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Why categorify quantum groups?

Categori�ed representation theory should provide new insi ghts for
ordinary representation theory, especially relating to positivity and
integrality properties.

Conjectured applications to low-dimensional topology
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Quantum groups

For g a simple Lie algebra the quantum deformation Uq(g) of the
enveloping algebra of g gives link invariants.

V� an irrep of Uq(g) � 2 X + a positive integral weight

Given L in R

3 with components coloured by X+

�

�
P� (L) 2 Z [q; q� 1]

Reshetikhin-Turaev invariant

Example

g = sl2 Jones polynomial, coloured Jones polynomial

g = sln specializations of the HOMFLYPT polynomial
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Extension to tangles

� 1 � � � � n

� 1 � � � � m V� 1 
 � � � 
 V� m

V� 1 
 � � � 
 V� n

Uq(g)-module

Uq(g)-module

f (T ) RT-invariant

OO

f (T ) intertwines the Uq(g) actions

This gives rise to a functor

g-coloured
tangles Uq(g)-modules//
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Categori�cation
Khovanov introduced a bigraded homology theory for links that
categori�es the Jones polynomial. This approach was genera lized to
de�ne bigraded homology theory for links H� (L)

Reshetikhin-Turaev invariant
P� (L)

=
Euler characteristic

�
�
H� (L)

�

We would like to understand the extension of these theories to tangles
via a categori�cation Uq(g) of the quantum group Uq(g)

Uq(g)-module
V� := V� 1 
 � � � 
 V� n

=
Grothendieck group

K0
�
C�

�

 C

( C� triangulated category)

C� categori�es the Uq(g)-module V�

categori�ed representation
of Uq(g)

= 2-representation
of Uq(g)
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Ideal application of categori�ed rep theory
The representation category of a quantum group is a braided monoidal
category ) tangle invariants
The representations of a categori�ed quantum group should f orm a
braided monoidal 2-category ) 2-tangle (tangle cobordism) invariants

categori�ed
tensor product

of representations
= 2-representation

of Uq(g)

categori�ed
intertwiner

= 2-intertwiner

morphisms of 2-intertwiners

nn^^^^^^

oo

oo

There is still much work to be done to realize this goal.
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Quantum groups
De�nition

The quantum group Uq(sl2) is the associative algebra (with unit) over
Q (q) with generators E, F , K , K � 1 and relations

KK � 1 = 1 = K � 1K ;

KE = q2EK ; KF = q� 2FK ;

EF � FE = K� K � 1

q� q� 1

Consider a �nite-dimensional representation V with a weight
decomposition

V(n � 2)

V (n)

V (n + 2)

E
DD

E

DD

F��

F�� V =
L

n2 Z

V(n)

Kv = qnv; v 2 V(n)
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Beilinson, Lusztig, and MacPherson added orthogonal idempotents 1n

for projection onto V(n) to produce _U := _Uq(sl2), a Q (q)-algebra
without unit

Uq(sl2) _U//

1
collection of

orthogonal idempotents
1n for n 2 Z

� //

K 1n = qn1n ) no more K

E1n = 1n+ 2E = 1n+ 2E1n F1n = 1n+ 2F = 1n+ 2F1n

EF1n � FE1n = [ n]1n [n] = qn � q� n

q� q� 1

_U has a basis f EaF b1ng for n 2 Z , a; b � 0
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Categori�cation
The integral form _U

Z

of _Uq(sl2) is spanned by
products of divided differences

E (a)1n :=
Ea

[a]!
1n F (b)1n :=

F b

[b]!
1n

Igor Frenkel conjectured that _U
Z

could be cat-
egori�ed using Lusztig's canonical basis

E (a)F (b)1n; n � b � a
F (b)E (a)1n; n � b � a

Structure constants are in N [q; q� 1]

_U
Z

is the Grothendieck ring of some higher structure _U.

