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Abstract

We clarify the mass dependence of the effective prepotential in N = 2 supersymmetric SU(N,)
gauge theories with an arbitrary number Ny < 2N, of flavors. The resulting differential equation
for the prepotential extends the equations obtained previously for SU(2) and for zero masses.
It can be viewed as an exact renormalization group equation for the prepotential, with the beta
function given by a modular form. We derive an explicit formula for this modular form when
Ny =0, and verify the equation to 2-instanton order in the weak-coupling regime for arbitrary Ny
and N.. We also extend the renormalization group equation to the case of other classical gauge
groups. (© 1997 Elsevier Science B.V.
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1. Introduction

New avenues for the investigation of N = 2 supersymmetric gauge theories have re-
cently opened up with the Seiberg—Witten proposal [1], which gives the effective action
in terms of a 1-form dA on Riemann surfaces fibering over the moduli space of vacua.
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Starting with the SU(2) theory [1], a form dA is now available for many other gauge
groups [2], with maiter in the fundamental [3,4] or in the adjoint representation [5].
This has led to a wealth of information about the prepotential, including its expansion
up to 2-instanton order for asymptotically free theories with classical gauge groups [6].

These developments suggest a rich structure for the prepotential 7, which may help
understand its strong coupling behavior, and clarify its relation with the point particle
limit of string theories, when gravity is turned off [7]. Of particular interest in this
context are the non-perturbative differential equations derived by Matone in [8] for
SU(2), and later extended by Sonnenschein-Theisen-Yankielowicz and Eguchi-Yang
in [9] to SU(N,) theories with massless matter. It was however unclear how these
equations would be affected if the hypermultiplets acquire non-vanishing masses.

In the present paper, we address this issue by providing a systematic and general
framework for incorporating arbitrary masses m;. In effect, the masses m; are treated
on an equal footing as the vev’s a; of the scalar field in the chiral multiplet, since they
are both given by periods of dA around non-trivial cycles. For the masses, the cycles
are small loops around the poles of dA, while for g, they are non-trivial A-homology
cycles. This suggests that the derivatives of JF with respect to the masses should be given
by the periods of dA around “dual cycles”, just as the derivatives of F with respect
to ay are given by the periods of dA around B-cycles.” We provide an explicit closed
formula for such a prepotential, motivated by the 7-function of the Whitham hierarchy
obtained in [10]. (In this connection we should point out that intriguing similarities
between supersymmetric gauge theories and Whitham hierarchies had been noted by
many authors [11], and had been the basis of the considerations in [9], as well as in
[4], the starting point of our arguments.) Written in terms of the derivatives of F, this
closed formula becomes the non-perturbative equation for F that we seek. It can be
verified explicitly to 2-instanton order, using the results of [6].

Specifically, the differential equation f(_)r F is of the form

DF = —zim_ [Resp_(z dA)Resp_(z~'dA) + Resp, (zdA)Resp, (z71dA)]  (1.1)
with D the operator
N, P Ny P
D=;ak8—m€+;mj%—2. (1.2)

The right-hand side in (1.1) has been interpreted in [8,9] in terms of the trace of
the classical vacuum expectation value kN=‘1 @2, although there are ambiguities with
this interpretation when Ny > N;. Mathematically, it can be expressed in terms of -
functions for arbitrary N. when Ny = 0 (cf. Section 3.4 below, and also Ref. [17] for
the cases of SU(2), SU(3) and massless SU(N;) with Ny = N.). There is little doubt

that this should be the case in general. Now we have by dimensional analysis

J
<D+A0—A—)F=O (13)
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if ‘A is the renormalization scale of the theory. Thus the proper interpretation for
Eq. (1.1) is as a renormalization group equation, with the beta function given by a
modular form!

Finally, we observe that the effective Lagrangian in the low momentum expansion
determines the effective prepotential only up to ai-independent terms. However, masses
can arise as vacuum expectation values of non-dynamical fields, and we would expect
the natural dependence on masses imposed here to be useful in future developments, for
example in eventual generalizations to string theories.

