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Abstract

We determine the effective prepotential for N = 2 supersymmetric SU(N.) gauge theories
with an arbitrary number of flavors Ny < 2N,, from the exact solution constructed out of spectral
curves. The prepotential is the same for the several models of spectral curves proposed in the liter-
ature. It has to all orders the logarithmic singularities of the one-loop perturbative corrections, thus
confirming the non-renormalization theorems from supersymmetry. In particular, the renormalized
order parameters and their duals have all the correct monodromy transformations prescribed at
weak coupling. We evaluate explicitly the contributions of 1- and 2-instanton processes. © 1997
Elsevier Science B.V.

1. Introduction

A recurrent feature in many phenomenologically interesting supersymmetric field
as well as string theories is the presence of a flat potential, resulting in a moduli
space of inequivalent vacua. For N = 2 supersymmetric SU(2) gauge theories, Seiberg
and Witten [1] have shown in their 1994 seminal work how to extract the physics
from a fibration, over the space of vacua, of spectral curves, i.e. Riemann surfaces
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equipped with a meromorphic 1-form dA, whose periods determine the spectrum of
BPS states. Rapid progress has led since then to an almost complete classification [2]
of the spectral curves for N = 2 supersymmetric theories with arbitrary gauge groups
and number of quark hypermultiplets N, and in particular for SU(N,) theories with
Ny < 2N. [3,4]. Although these curves are strongly suggested, e.g., by consistency
requirements in various limits (such as the classical limit or the infinite mass limit as
a quark decouples), or by analogies with singularity theory and soliton theory, they are
often still conjectural. In particular, in most cases, even a direct verification that the
spectral curves do reproduce the known perturbative correction [5] to the prepotential
is lacking. Nor has the predictive power of the spectral curves been put to effective use,
for example in deriving the contributions to the prepotential of d-instanton processes.

Mathematically, the evaluation of the prepotential presents the unusual feature that the
B-periods of the meromorphic form dA have to be expressed in terms of its A-periods,
rather than in terms of the moduli parameters which occur explicitly as coefficients in
the defining equation of the Riemann surface. It is well known that, as functions of
moduli parameters, the vector of both A- and B-periods satisfies Picard-Fuchs differ-
ential equations. Picard-Fuchs equations have been applied successfully in the case of
SU(3) by Klemm et al. and Ito and Yang [6], but their complexity increases rapidly
with the number of colors, and makes it difficult to treat the case of general SU(N,),
even without hypermultiplets.

In this paper, we develop methods for determining the prepotential from the spectral
curves for an arbitrary number of colors and flavors in the Ny < 2N, asymptotically
free case, in the regime where the dynamically generated scale A of the theory is small.
We show that, in this regime, the full expansion of the A-periods can actually been
calculated by the method of residues. For the B-periods, we provide a simple algorithm
to arbitrary order of multi-instanton processes. This method is based on an analytic
continuation in an auxiliary parameter &, which allows us to expand the form dA into
a series of rational functions that can thus be integrated in closed form. The method
is powerful enough to let us identify completely all the logarithmic singularities of the
prepotential and, in particular, to confirm the non-renormalization theorems resulting
from supersymmetry.

We have worked out explicitly the perturbative corrections, as well as the contribu-
tions of up to 2-instanton processes, to the prepotential for any gauge group SU(N,) and
arbitrary Ny < 2N.. The perturbative part does coincide with the one calculated from
one-loop effects in field theory [5]. The instanton contributions are in complete agree-
ment with all known expressions, and in particular, with (a) the 1-instanton contribution
for pure (with Ny = 0) SU(3) obtained in Ref. [6] via Picard-Fuchs equations; (b)
more generally, with the 1-instanton contribution for pure SU(N,) obtained in Ref. [7]
via holomorphicity arguments; and (c), with the 2-instanton contribution for SU(2)
with Ny < 4 hypermultiplets obtained recently in Ref. [8] from first principles.

We note that, although the spectral curves proposed in Refs. [3,4] differ when Ny >
N; + 2, the corresponding prepotentials are the same.

