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Abstract

We develop algebro-geometrical approach for the open Toda lattice. For a finite
Jacobi matrix we introduce a singular reducible Riemann surface and associated Baker—
Akhiezer functions. We provide new explicit solution of inverse spectral problem for a
finite Jacoby matrix. For the Toda lattice equations we obtain the explicit form of the
equations of motion, the symplectic structure and Darboux coordinates. We develop
similar approach for 2D open Toda. Explaining some the machinery we also make
contact with the periodic case.

*Columbia University, 2990 Broadway, New York, NY 10027, USA and Landau Institute for Theoret-
ical Physics, Kosygina str. 2, 117940 Moscow, Russia; e-mail: krichev@math.columbia.edu. Research is
supported in part by National Science Foundation under the grant DMS-98-02577 and by CDRF Award
RP1-2102

fCourant Institute New York University 251 Mercer Street NYC, NY 10012, vaninsky@cims.nyu.edu.
The work of K.V. is partially supported by NSF grants DMS-9501002 and DMS-9971834.


http://arXiv.org/abs/hep-th/0010184v1

1 Introduction

Until now the methods of integration for periodic and open Toda lattice were absolutely
unrelated to each other. The periodic Toda, is a Hamiltonian system of N—particles with
the Hamiltonian

N

N 2
H = Z % + Z eI, qn+1 = q1 + 1o, Iy = const.
k=1 k=1

The solution of equations of motion was obtained by Krichever using general algebro—
geometrical approach based on the concept of Baker—Akhiezer function [fl]. The solution
was expressed in terms of theta functions of the spectral curve, associated with the auxil-
iary spectral problem for an infinite periodic Jacobi matrix. For the open Toda with the
Hamiltonian

N

N o2 N-l
H = Z L Z Tk~ k1
=2 O
the solution of equations of motion was obtained by Moser [f]. Moser reduced the original
problem of integration to the inverse spectral problem for a finite Jacoby matrix. The latter

was solved by Stieltjes [f] more than a hundred years ago using continuous fractions.

Though the Hamiltonian of open Toda lattice can be obtained from the periodic one as
the limit Iy — oo, the methods of solution are different. This is due to the fact that auxiliary
spectral problem associated with a finite Jacoby matrix, unlike the spectral problem for the
periodic infinite Jacoby matrix, does not determine a natural spectral curve. The first
attempt to singularize smooth spectral curve of the periodic Toda to obtain a spectral curve
for the open Toda chain goes back to seventies [H]. Recently, the interest in this problem
was revived [f], [] due to connections of the Toda lattice with Seiberg-Witten theory of
supersymmetric SU(N) gauge theory [[]. (A relatively complete list of references on new
insight upon the role of integrable systems in Seiberg-Witten theories [§-[I3] can be found

in [[J-[[7 and books [, [[g].)
The spectral curve proposed in [, fjj for the open Toda lattice is determined by the
equation

N
wy = P(E) = [[(E — Ex) (1.1)
k=1
and can be considered as the limit when Iy — oo of the hyper-elliptic spectral curve
A? 2 -1
w0+—:P(E), A =0 (12)
Wo

for the periodic case.

From algebro—geometrical viewpoint the limit A — 0 of hyper-elliptic curve leads to a
singular curve, which is two copies of rational curve, corresponding to two sheets of hyper-
elliptic curve, glued together at N points Ej. It is well known that Baker-Akhiezer functions
introduced originally for smooth algebraic curves, are also an important tool of integration
in the limiting case of singular curves. Multi-soliton and rational solutions of integrable



equations can be obtained within this approach (see in [[9]). The main goal of the present
paper is to demonstrate that algebro—geometrical approach based on the concept of Baker—
Akhiezer function can be used in the case of reducible singular algebraic curves. As an
outcome, we provide a solution to the inverse spectral problem for a finite Jacoby matrix
which is different from the classical Stieltjes’ solution.

In the recent papers by Krichever and Phong, [0, B, the new approach using Baker-
Akhiezer functions for construction of Hamiltonian theory of soliton type equations was
developed. It provides a universal scheme for construction of angle-action type variables for
these equations. In Section 4 we illustrate these ideas, and show that, the case of the open
Toda lattice with singular curve can be treated similarly.

Finally, in section 5 we indicate how the ideas introduced in this paper can be applied
to integration of open two-dimensional Toda lattice.

2 Periodic Toda lattice.

To begin with, let us first briefly recall algebro-geometric solution of the periodic Toda lattice.
That will help us later to clarify algebro-geometric origin of our approach to the open Toda
lattice.