Crane and Frenkel conjectured that categori�ed quantum gro ups at
roots of unity should de�ne 4-dimensional TQFTs sensitive t o smooth
structure.
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_U is a nonunital algebra with a collection of mutually-orthogonal
idempotents
(small) pre-additive categories idempotented ringsoo //

) _U is a pre-additive category
objects: n 2 Z

morphisms n ! m: abelian group 1m _U1n
I identities: 1n
I composition: 1m0 _U1m 
 1n0 _U1n ! � n0;m1m0 _U1n given by

multiplication
) the categori�cation _U of _U should be a 2-category

(small) pre-additive
2-categories

idempotented additive
monoidal categories

(small) pre-additive categories idempotented rings

oo //

oo //

Grothendieck
category/ring

��
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2-categories
A strict 2-category is given by

objects x, y, z, : : :

morphisms y xfoo

2-morphisms between 1-morphisms xy

f

\\

g

��
�

KS

composition for 1-morphisms

horizontal composition xy

f

\\

g

��
�

KS
yz

f 0

[[

g0

��
�

KS
= xz

f 0� f

[[

g0� g

��
��

KS

vertical composition xy oo

f

XX

g

��

�
KS
�

KS

= xy

f

\\

g

��
� � �

KS
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Axioms:
associativity requirements for all types of composition:

identity axioms

The interchange law:

x y z// //

f

��

g

FF

f 0

��

g0

GG
�

KS�
KS



KS�
KS

(� � 
 )( � � � ) = ( �� ) � (
� ):

We may picture this as

x y//
��
GG�

KS
�

KS
y z//

��
GG
 KS

�
KS

� =
x y//

��
//y z//

��//


 KS
�

KSx y//GG
//y z//GG//

�
KS

�
KS

�
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Examples
1 Cat:

I objects: categories
I morphisms: functors
I 2-morphisms: natural transformations

1 Bim :
I objects: commutative rings R, S, T , . . .
I morphisms: (S; R)-bimodules

composition: T S
T NSoo R

SMRoo := T R
T NS 
 S SMRoo

I 2-morphisms: bimodule homomorphisms

1 �( X ):

objects: points of a topological space X
morphisms: paths in X
2-morphisms: homotopies between paths
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String diagrams

Invert the dimensions of the pictures xy

f

\\

g

��
�

KS

objects become regions in the plane x or y

morphisms stay 1-dimension, but in an orthogonal direction

y xfoo  y x

f

f

2-morphisms become xy

f

\\

g

��
�

KS
 y x

g

f

�
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vertical composition xy oo

f

XX

g

��

�
KS
�

KS

 y x

g

f

�

�

horizontal composition xy

f

\\

g

��
�

KS
yz

f 0

[[

g0

��
�

KS
 

z y x

g0

f 0

g

f

� �

By convention we do not draw identity morphisms or 2-morphisms:

x = x x

1x

1x

y x

f

f

1f = y x

f

f
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If � is a 2-morphism y x

w2 w1

z3 z2 z1

f1qq
f2

oof3

__

g1
ee

g2oog3oo

g4��
�

KS

then � becomes the string diagram:

xy

g4 g3 g2 g1

f3 f2 f1

�

Now let's apply string diagrams to adjoint functors!
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De�nition

Functors C
U //

D
F

oo between categories Cand D are adjoint if there

exists a natural bijection � Y;X : HomC(FY ; X) �= HomD (Y ; GX)

De�nition (2)

An adjunction between two categories Cand D consists of functors

C
U //

D
F

oo and a natural transformations

1C ( F � U : �

U � F ( 1D : "

such that for each X in C and Y in D

1UX = U("X ) � � UX or ("1U ) � (1U � ) = 1U

1FY = "FY � F (� Y ) or (1F " ) � (� 1F ) = 1F

The second de�nition makes sense in any 2-category.
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De�nition

An adjunction in a 2-category consists of

objects x and y

morphisms y xfoo and x yuoo

2-morphisms 1x ( f � u : � and u � f ( 1y : "

y

x

uf

:=
x x

y

1A

f u

"
y

x
fu

:=
y y

x

1y

u f

�

such that the equalities

x

y

f

f

= x y

f

f

x

y

u

u

= y x

u

u

hold.
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_Uq(sl2)
Categori�cation //

Grothendieck ring
oo _Uq(sl2)

b basis element 1-morphism of Uq(sl2)

qab bf ag ) (1-morphisms
should be graded)

x � y =
P

z mz
xyz

mz
xy structure constants

in N [q; q� 1]
x � y =

L
z mz

xyz

2-morphisms ???