2. A closed form for the prepotential
2.1. The geometric set-up for N = 2 supersymmetric gauge theories

We recall the basic set-up for the effective prepotential 7 of N = 2 supersymmetric
SU(N,) gauge theories.

The moduli space of vacua is an N, —1-dimensional variety, which can be parametrized
classically by the eigenvalues ay, Zszl ay = 0 of the scalar field ¢ in the adjoint rep-
resentation occurring in the N = 2 chiral multiplet. (The flatness of the potential is
equivalent to [¢, '] = 0.) Quantum mechanically, the order parameters & get renor-
malized to parameters ay. The prepotential 7 determines completely the Wilson effective
Lagrangian of the quantum theory to leading order in the low momentum expansion.
Following Seiberg-Witten [1], we require that the renormalized order parameters a;,
their duals ap ., and the prepotential F be given by

1 1
= — d N = — d/\.,
=z pda k=55
Ay By
OF
— =api, (2.1)
day

where dA is a suitably chosen meromorphic 1-form on a fibration of Riemann surfaces
I'" above the moduli space of vacua, and A;, B; is a canonical basis of homology cycles
on [l
In the formalism of [4], the form dA is characterized by two meromorphic Abelian
differentials dQ and dE on I, with dA = QdE. For SU(N,) gauge theories with Ny
hypermultiplets in the fundamental representation, Ny < 2N,, the defining properties of
dE and dQ are
e dE has only simple poles, at points P, P, P;, where its residues are respectively
—N¢, Ne — Ny, and 1 (1 < i € Ny). Its periods around homology cycles are
integer multiples of 27ri;
e () is a well-defined meromorphic function, which has simple poles at P, and P_,
and takes the values Q(P;) = —m; at P;, where m; arc the bare masses of the Ny
hypermultiplets;
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e The form dA is normalized so that

Resp, (z dA) = —N27 /N,

3

A2N5—Nf 1/(NC‘Nf)
)
Resp, (dA) =0, (2.2)

RCSP_(Z d)l) = (Nc - Nf) <

where A is the dynamically generated scale of the theory, and z = E~!/¥ or
z = EVWNe=N5) s the holomorphic coordinate system provided by the Abelian
integral E, depending on whether we are near P. or near P_.
It was shown in [4] that these conditions imply that I" is hyperelliptic, and admits
an equation of the form

Ne 2 Ny
Y=|[le-a | -2 ][ +m) = A0~ B(Q). (23)
k=1 j:

J=1

Here &, are parameters which coincide with @ when N. < Ny, but may otherwise
receive corrections. It is convenient to set

A= AdeN—ND,
The function Q in dA = QdE is now the coordinate Q in the complex plane, lifted

to the two sheets y = +v/ A2 — B of (2.3), while the Abelian integral E is given by
E =log(y + A(Q)). The points Py correspond to Q@ = oo, with the choice of signs

y=+VA2 —B.

2.2. The prepotential in closed form

We shall now exhibit a solution F for Egs. (2.1) in closed form. Formally, it is given
by

1 & Ny B
2.7:='27|:Zakf dA — ij/ dAa
1 By, J=1 P.
+Resp, (z dA)Resp, (27" dA) +Resp_(z dA)Resp_(z7'dA)|. (2.4)

However, the above expression involves divergent integrals which must be regularized.
For this, we need to make a number of choices. First, we fix a canonical homology
basis A;, B;, along which the Riemann surface can be cut out to obtain a domain with
boundary Hficl_l AT lBi_ YA;B;. Next, we fix simple paths C_, C; from P to P_, P;
respectively (1 < j < Ny), which have only P, as common point. As usual the cuts are
viewed as having two edges. With these choices, we can define a single-valued branch
of the Abelian integral E in I'oy = I'\ (C_ UCy U...UCy,) as follows. Near P,
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the function Q! provides a biholomorphism of a neighborhood of P, to a small disk
in the complex plane. Choose the branch of log Q! with a cut along Q~'(C_), and
define an integral E of dFE in a neighborhood of P, in Iy by requiring that

E=NJogQ +log2+ 0(Q™H. (2.5)

