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The af ne Hecke algebra

Let| be a eld and choose g 2| . Lete be the smallest positive
integer such that

1+q+9*+ +9°'=0 or e=0
The af ne Hecke algebra Hy is the | -algebra with
@ relations:
X X t=x I b oxx =1
TrXrTr = qu+1 TI’XSXSTF IfJS 6 I’,I’ + 1]
T?=(d 1T +g
TrTr+ 1Tr = Tr+ 1TrTr+1 TrTs = TsTr ifjr Sj >1
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Cyclotomic Hecke algebras

P
Choose a positive weight =, ; iinX™.

De ne the Ariki-Koike cyclotomic Hecke algebra Hy as the quotient
* +
Y .
Hq = Hqg (X2 Q')

i21
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Categorifying $§lo( ) representations

V( ) is the integrable highest weight §le( )-module

Write H;  pmodfor the category of nitely generated projective
H,-modules.

Theorem (Ariki)

There is a unique isomorphism

M
V()! Ko(Hqy pmog
d

such that the highest weight vector v maps to the class of the trivial
H,-module. The canonical basis of V( ) maps to the basis given by
isomorphism classes of indecomposable projectives.
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Want a graded analog of Ariki's theorem in all types.

L
LetR = R( ) play the role of the af ne Hecke algebra and
introduce cyclotomic quotients.
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Rings R( )

Given agraph = ._,/\ /' consider braid-like
\.

diagrams with dots whose strands are labelled by the vertices i 2 | of
the graph

P
Let = ,, i i,for {=0;1,2;:::
keeps track of how many strands
of each color occur in a diagram

The ring R( ) as the set of planar diagrams colored by , modulo
planar braid-like isotopies and the following local relations:
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R
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Local relations Il

i J i
k j k j
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Local relations Il

>>Z < : § i j
T T I i j i
i ik : j ‘ some of i;j; k may be equal
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Cyclotomic quotients

=]

For a givenweight = ,,, ; ide ne the cyclotomic quotient R of
R( ) by imposing the additional relations: for any sequence iji> i Of
vertices of

i dots on the rst _
strand of any sequence ! '1+ = 0
iS zero

This is analogous to taking the cyclotomic quotient
* +

Y .

Hy == Hyq X1 q)°

i21

of the af ne Hecke algebra.
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Conjecture
For suf ciently nice  and |, the category of nitely-generated graded
modules over the ring M
R = R
2

categori es the integrable version of the representation V of Ug(g) of
highest weight
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Example
Consider the graph = e i corresponding to sl,.

To categorify the highest weight representation = ; i=1 iwe

quotientby+ | | | = 0.

A dot on the rst strand of any diagram is zero
We want to show that

R = R Ko(R )=V
2 11

where V is the integral form of the two-dimensional irreducible
Uq(slz)-module.
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Example

The only nonzero diagrams that remain are
R. R A dot on the
rst strand of
| any diagram is
zero
R; = Osince

>

using

>
SR BTSSR S
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Example
Hence, M
R = R =R R
2 1
Both rings have one minimal idempotent decompaosing the identity
map so the Grothendieck ring is 2-dimensional.

M
Vo= Ko(R )
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Example
For graph = e i and highestweight = 1 i= 2 iwe quotient by

S 2 I

Two dots on the rst strand of any diagram ) diagram=0in R

Computations quickly become more challenging.
R. is still spanned by the empty diagram.

R. is spanned by | and + ) R, =|[x]=x?

Let's look at some sample computations determining which diagrams
in R;, are zero
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Example
By induction using the nilHecke relation we can show that

B e T

Therefore, in R; foranya 2 we can write

<tk

f+g=a 1 f+g=a 1

KL

f+g=a 1 f+g=a 1

a
sothatforalla 2 we have >< = ><a 2 R;

j8b)
I}
|
X
——
—
(=]

I
X
R —
—_—
«Q
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Example

a
Using>< = ><a fora 2

s = @2 N4 @ - 0
2 3
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Example
The inductive nilHecke relation

P G TR R

R R R

f+g=1
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Example
Continuing in this way one can show that R; = M(| ) with

10 00
| |
><7.00 R

00
| |
+|7. ><7.01

o O
o r
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Example

1% I

But it follows from a calculation in R;; that | + | =

8 R 1815
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Example
This implies thatR;; = O and that R, = Oform 3

R =R R R

where are the rings in the direct sum have one indecomposable grade
projective module up to a shift. So we again get an isomorphism

M
V. = KoR)
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Brundan and Kleshchev found a more clever way to prove this
conjecture.