_U(; ) : 1morph
�

_U
�

� 1morph
�

_U
�

GrVect k

_U � _U Z [q; q� 1]

//

//h; i :

Decategori�cation K0
���O
�O
�O

K0
���O
�O
�O

dimq

���O
�O
�O
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Since the morphisms are graded, there is an internal 2-HOM given by
taking homomorphisms of all degree

HOM _U(; ) : 1morph
�

_U
�

� 1morph
�

_U
�

GrVect k

_U � _U Z [q; q� 1]

//

//h; i :

Decategori�cation K0
���O
�O
�O

K0
���O
�O
�O

gdim
���O
�O
�O

Choice of 2-morphisms is controlled by such a form on _U
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Semilinear form h; i : _U � _U ! Z [q; q� 1]

(i) h; i is semilinear,

(ii)


1n1x1n2 ; 1n0

1
y1n0

2

�
= 0 unless n1 = n0

1 and n2 = n0
2,

(iii) hux; yi = hx; � (u)yi for u 2 U and x; y 2 _U, where � : U ! U is
such that

I � (xy) = � (y)� (x) for all x 2 _U (antihomomorphism)
I � (1n) = 1n
I � (1n+ 2E1n) = q� 1� n1nF1n+ 2
I � (1nF1n+ 2) = q1+ n1n+ 2E1n

for all n 2 Z .

(iv) hE (a)
i 1n; E (a)

i 1ni = hF (a)
i 1n; F (a)

i 1ni =
Q a

`= 1
1

1� q2j

Semilinear form h; i restricts to a form on _U
Z

The semilinear form determines the degree of possible generators for
the space of 2-morphisms:
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Example

gdim
�
HOM _U(E1n; E1n)

�
= hE1n; E1ni =

1
1 � q2 = 1+ q2 + q4 + q6 + : : :

The identity 2-morphisms E1n ) E1n must be degree zero

deg
�

OO
n �

= 0

contributes q0 = 1 to graded dimension

The q2 ) new 2-morphism E1n ) E1n

OO
�

n
with deg

�
OO
�

n
�

= 2

contributes q2 to graded dimension
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Example (cont.)

Vertically composing the dot with itself we get

deg
�

OO
��

n
�

:= deg
� �

OO
�

nn + 2
� � �

= 2�;

gdim
�
HOM _U(E1n; E1n)

�

= deg
�

OOn
�

+ deg
�

OO
�

n
�

+ deg
�

OO
�2

n
�

+ � � �

= 1 + q2 + q4 + � � �

=
1

1 � q2
= hE1n; E1ni
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Example ( HOM _U(E21n; E21n) )

X

0� � 1;0� � 2

deg
�

OO
� � 1

OO
�� 2

nn + 4
�

= ( 1 + q2 + q4 + : : : )(1 + q2 + : : : )

=
�

1
1 � q2

� 2

The semilinear form gives gdim _U(EE1n; EE1n)

= hEE1n; EE1ni = [ 2][2]hE(2)1n; E(2)1ni = ( 1 + q� 2)
�

1
1 � q2

� 2

) an additional generating 2-morphism of degree -2:

OOOO
n := �

SS KK

JJ TT

n + 4 n
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Example (cont.)

gdim _U(EE1n; EE1n) = ( 1 � q� 2)(1 + q2 + q4 + : : : )(1 + q2 + q4 + : : : )

deg

 

OOOO

OOOO
n

!

= � 4 ) OOOO

OOOO
n

= 0

The space of degree zero 2-morphisms is 3-dimensional

)
OOOO

n
OO

�
OO

n
OO

�
OO

n
OOOO

� n
OOOO

� n

are not linearly independent.

) Add relations on these 2-morphisms
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Example (cont.)
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deg

 

OOOO

OOOO
n

!