The Abelian integral E can then uniquely defined on Iy, by integrating along paths.
It determines in turn a coordinate system z near each of the poles P, P_, and P;,
1<J<Nfa e'g'9

z= e"NLcE near P,. (2.6)

It is easily seen that z is holomorphic around P., and that z = 27"1?Q“1 +0(Q7?). The
next few terms of the expansion of z in terms of Q™! are actually quite important, but
1

o L E
we shall evaluate them later. Similarly, we set 7 = e™ =% near P_, and z = ¢~ near

Pj, 1< j< Ny
The same choices above allow us to define at the same time a single-valued branch
of the Abelian integral A in I'oy. Specifically, A is defined near P, by the normalization

A(zZ) =—Res1>+(zd/\)§+0(z) 2.7

with z the above holomorphic coordinate (2.6). As before, A is then extended to the
whole of Iy by analytic continuation. Evidently, near P_, A can be expressed as

A2) =—ReSp,(zd)l)%+/\(P_) +0(2) (2.8)

in the corresponding coordinate z near P_, for a suitable constant A(P..). Similarly,
near P;, A can be expressed as

A(z) = —mjlogz + A(Pj) + O(z) (2.9)

for suitable constants P;. The expression (2.4) for the prepotential F can now be given
a precise meaning by regularizing as follows the divergent integrals appearing there

B

/d/\=A(R,-) — A(P_). (2.10)

P

This method of regularization has the advantage of commuting with differentiation under
the integral sign with respect to connections which keep the values of z constant.

2.3. The derivatives of the prepotential

The main properties of F are the following:
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aF 1
——=——_7{d)t, (2.11)

Ny

e ] P ’

IF 1 1

LA SNVl [ an® - [ an® _

o 2771'[ /d)t—l—ZZm (/d ] /dﬂl , (2.12)
P P P

— l=l —

where d!)i(3 ) are Abelian differentials of the third kind with simple poles and residues +1
and —1 at P_ and P; respectively, normalized to have vanishing A ;-periods. We observe
that the Wilson effective action of the gauge theory is insensitive to modifications of
F by ap-independent terms. Eq. (2.12) can be viewed as an additional criterion for
selecting F, motivated by the fact that the mass parameter —m; of dA can be viewed as
a contour integral of dA around a cycle surrounding the pole P;. In analogy with (2.4),
the derivatives with respect to m; of a natural choice for F should then reproduce the
integral of dA around a dual cycle. This is the origin of the first term on the right-hand
side of (2.12), if we view the path from P_ to P; as such a dual “cycle”. The second
term on the right-hand side of (2.12) is a harmless correction due to regularization. The
expression between parentheses is actually always a multiple of #ri, although we do not
need this fact. l

We now establish (2.11) and (2.12). We need to consider the derivatives of dA with
respect to both a; and m;. We use the connection VE =V of [4], which differentiates
along subvarieties where the value of the Abelian integral E (equivalently the coordinate
z) is kept constant. Then simply by inspecting the derivatives of the singular parts of
dA in a Laurent expansion in the z-coordinate near each pole, we find that

Vo dA=2mi dwy, Vi, dA= d0f, (2.13)

where dw; is the basis of Abelian differentials of the first kind dual to the Ay cycles.
Next, we recall from (2.2) that the residues Resp, (z dA) and Resp_(z dA) are constant.
Consequently,

8ak 2m%d)1+2al]{dwk—2mj/dwk

+Resp, (z dA)Resp, (z “Tdwy) + Resp_ (zdA)Resp_ (z Hdwy).  (2.14)
However, we also have the following Riemann bilinear relations, valid even in presence
of regularizations:
]

7{ dwy = 7{ dw;, ! 4ot = / dwy,
277'1

B; B By P_
]
AP =Resp, (27" dey), / d0f = —Resp, (z '), (215)

By, P_

1
27ri
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Here d» are Abelian differentials of the second kind, with a double pole at Pu,
vanishing A-cycles, and normalization

d0P =z7%dz + 0(2). (2.16)

