ii) that in fact there exists only one
connected component, a contradiction.

(d) Let k = ℵ0. We call x ∈ Zd an encounter point if x is in an
infinite cluster C and that C − {x} has no finite components and
exactly three infinite components. Let FN be the event that there
are at least three infinite clusters that intersect ∂[−N,N ]d. Let G
be the event that 0 is a encounter point.

We will prove that P(Ek) 6= 1 for k = ℵ0 via a contradiction
argument. Suppose for contradiction that P(Ek = 1):

(i) Show that P(FN )→ 1 as N →∞. Deduce that for
sufficiently large N , P (FN ) > 0.

(ii) Show that P(G |FN ) > 0. By considering N sufficiently
large, deduce that P(G) > 0.

(iii) Define δ := P(G). Show that the expected number of
encounter points in [−N,N ]d is δ · (2N + 1)d

(iv) On the other hand, show that the number of encounter
points in [−N,N ]d cannot exceed the number of of outer
boundary points (namely 4 · (2N + 1)d−1), and thus, for
sufficiently large N , the expected number of encounter
points is strictly smaller than δ · (2N + 1)d, a contradiction.

(e) Deduce that P(E1) = 1, which completes the question.
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Question 4: This question outlines a Galois theoretic proof of quadratic

reciprocity, and is the most conceptual proof that I have come across of
this foundational result. Throughout, let p, q be odd primes.

(a) Let
(
.
.

)
denote the legendre symbol. Show that for any a ∈ F×p ,

a
p−1
2 ∈ {±1}. Further show that

(
a
p

)
= a

p−1
2 and deduce that(

.
p

)
: F×p → {±1} is a homomorphism.

(b) Let F be a field, f a separable polynomial of degree q with
coefficients in F . Let K denote the splitting field of f and let Df

denote the discriminant of f . Show that Df ∈ F .

(c) By permuting the roots of f , we get a injective homomorphism
Gal(K /F ) ↪→ Sq. Show that

Gal(K /F ) ↪→ Aq ⊂ Sq ⇐⇒ Df is a square in F

(d) Consider F = Fp. Show that every finite extension of F is Fpk
for some k ∈ N. Show that Gal(Fpk

/
Fp ) is generated by the

Frobenius automorphism x 7→ xp.

(e) Consider F = Fp, and let K be the splitting field of xq − 1 over

Fp. Consider the action of Gal(K /F ) on the roots of xq − 1. Using
the fact that the Galois group is generated by the Frobenius
automorphism, demonstrate that Gal(K /F ) ↪→ Aq ⇐⇒

(p
q

)
= 1.

(f) Taking f = xq − 1 over F = Fp, show that Df = (−1)
(q−1)(q−2)

2 qq.

(g) By comparing (c) + (f) and (e), Conclude that Quadratic

Reciprocity holds:
(p
q

)(q
p

)
= (−1)

p−1
2 (−1)

q−1
2 .

[Remark: In a nutshell, the idea behind the proof was to describe
the condition “ Gal(K /F ) ↪→ Aq” in two different ways.]

Question 5: In this question, we prove the Primitive Element Theorem,

which is fundamental to the way one visualizes field extensions. We will
also provide an example of a non-separable case wherein the Primitive
Element Theorem fails to be true.

Theorem. (Primitive Element Theorem) Let F be a field, and let K /F
be a finite separable extension. Then, there exists some γ ∈ K such that
K = F (γ).

(a) In this part we will prove the Primitive Element Theorem



12 MAITHREYA SITARAMAN

(i) If F is a finite field, then K is also finite. Show that
K× is cyclic, and explain why the Primitive Element
Theorem (in this special case) follows easily from this fact.

(ii) Show that every finite extension is algebraic.

(iii) Explain why it suffices to prove the primitive element
theorem in the special case where K = F (α, β) for α, β
separable. Take K as above. Let f, g be the minimal
polynomials of α, β respectively. (Why do they exist?)

(iv) For each λ ∈ F , define γλ = α+ λβ and define
hλ ∈ F (γλ)[x] by hλ(x) = f(γλ − λx). Use separability to
show that

deg gcd(g, hλ) ≥ 2 over F (γλ) =⇒ λ =
α− α′

β − β′

where α′, β′ are roots of f, g respectively (living in the
splitting field for fg), and β′ 6= β.

(v) Deduce from (iv) that for all but finitely many λ,
deg gcd(g, hλ) = 1, and deduce that for all but finitely
many λ, β ∈ F (γλ). Repeat the argument for α instead of
β to deduce that for all but finitely many λ, K = F (γλ),
which proves the Principal Element Theorem in the case
where F is infinite.

(b) In this part, we will give an example of a finite non-separable
field extension for which the Primitive Element Theorem does not
hold.

(i) Take F = Fp(s, t), the field of rational functions in two

variables over Fp. Let K = Fp(s
1
p , t

1
p ). Show that K /F is

a finite extension of degree p2, and that the minimal

polynomials of s
1
p and t

1
p over F are f(X) = Xp − s,

g(X) = Xp − t respectively.

(ii) Explain why f(X) = (X − s)p and g(X) = (X − t)p.
Deduce that K /F is not separable.

(iii) Suppose for contradiction that K = F (α) for some
α ∈ K. On one hand, explain why the minimal polynomial
of α over F must have degree p2. On the other hand, write
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α = h(s
1
p , t

1
p ) for some h ∈ F [X,Y ] and notice that

αp ∈ F , thereby obtaining a contradiction.

Question 6: This question proves that the only spheres which admit lie

group structures are S1 and S3.

(a) If you are not already familiar with the result, familiarize
yourself with the result that the de-Rham cohomology of a compact
Lie Group G is equal to the Chevalley-Eilenberg cohomology of it’s
lie algebra. That is, the cohomology of the chain complex:

∧0(g) ∼= R
∧1(g) ∼= R3

∧2(g) ∼= R3
∧3(g) ..

∂0 ∂1 ∂2 ∂3

where
∧k(g) is the space of k forms on g and δ :

∧n(g)→
∧n+1(g)

is the map given by

δω(X1, .., Xn+1) =
∑
i<j

(−1)i+jω([Xi, Xj ], X1, .., X̂i, .., X̂j , .., Xn+1)

It turns out that each cohomology group is the free group (over R of
course) generated by Ad-invariant forms, and for a n-form ω, it can
be shown that Ad-invariance is equivalent to the condition that

n∑
i=1

ω(X1, .Xi−1, [X,Xi], Xi+1, .., Xn) = 0

for any X ∈ g, {Xi} ⊂ g. In order to deduce the above, a step in the
proof which is important in it’s own right is the fact that for an
Ad-invariant n-form ω, ∂w = 0. You can use these facts for the
remaining of the question.

(b) Note that S1 and S3 are Lie Groups (see Question 2 for more on
SU(2)). Explain why the only abelian Lie group that is a sphere is
S1.

(c) For G compact, prove that
g is semisimple ⇐⇒ [g, g] = g ⇐⇒ H1

dR(G) = 0. Deduce that if
Sn is a Lie group for some n ≥ 2, then it must be a semisimple Lie
group.

[Hint: For the first equivalence, use the fact that for G compact, g is
reductive. For the second equivalence, use last paragraph of (a)]
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(d) To conclude the question, explain why it suffices to show that if
G is a semisimple Lie Group, then H3(g) 6= 0. In this part, we will
construct a nontrivial Ad-invariant 3-form (sometimes called the
Cartan 3-form) on g which does not vanish in cohomology.