Most of the material is standard and details can be found in [BZ, BJ]. It is convenient
to consider the periodic Toda lattice system as a subsystem of an infinite lattice. As it was
found in [P4, B3|, the equations of motion

(jk = D, pk = e k+1 + edk—1=4k (21)

k=..—1,0,1,... are equivalent to the Lax equation L = [A, L] for auxiliary linear operators,
where L and A are difference operators

(L¢)n = ann—i-l + 'Unwn + Cn—lwn—l (2'2)
Cn C
(Alp)n = Ewn—i-l - Tl¢n—1 (2'3>
with coefficients
Cp = e(‘]k“]k+1)/2’ U = —Pg. (2.4)

Let ¢, satisfy the constraint g, + Iy = g,4ny Wwhich is invariant with respect to (R.1). The
corresponding L and A operators are periodic ones: ¢, = ¢,in, Up = Upan. The Floquet-
Bloch solution is the solution of the periodic Schrédinger equation

(L,l?b)n = ann-i-l + Un,lvbn + Cn—lwn—l = Ewn (25)

such that
YppN = Wiy (2.6)

Let T'(E) be a restriction of the monodromy operator (T'f),, = f,.n on the invariant space of
solutions to the equation (L)), = E1),. The solutions ¢ and 6 of the Schrédinger equation,

3



normalized such that ¢y = 1, ¢; = 0 and 6, = 0, #; = 0 define a basis in which the
monodromy operator have the form:

on  On
T(F) = . 2.7

(&) [ ont1 Ont ] 2.7)
Then pairs of complex numbers (w, E) for which there is a common solution of equations
(R.5,R.0) are defined by characteristic equation

R(w, E) = det(w — T(E)) = w* — 2A(E)w +1 = 0. (2.8)

The hyperelliptic Riemann surface I' defined by equation (B.§) is called a spectral curve of
the periodic Schrodinger operator. A point on the curve we denote by @ = (w, F).

To make contact with the open Toda case it is useful to introduce a different repre-
sentation of I'. Consider the operator L(w) which is defined as a restriction of the infinite-
dimensional operator L on N-dimensional space of functions that satisfy equation (£.§). The
corresponding matrix has the form

Vo Co 0 s w‘lcN_l
Co U1 C1 e 0
L(w) = 0 0 (2.9)
0 “++ CN-3 UN—2  CN-—2
wey—r - 0 eny—o U
From (2.9) it follows that
N
det(E — L(w)) = P(E) —Aw —Aw™ ' =0, A= (-1 [[en=(-1)Ne ™2 (2.10)
n=1

Coefficients of the monic polynomial P(E)

P(E) = EN + Nf w; B (2.11)

1=0

are polynomial functions of the coefficients ¢,,, v, of L. For example,

N N N
UnN—-1 = — Z Vp, UN—2 = Z ViV — ZC? . (212)
n=1 0<i<j i=1
Note, that P = 2AA(FE). Change of the variable wy = Aw transforms (2.17) into the desired
formula ([.2).

The equation 9, R(w, E) = 0 for branch points of ' leads to A%*(E) = 1. It has 2N
real roots which are points of periodic/anti-periodic spectrum for L, according to the sign of
A(E) = £1 at these points. For a generic configuration of particles these roots are distinct
F, < Ey; < --- < Fyy and the curve I' is smooth and has genus N — 1.

To make a model of the curve I' we take two copies of the complex plane and make N
cuts along the bands [Ey, Es, ..., [Ean_1, Ean]|. Then glue two cut-planes together.
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The multiplier is holomorphic in the affine part of the curve with pole/zero of degree N
at the infinity P, /P_. The multivalued function of quasimomentum p(Q) is introduced by
the formula w = e?. It has the asymptotic expansion

[e'¢) Hk
+p(E) =log B — ) e

k=0

E=EQ), Q— (Py)

The coefficients are standard integrals of the periodic Toda

Hy — —0 - Ly AL S
0= “ o 1= 77 Uk, 2= 37 Y k-
2N Ni= N2 &=
The explicit formula for the Floquet-Bloch solution
w(Q) — E
0@ = pu(B) + LD =25 B () (2.13)
On(E)

implies that
Lemma 1 (i) The Floquet-Bloch solution, normalized by the condition vy = 1 becomes

single-valued on the Riemann surface I'. It has a single pole v, on each real oval ay, k =
1,...,N — 1, which is a preimage of the [Ea, Eop11].

(ii) In the vicinity of infinities the Floquet solution has the asymptotics
Q/;n(E) = Einei(qn—qo)/2 <1 + szi(n)E—s> :
s=1

where E = E(Q), @ — (Py).

Equation (P-I3) implies that projections E(vs) of the poles of ¢ are zeros of the polynomial
On(E) : On(E(vs)) = 0. Therefore, 6,,(E(ys)) satisfies zero boundary conditions, and E(~;)
are points of the Dirichlet spectrum for the Schrodinger operator.

The map which associates for N-periodic operator L with coefficients {¢,, v,} a spectral
curve I'; and the divisor D = {71,...,vv_1} of poles of the Floquet-Bloch solution.
{cn,vn} — AT, D}, (2.14)

is referred as direct spectral transform.

The spectral curve is defined by the variable A | and N coefficients u; of the polynomial
P(E). Therefore, a space of the spectral data has the same dimension 2N as the space of
N-periodic operators. It is a fundamental fact in the theory that the map (B.14) is a bijective
correspondence of generic points. We shall refer to the reverse construction

{I', D} ¥ {cn, vnt, (2.15)

which recaptures the dynamical variables {c,,v,} from the geometric data {I', D}, as the
inverse problem. As usual in the algebro-geometric theory of solitons, it will be based on the
construction of a Baker-Akhiezer function.



Lemma 2 [1] Let T be a smooth hyperelliptic curve defined by equation ([2.10). Then for a
generic set of (N — 1) points 5 € I there exists a unique (up to a sign) function ¥, (t, Q)
such that:

(i) it is meromorphic function on I' outside infinities Py and has at most simple poles at
the points ~s.