The relations (2.15) follow from the usual Riemann bilinear arguments, by considering
respectively the (vanishing) integrals on the cut surface [gy of the 2-forms d(w;dwy),
d(02P dwy), d(02F dor), (2 de.). Applying (2.15) to (2.14), we obtain

JIF_ 1 . N e
——(Mk = dA + Z a; w; + - Z m;j .()
Bi =t B
1 1
+-—Resp, (zdA) f d0? + —Resp_(zdA) jr[ d0®. (2.17)
2qri 2ari

However, the expression

Nc
dA =27 Y a;dw; + Resp, (2 dA) A2 + Resp_(zd)) d2® + Z m; d >
=1 J=1

(2.18)

is just the expansion of dA in terms of Abelian differentials of first, second, and third
kind! Eq. (2.11) follows. Eq. (2.12) can be established in the same way. First we write

(3) (3)
2o 277,[2"175 an /‘” Z’”’/ o

+Resp, (z dA)Resp, (z7! d()l(”) +Resp_(z dA)Resp_(z7} d.()l(3)) .
(2.19)

Substituting in the bilinear relations gives
aF W
e . (3)
2(9m[ 5 { 27ri Za, / dw; — / da — z;m] / o
P

Py &
—Resp, (zdA) / d02? — Resp_(z dA) / dﬂf)]

Ny P

by
1
_%ij(/dﬂl(”—/dﬂ_;”). (2:20)
P, P

J=1

Again, the Abelian differentials recombine to produce dA, and the relation (2.12)
follows.
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3. The renormalization group equation
3.1. The renormalization group equation in terms of residues

Combining Eqs. (2.4), (2.11), and (2.12) gives a first version of the renormalization
group equation for ¥, valid in presence of arbitrary masses m;

1 -1
Zak——k + jz_;mj% —2F=—7—|Resp,(zdM)Resp, (71 dA)

+Resp_(z dM)Resp_ (77! d/\)J. (3.1)

3.2. The renormalization group equation in terms of invariant polynomials

We can evaluate the right-hand side of (3.1) explicitly, in terms of the masses m;,
and the moduli parameters & and A of the spectral curve (2.3). For this, we need the
first three leading coefficients in the expansion of Q in terms of z at Py and P_. Now

recall that at P, O — oo, v =+ A? — B, and
2= (y+ A"V (3.2)

For Ny < 2N, we may expand /A2 — B in powers of B/A? and write, up to O(Q"3)

2
1B 13]' (3.3)

”A”[A"zz— 1647
We consider first the terms in (3.3) of order up to O(Q”~1). Then for Ny <2N, -2,
only the top two terms in A contribute, while for Ny = 2N, —1, we must also incorporate
the term A?xNr—Ne = A2xNe=! from B/A. Thus
A2
A+y=20% [1 - (51 + 5Nf,2NC—1'2f>Q~1] +0(Q"?),

where we have introduced the notation
5= (=-1) E szl...ak,., 1= E My, .. - My,
ki <..<ki h<..<k;

This leads to the first two coefficients of z in terms of Q, or equivalently, the first two
coefficients of @ in terms of z

72
Q=27 Nzl 1+L 51+ on 2N—1A_ z].
N, 1efe™h 4

Comparing with (2.2), we see that this confirms the value of Resp, (z dA) required
there, while the condition Resp, (dA) =0 is equivalent to
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§1 + OnyoN.—1 ila 0. 34)
Similarly, in the expansion of A + y to order O(Q™-"2), we must consider separately
the cases Ny < 2N, —2, Ny =2N. — 2, and Ny = 2N, — 1, depending on whether the
terms B/A and B?/A3 contribute to this order. Taking into account (3.4), we find

22/N¢
Q=2“1/N‘z‘1<1 - S{zz> +0(z%) (3.5)
C
with S, defined to be
A? A?
Sy=%-— 8Nf,2Nz—2T — 5Nf,2NC—1—4—tl- (3.6)