= � 4 ) OOOO

OOOO
n

= 0
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n
OO

�
OO

n
OO

�
OO

n
OOOO

� n
OOOO

� n
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Since � (E) = q� 1� nF � (F ) = q1+ nE

gdim HOM _U(FE1n; 1n) = hFE1n; 1ni = hE1n; � (F )1n i =
q1+ n

1 � q2

gdim HOM _U(EF1n; 1n) = hEF1n; 1ni = hF1n; � (E)1ni =
q1� n

1 � q2

Add generators

generator
�� JJ

n
��TT

n

degree 1+n 1-n

)
1X

� = 0

 

�� JJ
�
� n

!

= q1+ n(1 + q2 + q4 + : : : ) =
q1+ n

1 � q2

)
1X

� = 0

 

��TT
�
� n

!

= q1� n(1 + q2 + q4 + : : : ) =
q1� n

1 � q2
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De�nition

The 2-category U consists of

objects: n 2 Z

morphisms

n + 2 nOO

n + 2 n
E1nf sgoo

and n n + 2��

n � 2 n
F 1nf sgoo

for all n; s 2 Z , together with their composites. We also allow form
direct sums of these 1-morphisms

EaF b1nf sg � E cF d1nf s0g
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2-morphisms: k-linear combinations of composites of

OO
�

nn + 2

��
�

n + 2n

OOOO
n

����
n

deg2 deg2 deg-2 deg-2

�� JJ
n

F E

��TT
n

E F
WW



n

F E

GG ��
n

E F
degn+1 deg1-n degn+1 deg1-n

For example





�

��

�

��

�

��

�
OO

� �

PPOO

��

��MM
�

��MM
� nn0

E3F 31nf sg

E3F 31nf s0g
KS

take degree s � s0 diagrams
this makes the total degree =0
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Modulo local relations

E1n and F 1n are biadjoint up to grading shift

OO�� OO

n

n + 2
= OO

nn + 2
�� OO��

n + 2

n

= ��
n + 2n

OO��OO
n

n + 2

= OO

nn + 2

��OO��
n + 2

n

= ��

n + 2n

NilHecke relations

OOOO

OOOO

n
= 0; OOOO

OOOO
OOOO

n = OOOO

OOOO
OOOO

n

OOOO
n =

OO

�

OO
n �

OO
�

OO
n =

OOOO
� n �

OOOO

�
n
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Topological invariance

OO
��

��
n + 2

n
�

=
��
�

n n + 2
= OO

��

��

n + 2

n

�

OO��

��OO
n

��OO

�� OO
=

�� ��
n =

OO ��

�� OO
n

�� OO

��OO

We can de�ne

OO

��
n :=

OO
n

�� OO

��OO
=

��
n

OO��

OO��

��

OO
n :=

OO
n

��OO
�� OO

=
��

n
OO��

OO��
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Positivity of bubbles

All dotted bubbles of negative degree are zero. That is,

deg

0

@ ��MM
�
�

n
1

A = 2(1 � n) + 2� deg

0

@ QQ��
�
�

n
1

A = 2(1 + n) + 2�

) ��MM
�
�

n
= 0 if � < n � 1

QQ��
�
�

n
= 0 if � < � n � 1

It is convenient to emphasize the degree of a bubble on its label � � 0

deg

0

@ ��MM
�

(n� 1)+ �

n
1

A = 2� deg

0

@ QQ��
�

(� n� 1)+ �

n
1

A = 2�
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It is convenient to emphasize the degree of a bubble on its label � � 0

deg

0

@ ��MM
�

(n� 1)+ �

n
1

A = 2� deg

0

@ QQ��
�

(� n� 1)+ �

n
1

A = 2�

sometimes this is a negative number!

44jjjjjjjjjj

llXXXXXXXXXXXXXXX
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Fake bubbles

��MM
�
�

n
deg

0

@ ��MM
�
�

n
1

A � 0 � < 0

QQ��
�
�

n
deg

0

@ QQ��
�
�

n
1

A � 0 � < 0

These formal
symbols are

inductively de�ned

In�nite Grassmannian equation: 
QQ��

�
� n� 1

n
+

QQ��
�

� n� 1+ 1

n
t + � � � +

QQ��
�

� n� 1+ �

n
t � + � � �

!

�

 
��MM

�
n� 1

n
+ � � � + ��MM

�
n� 1+ �

n
t � + � � �

!