(i) Define the Cartan 3-form ω on g by
ω(X,Y, Z) = B([X,Y ], Z) where B is the Killing form on g.
Show that w is indeed a well defined differential form.

[Hint: Exploit the associativity of B and the antisymmetry
of the Lie bracket]

(ii) Show that ω is Ad-invariant

[Hint: By the last paragraph of (a), it suffices to show that
ω([X,W ], Y, Z) + ω(X, [Y,W ], Z) + w(X,Y, [W,Z]) = 0 for
every X,Y, Z,W ∈ g, and use the Jacobi identity.]

(ii) Observe that for g semisimple, ω 6= 0. This concludes this
part and the question.

Question 7: This question proves a weaker version of the result in

Question 3, but is significant because it uses a very different approach. It
is quite wonderful to see how drastically different approaches can be used
to attack the same question. The statement that will be proved in this
question is: “No even spheres other than S0 admit topological group
structures”.

(a) Recall that the degree of a map from a sphere to itself is the
multiple which defines the induced map on homology. Observe the
following properties of the degree function:

(i) The identity has degree 1.

(ii) If f, g : Sn → Sn are homotopic, then deg(f) = deg(g)

(iii) For f, g : Sn → Sn , deg(f ◦ g) = deg(f)deg(g).

(iv) A reflection about a hyperplane has degree −1.
[Hint: One way to do this is to use simplicial homology]

(v) The antipodal map has degree (−1)n+1.
[Hint: Write it as the composition of reflections]
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(vi) If f : Sn → Sn has no fixed points, then
deg(f) = (−1)n+1.
[Hint: Show that it is homotopic to the antipodal map]

(b) Deduce that if n is even, then Sn has a topological group
structure ⇐⇒ n = 0.
[Hint: Suppose otherwise. Show that deg : G ↪→ {±1} is an
injection]

Question 8: This question uses the notion of a degree to prove the Hairy

Ball Theorem, which states that any continuous vector field on an even
sphere must have a zero.

(a) Do Question 7 (a).

(b) Given a nonvanishing continuous vector field v on Sn, construct
a map f : Sn → Sn which neither has fixed points nor has antipodal
points. Using part (a), deduce the Hairy Ball Theorem: that if n is
even, such a vector field cannot exist.

Question 9: This question establishes the rational canonical

decomposition of a vector space V with respect to a linear transformation
X : V → V .

(a) Prove that every finitely generated module over a PID R is
isomorphic as a module to R

/
f1 ⊕R

/
f2 ⊕ ....⊕R

/
fm , for some

m ∈ N and some f1, .., fm ∈ R.

(b) Note that V is a k[X] module. Deduce that V is isomorphic to
k[X]

/
f1 ⊕ k[X]

/
f2 ⊕ ....⊕ k[X]

/
fm , for some m ∈ N and some

polynomials f1, .., fm ∈ k[X]. Explain why each term k[X]
/
fi is an

invariant subspace under k[X] action.

(c) Show that:

det



λ 0 0 ... 0 −a0
1 λ 0 ... 0 −a1
0 1 λ ... 0 −a2
...
...
...
0 0 0 ... 1 λ− an−1


= λn + an−1λ

n−1 + ...+ a1λ+ a0
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(d) By writing the matrix for the action of X with respect to an
obvious basis, deduce that charpoly(X) = f1f2...fm.

(e) Deduce also that minpoly(X) = lcm(f1, .., fm).

Question 10: This question uses the rational canonical decomposition of

a vector space to provide a proof of the Cayley Hamilton Theorem. The
setup is as follows: V is a vector space over a field k, X : V → V is a linear
transformation with characteristic polynomial p. Recall that the Cayley
Hamilton Theorem states that under this setup, p(X) = 0 (is the zero
matrix).

(a) Decompose V ∼= k[X]
/
f1 ⊕ k[X]

/
f2 ⊕ ....⊕ k[X]

/
fm . By

writing the matrix for the action of X with respect to an obvious
basis, deduce that p = f1f2...fm.

(b) By writing the matrix of X as a block matrix with respect to
the obvious basis, deduce that it suffices to prove the Cayley
Hamilton Theorem in the special case where V ∼= k[X]

/
f . Explain

why the Theorem holds in this special case.

Question 11: In this question, we will prove the Lusternik-Schnirelman

Multiplicity Theorem, a special case of which gives a lower bound for the
number of critical points of a smooth function f : M → R where M is a
smooth, closed manifold. (The hypotheses can be made more general, but
I think the hypotheses I have listed is cleaner)

The setup involves the following three definitions:

[1] For a ∈ R, define:

Ma(f) := {x ∈M | f(x) ≤ a}

[2] For A ⊆M , define:

cat(A,M) := inf{r ∈ N |A can be covered with r subspaces of M

each of which is contractible in M}

[3] For each m ∈ N, define:

cm(f) := inf{a ∈ R | cat(Ma(f),M) ≥ m}
(a) In this part, we will prove a lemma: The First Deformation
Theorem. Let φt be the flow along the vector field −∇f . Given
c ∈ R such that c > inf(f−1(M)), let Cc be the set of critical points
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of f that lie in f−1(c). If Cc is nonempty, let U be an open
neighborhood of Cc in M . If Cc is empty, let U = ∅. We wish to
show that for ε small enough, φ1(Mc+ε − U) ⊆Mc−ε. We will show
this in the following steps:

(i) Explain why f(φt(x)) is monotonically decreasing for
any x ∈M . Take p ∈ f−1[c− ε, c+ ε], and deduce
f(φt(p)) ≤ c+ ε for all t.

(ii) Explain why d
dtf(φt(p)) = −||∇fφt(p)||2. Conclude that

f(φ1(p)) ≤ c+ ε−
∫ 1

0
||∇fφt(p)||

2dt

(iii) Explain why |{t ∈ [0, 1] |φt(p) 6∈ U}| > 0, and show
that on a set of nonzero measure, ||∇f || is bounded below
by some µ > 0.

(iv) Conclude that for small ε, φ1(Mc+ε − U) ⊆Mc−ε.

(b) In this part, we will prove the Lusternik-Schnirelman
Multiplicity Theorem.

(i) Explain why cat( · ,M) is monotone.
(i.e, explain why A ⊆ B =⇒ cat(A,M) ≤ cat(B,M))

(ii) Explain why cat( · ,M) is subadditive.
(i.e explain why cat(A ∪B,M) ≤ cat(A,M) + cat(B,M))

(iii) Show that if A is deformable into B, then
cat(A,M) ≤ cat(B,N).
(Here, “deformable into” means that the inclusion
i : A ↪→M is homotopic to a map j : A→ B ⊂M)

(iv) Show that if c = inf f−1(M), then f−1c comprises
entirely of critical points.
[Hint: Think about the flow φt]

(v) Let n ∈ N and suppose that c > inf(f−1(M)) is such
that c = cn+1(f) = cn+2(f) = .. = cn+k(f). Suppose that
f−1(c) contains r critical points of f . If r = 0, set U = ∅.
If r > 0, label these points x1, .., xr and let {Ui}ri=1 be a
set of contractible open balls with xi ∈ Ui for each i. In
this case, define U =

⋃r
i=1 Ui. Use (a)(iv) to demonstrate

that ∃ε > 0 such that cat(Mc+ε − U,M) ≤ n.
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(vi) Writing Mc+ε = (Mc+ε − U) ∪ U , deduce that
cat(Mc+ε,M) ≤ n+ r

(vii) Explain why n+ k ≤ cat(Mc+ε,M). Conclude that
k ≤ r. Deduce that for each m ∈ {0, .., cat(M,M)}, f has
at least m critical points that are ≤ cm(f). An important
special case of this is that f has at least cat(M,M) critical
points in total.