Near P_, we have instead

1/2 2 3
1B 1B 1B
Avy=A-All-2) =22 422+ 22
Ty ( ) 24 T34 T 1643
Again, considering separately the cases Ny < 2N. — 2, Ny = 2N, — 2, Ny =2N; — 1,
we can derive the leading three terms of the expansion of z = E-V/(Ni=N) = (A 4
y) Y WNr=Ne) in terms of Q. Written in terms of an expansion of Q in terms of z, the

result is

A2 —1/(Ny—N.) ¢ 2 1/(N;—N,)
o=\ 71— —1 (= z
2 Ne—N:\ 2

1 A"Z 2/(Nf—Nc) 1
( ) (S;(Nf—Nc)+5(—1+Nf—Nc)t%)Zz

TN, N2\ 2
(3.7)
with S5 given by
. A? A2
Sy =5 —1t— 5N,,2N2—2"4~ — ON; 2N, —1 it (3.8)

Since dA=—N,0% near P, and dA=—(Ny — N;)Q near P_, we obtain

Resp, (271 d)) =21/%5y,

. /12 I/(Ny—Nc) _ 1 1 )
RGS}L (Z d).) = *-(-2—> (S2 + E (1 — Ff——]\lc>tl> (39)

Substituting in the values of Resp, (z dA) and Resp_ (z dA) given in (2.2), and rewriting
the result in terms of §, and the operator D of (1.2), we can rewrite the renormalization
group equation (3.1) as

il ONy 2N —~1— 11

A? A2
2miDF = —(Nf - 2Nc) {52 - 5Nf,2N[_2 4 }
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1
(N — Nt ~ 5(Nf—zvc— 1)z, (3.10)

Before proceeding further, we would like to note a few features of the renormalization
group equation and of our choice of prepotential.

(1)

(2)

(3)

3.3.

The RG equations (3.1) and (3.10) are actually invariant under a change of cuts.
Indeed, a change of cuts would shift the values of the regularized integrals (2.4)
by a linear expression, and hence F by a quadratic expression in the masses m;,
independent of the a;. In view of Euler’s relation, such terms cancel in the left-
hand side of (3.1) and (3.10). Thus the right-hand side of the RG only transforms
under a change of homology basis, and is a modular form.

From the point of view of gauge theories alone, we can in practice ignore on the
right-hand side of (3.1) and (3.10) terms which do not depend on the a;. Such
terms can always be cancelled by a suitable a;-independent correction to . These
corrections do not affect the Wilson effective action since it depends only on the
derivatives of F with respect to ay.

Some caution may be necessary in interpreting §;, in terms of the classical order
parameters ai. In particular, when Ny > N, there are several natural ways of
parametrizing the curve (2.3), in which the a; get shifted in different ways to
dy # dp [3,4]. As noted in [6], the prepotential F is independent from such
redefinitions of the @;. However, this would of course not be the case for 5, =
Zf{v;j ara,, which argues for a distinct interpretation for 3, = Z_,‘ <k Gl

Other classical gauge groups

As noted in [6], the effective prepotentials Fg.y, for theories with other classical
gauge groups G and arbitrary number of flavors Ny (and at least two massless hyper-
multiplets in the case of Sp(2r), which we assume henceforth) can all be obtained
by suitable restrictions of the SU(N,) prepotentials. The spectral curves are then all
SU(N,) curves (2.3), with N, = 2r, where r denotes the rank of G. The zeroes of
A(Q) in (2.3) are of the form +d;,...,%d,. The masses of the SU(N,) theories are
similarly given by = the masses of the G theories, with possible adjunction or deletion
of some vanishing masses. Set in each case

A R
D:Zak———-}—ij————Z,
pam day; P om;

.
§r=-> az,
k=1

Ny
Iy =— E m%
k=1

and let ai,. .., a, be the renormalized order parameters of each theory. Then the precise
mass correspondences and renormalization group equations are as follows:
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o SO(2r + 1) theories: N3° M) = 2Ny +2, m{" ™ = —m3N) =m;, 1 < j < Ny,

SU(N:) _ , SU(N.)
ONp+1 = Manpe2 =0,

A4r—21vf—z>

2mi DFsor+iyn, = —(2Ng + 2 — 4r) (52 — OoNyi2.4r—2 7

+(2Nyp +2 = 2r) .

