Cate S;GV‘\Q ‘i\““ﬁ Quaﬂjrum Garou PS
Asron Lavda ( C\om bia UV\(‘\)efSI}j )

Yowmt \porb_ w{XM M. Khovanev

sz X = X
><=>< )><=><‘




CRANE -FRENKEL CONIECTURE

GOAL. COMBINATORIAL HD-TQFT

Tdea :
Hop! Algebrs &—— 3D-TQFT
Q JRANTUN . Rich C.\&SS o-c
v .TOM @w@ 20-T10F TS te\ated
v@ (@) | Yo ¢ wetn-Simors —Wr He
, ' ‘\'\»\eorﬂ
N CNTELORIFY
(reQlace g\%e\,ca\‘c S‘hu“c,"u»l\ﬁ
2 simlae calegorcal a\qebiaic
sdovetuie | >
\v |
Hopf Cateqory ¢————3p WD TAFTs
CATEGOR\FIED

AUANTOM GROVP

Resclling  combinalong| UD-TRETs chald be
censilive o amepth stivetupe 1w D



EXAMPLES OF CATEGORIF\CATION

CATEGORIF\CATION
DEC ATELORIF\CATION
« — ok Aimension N
aen |
CYMNE C OEFHICIENT) o . Graded vector space
R z,m.l( ; WM-O;M\ V= 'Vz ) '\]oe \]-l
€+ iv e — |
qaim
e e e oo i e e i »...»...“.nmm:}
.. o o -\h\’ ‘{
Naebey ——— > Moneida| (edditive)
' C a-\e, arg

Geo¥hendieck. E\va |
Koy @o , spli+ Gy A®R *"IAI*-[B]

Ca'\!’terg R 2-catego!
T+ @;ﬁiﬁﬁ




Vg (s2z)
Gevergtors: E | F, k*t

Relakons: KK‘l = 1= K‘iK

KE-¢EK  KF=g%Fk EF-FE=K-K
g-g7*

. o_b,6 ¢
as\s:
Basis é EF K ga,beZ»,, c ezZ

What woold \¥ mean to ngregoﬁg‘j U (S«ﬂ )

CP«TEGOIZlFlCAWOU

T oo\ ——

U@;(ﬁﬁzg; & o - Z(é( 3‘02.)

R I o
X g v oWect of (st )

Orx > objects o Y b4

g should be gtaded

Xgorg

X-y=7 "‘xs Z

basis s’rvo&ore constants v @(%)
¢ (Grothencheck. N\Q 1S a Z[Z,g']—moo/u/e



Amt Liade - Aimensional Veweseds{«'on ol Ve (sd)
hag 8 waig\'x decomeoc,fh‘a/\

'\l(mz\ V= ?22 Vi)
VAR
B \jF h
oL veVny & Kv=2 v
()
. N Ado ?ro\‘\ech‘o«\ o?efalro ts da to
= y v UZ (sﬁz> Pl‘odec)r\'na\\ onte V(n)
V(n2)
Up/st,) > T7(st,)

i. 2 1(\% N e Z
(motoally-orthogonal Tdempoteats

Kia=2"1, — N KinDU

Elv\z 1m-zE = 1/\«251\«\
F 1'\ = 11\—2F = 4'\-ZF1n

(EF ~FE)n = Tl 1, 1= £ g"
- -g"




<7 has an integtal form gU spamned by
e BT ) et
P ' A

Yarat

- _ G - (
. ) 1 bae - i:@)F b):{h h& b-a
U has canenica asis B= £ ® £ {, nzba

STROCTURE C ONSTANTS IN BAS|S é a&fe \n N[g,g'i
UGh), T(sp)  Beilinon - Loszhg - Mac Pherson
{)—CGZ) LuﬁZ”-fa

Conjectorally stroctire constands ae in WNje,2™]
when Carlan datom is symmetlnc,

> AU s 2 natural candidale {or cgleqarification
( XCM S qg £s bfg c. }, ‘!v Iﬂé" F»ﬁ‘fr\ %,i{“! \Q

A\c\gebm witl ot b

_ vre-addi Jive
bk and @ collection H Ca'lcjoa\j
of orH\ogoV\a( QolCMPOt[Cn{Vs

= U \'s Q ple -addidive Cakg'o/g —
obyecks: neZ
Morphisms: 4., U j_n ( abeian g \
(denblies t 4, . ‘ T
¢omposo14'of\'~ 14.Ul,» x1m Ula "__’10»‘(}'

mﬂll:l\‘:r‘k‘;n.n



2-Categories

Normally category theorist like to draw

e Objects: z
o Morphisms: T __f>___y S,
1
o(
/J\ . ?
e 2-Morphisms: x \C‘i/ y %
fa
e Composition of morphisms: gz
r—Ls Yy—Lo>— 2

e Horizontal composition of morphisms:

/‘1\/&\ $y d
Y y B z

\70;/\?2/ X Qc"ﬁ ng

e Vertical composition of morphisms: Si f
1 £y R iz
aply t
v/
Qg 0(1
\)/ X ‘3
f3 o,
e The interchange laW'
S - .