(i) In the vicinity of infinities the Floquet solution has the asymptotics
BB = B0 (14 X 08,
s=1

where E = E(Q), @ — (Py).

Uniqueness of ¥ immediately implies the following theorem.

Theorem 1 The Baker-Akhiezer function W, (t, Q) associated with the spectral data {T', D}
satisfies equations

(L), (t,Q) = BV, (t,Q), (9 — A)¥,(t, Q) = 0. (2.16)

where the operators L and A have the form (2-3) and (B-3) with coefficients defined by the

formulae
Ca(t) = b(t)bpi1(t), v =X (n,) = xT(n+1,1).

These coefficients are N-periodic functions of the variable n.

From the Lax equation, which is a compatibility condition for (B-If) we obtain that
Gn(t) = Inb,(t) (2.17)

is a solution of the periodic Toda lattice normalized by the condition ¢o(0) = 0. Note, that for
t = 0 the Baker-Akhiezer function has the same analytical properties as the Floquet-Bloch
solutions. Therefore, ¥,,(0, Q) = 1,,(Q), and using the spectral data {I", D} associated with
{cn, v, } we solve the Cauchy problem for the periodic Toda lattice.

This solution can be written explicitly in terms of the Riemann 6-function associated
with matrix of b-periods of a normalized holomorphic differentials [2J).

(2.18)

(1) = qo(0) + %]0 S <9(<n — WU+ Vit+ Z)H(Z))

O(nU +Vit+2)0(Z —U)

Here U and V are (N — 1)-dimensional vectors that are periods of certain meromorphic
differentials on I', and Z is Abel transform of the divisor D.

We finish this brief account of solution of the periodic Toda lattice by the following
remark. The Lax equation implies that if the dynamical variables {c,(t),v,(t)} evolve ac-
cording to the Toda lattice equations then the spectral curve of the Schrodinger operator
is time-independent. At the same time the poles, of the Floquet-Bloch solution normalized



by the condition ¢y = 1 do depend on ¢t. From (P.I6) it follows that 1, (¢, Q) and the
Baker-Akhiezer function are proportional to each other. Therefore,

¢n(t> Q) = \Ijn(t> Q)‘I’Jl(t> Q)

Hence, the divisor D(t) can be identified with the divisor of zeros of the function Vy(t, Q).
An image of this divisor under the Abel transform evolves linearly, Z(t) = Z + V't.

3 Open Toda lattice

Equations of motion for the open N-particle Toda lattice

Qk = pkv kZO,...,N—l’
P = —eW T ko170 k=1,.,N—2
Py = —e®Tn Pn_q = eIN-2TIN-1
have Lax representation 0Ly = [Ag, Ly] where Ly and Ag are finite-dimensional Jacobi
matrices
i Vo Co 0 s 0 1 i 0 Co 0 cee 0 |
Co U1 C1 s 0 1 —Cp 0 C1 tee 0
L(] == y AO - 5 (31)
0 -+ cy—3 vn—2 CN—2 0 - —cnog 0 CN—2
0 -+ 0 envoo unoa | 0 - 0 —cy—2 0|

where the variables ¢, v, are defined by formulae (£4), as in the periodic case.

Equations of motion are invariant with respect to the shift v, — v,, + const. Therefore,
without loss of generality we will assume from now on that v,, are normalized by the constraint

N-1
> v, =0 (3.2)
n=0

As it was mentioned in the introduction, the spectral problem for L does not contain
spectral parameter. Let us introduced another auxiliary spectral problem, which does contain
spectral parameter. The very same equations of motion are equivalent to the Lax equation
for the following finite-dimensional operators:

Vo Co 0 tee 0
Co (%1 C1 cee 0
L(w) = . o . o (3.3)
0 “++ CN-3 UN—2 CN—2
wey—y -0 0 en—2 Un—



0 Co 0 0

1 —Cy 0 c1 S 0
Aw) = 5 . : : : . , (3.4)
0 “rr —CN-3 0 CN—2
weN—-1 - -- 0 —CN—-2 0
where
N—2
N1 = elan-1—40)/2 _ H c;l. (3.5)
n=0

Coordinates ¢, (E), n =0,..., N—2, of an eigenvector ¢, L(w)(E) = E(E) can be found

reccurently from equations

Evg = copr + voto,
E¢TL = ann-l-l + Un¢n + Cn—1¢n—17 n = 17 ety N - 2. (36)

If we take ¥y = 1, then (B.6) implies that v, (F) is a polynomial of degree n

Un(E) =Y bi(n)E?,  by(n) = el ), (3.7)
i=0
The last equation
Eyn_1=cyqwipo + vy 1¥n-1 + 2PN 2 (3.8)

defines w = w(FE). It is a polynomial of degree N. From (B.5) it follows that w(E) is a
monic polynomial. It can be also found from the characteristic equation
N-2 '
Ro(w, E) = det(E — L(w)) = P(E) —w =0, P(E)=E"+> wE" (3.9)

1=0

which determines the components of the spectral curve. For w = 0 the matrix L(w) coincides
with Lg. Therefore, zeros Ej, of the polynomial w(E)

w(E) = [[(E - Ey) (3.10)
k=1

are eigenvalues of the matrix Lg. The spectral curve I'y is singular algebraic curve which is
obtained by gluing to each other two copies of the E—plane along the set of N points E}.