= 1:

Analogous to the de�ning relations in H � (Gr(1 ; 1 )) , lim Gr(m; 2m),
C

m � C

2m:

(1 + x1t + x2t2 + : : : )(1 + y1t + y2t2 + y3t3 + : : : ) = 1
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Examples of fake bubbles

For n � 0

QQ��
�

� n� 1+ 0

n

:= 1

QQ��
�

� n� 1+ 1

n

:= � ��MM
�

n� 1+ 1

n

 
QQ��

�
� n� 1

n
+

QQ��
�

� n� 1+ 1

n
t + � � � +

QQ��
�

� n� 1+ �

n
t � + � � �

!

�

 
��MM

�
n� 1

n
+ � � � + ��MM

�
n� 1+ �

n
t � + � � �

!

= 1

QQ��
�

� n� 1+ 2

n

:= � ��MM
�

n� 1+ 2

n

+ ��MM
�

n� 1+ 1

��MM
�

n� 1+ 1

n

QQ��
�

� n� 1+ j

n � 0

= �
P

`1+ `2= j

��MM
�

n� 1+ `1

QQ��
�

� n� 1+ `2

n
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Reduction to bubbles

nOO

OO

OO
�� = �

X

f1+ f2
= � n

nOO ��MM
�

(n� 1)+ f1

� f2 n OO

OO

OO
�� =

X

g1+ g2
= n

n
OOQQ��

�
(� n� 1)+ g1

� g2

EF decomposition

OO�� n = � OO��

��

OO
n

+
X

f1+ f2+ f3
= n� 1

n

��NN�f3

		OO
�

f1 QQ��
�

(� n� 1)+ f2

�� OOn = � ��

��

OO

OO
n

+
X

g1+ g2+ g3
= n� 1

RR���
g3

II���g1 ��MM
�

(n� 1)+ g1

n
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Examples of reduction to bubbles

If n > 0 )
nOO

OO

OO
�� = 0

nOO

OO

OO
�� = �

P
f1+ f2
= � n

nOO ��MM
�

(n� 1)+ f1

� f2

If n = 0 then

0OO

OO

OO
�� = �

0
OO ��MM

�
� 1

= �
0OO

since deg

 
0

��MM
�

� 1

!

= 2(1 � 0) � 2 = 0 so that
0

��MM
�

� 1

:= 1
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�
� 1

deg

 
� 1
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� 1
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1

)
� 1OO
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�� = �
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� 1
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Examples of EF decomposition

�� OOn = � ��

��

OO

OO
n

+
P

g1+ g2+ g3
= n� 1

RR���
g3

II���g1 ��MM
�

(n� 1)+ g1

n

If n < 1 then �� OOn = � ��

��

OO

OO
n

If n = 1 then

�� OO1 = � ��

��

OO

OO
1

+

RR��

II��

��MM
�

0

1
= � ��

��

OO

OO
1

+
RR��

II��
1

If n = 2 then

�� OO2 = � ��

��

OO

OO
2

+

RR��

II��
�

��MM
�

1

2
+

RR��
�

II��

��MM
�

1

2
+

RR��

II��

��MM
�

2
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For [n] = qn� 1 + qn� 3 + � � � + q1� n write
� [n]1n := 1nf n � 1g � 1nf n � 3g � � � � � 1nf 1 � ng

Lifting sl2 relations

EF1n
�= FE1n � [n] 1n for n � 0

FE1n
�= EF1n � [� n] 1n for n � 0

EF1n

EF1n

FE1n 1nf n � 1g � � � � � � � � � �1nf n � 1 � 2`g 1nf 1 � ng

��

OO
1

11
::vvvvvvvvvvvvvvvvvvv

SS''''''''''''

ll

�
OO

��1

bb

��HH

ddHHHHHHHHHHHHHHHHHHH

KK������������

@@

P

j1+ j2= ` ��HH� j1

QQ��
�

� n� 1+ j2 P

j1+ j2= n� 1 ��HH� j1

QQ��
�

� n� 1+ j2

��QQ
��QQ

�n� 1� `

��QQ
�

n� 1
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Example ( n = 0, FE1n
�= EF1n)