Remark: We have proved the Lusternik-Schnirelman Multiplicity
Theorem:

Theorem. Let n ∈ N and suppose that c ∈ R is such that
c = cn+1(f) = cn+2(f) = .. = cn+k(f). Then, f−1(c) contains at
least k critical points of f . Hence, for each m ∈ {0, .., cat(M,M)},
f has at least m critical points that are ≤ cm(f). In particular, f
has at least cat(M,M) critical points in total.

(c) Provide a simple example to demonstrate that the theorem is
false if we drop the assumption that M has no boundary. Make sure
you understand where we used the fact that M has no boundary.

Question 12: Let M be a connected manifold. In the previous question,

we showed that the number of critical points of a function f : M → R was
bounded below by cat(M,M), where cat(·,M) is defined for any subspace
of M by:

cat(M,M) := inf{r ∈ N |M can be covered with r subspaces of M

each of which is contractible in M}

In this question, we will provide bounds for cat(M,M). In particular, we
will show that 1 + cuplength(M) ≤ cat(M,M) ≤ dim(M) + 1, where

cuplength(M) = max{k | ∃x1, .., xk ∈ H∗(M) such that x1 ∪ ... ∪ xk 6= 0}

(a) In this part, we will show that cuplength(M) < cat(M,M).

(i) Let A,B ⊆M . Prove the following lemma about how
cup products behave on relative cohomology groups:

x ∈ H∗(M,A), y ∈ H∗(M,B) =⇒ x ∪ y ∈ H∗(M,A+B)
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(ii) Show that if A,B ⊂M are open, then
H∗(M,A+B) ∼= H∗(M,A ∪B), and conclude that

x ∈ H∗(M,A), y ∈ H∗(M,B) =⇒ x ∪ y ∈ H∗(M,A ∪B)

(iii) Take an open cover {Ui}ni=1 of M such that each Ui is
contractible. Explain why, for each i, we have a long exact
sequence in cohomology:

→ Hk−1(Ui)→ Hk(M,Ui)→ Hk(M)→ Hk(Ui)→ ...

Deduce that since Ui is contractible, Hk(M,Ui)� Hk(M)
is a surjection for all k ≥ 1.

(iv) Take any x1, .., xn ∈ H∗(M). For each i ∈ {1, .., n}, let
x̃i ∈ H∗(M,Ui) map to xi under the surjection we found in
(iii). Deduce using (i) and (ii) that x̃1 ∪ ... ∪ x̃n = 0.
Conclude that x1 ∪ .. ∪ xn = 0. Note that we have just
proved that:

cuplength(M) < cat(M,M)

(b) In this part, we will show that cat(M,M) ≤ dimM + 1.

(i) Prove that the dimension of a manifold (or more
generally of a CW-complex) is equal to the covering
dimension of that manifold (resp. CW-complex).

(i) Let {Ui}ni=1 be an open cover of A ⊆M such that each
Ui is contractible in M . Show that there exists an open

covering {Gij}n,dimM+1
i,β=1,1 which (1) refines {Ui} and (2)

Gi,β ∩Gi,β′ = ∅ for β 6= β′.

(ii) By considering suitable intersections of the Gi,βs,
construct an open cover of M of length dimM + 1, each of
whose elements is contractible in M . Deduce that

cat(M,M) ≤ dimM + 1

In a nutshell, the upshot of this question is:

cuplength(M) + 1 ≤ cat(M,M) ≤ dimM + 1
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Question 13: From the previous two questions, we learnt the following

facts.

Fact 1:

Given a manifold M and a smooth map f : M → R,

the number of critical points of f is ≥ cat(M,M)

Fact 2:

cuplength(M) + 1 ≤ cat(M,M) ≤ dimM + 1

Use the above facts to deduce the following:

(a) Every smooth map f : Sn → R has at least two critical points.
Construct a smooth map with exactly two critical points.

(b) Every smooth even map f : Sn → R has at least n+ 1 pairs of
antipodal critical points.
[Hint: It descends to a map RPn → R]

(c) Every smooth map from an arbitrary closed manifold to R has
at least two critical points.

(d) Every smooth map f : Tn → R has at least n+ 1 critical points.
(where Tn is the n-torus)

Question 14: Munkres humorously wrote in his book that subspaces are

not like doors: They do not have to be in exactly one state of open or
closed. Rather, they can be both open and closed as well as neither open
nor closed. In this humorous spirit, we define a subspace to be a door if it
is in exactly one state of open or closed.

(a) Let X be any set, and x ∈ X

(i) Endow X with a topological structure by setting
U ⊂ X open if and only if x 6∈ U . Notice that the induced
topology has the property that every subspace is a door.

(ii) Endow X with a topological structure by setting
U ⊂ X open if and only if x ∈ U . Notice that the induced
topology has the property that every subspace is a door.
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(b) Now, let X be a finite set. Prove that any topology on X with
the property that “every subspace is door” is of the form described
in part (a).

[Hint: Consider the intersection of all open sets, and likewise the
intersection of all closed sets.]

Question 15: In this question, we will show that the irreducible

representations of the symmetric group Sn are indexed by partitions.
Although analogous results are true over field of characteristic zero, we will
always work over C.

(a) In this part, we will demonstrate a procedure to construct an
irreducible representation given a partition. Given a partition
λ = (λ1, .., λd) of n (the convention is λ1 ≥ ... ≥ λd), construct the
corresponding Young Diagram. This Young Diagram admits several
Young Tableaux. Define the equivalence relation ∼ on the collection
of Young Tableaux of this Young Diagram by stating that two
Tableaux are equivalent precisely when the corresponding rows in the
two tableaux contain the same numbers. The action of Sn on the
tableaux descends to an action on these equivalence classes. This gives
a representation of Sn by permuting basis vectors {e[t]} indexed by the
equivalence classes, which we will call Mλ. Mλ is not irreducible in
general but we will identify a special irreducible subrepresentation Lλ
as follows: For each tableaux t, let Ct ≤ Sn denote the subgroup of Sn
that preserves the numbers in each column of t, and define the
polytabloid associated with t to be et =

∑
π∈Ct sgn(π)eπ[t]. Let Lλ be

the vector space spanned by the ets.

(i) Explain why, for each σ ∈ Sn, σCtσ
−1 = Cσt.

(ii) Use (i) to deduce that for any σ ∈ Sn, σet = eσt. Conclude
that Lλ an invariant subspace of Mλ.

(iii) Endow Mλ with an inner product 〈·, ·〉 defined by
〈e[t], e[s]〉 = δt=s. Explain why 〈·, ·〉 is Sn-invariant, and
therefore Mλ is unitary with respect to 〈·, ·〉.

(iv) Given a tableau t, consider the operator
At =

∑
σ∈Ct sgn(σ)σ : Mλ →Mλ. Observe that At is

self-adjoint with respect to 〈·, ·〉.