Let us introduce now a solution ¢ = {p,(E)} of the adjoint equation LT (w)p = Ep. If
we normalize ¢ by the condition ¢n_; = 1, then the equations

Eon1 = cy_2pn—2+UN_1¥PN-1,
ESOn = CpPn+1 T UnPn + Cp_1Pn—1, N = N_2771

reccurently define ¢,(E), n=0,..., N —2. It is a polynomial of degree N — 1 —n with the
leading coefficient
gOn(E) — e(QNfl_Qn)/2EIN—1—n ‘l’ O(E.N_Q_n)‘
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The last equation
Epy = cop1 + vopo + wen—1on-1,

which determines w leads to the same formula (B.10).
Let 75 be roots of the equation ¢o(E) = 0. As we will show, they interlace N roots of
the determinant of Lg, i.e.

Ei<y<Ey<...<Ey_1<7ynv_1 <En. (3.11)

Coordinates of an eigenvector 7 (E) = J(FE) for the matrix L (w), normalized by the
condition ¥ = 1, are equal to 97 = ¢y ' (E)¢,(E), and therefore, have the form

N (n) B
i:V:_ll (B —s) ’

W b 1_n(n) = el®™m)/2, (3.12)

At w = 0 matrices L(w) and LT (w) coincides. Therefore, their eigenvectors are proportional
to each other. Due to our choice of normalization, we conclude that

VYn(Ey) = U5 (Ek). (3.13)

Due to (B.I3), a pair of functions ¢, (E), 17 (E) can be considered as a single-valued function
on I'y. This is the Baker-Akhiezer function for the spectral curve I'.

To prove (B.I1]) we represent the solution ¢ using truncated matrices

Vi C 0 cee 0
Ck Ug41 Che1 o 0
Lpy=| - . ) ) ) 7 (3.14)
0 -+ cy—3 Un—2 CN—2
0o - 0 N2 vn—1

We define det(F — Lyy1) =0, det(E — Ly) = 1. Using the reccurence relations
det(E — Ly) = (E — vg) det(E — L) — c; det(E — Ljo),

it is easy to check, that
det(E — L,
@n(E) — € ( +1>‘
Cp....CN—_2

From this we see that ~, are the spectrum of the matrix L; which is obtained from Ly by
canceling the first raw and the first column. Now classical theorem of Sturm [6] implies
(B-I7)). By analogy with the periodic case we call the points 75 the divisor Dy. The points of
Dy move between E) under the Toda flow, but never change a sheet, contrary to the periodic
case.

As in the periodic case, a map which associates to dynamical variables a set of spectral
data 'y, Dy of the same dimension is a bijective correspondence

{Co,...,CN_Q,’U(),...,UN_l} — {Fo,Do}. (315)
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In fact, the gluing conditions (B.13), and the normalization

b (n)b3 1y (n) =1, (3.16)

which follows from (B.7) and (B.12), allow to reconstruct t,, and 7.

For each n the gluing conditions are equivalent to N linear equations for N + 1 unknown
coefficients b;, 0. If we define the vector with N+1 components B; =b;, j =0,...,n; B; =

b 1, J=n + 1,..., N then the matrix of the corresponding hnear system has the form
M;;(n) = n-EZ, 7=0,...,n
My(n) = —FE/ j=n+1,...,N, (3.17)

where r; = [IN7'(E; —7,), i = 1,..., N. Let A;(n) be the j—th minor obtained by canceling
the j—th column. The coefficients B’s which satisfy the normalization condition are

A,
B;j(n) = i j=0,...,N. (3.18)
An(n) Ax(n)
Since B, (n) = el@%)/2 then
_ gy Baln)
qn—qo—anBn(n)—lnAN(n), n=20,...,N—1. (3.19)

Of course, there are sets of complex numbers { Ey, ;s }, such that the right hand side of (B-19)
is singular.

Lemma 3 Let the spectral data {Ey,7s} be real and satisfy conditions (B.11), then
A, (n)An(n) #0. (3.20)

Indeed, let wn and ¢" be the unnormalized solution of the gluing conditions with the coef-
ficients b;, b7, corresponding to B; ;(n) = Aj(n). The product 1,97 is a rational function of
the form
F(E)

Hévz_ll (B =) ’
If the spectral data are real, then v, (E) and ¢)¢(E) are real for real values of E. Due to
the gluing conditions the product of these functions at £/ = Fj is positive. Therefore, the
product ¢n¢” has at least one zero on each interval [Ej, Ex41], because it has a pole there.
Hence, degree of the polynomial F' can not be less then N — 1. That implies (B-20).