We observe that the final form of the prepotential is very simple, and results from
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a large number of remarkable cancellations. This suggests the presence of a deeper
geometric structure on the moduli space of vacua. Some of it has recently come to
light, especially in connection with Calabi—Yau compactifications in string theory [9],
topological field theories and WDVV equations [10], symplectic geometry [11,4] and
integrable models [12,13] (see especially Ref. [13], where a closed form for the
prepotential is written in terms of parameters inherent to Whitham-averaged hierarchies).
It seems that further investigation along these lines is warranted.

2. Integrability conditions and model independence

We consider N = 2 supersymmetric SU(N,) gauge theories with Ny quark flavors,
Ny < 2N.. The field content is an N = 2 chiral multiplet and Ny hypermultiplets of
bare masses m;. The N = 2 chiral multiplet contains a complex scalar field ¢ in the
adjoint representation. The flat directions in the potential correspond to [¢, ¢'] =0, so
that the classical moduli space of vacua is N, — 1 dimensional, and can be parametrized
by the eigenvalues

Nc
G, 1<k<Ne, ) @=0
k=1

of ¢. For generic ay, the SU(N,) gauge symmetry is broken down to UM~ In
the N = 1 formalism, the Wilson effective Lagrangian of the quantum theory to leading
order in the low momentum expansion is of the form

1 4, 0F(A) — 21,02 F(A)
/:_Im47r[/d0 7 A+2/dOaAiaAjWW ,

where the A”’s are N = 1 chiral superfields whose scalar components correspond to
the a;’s, and F is the holomorphic prepotential. For SU(N,) gauge theories with
Ny < 2N. flavors, general arguments, based on holomorphicity of F, perturbative
non-renormalization beyond 1-loop order, the nature of instanton corrections and the
restrictions of U(1)y invariance, suggest that F should have the following form:

N(‘

1
F(A)= 57_7;(21% ~Np)Y_A?

i=1

k,i=1

e (Ax+m;))
=33 (Ar+mptio g—"—’>+§jfd(A ) ACNNDd - (2.1)

k=1 j=1 d=1
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The terms on the right-hand side are respectively the classical prepotential, the con-
tribution of perturbative one-loop effects (higher loops do not contribute in view of
non-renormalization theorems), and the contributions of d-instantons processes.

2.1. The spectral curves of the effective theory

The Seiberg-Witten ansatz for determining the full prepotential 7 (as well as the
spectrum of BPS states) is based on the choice of a fibration of spectral curves over
the space of vacua, and of a meromorphic 1-form dA over each of these curves. The
renormalized order parameters a; of the theory, their duals ap x, and the prepotential F
are then given by

2ariay = ]{ dA, 2miap x =7{ dA, apy=—, 2.2)
A B, y
with A;, By a canonical basis of homology cycles on the spectral curves.

For SU(N,) theories with N hypermultiplets, the following candidate spectral curves
[3,4] and meromorphic forms dA have been proposed

y}=A%(x) — B(x),

x{, 1 B’
=2 (A —y)— , 23
da y(A 2(A y)B)dx (2.3)
where A(x) and B(x) are polynomials in x of respective degrees N, and Ny, whose
coefficients vary with the physical parameters of the theory. More specifically, let A be
the dynamically generated scale of the theory, 5;, 0 < i < N, and ¢,(m), 1 < p < Ny,
be the ith and pth symmetric polynomials in & and m;

5=(-D" > ag.a,  HOmy= Y omy.m, (2.4)

k<...<kj N<<Jp

and let &, 0 < i < N, and 7, be defined by &9 = 1, oy =0, and

5]),(): Z 5,5’1, 0 < P < Nc‘a
i+j=p
fg= > t(m)a. (2.5)
pti=q
Then the polynomials A(x) and B(x) are given by
A(x) =C(x) + APNNiT(x),
Ny

B(x) = AN [ (x +m)), (2.6)
1

where
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NC Nt
Cx) =[Jx—a) =2+ s 2.7)
k=1 i=2

and T(x) is a polynomial of degree Ny — N. when Ny — N, > 0, and is zero when
Nf — N, <0,

1 N 1 Ve
_ - Nf—N.— — 7 Nr—N.—
T(x) = y Z tpxN 1 Ne=p or T(x)= y Z fpx" P (2.8)
p=0 p=0

depending on whether we consider the model of Ref. [3] or of Ref. [4], respectively.
Notice that T(x) is independent of §; for the model of Ref. [3], but does depend on §;
for the model of Ref. [4]. Evidently, the two choices for T(x) agree when Ny < N.+1.