(v) Given a tableau t and u ∈Mλ, show that Atu is a constant
multiple of et.
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[Hint: It suffices to prove this on the basis {e[s]}. Given
numbers i j which are in the same row of of s and the same
column of t, show that Ate[s] = 0 by splitting the sum by cosets
of {(), (ij)} ≤ Ct. The remaining case is when there does not
exist such numbers i and j: That is, the numbers any row of s
lie in different columns of t. Construct an element τ ∈ Ct such
that τs = t. Deduce that Ate[s] = (sgn(τ)et]

(vi) Let U ≤Mλ be an invariant subspace. If there exists
u ∈ U such that Atu 6= 0, then deduce using (v) that Lλ ≤ U .
If Atu = 0 for all u ∈ U , deduce by self-adjointness of At that
U ≤ L⊥λ . Conclude that Lλ is irreducible.

[Remarks: (1) (vi) is sometimes called the “Submodule
Theorem” (2) We have successfully found a way to construct an
irreducible representation of Sn from a partition λ]

(b) In this part, we will conclude that {Lλ}λ is a partition is the full set
of irreducible representations of Sn.

(i) Recall that the irreducible representations of a finite group
are indexed by conjugacy classes (Here we use that we are over
C). Noting that partitions correspond to conjugacy classes of
Sn, explain why the only thing that remains to be shown is
that λ 6= µ =⇒ Lλ 6= Lµ.

(ii) Suppose that Lλ = Lµ. Then there exists nonzero
Sn-equivariant maps T : Lλ → Lµ, T ′ : Lµ → Lλ. I will work
with T under the understanding that the arguments for T ′ are
identical and the analogous results hold for T ′ too. T can be
extended to a map T : Mλ →Mµ by setting T = 0 on L⊥λ .
Explain why this extension is still Sn-equivariant.

(iii) Since T �Lλ is nonzero, Tet 6= 0 for any λ-tableau t. Write
et = Ate[t] and use Sn-equivariance of T to show that Ate[s] 6= 0
for some µ-tableau s.

(iv) By using the same argument in the Hint in (a)(v), show
that the numbers in any row of s lie in different columns of t.

(v) Define the partial order 4 on the collection of partitions as
follows:
(µ1, ..., µk) 4 (λ1, ..., λk) ⇐⇒ µ1 ≤ λ1, µ1 + µ2 ≤ λ1 + λ2, etc.
Observe that this is a well defined partial ordering. Show that
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if the the numbers in any row of s lie in different columns of t,
then µ 4 λ.

(vi) Putting (v) and (iv) together, and carrying out the
arguments for both T and T ′, deduce that µ 4 λ and λ 4 µ.
Deduce that λ = µ, which concludes the part and the question.

Question 16: Given an irreducible representation of the symmetric

group Sn over C that corresponds to a Young Diagram, we will show that
the collection of standard polytabloids (i.e the polytabloids corresponding
to standard Young tableaux) of this diagram serves as a basis for the
representation. Our approach will be constructive (the straightening
algorithm via Garnir elements), and therefore we will give a procedure by
which the image of any element of the symmetric group can be written in
this basis. The importance of this question is twofold: Firstly, it tells us the
dimension of an irreducible representation. Secondly, since our approach is
constructive, it allows us to explicitly realize the representation as a matrix
representation, and thus we can understand exactly how Sn acts.

(a) In this part we will prove linear independence of the standard
polytabloids. Recall the “row numbers” equivalence relation
introduced in the previous question part. Define a total ordering � on
the collection of equivalence classes as follows: Given tableaux s and t
whose equivalence classes are distinct, let h(s, t) ∈ {1, .., n} be the
highest number which is not in the same row of s and t. Define � by
stating that [s]� [t] precisely if h(s, t) belongs to a higher row of s
than of t.

(i) Check that � is a well defined (strict) total ordering on
equivalence classes.

(ii) If t is a standard young tableau, observe that that
σe[t] � e[t] (strictly) for every σ ∈ Ct.

(iii) Let t1, .., tk denote the standard tabloids. Suppose that a
linear combination of standard polytabloids is zero:
c1et1 + c2et2 + ...+ cketk = 0. Expand etk and focus your
attention on the coefficient of e[tk] in the expanded sum.
Explain why this coefficient cannot be cancelled unless ck = 0.
Deduce the linear independence of the standard polytabloids by
induction

(b) In this part, we will prove that the standard polytabloids span our
irreducible representation. The approach will be constructive in the
following sense: Given a polytabloid et, we will describe an algorithm
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(called the “straightening algorithm”) to write et as a linear
combination of standard polytabloids. Before we delve into this, i
would first like to remark that since, as we saw in (a) (ii) of the
previous question, σet = eσt for every polytabloid et and every σ ∈ Sn,
and since this algorithm will allow us to explicitly write eσt in the
basis of polytabloids, we obtain a way to explicitly write a given
permutation σ in this basis of standard polytabloids.

(i) Let t be an arbitrary tableau. We wish to write et as a
linear combination of standard polytabloids. Observe first that
et is invariant under Ct, and thus explain that we may WLOG
take the numbers in each column of t to be increasing as we go
down the column.

(ii) Given a subtiling X of a tableau t, let S(X) denote the
subgroup of the symmetric group corresponding to
permutations of X (i.e permutations of all numbers that appear
in the subtiling X). Consider the first (topmost row and
leftmost column) position P such that the number in this
position is greater than the number in the adjacent position Q
in the same row to the right (If no such position exists, we have
nothing to do). Let A denote the tiling given by all tiles in the
column of P that lie below P , including P itself, and let B
denote the tiling given by all tiles in the column of Q that lie
above Q, including Q itself. Define the Garnir element
gA,B ∈ C[Sn] by

gA,B =
∑

σ∈S(A∪B) that preserves the property that the numbers in A and B decrease as we go downwards

sgn(σ)σ

.

Show that gA,Bet = 0 for every tableau t.

[Hint: Show that
∑

σ∈S(A∪B) σe[t] = 0 by pairing terms of

opposite signs: σ paired with σ composed with the
transposition that switched the numbers in P and Q. Now split
the sum over equivalence classes of the column stabilizer Ct
times et and choose representatives]

(iii) Show that in every nontrivial summand of gA,B, the
positions P and Q are “straightened” (i.e the number in
position P < the number in position Q after applying the
summand to the tableau t). Also show that if all the rows above
P and all pairs of entries on the same row of P to the left of P
were already straightened, then this property is unaffected by
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all summands. Deduce that we may apply an inductive process
to straighten any tableau t and thus write a given polytabloid
et as a linear combination of the standard polytabloids. Thus,
the standard polytabloids span our irreducible representation.

[Here, nontrivial means “other than () ∈ Sn”]

(iv) To make sure you understand how you can use this to
explicitly write down each element of Sn in the basis of
standard polytabloids, consider S4, and write down the
matrices of neighboring transpositions for the irreducible
representatinons corresponding to the Young Diagrams of
shapes [2,2] and [3,1]. Find the characters of these irreducible
representations.

Question 17: In this question, we will explicitly describe how an

irreducible representation V of Sn over C that corresponds to a given
Young Diagram restricts to Sn−1 ↪→ Sn. In particular, we will show that

the restriction ResSnSn−1
V has a elegant description as a direct sum of

irreducible representations of Sn−1, with each irreducible representation
appearing with multiplicity only one. Therefore, we can form a branching
graph B, which is a directed graph whose vertices are the representations
of Sn for all n, and whose arrows are from an irreducible representation W
of Sn−1 to an irreducible representation V of Sn precisely if

W ⊂ ResSnSn−1
V . The fact that each summand of ResSnSn−1

V appears only

once justifies our constriction of B as a graph rather than a multi-graph.