V) = F=A,(n)Ax(n)EN"t + O(EN2),

Theorem 2 Let 1, (F),ve(E) be functions associated with spectral data Ey,~s. Then they
satisfy equations L(w)y = Evy and LT (w)y° = Ey°, where

A, (n)Anx(n+1)
= ., n=0,...,N -2, 3.21
" Api(n+1)Ax(n) ( )
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and

A,_1(n) A,(n+1)
Up — , 1,...N —2;
o Ao(1) An_o(N —1)
Vg =

— , N1 — ———— /.
Ay (1) N AN = 1)

Proof. Functions ¢,,,¢¢ at E — oo have the form
wn(E) — Ene(Qn_QO)/2 <1 ‘l’ ZXS(TL)E_8> ’ (322)
s=1

Z(E) — E"el@0—an)/ <1+ZX5 E‘ 5) . (3.23)

Note, that

wiln) = A (n) = Bz2en ”) n z . (3.24)

N 1- n(n
Here for n = 0 and n = N — 1 we formally put b_,(0) = b7, (N — 1) = 0.
Let ¢, (F) and ¢7(F) be coordinates of the vectors
$(E) = (L(w) = B)U(E), ¢°(E)= (L' (w) - E)Y(E). (3.25)
If ¢, are defined by (R.4), and v,, are defined by the equations
v, =x1(n) —xiin+1), n=0,...,N —2; vy_1 = x1(N —1), (3.26)

then (B:22) implies that ¢ near infinity has the form ¢, = O(E"'). Therefore, we conclude
that ¢, is a polynomial of degree at most (n—1). The leading term of expansion for ¢7 near
infinity is O(E~"). Hence, ¢? has the same form as ¥?. Functions ¢, and ¢¢ satisfy the
same gluing conditions (B.13J). They are equivalent to N linear equations for N unknown
coefficients for corresponding polynomials. The matrix of this system is obtained from the
matrix M (B.I7) by canceling the n-th column. If this matrix is non degenerate, A, (n) # 0,
we conclude that ¢ = ¢7 = 0. Formulae (B.1§B.24) allow to complete proof of the theorem.

Note, that the equation (LT — E)y? = 0 implies that
vo=—x](N—=1), v,=x7(n)—x7(n—1), n=1,...,N —1, (3.27)
Therefore, we obtain the identities
x1(n+1) +x7(n) = —vy, (3.28)

which will be used in the next section.
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Solution of the Cauchy problem for the open Toda lattice can be obtained in a way
which is almost identical to the periodic case. First of all, we defined time-dependent Baker-
Akhiezer functions i, (t, E), ¥7(t, F), as functions of the form

Un(t,E) = eF? (zn: bi(t, n)Ej> , (3.29)

1=0

N—-1-n 10 j
j=o b (t,n)EJ>’ (3.30)

o _ —FEt/2
vl B = e ( o (B =)

that satisfy gluing (B.13) and normalization conditions (B.14).

After that, without any change of arguments we obtain that they satisfy the equations
(L(t,w) — EY(t,E) =0, (LT (t,w) — E)Y°(t, E) = 0. In the similar way we get that these
functions satisfy equations (9, — A(t, w))¢(t, E) = 0, (9,— AT (t,w))y°(t, E) = 0. As a result
of compatibility condition we get that functions ¢,(t) = ¢o(0) 4+ Inb,(t,n) are solutions of
the open Toda lattice.

The matrix of the linear system for b;(t,n) and 67 (¢, n) has the same form as in (B.17)
with the only difference that constants r; should be replaced by r;(t) = r;et . Therefore,
we come to the following theorem.

Theorem 3 Let A;(t,n) be the j-th minor obtained by canceling the j-th column of the
N x (N + 1) matriz

Mij(t,n) = TZ'EZ-jeEit, j :0,...,71,
M(t,n) = —E/7"7) j=n+1,...,N,
where r; = [[N7Y(E; — 7). Then the formula
An(t, n)
n(t) = qo(0) + In ———=
q ( ) qO( )+ nAN(t,n)

gives a solution of the Cauchy problem for the open Toda lattice equations.

4 Action-angle type variables

The main goal of this section is to show that Lax representation which depends on the
spectral parameter allows to apply for Hamiltonian theory of open Toda lattice an algebro-
geometric approach proposed in [, BT|. The main idea of this approach is to introduce in
a universal way two-form on a space of auxiliary linear operators, written in terms of the
operator itself and its eigenfunctions. This form defines on proper subspaces a symplectic
structure with respect to which Lax equation is Hamiltonian. Moreover, the way to define
the symplectic structure leads directly to construction of Darboux coordinates.

In the case of consideration, we define such a form by the formula

dlnw
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Here 0L is an operator-valued one-form on a space of coefficients of the operator, i.e. in our
case it is just a matrix with entries, which are one-forms

(SUQ (SC() 0 tee 0
500 (S’Ul 501 cee 0
SL(w) = : S : - (4.2)
0 s 5CN_3 (5’UN_2 5CN_2
’UJ(SCN_l cee 0 5CN_2 51)]\[_1

An eigen-vector 1 of L can be seen as a vector-valued function on the space of the coefficients
of L, and therefore, its external differential 47 is a vector-valued one-form. The co(row)-
vector ¢T is an eigen-vector of L in the dual space, 7L = E¢T ie. T = (¢7)T. At last,
< f*g > stands for pairing of vector and co-vector

N—-1
<frg>=>" fig.
n=0

Now, it is necessary to add an important remark, which clarifies our understanding of
0. In ([J) variation of L was defined such that the spectral parameter w is fixed. An
eigenvalue of L can be seen locally as a function F = E(w) defined implicitly by (B.9).
Therefore, though ¥(F) is a polynomial in E, locally, we consider it as a function of w,
¥(w) = Y(E(w)), and partial derivatives in

0 0

are taken for fixed values of w. A connection between § and variation &y, which is defined if
one keeps E fixed, is just a chain rule. Let f(F) = f(E, ¢,,v,) be a function of the variable
E depending on {¢,,v,} as on external parameters. Then

5 (w) = 87(B(w)) = 5o (E) + 58w (4.3)

In particular, if we take f = w, then from (f.3) it follows that

dw

Therefore, (.J) may be rewritten in the form
df
0f(w) =dof(E) — %60w(E). (4.4)

This formula shows that variation 0 leads to an appearance of poles at zeros of dw, which
are critical points of the polynomial w(E), where we, even locally, can not invert w and
introduce F = E(w).