SN |
\/\,/ X o



1) X Hdepelaqica\ space |
oskyects: Points of X
ZTZ(X) = morphisms: Paths in X

= 2-morphisms * homalbopies betueen
vathg

ob,)‘ecle ?imgs A,B,- ..

2 Bifled - Morphisms . A AMBL R
(A, B) -bimadules
2- Mor P‘\(‘Su«,_s : Bimodu le Map g
4
s Mg 73

5 !
A—B—C - AMggé pMc

\ oheclst  coateyeles
3>’ g_i_,: h MorPlisms: Qunclors
2- morp hisms :  Natoral *&!‘\QI\S'(\GI‘MS'IZI'JAS



o~ w\ ! Y T al |
- o X

Ié\m\\ﬂ IXioms \V\W‘Aanﬁe =>
i \

g o xé
§ 2

P

(!

T T Y e 2 Y



CAIEGOE W= 1CH /Jon{% .

197 ..
CZ—Ca&goh\/))

¢ Ca'\ego ﬁﬂ)
O\DQQC'\_S ) — o (‘eQQOV\
n N > P \abelled
| h
Morphisms - 3
. M2 | N
g ]
z.
-
LQF 1v\ b e 3 1q.z(¥ 1'\ h N2 \; n
¥
g g s 4 §w
o _2 2
CEFL, — 7 £¥L%3 = 1L b
| € € °F gal

P 7

2-motphisms TV
Lok FOR REMNANTS, oF ané,azz FicATON
- Y . «x B y 93
G va—»z[z,e‘_k S Y(EF L, € T LY
(oadecd Veetor
A some Lot on 7 Aad wete



N Six T; Q‘{a
L3 3’2(1 é g
? B
vy
1

s semt lineg p
s

Lo Loogd
- %%v ‘l ‘w

°% ¢ BEAT A
Cand 0

&
AN
R Al 5:”’ )
X |
Yo A
e




Tdea: Use SQMl‘{t\neaP form +o goess

o Generatin l 2-marphi S, Z)( X4, | Y iAB
o Deﬁree > @C Qeneva‘k'nl 2-wof Phi‘sms
o Relasbivas on 2-morphisms

EXample
AN | / = = _é’__ =1 +t?+£4+..
géﬂﬂ’\ (Z((éin,g in )) ( EJn ) 51,1> 1- %2 T
| zoz dgﬂl‘ee .
o | e Map 21” $ a

ﬁ"i Xy WOEE F-

No F&tﬁh‘aﬂ$

S  qdim(U(E10,£1.))= % ( 4{) mj/ i) + dey ( g) -

. | o
wnte % R (i > - deq = 2o

ver x\(‘c‘éni\\Com pose new
denetator wity \4se/€

a Nmes .



adim(U (€1, £1.)) = (€1, € 1 1eg*) L
l- gﬁ Tog
EQ ;’L\\ O\C‘Q(‘&e 36“0
b dénetaton u:>° v)aca
de%ree- _'Z *O Yu-l—
ol L Jenerator
| de 44 &
o, %220 . — % ,,ZZ
don : \ . = - zZ 1__ zz

aeq -2 D M4,V 20
Ol 3 \Gaearlc& \\v\d.e?cnole/\*- aenerators in deqtee O

N R R
B R N ) B S ad
B RS ) ) Nk B

< SOME  RELAT/ONS

n

ao\m(w(iﬂ,amx\ (4., z:w} g L
1-¢%
/ \Onf‘/?b‘e

one genetator o vt

&Qﬂ( UQ>: 1-n



. & e ‘ﬁ ~ - ’
. il L ;«‘ 3 A SN = G > ;" § N
Y (o e ; e 5 £ % -4 Q;“ ™oy’ e = = ) -
- o 4 ¢ ¢ g e
: L 4 e
I3 - i L\A\ 3 5 = ) K
z L o & E ‘ e
£

:b A\ \So'\op\es o{ 0\(3 faNS \Pch‘ese/r/—
the same Z'MOfN\nsM



Closed G\iaﬁfém,ﬁ ol ne.%akuf; d&are_e, =0
o3 =3
deq= 2(n+1) deq = 2(-n +1)

E Xam ple<:

-2
0\?—&:2(‘;*\):—2 _._;C)\ =

Y p
i

T4 10 conveniead Yo wride

_a n
ol
(vt * w\ (et vy
d\ = Z?< " / -
A Scamehme s deq= 2o

}‘@3,&;%%& e\wﬂ.&xéf‘.ﬁ

F&\Z& sDu\>\D\.€S ‘f_e’?‘ d.eo& zo, ako

b
(L o)E ane)
a?0o {’ * *‘&"“& .s**-" |

B ¥
Aha\OQ \’O o(ecmmq Ce,l:L\MS 'h H(ép(@,m))
1 aa C‘IP(M 2n)
(L0 %t F €8 Y2+ Yy - =L =T e cem