The setup is as follows: Let V be an irreducible representation of Sn
corresponding to a partition λ (and hence a Young Diagram). Let
r1, r2, .., rm denote the rows from which one box may be removed and after
removing a box we still get a Young Diagram. For each i ∈ {1, ..,m}, let

λ(i) denote the partition of n− 1 corresponding to the Young Diagram
obtained from removing a box from the rith row. Let (ResV )(i) denote the
corresponding irreducible representation of Sn−1, and for each λ-tableau t
such that the number n is in the rith row of t, let t(i) denote the tableau of
λ(i) obtained by deleting the box labelled n. As in Question 15, for any
partition µ we denote by Mµ the representation obtained by permuting
basis vectors indexed by row equivalence classes of tableau of µ {e[t]}. For

each i ∈ {1, 2, ..,m}, define the map f (i) : ResSnSn−1
Mλ →Mλ(i) by:

f (i)(e[t]) =

{
e[t(i)] if n is in the rith row of t

0 otherwise
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(a) Show that for each i ∈ {1, 2, ..,m}, f (i) is Sn−1-equivariant.

(b) Explain why, for a standard tableau t with polytabloid et, f
(i)et = et(i) .

Deduce that the restriction of f to ResSnSn−1
V ⊂Mλ is nonzero for each i

and it’s image lies in the irreducible representation of Sn−1 corresponding
to λ(i): Vλ(i) . Concluding using Schur’s lemma that Vλ(i) appears as a

summand in the irreducible decomposition of ResSnSn−1
V . Conclude that⊕m

i=1 Vλ(i) ⊆ ResSnSn−1
V .

(c) To show equality it suffices to compute the dimensions of either side.
Do so!

[Hint: Note that the dimension of ResSnSn−1
V is the number of standard

polytabloids of λ and note that for each such standard polytabloid, the
number n can lie as the last entry of any one of the rows r1, .., rm...]

Question 18: In this question, we will find a way to explicitly draw the

McKay graph of Sn for every n, with respect to tensoring by the standard
representation. The McKay Graph of a group G with respect to tensoring
by a representation V is defined as follows: It’s vertices are the irreducible
representations of G. And we add a directed edge between irreducible
representations U and W with a weight given by the multiplicity of U in
the decomposition of V ⊗W into irreducibles.

(a) Show that the McKay Graph for representations of Sn over C is
well defined as an honest-to-god graph and not merely a directed
graph. That is: Show that if U and W are irreducible
representations, and V is some representation, then the multiplicity
of U in W ⊗ V is equal to the multiplicity of V in W ⊗ U .
[Hint: Use characters and note that dualizing is just tensoring with
the sign representation]

(b) From Question 17, we know a simple combinatorial procedure to
decompose the restriction of an irreducible to a smaller symmetric
group. Use Frobenius Reciprocity to describe a simple
combinatorial procedure for inducing a representation from a
smaller symmetric group to a larger one.

(c) For a group G, a G-representation U , a subgroup H ≤ G, and a
H-representation W , show that U ⊗ IndGHW = IndGH(ResGH(U)⊗W )

[Hint: Show that HomG(LHS, A) = HomG(RHS, A) for every
G-representation A, using Frobenius reciprocity and the fact that
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the dual of a representation is it’s adjoint under Hom with respect
to the tensor product]

(d) Noting that the permutation representation of Sn is the induced
representation of the trivial representation from Sn−1 to Sn, show
that for any irreducible representation W of Sn and for V the
standard representation, (W ⊗ V )⊕W = IndGH ResGHW . Describe a
simple combinatorial procedure to quickly write down the tensor
product W ⊗ V as a sum of irreducibles.

(e) ((—::::[[[Sixty second challenge!]]]::::—)) Using your simple
combinatorial process, draw the McKay graphs for S4, S5, S6 with
respect to the standard representation - each within 60 seconds!
(Your combinatorial process should be that simple!)

Question 19: In this question, we will prove Ostrowski’s Theorem,

which states that only completions of Q are R and Qp for primes p. Let | · |
be some absolute value on Q. We will show that topologically, | · | is
equivalent to either | · |0, the trivial absolute value, | · |∞, the absolute
value induced as a subspace from R, or to | · |p, the p-adic norm. Since Q is
complete with respect to the trivial absolute value, R is the completion of
Q with respect to | · |∞ and Qp is the completion of Q with respect to | · |p,
the theorem then follows. Ostrowski’s Theorem is philosophically
significant, because if we admit that the integers are fundamental due to
counting, and we admit that the rational numbers are fundamental due to
division, then Ostrowski’s Theorem then shows us that R and Qp are
fundamental objects since these are the only completions of the rationals.

(a) In this part, we will note that Q is complete with respect to the
trivial absolute value | · |0, where |x|0 = 1 for all nonzero x and
|0|0 = 0.

(i) Explain why every Cauchy sequence in Q with respect
to the trivial absolute value stabilizes.

(ii) Deduce that Q is complete with respect | · |0.

(b) In this part, we will show that a norm | · | on a field K
containing Z satisfies the non-archimidean inequality if and only if
{|n| |n ∈ Z} is a bounded subset of R. As a direct consiquence,
every norm on K is either archimidean or nonarchimidean.

(i) Suppose | · | is non-archimidean. Observe that
{|n| |n ∈ Z} is bounded.
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(ii) Conversely, suppose that {|n| |n ∈ Z} is bounded.
Given x, y ∈ K, use the binomial theorem and the
hypothesis to bound the norm of |x+ y|n by n times a
constant multiple of max(|x|, |y|)n, where the constant is
independent of n. Take powers of 1

n and take the limit as
n→∞ to deduce the non-archimidean inequality.

(c) In this part, we will show that every non-archimidean norm is
equivalent to the p-adic norm | · |p for some prime p. Let | · | be a
non-archimidean norm on Q.

(i) Show that I = {a ∈ Z | |a| < 1} is an ideal of Z.

(ii) Show that if |p| = 1 for every prime p ∈ Z, then | · | is
the trivial norm on Q. If | · | is not the trivial norm, use
the non-archimidean property to show that I = (p) for
some prime p ∈ Z.

(iii) Let s ∈ R+ be such that |p| = 1
ps . Show that

| · | = | · |sp, and conclude that | · | is topological equivalent
to the p-adic norm for this p.

(d) In this part, we will show that every archimidean norm is
equivalent to the euclidean norm induced as a subspace of R.

(i) Use the fact that {|n| |n ∈ Z} is unbounded for an
archimidean norm to show that |n| ≥ 1 for every n ∈ Z.
[Hint: Write any integer as a base n-expansion. If |n| < 1,
we may bound the norm of all integers]

(ii) By writing mk in base n and applying bounds from (i)
and the triangle inequality, deduce that

|m|k ≤ n(1 + k
log(m)

log(n)
)|n|k

log(m)
log(n)

(iii) Take the limit k →∞ and appeal to symmetry of the

argument to show that |m|
1

log(m) = |n|
1

log(n) for every
m,n ∈ Z. Deduce that | · | = | · |s∞ for some s ∈ R+, which
completes both this part and this question.