e Sp(2r) theories with two massless hypermultiplets my,_1 = my, = 0: Nf‘U(Nr) =
2Ny — 4, m}" N = 0N =y, 1 << Ny -2,

A4r—2N 4 )

27i DFsparyn, = —(2Ny — 4 — 4r) (52 — 0N, —a4r—2 7

+(2N; — 4 —2r)1,.

e SO(2r) theories: N3'M) = 2N, +4, m}V™ = —mdU™) = m;, 1 < j < Ny,

j+r
SUN,) _ SU(Nc _
Moy 4y = - =My g =0,
A4I‘—2Nf‘4
27i DFsoyn, = —(2Nyp +4 — 4r) (52 - 52Nf+4,4r—2—-j4———>

+(2Nf +4 —2r)1.

3.4. The renormalization group equation in terms of 9-functions

As noted above, the right-hand side of the RG equation (3.1) is in general a modular
form. For Ny =0 (and arbitrary N.), we can exploit the symmetry between the branch
points x© given by y2 = (A—A) (A+A) = HN‘ (Q—x3)(Q—x;) and known formulae
for their cross ratios to write it explicitly in terms of {J-functions. More prec:1se1y, we
observe that

N N
> = Z(xﬂ =D @O (3.11)
k=1 k=1

Let the canonical homology basis be given by Ay cycles surrounding the cut from x;
to x{, 1 < k < N: — 1 on one sheet, and by B cycles going from Xy to x; on one
sheet, and coming back from x; to x_on the opposite sheet. Then for the dual basis
of Abelian differentials dw = ( dwy) =1, n.—1, We introduce the basis vectors ¢® and
70 of the Jacobian lattice by

fdw:e(k), }{ do = 7P,

Ar By

.....

‘We have then the following relations between points in the Jacobian lattice:
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. _
X ) Xet1 |

/ do = 7@, / do = o (7D 4 79). (3.12)

xk_ x;

Let ¢(Q) denote the Abel map

) Q
¢(Q) = (/ dwl,...,/ da)Nc_l)
Qo Qo

If we choose Q so that ¢(x; ) = 371, it follows from (3.12) that
—~_1.m =1y . L o
¢(xk)=§(e ++e )+§T N 1<k<Nc—l,
1 1
H(x) = 5(e“) +...+e®y 4+ ET(k), 1<k< N — 1,
1
P(xy,) =§(€(1) +. ey,
d(x3) =0. (3.13)
If we introduce the functions F,k(Q) by

Hp(x; +x7 +Q)|r)?

S(P(xz +xf + Q)2 (3.14)

k

F(Q) =

an inspection of the zeroes shows that we have the following relation between Ff and
cross ratios

FfQ) _Q —x7 Q—xy,
= . 3.15
FHQ) Q-x Q- xy, (319

For the Riemann surface (2.2), we also have for all 0

Nc Nc
[[ce-xH =4~ i=][@-x)-24 (3.16)
=1 =1
Setting Q = x; gives the relation
Nr
1 =2y =24 (3.17)

=1

Combining with products of expressions of the form (3.15) evaluated at branch points,
we can actually identify the branch points,

x,f — x;,c = AGg,
xf —xf =A(Gy - Gy),
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N,
A
F=— NG+ AGy, 18
== EH |+ AG (3.18)

where Gy, is defined to be

N, 1 '
11 F"(x_)]”f [F" (xf; )] }
G, =27 L2m } 3.19
¢ E{[Flk(x;:) H FF (xm) (319

k=1

Since Fl"(xk_) is independent of k, this expression may be simplified,
117 [ F ) ]
Gy =2% y . 3.20
=[S o2

The evaluation of the functions Fff on the branch points is particularly simple, and we
have

_ B + d(xy) + o) |n)?
F(p(xy) + Plxm) + p(x)|)2

where the values of ¢(x*) can be read off from (3.13). This leads to the following
expression for the right-hand side of (3.10):

Z AZZGZ———<ZGk> , (3.22)

k=1

(321)

Ff(x,

which is a modular form.

4. The weak-coupling limit

It is instructive to verify the renormalization group equation (3.10) in the weak-
coupling limit analyzed in [6] to 2-instanton order.