D Atxe=0 5 RtXYty,<



N\ Wecke A\lebra :

H-X-X = XX
Yoo W
A '\

other telations:

9
T < Al bobkes

1
,(‘;5 ' ./;iJ .;./i;i “e’.n_m‘ are %‘QQ‘
| I=v 1=0 g g-j



~N

-5, e

=0 Cn-)+d
f s ‘
e Fobe Rubble !
7 A
g = o©




'I&em.yo-‘m‘kS |
split = &V = Vel ®1,50436 S 1,548

= t:’f& 1.46%".] ih nNzo

L\YYTING CF 2l —RELATIONS

e

E¥1,= ¥4, %]1,, 351, =Y, é?-n] 1,

N2p



THECREM

° Indecomposable LuszHa canonical
4 -morphism ? bast‘g element

° SPh-‘— Grothendieck (‘s'ncl
Ko(U) & AU

;A@B‘JC «—> [Al+[8]=C

I~ Worp hisom

® Gieaded  Hom é“? S&M; l;neal‘ CO“’V\
U .9)

o Sg\mme{n‘es o(\ atapkr‘cal ¢slculus h\['#.
Vatievs (_9“‘\'!) QU%MorPhl'sMs ot AU

. @

o U acts on 2 2-cQ+ef,o,.\1 _Consitqc{eo( Us"’f
Cokoma[ogci of ALrassmanmons snol ( Jetgte ol
Na:‘ vatietres > Cajreﬂo\‘fﬁ‘caﬁof‘ o€ irreps

ot guardom <4,



AckHon on G\eﬂ vatieties

~2p-N V(M) . |

Voo o HlenlNN)) =2 My
In -

TR W) =

F £ = Heru,k
N/ .
® H*(Gr(k,N)) = Hi

-N o ‘l=0

o H'(aolo,n))=: H;

thg.i, h.": H*(Fl(k) kﬂ) N) ) (Hiz{ﬁ, Hh) - l:)l‘mwlule
FA( R, kM, N)

Hew, &

=

N S
F!(h)”) FQ(&H,M) 1/ . Hu-,

Get an actlion ol Z~6&{egaf<7 &

TN. (Xn) ! Huz, k1 Qqhd Hb&i, b 7’9 Hb{l,lm R Hkﬁ,fg

o th-[
) b{ho’(‘l/@ AP
Tven by dipilect ol Rrences

oM Chera CZi?_s'czf of 1.ae
boudles

FM({"/A) " He—> H

kl R+{ %hd | Hkﬁ, i{



Geﬁeva\\iajv\‘ov\ﬁ C'So‘w&r w/ M. Kkouamv)

© CGV\ O\QC“AC Z'CQ‘\'QSO'& Z; @0\‘ aﬂj Sl'nps/\f
Lie a\ie\@ra CKachMooolﬂ Lie Alaebra>

AT >V (U)

SORJIECIVE

Y is on isomocphism in <f,-case.
(A 5¥cuo"ru'€. o Vce\n'ous alide I lts 8$W€//)

= Baais 0‘0 'n emmposabks q}vgs o bas/s
ol Tshy) where stroctie Conslents

are 1N )/UZ%,Q.{J' (LU.SZ'I-l‘ﬂ bBasis ,P)

+

. Ug (?o‘:\‘hoe m'lpolcemL ame) can be ca(ejdl'ﬂ'ad
Ler avti ‘(Ac—-MOOa[j Lie algebra

Leads ‘o a @n;\eciurad CQ{’ejaf(‘Q‘cq,&'o:/l

~of wreclecible he?ﬁhes(— weig i} rees of Zé—((@’

\>j C\ido Yomic guotients
Braidgn —

. A
Tyrlia! vesv e - @ 2da, Sh, K leshchev



Sﬂmme b Fun C‘tl'on S

u(in|1n> i —> S%m (X'/XZ/Xg,wo-}
( c\eged O\iégfam) |

m
A
@
m—

h > e, (e\emem'ag symuetng

1 : Comp \ete
Y e — —> {-f;} %ﬁ@* ( Sbmi,eh ‘e Lonclin

: '\.i‘wk ﬁﬁ’g (ng\ 2unn

O I e e
(— v «Xi AL Cundc'onS}

' ‘ ador SuncHon
7 5*\) }';?v Aig \ ( O™ Aune

» ‘l\%
e

ﬁ“"f)tS% braidd on L-stands {or ?di‘luL'on }\\2)(22/‘32-“?.)‘