Question 20: In this question, we will prove a special property of the

p-adic completion of the rationals, Qp, namely that it has only finitely
many extensions of each degree. In fact, a more general analogue is true:
Any local field has only finitely many extension of each degree. However, in
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this question, we will restrict our attention to Qp. There are multiple ways
to prove this result, and I will present the approach which I found to be
the most conceptual. To emphasize the conceptuality and not the details, I
will give broad action items to prove and leave much of the details to the
reader, which is perhaps a contrasting style to some of the other questions.

(a) Prove that every finite extension of Qp is a local field

Notational remark: Throughout the remaining of the question, the
notation will be that K is a finite extension of Qp with ring of
integers Ok and unique maximal ideal mK .

(b) Prove Hensel’s Lifting Lemma, which states that if f ∈ OK [X]
and α ∈ OK

/
mK is a simple root (root of multiplicity 1) of the

reduction f ∈ OK
/
mK [X], then there exists a unique root α ∈ OK

which descends to α in the quotient.

(c) Deduce that the only unramified extension of Qp is Qp(ζpn),
where ζpn is a primitive (pn − 1)’th root of unity.

Remark: Note that every finite extension of Qp is either unramified
or totally ramified. What remains to be shown is that there are only
finitely many totally ramified extensions of Qp.

(e) Prove Krasner’s Lemma, which states that if F is a complete,
non-archimidean field, K is an extension of F , β = β1, β2, .., βk ∈ K
are conjugates, and α ∈ K is such that |α− β| < |βi − β| for all
i 6= 1, then K(β) ⊂ K(α). In order to make sense of this, one first
needs to know that the non-archimidean norm of F extends
uniquely to K, which you should recall this before you prove
Krasner’s lemma.

(f) Show that K is a totally unramified extension of Qp if and only
if K = Qp(α) for a root α of some Eisenstein polynomial (a
polynomial f(x) = xn + an−1x

n−1 + ...+ a0 ∈ Qp[x] is Eisenstein if
and only if |ai| ≤ 1 for i < n, where || is the p-adic valuation).

(g) Notice that collection of tuples of coefficients of Eisenstein
polynomials forms unit ball in Qn

p with respect to the sup norm
(given by ||(a1, .., an)|| = supi=1,..,n |ai|). Observe that this is a
compact space, and use Krasner’s Lemma to deduce that there are
only finitely many totally ramified extensions of Qp of a given
degree, which completes this question.
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Question 21: In this question, we will extend the notion of a dual of an

abelian group to the non-abelian case, in such a way that we lose group
structure but retain the ability to work with Fourier transforms. We will
then prove the Upper Bound Lemma, which describes how quickly the
distribution of points visited during a random walk on a group converges
to the uniform measure. There are shortcuts one might take to arrive at
the same conclusions that we will deduce question, but in my opinion the
treatment which I present is conceptually the most clear. We will need the
following six definitions:

[1] Given a finite group G, let {(ρi, Vi)}ni=1 be the collection of unitary
irreducible representations of G over C (of course, every representation
admits an inner product with respect to which it is unitary). We define the

dual of G, Ĝ, to be the set {(ρi, Vi)}ni=1. If G is not abelian, then Ĝ does
not have any an obvious group structure.

[2] Given a representation φ : G→ GL(V ), and a measure ν on G, we
define integration

∫
G φ dν to be the linear transformation from V onto

itself given by
∫
G φ dν =

∑
s∈G ν(s)φ(s). Throughout this question, we will

let uniform probability measure on G be denoted by µ.

[3] Given a function f : G→ C, and (ρi, Vi) ∈ Ĝ, define the Fourier

coefficient f̂i : Vi → Vi by f̂i :=
∫
G f · ρi dµ.

[4] Given functions f, g : G→ C, define the convolution f ∗ g : G→ C by
f ∗ g(t) :=

∑
s∈G f(ts−1)g(s).

[5] For each i, we endow the collection of linear operators on Vi with the
trace inner product 〈., .〉. That is, for A,B : Vi → Vi, we let
〈A,B〉 = tr(AB∗).

[6] Given {Fi}ni=1 such that Fi : Vi → Vi is a linear transformation for each

i, define the Inverse Fourier transform F̂ : G→ C by

F̂ (s) = 1
|G|
∑n

i=1 dim(Vi)〈Fi, ρi(s)〉.

(a) Show that if G is abelian, then Ĝ is the collection of (complex)

characters of G and in particular, Ĝ is a group and (̂Ĝ) = G. This

serves as the motivation to call Ĝ the dual of G even in the
nonabelian case, even if Ĝ is not a group.
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(b) In this part, we will note how Fourier coefficients interact with
convolutions, and then prove that Fourier Inversion and
Plancharel’s Formula hold.

(i) Check that convolutions and Fourier coefficients
interact the way we expect them to interact, that is: Given

f, g : G→ C, show that (̂f ∗ g)i = f̂i · ĝi

(ii) Show that Fourier Inversion holds: Given f : G→ C,

f = (̂f̂)

[Hint: Both sides of the equation are linear in f . So it
suffices to check the formula for f(s) = δs=t. Simplify the
right hand side, and it will be helpful to note that the
character of the regular representation is, on one hand
χC[G] =

∑n
i=1 dim(Vi)χVi (by the decomposition of C[G]),

and on the other hand χC[G](s) = δs=1|G| (by direct
computation). (Do not forget that each (pi, Vi) is unitary)]

(iii) For f, g : G→ C, define 〈f, g〉 =
∑

s∈G f(s)g(s). Show

that 〈f, g〉 = 1
|G|
∑n

i=1 dim(Vi)〈f̂i, ĝi〉

[Hint: Both sides are linear with respect to g (alternatively
with respect to f). So, it suffices to take g(s) = δs=t. Now
use (ii).]

(iv) Consider the special case of (iii) where f = g. For the
norm ||f ||2 =

∑
s∈G |f(s)|2, deduce that

||f ||2 =
1

|G|

n∑
i=1

dim(Vi)||f̂i||2

where the right hand side norm is the trace norm. This is
Plancharel’s Formula.

(c) In this part, we will prove the Upper Bound Lemma, which
describes how quickly the distribution of points visited during a
random walk on a group converges to the uniform probability
measure µ. Let Q be a probability measure on G which is not
supported in any coset of a proper subgroup of G. Consider a
random walk on G, beginning at the identity 1 ∈ G, such that if we
are at s ∈ G at time k, then our position at time k + 1 will be
determined by choosing t ∈ G with respect to Q and our position at
time k + 1 will then be ts.
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Given two measures ν1 and ν2 on G, we define
||ν1 − ν2||1 :=

∑
s∈G |(ν1 − ν2)(s)|.

(i) Explain qualitatively why the distribution of points
visited during our random walk converges to µ. What
happens if we drop the assumption disallows Q to be
supported on a coset if a proper subgroup of G?

(ii) Show by induction that the probability of bring at
s ∈ G after k steps is Q∗k(s), where Q∗k is the convolution
of Q with itself k times.

(iii) Let i = 1 be the index of the trivial representation.
Show that µ̂i = δi=1 Id.
[Hint: Check it for i = 1. You can deduce the rest by
Plancharel.]