FE1n EF1n

��

OO
0

//

�
OO

��0
oo

These maps are isomorphisms since for n = 0

� ��

��

OO

OO
0

= �� OO0

� OO��

��

OO
0

= OO�� 0
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Example ( n = 1, EF11
�= FE11 � 11)

EF11

EF11

FE11 11f 0g

��

OO
1 88pppppppp

GG��
1

88pppppppp�
OO

��1

ffNNNNNNNN

��TT
1

ffNNNNNNNN
� ��

��

OO

OO
1

= �� OO11

��MM 1
deg = 0

) = 1

��

OO
1 = �

X

`1+ `2= � 2

��MM
�
n� 1+ `2
WW

�

`2

1
= 0

� OO��

��

OO
1

+
1

��NN

		OO

= OO�� 11
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Divided powers
E (2)1n = E2

[2] ) E2 = ( q + q� 1)E (2) q ! grading shift

E21n
�= E (2)1nf 1g � E (2)1nf� 1g

OOOO

OOOO

n� � OOOO

OOOO

n

�
= OOOO

OOOO

n ) OOOO

OOOO

n� =
OOOO
n

e =
OOOO

� n e2 = OOOO

OOOO

n
�
�

=
OOOO

� n = e

) e is an idempotent in End(E2) De�ne E(2)1n := E21ne
If R is a ring, e an idempotent in R, ) R �= Re � R(1 � e)
Passing to the Karoubi envelope, written _U, of U (makes idempotents
split), then

E21n
�= E21ne � E 21n(1 � e);

E21ne �= E21n(1 � e) up to a shift.
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Spanning sets
Using relations one can �nd spanning sets for the space of
2-morphisms:

Example

U(FE2F 1n; EF1n)

OO

�a1

��
�a3

��
�a2

E F

F E E F

��MM
�

n� 1+ � 2

��MM
�

n� 1+ � 4

��MM
�

n� 1+ � 1

��MM
�

n� 1+ � 3

n

OO

�a1

��

� a3

��
�a3

E F

F E E F

��MM
�

n� 1+ � 2

��MM
�

n� 1+ � 1

��MM
�

n� 1+ � 3

n

no strand intersects itself

all closes diagrams are reduced to non-nested bubbles with the
same orientation and are moved to the far right of each diagram

all dots are con�ned to a small interval on each strand
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Iterated �ag varieties

Fl(k; k + 1; N)
f 0� C

k � C

k+ 1� C

NgGr(k; N) Gr(k + 1; N)

f 0� C

k � C

Ng f 0� C

k+ 1� C

Ng

rreeeeeeee ,,ZZZZZZ

Hk;k+ 1 := H � (Fl(k; k + 1; N)

Hk := H � (Gr(k; N)) Hk+ 1 := H � (Gr(k + 1; N))

44hhhhhh
jjVVVVVV

These inclusions make Hk;k+ 1 a (Hk+ 1; Hk )-bimodule.

Hk = Q [x1; x2; : : : ; xk ; y1; : : : ; yN� k ]=Ik where Ik is generated by
(1 + x1t + : : : xk tk )(1 + y1t + : : : yN� k tN� k ) = 1

Hk;k+ 1 = Q [x1; x2; : : : ; xk ; z; y1; : : : ; yN� k� 1]=Ik;k+ 1

(1 + x1t + : : : xk tk )(1 + zt)(1 + y1t + : : : yN� k� 1tN� k� 1) = 1
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H0
�= C

...

Hk� 1

Hk

Hk+ 1

...

HN
�= C

Hk;k� 1

CC

Hk+ 1;k

DD

Hk;k� 1��

Hk+ 1;k
��

� N : U ! FlagN

n 7!
�

Hk n = 2k � N
0 n 6= 2k � N

E1n 7! Hk+ 1;k

F 1n 7! Hk� 1;k

E1n+ 2E1n 7! Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

OOOO
n 7!

Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

* bimodule map
Hk+ 2;k+ 1 
 Hk+ 1

Hk+ 1;k

Theorem

� N is a 2-functor, all relations in U hold in the iterated �ag category
FlagN . � N categori�es the irreducible N + 1-dimensional
representation.