We recall the expression obtained in [6] for the prepotential F to 2-instanton order
in the regime of A — 0. Let the functions S(x) and S;(x) be defined by

Hj—x(x+mz) _ S(x)
1=1 C(x—ap? (x—ap?

S(x) =

(4.1)

Then the prepotential F is given by
F=FO 4+ 7D 4+ F® + 04

with the terms F®, F( F2 corresponding respectively to the one-loop perturbative
contribution, the 1-instanton contribution, and the 2-instanton contribution
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N2
2771f(0)———2(ak—a)210g( + Z(ak+m )*log gﬂz—m’)
1,
2miF D=2 B Silap),
k=1
, S (ak)Sl(az)
(2)_ k
27iF Z (o —a)? Zsk(ak)aaksk(ak) . (4.2)

Here we have ignored quadratic terms in ag, since they are automatically annihilated
by the operator D. We also note that the arguments of [6] only determine F up
to ag-independent terms, and thus we shail drop all such terms in the subsequent
considerations. The formulae (4.2) imply

Ne Ny N

a a
E ak_£_|_ -~—}:~2.7:—(Nf—2N) § a 24 7D L2F@
Pl =1 T om k=1

(4.3)

where all A® terms have been ignored.
On the other hand, up to ai-independent terms, the renormalization group equation
(3.10) reads

Ne Ny
IF
Zak—— + 2. lﬁmj —(Nf 2N.) kZak, (4.4)

where we have rewritten §, as

= Z 6Nf 2Ne—1- (4.5)

To compare (4.3) with (4.4) we need first to evaluate Zszl & in terms of the renormal-
ized order parameters gi. Using the formula (3.11) of [6], this can be done routinely

A%, /L. -
ag = g + Taksk(ak) + aé’;‘:’sk(flk) +0(A%), (4.6)

where we have set d; = d/day, and defined functions S(x), S.(x) in analogy with
(4.1}, but with a; replaced by d;. Inverting &y in terms of ay, and rewriting the result
in terms of the derivatives d; = d/da; with respect to the renormalized parameters ay,
we find

dy = ay — — oS — —978 — a1, 0018y (ay) + O(A

G =ar = — Sk (ag) e’k w(ax) +1612=1: 181 (ar) 301 Sk ) (A%)

(4.7)
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and hence
—2 N. -—4 N,

Zaz—Zak - = Zaké’ksk(ak) - —Zaké’ksk(ak)2

g4 Qe g4 e iy
+?:L;akalsl(al>akalsk<ak> + = Z(aksk<ak>> +O(A%.  (48)
Next, we need a number of identities which can be established by contour integrals, in
analogy with the identities in Appendix B of [6],

N N,
Z apduSi(ay) = — Z Sk(ay) + {ax-independent terms},
k=1 k=1

NC NL'
Zaka,f’Sk(ak)z =-3 Z&,ﬁSk(ak)2,
k=1 k=1

Ne Se(ar) Sy(ar)
> adiSi(a) hdiSe(ar) = =2 (S (@) +2 —"—"T-’—);—
] I=1 e (ae—a
~ > Su(@) 5 Se(ar). (4.9)
k+1
Using (4.9) we can indeed recast S5, a7 as
N
Zaﬁ—Zak—FZ—Sk(ak)
k=1
A Sea) Sila) 1=
k AN 2
= SR -85 : .
+7 k; ) +4; e(a) 7 Se(ar) (4.10)

The equality of the two right-hand sides in (4.3) and (4.4) follows.

References

{11 N. Seiberg and E. Witten, Nucl. Phys. B 426 (1994) 19, hep-th/9407087; Nucl. Phys. B 431 (1994)
484, hep-th/9408099.