(iv) Show that∑
s∈G |Q∗k(s)− µ(s)|2 = 1

|G|
∑n

i=2 dim(Vi)||(Q̂i)k||
(note that i = 1, the index of the trivial representation, is
not included in the sum)
[Hint: Use Plancharel Formula, keeping in mind how
convolutions interact Fourier coefficients]

(v) Deduce, that

||Q∗k − µ||2 ≤
n∑
i=2

dim(Vi)||Q̂i||2k

This is the statement of the Upper Bound Lemma. If Q is
not contained in a coset of a subgroup, it will turn out

that ||Q̂i|| < 1 (note that it is important that i 6= 1). Note
that when this occurs, the distribution of points visited
converges geometrically to the uniform probability
measure.

Question 22: In this question, we will use the Upper Bound Lemma to

investigate how quickly a simple random walk on Z /nZ (for n odd)
converges to the uniform distribution. Our group here is abelian, so we
wont really be using the full power that we built in the previous question,
but the point of this question is to simply demonstrate how the Upper
Bound Lemma is applied.
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(a) Observe that the simple random walk on Z /nZ corresponds to
the random walk on the group Z /nZ with respect to the measure Q
given by Q(1) = Q(−1) = 1

2 .

(b) When n is even, observe that Q is supported in the coset of a
subgroup of Z /nZ , and hence the Upper Bound Lemma does not
apply (and we obtain periodic behavior). Thus, we are justified in
considering n odd.

(c) Show that there are exactly n irreducible representations of
Z /nZ , and they are the one dimensional representations given by

1 7→ (multiplication by ζjn) for j ∈ {0, ..., n− 1}, where ζn is a
primitive n’th root of unity. We will henceforth index the
representations by j. Notice that j = n corresponds to the trivial
representation.

(d) Noting that ζjn = e
2πji
n , deduce that the j’th fourier coefficient

Q̂j of Q is equal to cos(2πjn ). Conclude using the Upper Bound

Lemma that ||Q∗k − µ||2 ≤
∑n−1

j=1 cos(2πjn )2k

Question 23: In this question, we will prove Pick’s Theorem, which

allows one to easily compute the area of a polyhedron whose vertices lie on
an integer lattice. It is considered to be one of the motivations for the
study of Ehrhart Polynomials. The setup is as follows:

Consider a polyhedron P ⊂ Z2 whose vertices live in Z2. Define:

B(P ) = #(∂P ∩ Z2) (the number of boundary lattice points).
I(P ) = #(P ◦ ∩ Z2) (the number of interior lattice points).

Pick’s Theorem states that for any polyhedron P ⊂ Z2 whose vertices live
in Z2,

Area(P ) = I(P ) +
B(P )

2
− 1

(a) Prove Pick’s Theorem in the special case when P is a rectangle
or a right angled triangle (whose vertices lie in Z2).

(b) Let T ⊂ Z2 be a arbitrary triangle whose vertices lie in Z2.
Prove that Pick’s Theorem holds for T .

[Hint: Inscribe T in a rectangle R and note that R− T comprises of
right-angled triangles. Then, use (i)]
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(c) Given an arbitrary Polyhedron P with vertices in Z2, prove that
Pick’s Theorem holds for P by triangulating P .

Question 24: From general theory, we know that the adele class group
AQ
/
Q is compact. We might not be entirely satisfied with this, and might

want to ask for an explicit description of this compact abelian group. In

this question, we will characterize AQ
/
Q as the Pontryagin dual Q̂ of Q,

where the Pontryagin dual of a locally compact abelian group G is the
collection of continuous unitary representations G→ S1 ⊂ C×, with group
action being pointwise multiplication (i.e tensor product of
representations), and with the topology being the compact open topology.

(I will defer the proof of this question to the next volume, or add it later)

Question 25: In this question, we will characterize the Pontryagin dual

group Q̂ as a solenoid in two different ways. Hence, we provide two
descriptions for the adele class group.

(a) Show that for a locally compact abelian group G, (̂Ĝ) ∼= G.
Show that the Pontryagin dual functor ·̂ is a contravariant
equivalence from the category of locally compact abelian groups to
itself.

(b) In this part, we will characterize a solenoid to mean a particular
projective limit over circle groups. In some ways, this captures the
intuition behind its name, since a solenoid in physics is a coil of
circles.

(i) For each n ∈ N, we have inclusions of 1
nZ ↪→ Q. For

n|m, we have inclusions 1
mZ ↪→ 1

nZ This forms a cocone.
Prove that this cocone is a colimit. We may therefore
write that Q is the colimit of the groups 1

nZ under the
relevant inclusion maps.

(ii) Now apply the ·̂ functor to the above diagram and
obtain the dual diagram by reversing all the arrows.

Deduce that Q̂ is the (projective) limit of a diagram whose
objects are circles indexed by N: {S1

(n)}n∈N, and whose

morphisms are m
n th power maps S1

(n) → S1
(m) whenever

n|m. This projective limit is called a solenoid, denoted by
S.
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(c) In the previous part, we gave a description of the solenoid as the
projective limit over circle groups. In this part, we will give an
explicit realization of the solenoid as a quotient of familiar locally

compact groups. Let Ẑ denote the profinite completion of the
integers. I will remark here that it is unfortunate notation that the
profinite completion and the Pontryagin dual are notated the same
way with a hat, and that both of these very different notions are

used in this question. Z sits inside R× Ẑ via the diagonal map
n 7→ (n, n), where the latter component means that Z sits as n in Zp
for every prime p. Let S := (R× Ẑ) /Z . In this part, we will show

that S ∼= Q̂ as locally compact groups. Our strategy will be to show
that it satisfies the universal property of (b).

(i) From the universal property of Ẑ, we have morphisms

φn : Ẑ→ Z /nZ for each n ∈ N which commute with

projections so that Ẑ is the projective limit of {Z /nZ}n∈N.
Let qn : R→ R /nZ = S1

(n) be the quotient map. Consider

the map R× Ẑ→ R /nZ = S1
(n) given by

(x, y) 7→ q(x)− φn(y). Explain why this map descends to a
map fn : S→ R /nZ .

(ii) Show that fn commutes with the nth power maps of
S1
(n), and thus S forms a cone over the circle groups and

nth power maps.

(iii) Prove that the cone you constructed is in fact a
projective limit. This completes this part and the question.

Question 26: In this question, we will prove Wigner’s Semicircle

Theorem, which states that for any sequence of normalized random
matrices {Xn}n∈N that grow in size in the sense that Xn is a n× n matrix
for each n, the distribution of eigenvalues of Xn converges to the Wigner
semicircle distribution in probability. The setup is as follows:

[1] For each n ∈ N, we define the Wigner probability measure Pn on the
collection of n× n real symmetric matrices as follows: We choose two
mean zero real distributions with bounded moments: Fn and Gn, with the
additional condition that Var(Gn) = 1. We set all diagonal entries to be
i.i.d distributed according to Fn, and all entries above the diagonal to be
i.i.d distributed according to Gn. Finally, all entries below the diagonal are
uniquely specified (they are the reflections about the diagonal) since our
matrix is symmetric.
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[2] Given a n× n Wigner matrix (i.e chosen from the Wigner probability
distribution) Mn, we define the normalization Xn := Mn√

n
.

[3] For a n× n matrix X with real eigenvalues λ1, .., λn ∈ R, define the
Empirical Spectral Distribution σX by

µX(x) :=

n∑
i=1

1

n
1(λi≤x)

We further define
µn = E[µMn√

n
]

where the expectation is taken with respect to Pn. For a sequence
{Mn}n∈N of Wigner matrices, I will often abbreviate µXn and simply write
µn.