It has become customary to describe the moduli space of supersymmetric vacua in
terms of SU(N;) invariant polynomials in &, such as the symmetric polynomials §;
or o; of (2.4) and (2.5). In particular, the approaches to calculating the prepotential
using the Picard-Fuchs equations [6] as well as the calculations of strong coupling
monodromies make use of such variables. Within the context of our own calculations,
which are performed for arbitrary N, and Ny < 2N,, the use of the polynomials 35; and
7 does not appear to be as fruitful. Instead, we shall parametrize supersymmetric vacua
by a, at the classical level and by a; at the quantum level. In doing so, we keep in
mind that

Zak=2ak=0
k k

and that the space of all such a; must be coseted out by the permutation group (i.e. the
Weyl group of SU(N.)). Our final result for the prepotential will be expressed in terms
of invariant functions as well, but their translation into 5; variables is cumbersome and
unnecessary. This is perhaps not so surprising, since even the one-loop answer is not
simply rewritten in terms of the functions §;.

2.2. Integrability conditions for the prepotential

The key features of the meromorphic 1-form dA are the following.

(i) The residue of dA at the pole x = —m; (and the lower sheet of the Riemann
surface) is clearly equal to —m;, as required by the linearity of the BPS mass formula
in terms of the quark masses.

(ii) The derivatives of dA with respect to the moduli parameters &, are holomorphic.
Actually, as discussed in Ref. [4], there are two natural connections with which dA
can be differentiated along the @, directions. With respect to the first, V(E), the values
of the Abelian integral log(y + A(x)) are kept fixed, and V() d] is the holomorphic
1-form

1 16B

(E) = —— - = —
VEI(dA) = y (8A 3B (A y)) dx. (2.9)
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With respect to the second, V¥, the values of x are kept fixed, and V* dA differs
from the above holomorphic form by the differential of a meromorphic function

v da= 5 (5A - 15—B(A y)> dx + d( <5A - 15@(/& y)))
(2.10)

Since exact differentials do not contribute to the periods (2.2), we can ignore this
ambiguity and adopt the right-hand side of (2.9) for the derivatives of dA. We also note
that we may simplify (2.9) to ~§(6A - l‘S—BA) since the term 22 5 A is y-independent,
and does not contribute to the periods. Similarly, the correspondmg term x(B’/B)A
in (2.3) may be ignored.

It follows from (ii) that the derivatives V; dA of dA with respect to a;, say for
k=2,...,N,, form a basis w; of holomorphic 1-forms on the spectral curve, at least
for A small. (This is evident if we differentiate with respect to the §;’s. The derivatives
with respect to the a; amount then to a change of basis.) An important observation is
that this implies that the dual periods apy, given by integrals over the B cycles, do
form a gradient, i.e. that the ansatz (2.2) does guarantee the existence of a prepotential.
In fact, for each fixed A, we can view (a;) — (a;) as a change of variables. Thus
the dual variables ap,, which depend originally on @, m;, and A, can be thought of as
functions ap (a,m, A) of a;, mj, and A. By the chain rule,

~1
dap; day dap
aam —Z da, day g( ) ( )km'
Since (dap/3a)y and (da/da)y are respectively the matrices of periods of the Abelian
differentials wy, over the cycles B; and A, of the canonical homology basis, we recognize

the matrix ratio above as just the period matrix 7, of the spectral curve. In view of the
symmetry of period matrices, we have then established the integrability condition

é’aD,l _ _ _ 8aD,,,,
ST =Tml =

2.11
da,, da; ( )

and thus the existence of a prepotential function F.
2.3. Model independence of the prepotential

The functional form of the renormalized order parameters a; and their duals ap ; as
functions of the classical parameters a is different for the two models listed in (2.8).
Both a; and apy, as functions of 4, depend non-trivially upon the parameters ¢,
or f, that specify the function T'(x). This dependence will be exhibited explicitly in
Section 3.1, where an exact expression for ag(ax, t,, mj; A) will be given. We shall now
establish that the prepotential F, as well as the renormalized dual order parameters ap ,
expressed as functions of the renormalized order parameters ai, are independent of t,
or f,. Thus, the prepotential F, expressed in terms of a; is independent of the models
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in (2.8), and both models yield the same prepotential F, and thus the same low energy
physics.

