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of the associativity equations
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1. Introduction. The associativity equations (or WDVV equations) were introduced at the

beginning of the 1990s to describe the free energy in topological quantum models of field theory
(see [1], [2]). In the last few years these equations have attracted ever-increasing attention thanks

to their connections with Gromov-Witten invariants, quantum cohomoloy, and Whitham theory.
As was noted in [3], the classification problem for topological quantum models of field theory,

or the problem of the construction of general solutions of the associativity equation, is equivalent
to the classification problem for Egorov metrics of special type. Egorov metrics are at diagonal

metrics ds2 =
P
i=1 h

2
i (u)(dui)2 such that ∂ih

2
j (u) = ∂jh

2
i (u), where ∂I = ∂/∂ui. It turns out

that for any Egorov metric satisfying the additional condition
P
j=1 ∂jhi = 0, the functions

cmkl(x) =
nX
i=1

∂xm

∂ui
∂ui

∂xk
∂ui

∂xl
, (1)

where the xk(u) are the flat coordinates of the metric, satisfy the equations

ckij (x)clkm(x) = ckjm(x)clik(x), (2)

which are equivalent to the associativity condition φkφl = cmklφm for the algebra. Moreover, it

turns out that there is a function F (x) whose third derivatives are given by

∂3F (x)

∂xk∂xl∂xm
= cklm(x) = ηmic

i
kl , where ηpq =

nX
i=1

h2
i (u)

∂ui

∂xp
∂ui

∂xq
. (3)

In addition, there are constants rm such that the relation ηkl = rmclm(x) holds for the constant

matrix specifying the metric in flat coordinates.
Equations (2) and the condition that a function F exists satisfying equations (3) are equivalent

to the consistency conditions for the linear equations (see [3])

∂kΦl − λcmklΦm = 0, (4)

where λ is the spectral parameter. We note that this assertion has in a certain sense the character

of an existence theorem, since an explicit expression for F in terms of horizontal sections of the
flat connection ∇k = ∂/∂xk − λcmkl was unknown in the general case (such expressions have been

found in a number of special cases in [3]–[5]). The main aim of this note is to obtain an explicit
generating formula for F . It was motivated by the results of [6], where a corresponding formula was

obtained for algebraic-geometric solutions of the associativity equations. We note that although
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the general formula in [6] (Theorem 5.1) is correct, one of the terms has been omitted in a special
case (Theorem 5.2) of particular interest. We take this oppportunity of correcting the mistake.

2. Let us consider a solution βij(u) = βji(u) of the Darboux-Egorov equations: ∂kβij = βikβkj ;Pn
m=1 ∂mβij = 0, i 6= j 6= k. Following [3] we fix a unique Egorov metric by determin-

ing the Lamé coefficients hi(u) by means of the equations ∂jhi(u) = βij (u)hj(u); ∂ihi(u) =

−
P
j 6=i βij(u)hj (u), with the initial conditions hi(0) = 1.

The flat coordinates of this metric can be found from the system of linear equations ∂i∂jx
k =

Γiij∂ix
k + Γjji∂jx

k, i 6= j; ∂i∂ix
k =

Pn
j=1 Γjii∂jx

k, where the Γkij are the Chrisoffel symbols:

Γiij = ∂jhi/hi, Γ
j
ii = (2δij − 1)(hi∂jhi)/(h

2
j). We fix a unique solution of this system by the

initial conditions: xk(0) = 0,
P
k,l ηkl∂ix

k(0) = δij . Here ηkl is a given symmetric non-singular

matrix.

The Darboux-Egorov system is equivalent to the conditions for the consistency of the system
of linear equations

∂jΨi(u,λ) = βij(u)Ψj (u,λ); ∂iΨi(u, λ) = λΨi(u, λ)−
X
k 6=i

βik(u)Ψk(u, λ). (5)

We consider the unique solution Ψki (0, λ) = λ∂ixk(0). It follows from the system of equations (5)

that the expansion of Ψi has the form Ψi(u, λ) = h−1
i (u)

P∞
s=0 ξ

k
s (u)λs, where ξk0 = rk are

constants (which we shall determine later), ξk1 (u) = xk(u) are the flat coordinates, and the

ξks for s ≥ 2 are found by recurrence from the equations ∂i∂jξ
k
s = Γiij∂iξ

k
s + Γ

j
ji∂jξ

k
s , i 6= j;

∂i∂iξ
k
s =

Pn
j=1 Γ

j
ii∂jξ

k
s + ∂iξ

k
s−1 and the initial conditions ξks (0) = 0, ∂iξ

k
s (0) = 0. Hence we

obtain the equations

∂2ξms
∂xk∂xl

=
nX
p=1

cpkl
∂ξms−1

∂xp
, (6)

where the cpkl are defined in (1). We denote ξk2 (u) and ξk3 (u) by yk(u) and zk(u), respectively.

It follows from (5) that λΨi =
Pn
j=1 ∂jΨi. Hence we have

Pn
i=1 ∂iξ

k
s (u) = ξks−1 for s ≥ 1.

The last equation for s = 1 determines the constants rk.

3. We define a generating vector function ψ by the equation λψ(u, λ) =
Pn
i=1 hi(u)Ψi(u, λ).

It can be immediately verified that ∂iψ(u, λ) = hi(u)Ψi(u, λ). The first few coefficients of the
expansion of the kth component of this function in powers of λ have the form: ψk(u, λ) =

rk + xk(u)λ + yk(u)λ2 + zk(u)λ3 +
P∞
s=4 ξ

k
s (u)λs. We note that it follows from (6) that ψ is

also a generating function for the flat sections of the connection ∇k. More precisely, it follows

immediately from (6) that the functions Φk(x) = ∂ψ(x)/∂xk satisfy the equations (4). Moreover,
λψ(x) =

Pn
k=1 r

kΦk(x).

Lemma 1. The functions xk(u), yk(u), and zk(u) satisfying the relations:

nX
q=1

ηkqy
q =

nX
p,q=1

ηpq

�
xq
∂yp

∂xk
− rq ∂z

p

∂xk

�
.

Theorem. The function F (x) = F (u(x)), F (u) = 1
2

Pn
p,q=1 ηpq(x

q(u)yp(u)− rqzp(u)), satis�es

equation (3).

We note that the equation ∂F/∂xk =
Pn
q=1 ηkqy

q follows from the assertion of the lemma.

After this, the assertion of the theorem follows immediately from (1) and (6) for s = 2.

The equations proved can be represented in the form of an equation of renorm-group type:

F (x) −
Pn
k=1 x

k ∂F
∂xk

= −
Pn
p,q=1 ηpqr

qzp. In a paper to follow we plan to obtain a more gen-

eral equation including in F the dependency on infinitely many variables corresponding to the
gravitational descendants of the primary fields.
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