Our immediate goal is to find an explicit formula for w in term of dynamical variables.
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Lemma 4 Let w be given (f.1). Then on symplectic leaves of the space of dynamical vari-
ables {c,,v,}, defined by the constraint >, v, = const, the form w is equal to

N-1
w=2> 06g, A Ov,. (4.5)

n=0

Proof. In order to simplify slightly formulae, we consider only the leaf },, v, = 0. For all
the other leaves a proof is going in the same way.

At infinity the functions v, and ¢ can be expanded as Laurent series in the variable
k=w'N(E)=FE+O(E™).
From (B:23B:23) we get

Yalk) = kel (1 + @(n)k*) : (4.6)
s=1
Po(k) = Kk nelwo—am)/2 (1 +> £§(n)k‘s> : (4.7)
s=1
Note, that in this expansion & = x1, 7 = x7. Therefore, as before,
v =&1(n) —&i(n+1), &i(n+1)+&7(n) = —vo n=20,...,N—=2, (4.8)
gl(N - 1) = UN-1- (49)

The variable k is a constant with respect to our definition of 9§, and therefore, an expansion
of 07 can be obtained by taking variation of coefficients in ([LGE.7).

Definition of 0L implies

<YFSL A Gp >= Nf (0vn Ayt o) + Nf (0cn A (W3 0t + 55100 ))
n=0 n=0

From ({.§,JL.9) it follows that at infinity

dlnw dk
— = (1 -1 ) — . 4.1
— s~ (L 0G7) 5 (4.10)
Using expansions ({.G,[.7) and equation (f.§) we obtain
N-1 N-2
w= -2 [Z 00, A O(gn — qo) + D, 6(qn — qns1) A& (n+ 1)] : (4.11)
n=0 n=0

This equation implies (f.3), due to the relation Y, dv, = 0 and equations ([L.§). The lemma
is proved.

Representation of symplectic forms as a residue at infinity of the spectral curve of mero-
morphic differential d2 in the right hand side of ([[-]]) allows to find Darboux coordinates.
These Darboux coordinates are connected with residues of the differential at finite points.
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Lemma 5 Let R = [[,(E — 7s) be the monic polynomial with zeros at the poles of the
Baker-Akhiezer function ¢?. Then the following identity holds

dw

ST RdE, (4.12)

Proof. The equation (L — E)t¢ = 0 implies that (dL — dE)y = (E — L)diy. Therefore,
< F(dL — dE)Y >=< ¢+ (E — L)dip >= 0,
and we obtain the equality
dE < ¢t >=< YtdL >= ex_1dw (quv_llpo) .

From (B.13) we have that %, = cy';R™. Lemma is proved.

This result implies that the differential df2, besides £ = oo, may have poles at spectral
points Ej, at poles 7, of ¥, and at zeros z; of dw. (The last poles are due to ([£4).)

First of all, let us show that df2 has no poles at Ej. At these points L = Ly, and therefore,
is symmetric. Using gluing conditions we obtain

<YTSL NS >+ < 0T ASLap > oo =< YT 0Ly A Stp > + < 09T AN6Lyyp >= 0,

due to skew-symmetry of the wedge product.

At E = ~, the first term of dQ2 does not contribute to residue because poles of ¢ cancel
with zero of R. Nontrivial residue is due to second order pole of d1)™. We have

< Ot NOLY > < YtoLa) >
res,, - ¢+¢ > dlnw = (511’1’(1](’75) A W b
= dlnw(vs) ANOE(ys). (4.13)

In the last equality we use the well-known formula for variation of eigenvalue
<YtoL) >=0E < T >,
which immediately follows from the equation
<YT(6L — B >=< Yt (L — E)dyp >=0.

Consider now critical points z; of the polynomial w(E) : dw(z;) = 0. Formula ({3) for d

implies

<YTSLNOY > [< YToLdY > NOE(w)] dlnw
< Yt > dE < Ty >

Due to skew-symmetry of the wedge product, L in the last formula may be replaced by

(0L — 0FE). The equations ¢+ (JL — 6F) = =0yt (L — E) and (L — E)dyp = —(dL — dE)

imply

(4.14)

res,, dInw = res,,

< YT (0L — 6E)dyp >=< ¢ (dL — dE)yp > .
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Note that dL(z;) = 0. Hence,

o = YTOL N S > dlnw — —res (< 9ty > ANOE) dlnw
o<yt T <Pty > '
In the same way we obtain
< oYt NOLY > (0EN <96y >) dlnw
res,, dlnw = —res,, .

<Yt >
Taking a sum of these equalities we get
(< Ytop — 0T > AOFE) dlnw

<Ytp > '
Besides poles at the points z;, the differential at the right hand side of the last equation has
poles at the points 7, only. Indeed, it has no pole at the infinity, because due to constraint

30 0v, = 0 we have 0F = O(k™'). There is no pole of the differential at zeros Ej, of w(E)
due to gluing conditions.