Aaron Lauda Joint with Mikhail Khovanov (Columbia Universi ty)Categori�cation of quantum groups January 9th, 2009 44 / 46



H0
�= C

...

Hk� 1

Hk

Hk+ 1

...

HN
�= C

Hk;k� 1

CC

Hk+ 1;k

DD

Hk;k� 1��

Hk+ 1;k
��

� N : U ! FlagN

n 7!
�

Hk n = 2k � N
0 n 6= 2k � N

E1n 7! Hk+ 1;k

F 1n 7! Hk� 1;k

E1n+ 2E1n 7! Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

OOOO
n 7!

Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

* bimodule map
Hk+ 2;k+ 1 
 Hk+ 1

Hk+ 1;k

Theorem

� N is a 2-functor, all relations in U hold in the iterated �ag category
FlagN . � N categori�es the irreducible N + 1-dimensional
representation.

Aaron Lauda Joint with Mikhail Khovanov (Columbia Universi ty)Categori�cation of quantum groups January 9th, 2009 44 / 46



H0
�= C

...

Hk� 1

Hk

Hk+ 1

...

HN
�= C

Hk;k� 1

CC

Hk+ 1;k

DD

Hk;k� 1��

Hk+ 1;k
��

� N : U ! FlagN

n 7!
�

Hk n = 2k � N
0 n 6= 2k � N

E1n 7! Hk+ 1;k

F 1n 7! Hk� 1;k

E1n+ 2E1n 7! Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

OOOO
n 7!

Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

* bimodule map
Hk+ 2;k+ 1 
 Hk+ 1

Hk+ 1;k

Theorem

� N is a 2-functor, all relations in U hold in the iterated �ag category
FlagN . � N categori�es the irreducible N + 1-dimensional
representation.

Aaron Lauda Joint with Mikhail Khovanov (Columbia Universi ty)Categori�cation of quantum groups January 9th, 2009 44 / 46



H0
�= C

...

Hk� 1

Hk

Hk+ 1

...

HN
�= C

Hk;k� 1

CC

Hk+ 1;k

DD

Hk;k� 1��

Hk+ 1;k
��

� N : U ! FlagN

n 7!
�

Hk n = 2k � N
0 n 6= 2k � N

E1n 7! Hk+ 1;k

F 1n 7! Hk� 1;k

E1n+ 2E1n 7! Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

OOOO
n 7!

Hk+ 2;k+ 1 
 Hk+ 1
Hk+ 1;k

* bimodule map
Hk+ 2;k+ 1 
 Hk+ 1

Hk+ 1;k

Theorem

� N is a 2-functor, all relations in U hold in the iterated �ag category
FlagN . � N categori�es the irreducible N + 1-dimensional
representation.

Aaron Lauda Joint with Mikhail Khovanov (Columbia Universi ty)Categori�cation of quantum groups January 9th, 2009 44 / 46



Theorem (arXiv:0803.3652)

This graphical calculus is consistent and categori�es _U
Z

_U
Z

�= K0( _U) the Grothendieck ring/category of this 2-category

x � y 2 _U  [x] + [ y] 2 K0( _U) xf sg  qs[x] 2 K0( _U)

Indecomposable 1-morphisms , Lusztig canonical basis element

Graded 2Hom HOM _U(x; y) categori�es the semilinear form hx; yi

The 2-category _U acts on cohomology of iterated �ag varieties,
categorifying the irreducible N-dimensional rep of Uq(sl2)

Various known (anti) linear (anti)automorphism of Uq(sl2) have
categori�cations that are given on 2-morphisms by symmetri es of
the graphical calculus.

! : _U ! U
E1n 7! F1� n

F1n 7! E1� n

 

Invert orientation
n 7! � n

OOOO
n 7! �

OOOO
n
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Joint with Mikhail Khovanov

2-category _U has an extension to a
categorifcation of _U(sln).

There is a categori�cation of _U+ (g) for
any Kac-Moody algebra g using a
similar diagrammatic calculus
(arXiv:0803.4121, arXiv:0804.2080 ).

Conjectural categori�cation of the
integral form of _U(g) for any Kac-Moody
algebra (arXiv:0807.3250).
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