[21 A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, Phys. Lett. B 344 (1995) 169;

P.C. Argyres and A. Faraggi, Phys. Rev. Lett. 73 (1995) 3931;

P.C. Argyres, R. Plesser and A. Shapere, Phys. Rev. Lett. 75 (1995) 1699, hep-th/9505100;

J. Minahan and D. Nemeschansky, Nucl. Phys. B 464 (1996) 3, hep-th/9507032;

U.H. Danielsson and B. Sundborg, Phys. Lett. B 358 (1995) 273, USITP-95-12, UUITP-20/95; hep-

th/9504102;

A. Brandhuber and K. Landsteiner, Phys. Lett. B 358 (1995) 73, hep-th/9507008;

M. Alishahiha, F. Ardalan and F. Mansouri, Phys. Lett. B (1996) 446, hep-th/9512005.

A. Hanany and Y. Oz, Nucl. Phys. B 452 (1995) 73, hep-th/9505075

P.C. Argyres and A. Shapere, Nucl. Phys. B 461 (1996) 437, hep-th/9609175;

A. Hanany, Nucl. Phys. B 466 (1996) 85, hep-th/9509176.

[3

—



104 E. D’Hoker et al. /Nuclear Physics B 494 (1997) 89-104

[4] LM. Krichever and D.H. Phong, hep-th/9604199, J. Diff. Geom. 45 (1997).
[5] R. Donagi and E. Witten, Nucl. Phys. B 461 (1996) 437, hep-th/9511101.
[6]1 E. D’Hoker, 1LM. Krichever and D.H. Phong, hep-th/9609041; hep-th/9609145, to appear in Nucl. Phys.
B.
{71 S. Kachru, A. Klemm, W. Lerche, P. Mayr and C. Vafa, Nucl. Phys. B 459 (1996) 537, hep-th/9508155.
[8] M. Matone, Phys. Lett. B 357 (1995) 342;
G. Bonelli and M. Matone, Phys. Rev. Lett. 76 (1996) 4107; hep-th/9605090.
[9] J. Sonnenschein, S. Theisen and S. Yankielowicz, Phys. Lett. B 367 (1996) 145, hep-th/9510129;
T. Eguchi and S.K. Yang, Mod. Phys. Lett. A 11 (1996) 131.
[10] ILM. Krichever, Comm. Pure Appl. Math. 47 (1994) 437.
[11] A. Gorsky, I.M. Krichever, A. Marshakov, A. Mironov and A. Morozov, Phys. Lett. B 355 (1995) 466,
hep-th/9505035;
H. Itoyama and A. Morozov, hep-th/9512161, hep-th/9601168;
A. Marshakov, Mod. Phys. Lett. A 11 (1996) 1169, hep-th/9602005;
E. Martinec and N. Warner, Nucl. Phys. B 459 (1996) 97, hep-th/9509161, hep-th/9511052;
E. Martinec, Phys. Lett. B 367 (1996) 91, hep-th/9510204;
C. Ahn and S. Nam, Phys. Lett. B 387 (1996) 6074, hep-th/9603028;
T. Nakatsu and K. Takasaki, Mod. Phys. Lett. A 11 (1996) 157, hep-th/9509162.
[12] A. Klemm, W. Lerche and S. Theisen, Int. J. Mod. Phys. A 11 (1996) 1929, hep-th/9505150;
K. Ito and S.K. Yang, hep-th/96.
[13] K. Ito and N. Sasakura, Phys. Lett. B 382 (1996) 95, SLAC-PUB-KEK-TH-470, hep-th/9602073.
[14] N. Dorey, V. Khoze and M. Mattis, Phys. Lett. B 390 (1997) 205, hep-th/9606199; Phys. Rev. D 54
(1996) 7832, hep-th/9607202;
Y. Ohta, J. Math. Phys. 37 (1996) 6074, hep-th/9604051; J. Math. Phys. 38 (1997) 682, hep-
th/9604059;
A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. Warner, hep-th/9604034.
{15] D. Finnell and P. Pouliot, Nucl. Phys. B 453 (1995) 225;
A. Yung, Nucl. Phys. B 485 (1997) 38, hep-th/9605096;
F. Fucito and G. Travaglini, hep-th/9605215.
[16] T. Harano and M. Sato, Nucl. Phys. B 484 (1997) 167, hep-th/9608060.
[17]1 J. Minahan and D. Nemeschansky, Nucl. Phys. B 468 (1996) 72, hep-th/9601059.