<Yty >

res,, d{} = res,,

Hence, we get

_ Syt > AGE) dinw
<Pt >

Sum of all the residues of d) equals to zero. Therefore, using (.13, .15) we obtain

> res,dQ = - res,, (<y7ov => dInw(ys) ASE(ys) (4.15)

Lemma 6 Let w be a two-form given by the formula ({{.1). Then

w= QNX_:I IE(7vs) NdInw(ys). (4.16)

s=1
Finally, combining results of Lemma 4 and 6 we obtain

Theorem 4 Poles 75 = E(vs) of the Baker-Akhiezer function and evaluation Inw(~s) are
Darbouz coordinates for reduction of the canonical symplectic form on the leaf My, defined
by the constraint >, v, = I:

N-1
<Z ovy, N 5qn> = Z dInw(7ys) A 67s.

My s=1

From (B.9) we have w(vs) = [14(7s — Ex). Therefore,

N-1 NI N SELA S N
Zélnw Vs /\5%—22 AR Z(Slnrk/\éEk. (4.17)
s=1 i B k=1

where 7, = R(Ey) = [I,(Ex — 7s) are variables used in the previous section. From the
formulae po(Ey)n_1(Er) =1 and po(Ex) = cy_17%, k =1,..., N; we obtain

N
Zéll’l?”k/\(SEk = Z(Slnapo Ek)/\(SEk Zélan_l(Ek)/\(SEk
k=1 k=1
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Note that in all formulae the variables Ej. are subject to the constraint >, Fp = >, v, = 1.
The last representation for the symplectic structure in terms of first/last components of
normalized eigenfunctions and eigenvalues of Ly is well-known, see [}].

We would like to emphasize that the form in ({.I7) can be seen as a limit A — 0 of the
formula for action-angle variables for the periodic Toda lattice. To see this, let us choose
FE., ... En_1, as independent variables, then

N N-1
Zdlnrk/\éEk = Z 0(Inry —Inry) AJE. (4.18)
k=1 k=1

If we choose first (N — 1) cuts of the hyperelliptic curve as a basis of a-cycles, then Ej are
identified with limit of the action variables for the periodic Toda lattice:

1
Epy=1lm — ¢ FEdlnwy,

A—0 27TZ ag

where wy = Aw from ([.3). Limit of the normalized holomorphic differential d€);, on the
spectral curve of the periodic Toda lattice is equal to
dE dE

fm - d€ = (E—Ey) (E—Ey) "

Therefore, the variables (Inry — Inry) are identified with a limit of the angle variables ¢y
in the periodic case, which are result of the Abel transform of poles of the Floquet-Bloch
solution

Vs
Inr, —Inry = /lxm%)Z/ dSQ), = jl\imo Q-

5 2D open Toda lattice

Equations of motion of 2D open Toda lattice are equations for N unknown functions g, (z,t).
In light-cone coordinates £ = x + ¢, n = x — t they have the form

2 — ,dn—-1—9¢ Gn—qn+1 _
OgyQn = €171 — ettt ip =1,... N — 2,

agnqo = —e00™9, agn(JN—l — eIN-274IN-1 (5.1)
We consider the Goursat initial value problem with initial data given on characteristics
aﬁQn(gaO) and Qn(oan)

In two-dimensional case an analog of the Lax representation is the zero-curvature equation
0 — Uy, 0, — Vo] = 0, where Uy and Vj are finite-dimensional matrices
3 7

w 1 0 - 0 0 0 0 0
0 v 1 - 0 0 0 0

U=1|- - - . : N 74 R : (5.2)
0 - 0 vyo 1 0 ., 0 0
0 0 0 wys 0 0 &, 0
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where, as before c?L = eI+ and v, = —0¢qy.

Note, that for N = 2 equations (f.1)) imply for ¢ = gy — ¢; the Liouville equation
Ogngp = —2e¢”.

Explicit solution for the Liouville equation which contains two arbitrary was constructed by
Liouville himself [27]. There are many approaches that lead to generalization of this solution
for the case of arbitrary N (see, for example, B8, B9]).

The main goal of this section is to show that the general solution of the open 2D Toda
lattice can be obtained as a degenerate case of the construction proposed in [B{] for solving
of periodic 2D Toda lattice. In [B0] it was shown that any local solution of periodic 2D
Toda lattice has an analog of the d’Alambert representation as a composition of functions
depending on £ (or 7), only. Nonlinear superposition of such right- (or left-) moving waves
is achieved with the help of auxiliary linear Riemann-Hilbert problem. The corresponding
matrix Baker-Akhiezer function which solves the Riemann-Hilbert problem has essential
singularities at two points on complex plane of the spectral parameter w. If we represent
this plane as two-fold cover with the help of the equation w + A?w~! = E and take A — 0,
then the limit of the two-fold cover becomes a singular curve, which can be seen as two copies
of the plane attached to each other at one point. In this limit, as we show the Riemann-
Hilbert problem reduces to a system of linear equations and provides the general solution
for 2D open Toda lattice.

Now let us provide details. Initial data which define the general solution are arbitrary
functions of one variable ag(§), ..., an_1(£), bo(n),...,by_o(n) which can be identified with
initial data for g, on the characteristics a,(£) = v,(£,0), b,(n) = 2(0,7).