Theorem (Brundan-Kleshchev, arXiv:0808.2032 )

There is an isomorphismR ! H where H is a single block of the
algebra H.

For level 2 quotients the result follows from earlier work of Brundan
and Stroppel.

Combining this isomorphism with Ariki's categori cation t heorem
shows that cyclotomic quotients in of rings R( ) have the correct
dimension in type A.

Corollary
Thereisa -grading on blocks H of af ne Hecke algebras.

Implies there is a new -grading on blocks of the symmetric group.
Leads to graded Specht module theory, see
Brundan-Kleshchev-Wang, arXiv:0901.0218

o
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Graded version of Ariki's categori cation theorem

V( ) is the integrable highest weight module for the quantum
enveloping algebra Uq($le) over  (q)

Write R pmodfor the category of nitely generated graded projective
R -modules.

Theorem (Brundan-Kleshchev, to appear)
There is a unique isomorphism

M
V()! Ko(R pmog
d

such that the highest weight vector v maps to the class of the trivial
Ry-module. The canonical basis of V( ) maps to the basis given by
isomorphism classes of graded indecomposable projectives that are
self dual with respect to a certain duality.

Aaron Lauda Joint with Mikhail Khovanov (Cc Cyclotomic quotients of R( ) January 21st, 2009 23/49




Kim-Kontaxis-Xia (Columbia University) have veri ed the c onjecture for
low-dimensional examples in other types including some non-simply
laced cases (level 2).

Except for these examples, outside of type A the cyclotomic quotient
conjecture remains open
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Level 1 quotients of gl
Consider

= S pyp— P ° = o000

2 1 0 1 2

with vertices labelled by . Consider the cyclotomic quotient R
correspondingto = 1 e so that

Try to gure out which sequences of vertices i correspond to nonzero
idempotents 1; in R
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Again, R. is spanned by the empty diagram.
The only nonzero diagram of length 1 correspondsto = 1 e. Then

R; ¢ is spanned by

Which length two diagrams are zero?
If the second strand is labelled by any vertex, say e, not connected to e
then

In
quotient

If the second strand is also labelled by e then using our old argument

=3 X Q-
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pu s —@ - - o— ----

2 1 0 1 2

Therefore, 2 3

Jj=E2

We can not have any dots on the second strand since

(Both terms on the right are in the quotient)
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Next we look at the possible diagrams that are of length 3. We know

that the rst two strands must either be | | or |

What vertices j produce nonzero idempotents | | ?

i
If j is not connected to e or e then we can slide the rightmost strand to
left

Also, we cannot have | = e since

both terms on the right factor through sequences that are zero.
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The only choices left for j in | | | arej=eorj=
i

Similarly, we can show that all other sequences are zero except for

By a similar argument as before we can show that any diagram with a
dot on the third strand is also zero.
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Most of the time a crossing is zero since the crossing will usually take
us from a nonzero sequence to a sequence that is in the quotient

|~

However, in R we see the rst example of nonzero crossings

o+ 0+

I B

NOTE: These crossings are coloured by vertices that are not
connected in  so their composite is the identity.

= ceee —@ @ - o— ----
2 1 0 1 2 J

What is the general pattern?
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Kleshchev-Ram "bead and runner diagrams'

We can associate to a sequence of vertices of a bead and runner

diagram by placing diamond shaped beads onto ‘runners' coloured by
the vertices of . For a sequence of vertices ijis :::im slide a diamond
shaped bead labelled by 1 onto the runner coloured by iy, then slide a

diamond labelled 2 onto runner coloured i,, etc. Beads slide down
runners under gravity.
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Example

ia

i3

i2

i1

n.-.-co.n--ua-o-.-F

32/49
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Let's see what we get from nonzero sequences in R
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R( )

Cyclotomic quotients of
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Can you guess the general pattern?

Aaron Lauda Joint with Mikhail Khovanov (C

Cyclotomic quotients of

R( )

V)

~—

P



One can show by induction that the only sequences that are nonzero
are those corresponding to a standard Young tableau in “Russian
notation”.