[4] The Wigner semicircle distribution, supported on [−2, 2] has density

σ(x) = 1
2π

√
2− x2.

(a) Compute the moments of σ: Show that∫
R
xkσ(x)dx =

{
0 if k is odd

C k
2

if k is even

where C k
2

is the k
2 th Catalan number.

(b) In this part, we will prove that the moments of µn converge
(deterministically) to the moments of the semicircle distribution as
n→∞.

(i) Given a matrix X with real eigenvalues λ1, ..., λn, observe
that

∫
R x

kdµX(x) = 1
n(λ21 + ...+ λ2n) = 1

n tr(Xk).

(ii) Let X =


a11 a12 ..... a1n
a21 a22 ..... a2n
..
..
an1 an2 ..... ann

 be a real symmetric

matrix. Consider the weighted undirected graph ΓX whose
vertices are {1, 2, .., n} and whose edge between i and j are
weighted by aij , which is well defined since aij = aji. Given a
path P of length k between two vertices i and j
(P = (v1 = i, v2, ..., vk = j)), define the weight of this path by
w(P ) = av1v2av2v3 ...avk−1vk . Prove by induction that

(Xk)ij =
∑

P is a path of length k between i and j

w(P )
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In particular, deduce that

tr(Xk) =
n∑

i1,..,ik=1

ai1i2ai2i3 ....aik−1ikaiki1

(iii) Taking expectations of both sides of (i) (with respect to
Pn), deduce that∫

R
xkdµn =

1

n

n∑
i1,..,ik=1

1

(
√
n)k

E[ai1i2ai2i3 ....aik−1ikaiki1 ]

[Hint: For the left hand side, write the expectation in terms
of a double integral and switch the order of integration]

(iv) Let us construct a randomized version of our graph ΓX
which we will call Γ: whose vertices are given by the indices
1, .., n, and whose edges have weights given by the random
variables aij chosen with respect to Pn. Note that each term
of the RHS of (iii) corresponds to a loop in this graph which
crosses vertices (in order) i1i2i3....iki1. Explain why

E[ai1i2ai2i3 ....aik−1ikaiki1 ] 6= 0 =⇒ each edge of the corresponding loop is traversed at least twice

Deduce that any nonvanishing term of the RHS includes at
most k

2 + 1 distinct indices. Given a loop L, define the index
weight, denoted t(L), to be the number of distinct indices of
the corresponding term.

(v) Define an equivalence relation on the collection of loops
by setting i1....iki1 ∼ iπ(1)...iπ(k)iπ(1) for any permutation
π ∈ Sn. Observe that the number of elements of an
equivalence class of a nonvanishing term corresponding to a
loop L is ≤ nt(L), and that t(L) ≤ k

2 + 1. Furthermore, by
uniformly bounding expectations, observe that the
contribution from each element is of order O( 1

n
k
2 +1

). Deduce

that if t(L) < k
2 + 1, then the contribution from the

equivalence class corresponding to L vanishes as n→∞.

(vi) As a ready application of (v), deduce that all odd
moments vanish as n→∞. That is: For k odd,∫
R x

kdµn → 0 (deterministically) as n→∞.

(vii) Now take k even, and by (v), the only equivalence
classes which contribute in the limit as n→∞ are loops L
such that t(L) = k

2 + 1. Explain why such loops are loops
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with zero fundamental group, which traverses each of it’s k
edges exactly twice: once in the forward direction and once
in the backwards direction. For such a loop L corresponding
to a term ai1i2ai2i3 ....aik−1ikaiki1 , explain why
E[ai1i2ai2i3 ....aik−1ikaiki1 ] = 1.

(viii) Thus, in order to compute limn→∞
∫
R x

kdµn for k even,
the only thing remaining to do is to compute the number of
loops on n indices of edge-length k which traverses which
traverses each of it’s k edges exactly twice: once in the
forward direction and once in the backwards direction. Show
that the number of equivalence classes of such loops (defined
in (v)) is the Catalan number C k

2
. Observe that each

equivalence class contains n(n− 1)...(n− k
2 ) elements, and

thus the total number of such loops is

n(n− 1)...(n− k

2
) · 1

n
k
2
+1
· C k

2

Deduce that as n→∞, the RHS of (iii) converges to C k
2

as
n→∞.

(ix) Summarize what you have done above as follows:

If k is odd:

lim
n→∞

∫
R
xkdµn → 0

If k is even:

lim
n→∞

∫
R
xkdµn → C k

2

where C k
2

is the k
2 th Catalan number.

Conclude that the moments of µn converge
(deterministically) to the moments of the semicircle
distribution as n→∞.

(c) In this part, we will show that the moments of µn converge in
probability to the moments of µn. The former quantity is a
probabilistic quantity while the latter is a deterministic quantity.
The argument will follow very much the same pattern and ideas of
part (b).

(i) Using Chebyshev’s inequality and (b)(i), show that
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P(|
∫
R
xkdµn −

∫
R
xkdµn| > ε) ≤ 1

ε2n2
(E[tr(Xk)2]− E[tr(Xk)]2)

=
1

ε2nk+2
(E[tr(Mk)2]− E[tr(Mk)]2)

Our objective is to show that the right hand side vanishes as
n→∞.

(ii) As in (b) (iv), construct the graph Γ: whose vertices are
given by the indices 1, .., n, and whose edges have weights
given by the random variables aij chosen with respect to Pn.

We use the shorthand ~i to denote a sequence of the form
i1, i2, .., iki1 and we use the notation a~i = ai1i2ai2i3 ...aiki1 .
By the same argument in part (b) (ii), observe that

1

ε2nk+2
(E[tr(Mk)2]− E[tr(Mk)]2) =

1

ε2nk+2

∑
loops ~i,~j

E[a~ia~j ]− E[a~i]E[a~j ]

(iii) Note, by similar arguments in (b)(iv), that for a term in

the above RHS corresponding to the pair (~i,~j) to be
nonvanishing, every edge of the path in Γ associated to the
concatenation ~i~j must be traversed at least twice (since aij
have mean zero). As in (b)(iv), define the index weight of a

pair (~i,~j), denoted t(~i,~j) to be the number distinct indices

present in ~i and ~j (together). Deduce that if the contribution

from the term corresponding to (~i,~j) is nonzero, then

t(~i,~j) ≤ k.

(iv) The symmetric group Sn acts on the collection of

sequences: {~i} (the same action in (b)(v)), and thus acts on

the collection of tuples {(~i,~j)}. In a similar vein to (b)(v),

define the equivalence relation ∼ on {(~i,~j)} by

(~i,~j) ∼ π · (~i,~j) for any π ∈ Sn. Observe that if

t(~i,~j) ≤ k + 1, then the number of sequences in the
equivalence class is ≤ nk+1, and thus the equivalence class
does not contribute to the RHS of (ii) as n→∞.

(v) Putting it all together, deduce that there is a constant C
such that

P(|
∫
R
xkdµn −

∫
R
xkdµn| > ε) ≤ C

n2

Thus we have proved that the moments of µn converge to the
moments of µn in probability.
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(d) Conclude the Wigner Semicircle Theorem using
(a),(b),(c) and Stone-Weierstrass Theorem. That is, conclude
that if {Mn}n∈N is a sequence of Wigner matrices (Mn is
chosen with respect to Pn) then µMn√

n
converges to the

Semicircle Distribution σ(x) = 1
2π

√
2− x2 as n→∞.
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