Let (&, w) and ®7(n, w) matrix solutions of ordinary differential equations
(O — A&, w)) (&, w) =0, (9, — B(n,w)) P’ (n,w)=0. (5.3)

normalized by the initial condition

®(0,w) =Pd7(0,w) =1, (5.4)
Here A and B are the matrices
a 1 0 --- 0 0 0 0 e byow
0O ag 1 --- 0 b O 0 . 0
A w)y=| - - . . , Bpw)=| - - . . . (5.5)
0 -+ 0 an_o 1 0 -+ by_g O 0
w -+ 0 0 anN—1 0o --- 0 bN_2 0

As before, we define by_; by the formula by_; = Hﬁfgg bt
Let R(§,n) and R%(&,n) be lower- and upper- triangular matrices

Ry=1, Ry=0,i<j; Rj=0,1i>j
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They are uniquely defined by the gluing condition at the point w =0

(&,n,0)=W7(&n,0) (5.6)

for matrices

V(& n,w) = R(&n)P(E w), ¥(En w)=R(n)® (nw), (5.7)

If diagonal matrix H = H;d;;, upper- and lower- diagonal matrices By, B_ with units on
diagonals, are defined by the Borel decomposition of the matrix

®(€>0)¢U(n70)_1 = B—HB-H (58)
then (B.6) implies that R = B~!, R° = HB,. In particular we have RY = H;.

Theorem 5 The functions
QH(gu TI) =—In RZn(gu TI)

solve the open 2D Toda lattice equations. They satisfy the initial conditions
aﬁqn(ga 0) = _an(€)> Qn(07 77) — Qn+1 (Oa 77) =In bn(n)

Proof. Let us show first, that the matrix functions ¥ and W7, satisfy linear equations
(O —U)U =0, (0 —Uy)¥° =0, (5.9)

where Uy = Up(&, 1, w) has the form (B.2) with v,, = —0kq, and U = Uy + we™. Here e is
the matrix with the only non-vanishing entry at the left lower corner: e;; = d; y—1d0 ;-

The matrix ¥ is non-degenerate. Therefore, its logarithmic derivative U = 9, ¥~ is
holomorphic function of w. Moreover, from (B.7) and condition that R is a lower-triangle
matrix it follows that

U=RR "'+ RAR™' (5.10)

have the form U = we™ + U, where U does not depend on w and have vanishing entries over
the first diagonal over the main diagonal

U1 =1, Uy =0, j>i+1. (5.11)
On the other hand, from (B.7) we have that

Uy = 0:0° (0°) "' = R7 (R°) ™" (5.12)
is upper-triangular matrix with diagonal elements equal —0g¢,. Gluing conditions (p.6) imply

Therefore, combining the conditions (p.11]) and the fact that Uy is upper-triangular we con-
clude that Uy has the form (p.9).
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In the similar way one proves that U and W7, satisfy linear equations
(0 = Vo)¥ =0, (0 —V)U°? =0, (5.14)

where V' = V; + w(e™)T. Compatibility conditions of (5-9) and (F-14) imply that g, solves
2D Toda lattice equations.

At n = 0 due to (F4) we have that matrices R(£,0), R*(£,0) are defined by the Borel
decomposition of the matrix

®(£,0) = R71(&,0)R7(€,0)
But this matrix is upper-triangular. Therefore, R(£,0) = 1 and
Un(&,0) = A(¢)-

In the same way we prove that V(0,7) = B(n). The last two equalities gives initial conditions
on the characteristics for ¢,. The theorem is proved.

We would like to emphasize that the matrix-functions ®(¢,0) and ®7(n,0), which define
through the Borel decomposition solutions of 2D Toda lattice, can be written explicitly.
From (5.9) it follows that ®7(n,0) is a lower-triangular matrix

O%(n) =0, i < j, 7;(n,0) =1, (5.15)
Using (p.T9) as initial condition for integration of equation (p.J), 9,®7; = bx®7_, ;, we obtain

that for ¢ > j entries of ®7 are given by multiple integrals

" n o ni-1 ny; 42J
‘I%,j(ﬁ) :/ / / H bk (Mjrh—1)dNj k1. (5.16)
0 Jo 0 L5

In the same way we may right explicit formulae for the matrix ®(£). It is upper triangular
and if we introduce functions

€ ~ - .
gﬂ(g) = €Xp <_/0 Un(fl)dg) , b, = eln i1

then )
D;(£) =0, i > j, Dy(E) = e 4O, (5.17)
and for ¢ < j its entries are given by multiple integrals
_ € i T
®;;(€) = e_qi(g)/ / / T 0j—k (k1) dnj—gsa- (5.18)
0o Jo 0 iy
Let M™(¢,m) be (n 4 1) x (n + 1) matrices which are upper left blocks

of the matrix
M(€,m) = ®(£,0)97(n,0)". (5.20)
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Then well-known formula for diagonal matrix of the Borel decomposition ([.§)

H, = D, =detM™, D ;=1
Dn_la € ) 1

together with Theorem 5 provide an explicit formula for the solution

D
= —1 "
¢ (§,m) np

normalized by the condition

QO(O> 77) =0

Note that equations of 2D Toda lattice are invariant with respect to the transformation
Gn — qn + f(n), where f(n) is an arbitrary function. This transformation does not change
initial data on characteristics.
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