A bead is removable if it can be lifted off the runner without interfering
with other beads. A standard tableau is an ordering of the beads such
that the largest numbered bead is removable. After removing this
bead, the next largest numbered bead is removable, and so on until all
beads are removed.

not standard
moving "5’ effects "3

standard
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Consider a sequence iyiz:::im 1im With vertex
im 1 connected to vertex in. (This means that
the beads labelled i, 1 and iy, are on neighbour-
ing runners.)

Then if iyip:::im 1im corresponds to a standard
Young tableau, then the sequence ijis:::imim 1
can not correspond to a standard tableau

In the sequence ijis :::imim 1 the labels of mand m 1 are switched.
This can't correspond to a standard tableau since the bead labelled m
would be below the bead labelled m 1

sequence not a standard tableau
z—} —{

) | ?< = 0 fore—e
| —{z—}

sequence corresponds to
standard tableau
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A dot on any diagram is zero

This can also be proven by induction. If we have a dot on the last
strand of a sequence then consider its neighbouring strand.
fe e

indggﬁon 0
If o—e

induction
= 0

The last diagram is zero since it involves a crossing between strands
that are connected by an edge. If ¢ = o then using an earlier trick it can
be written as a sum of diagrams with a dot on the m  1st strand.
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Weight graph

The weight graph G corresponding to a set of colours 2 [l] has as

its set of vertices all the sequencesi = iiip:::im Where
XT] -
=
=1
Sequence i is connected to vertex j in G if sequence i = ijiz:::ip can

be transformed into sequence j by applying transpositions
irir+1 7! ir+ 1ir Where vertex i, is not connected to vertex i;+ 1 in
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Example

For
= -—e ° < *—
2 1 0 1 2 )
Sequences | | and | | are in the same connected

component, but they are not in the same component as | |

since this requires a crossing >< between neighbouring vertices

Aaron Lauda Joint with Mikhail Khovanov (Cc Cyclotomic quotients of R( ) January 21st, 2009

40/ 49




A connected component of G corresponds to a bead and runner
diagram of a given con guration . Sequencesi in this connected
component correspond to a numbering of the bead and runner
diagram.
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We have shown that in the level 1 quotient R that all sequences i
coloured by 2 [I] correspond to a single connected component of
the weight graph G .

sequence not a standard tableau
z—}| —{

| >< = 0 for e—e

| —{z—}
sequence corresponds to
standard tableau
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Level 1 quotient results of  gl;

@ InR all idempotents 1; are zero unless i corresponds to a
standard Young tableau.

@ All' sequencesi coloured by where 1; is nonzeroin R are
related by crossings coloured by vertices not connected in

@ Ring R is zero unless some i coloured by corresponds to a
standard Young tableau in which case

R = Mat(f ;|)

where f is the number of standard tableau of shape
@ Again we get an isomorphismV = Ko(R )
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Using the isomorphism R ! H intype A we can relate the
homogenous representations of R with “'seminormal’ representations
of the cyclotomic Hecke algebra. Thus, it is natural that we see the
combinatorics of Young tableau arising.

By considering R in other types we get a notion of skew shape and
standard tableau for arbitrary simply-laced types.
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Kleshchev-Ram

Kleshchev and Ram studied representations of rings R( ) where dots
act by zero, or homogenous representations.

To study these representations we introduce a -abacus
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Beads have shapes that depend on the -abacus
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Again, we can associate to a sequence of vertices a number bead and
runner diagram:

For a given con guration  of beads a -tableau is a numbering of the
beads.

A standard -tableau is again a way to remove the beads without
interfering with neighbouring beads.
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A skew shape is a con guration  where whenever we have two beads
on the same runner, then there are at least two beads on the
neighbouring runners separating the two beads.

not skew

skew

For type A1 skew shape = Ferrers diagram or Young diagram
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Theorem (Kleshchev-Ram)

Con gurations of beads on a -abacus parameterize connected
components of the weight graph.

Homogeneous representations of R( ) are parameterized by skew
shapes and have a basis given by the set of standard -tableaux.

The dimension of a homogenous representation of R( ) corresponding
to a “straight shape' is given by the Peterson-Proctor Hook Formula.

v
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