To establish independence of T(x), we notice that all a,-dependence of dA, and thus
of a; and apy, resides in the function A(x) of (2.3) and (2.6). Also, A(x) is the
only place where the dependence on T(x) enters. Now, all dependence on T(x) may
be absorbed in a redefinition of the classical order parameters &, since the addition of
T(x) just modifies the bare parameters 5; in (2.7) to parameters §;, as follows:

N, Ne
A =2t 4y s = T~ aw,
k=1

=2
1
§;=5+ —4—A2N‘"—th,‘. (2.12)

Thus, the addition of 7(x) may be absorbed by defining new classical order parameters
ay, as shown above, and we have

ar=ar(a, ty,mj; A) = ar(@,0,mj; A),

api=apila,ty,m;; A) = api(a;,0,m;; A).

Eliminating &@; between a; and apj or F precisely amounts to eliminating d; when
T(x) =0, which demonstrates that ap x(a;) and F(a;) are independent of T(x).

In view of this model independence of F, we may set d, = @ and T = O when
calculating F, or when calculating ap « as functions of ay.

3. Logarithms and non-renormalization

In this section, we shall describe an algorithm for calculating the renormalized order
parameters a; and their duals apj to any order of perturbation theory, in the regime
where A is small, and the variables a;, (equivalently, their classical counterparts ;)
are well separated. In particular, we establish a general non-renormalization theorem of
the prepotential F, expressed in terms of the renormalized a;, F contains only those
logarithmic terms appearing in the expression (2.1).

We begin by describing more precisely the representation of the Riemann sur-
face (2.3) as a double cover of the complex plane, and our choice of homology cycles.
It is convenient to set

A= ANNI2, (3.1)
The branch points xki, 1 € k < N, of the surface are defined then by
A(xH)? - B(xf) =0.

For A small, xki are just perturbations of the &;’s. We view the Riemann surface as two
copies of the complex plane, cut and joined along slits from x; to x;. A canonical



186 E. D’Hoker et al./Nuclear Physics B 489 (1997) 179-210

homology basis Ag, Bg, 2 < k < N,, is obtained by choosing Ay to be a simple contour
enclosing the slit from x; to x{, and By to consist of the curves going from x;
to x; on each sheet. With this choice, we do have #(A; N Ay) = #(B;NBy) =0,
#(Aj N By) = k.

3.1. Expansion of the order parameters a;

First, we recall that the renormalized order parameters a; are given by combining
(2.2) and (2.3)

2ariay = f dA = ?{dx

We can now reduce the evaluation of this integral to a set of residue calculations in the
following way. We fix the location of the contour Ay, such that its distance away from
the branch cut between x; and x; is much larger than A. This can always be achieved
since we assumed that the points @, are well separated. Having fixed A;, we consider
a; in a power series in A2, i.e. this allows us to expand the denominator in a convergent

:>|>

I\)I'—‘

%) (3.2)

power series in B(x),

: — I'(m+3) A" 1B\ (B\"
2mak=?{dxx——+zr( )F(m+1)}{ ( 5;) (F) . (33)

Ax m=1

Similarly, powers and derivatives of A(x) may be expanded in a series in powers
of A%T(x), leaving integrals of rational functions in x, which can be evaluated using
residue methods. It is very convenient to introduce the residue functions R;(x) and
Si(x), defined by

B(x)y &

C? = x—ag ™ (34)
and

T(x) 1

e05 = Tom R (3.5)

The first term on the right-hand side of (3.3) is evaluated by expressing ’—341 as

Al(x) C'(x) - T(x)
A Co ax o g(1+ C(x))

and expanding the logarithm in a power series in A2

?{dx 2mak+z( A _2"}{dx<£(();))) . (3.6)

Ak Ap
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These line integrals can be easily evaluated by the method of residues, since the cycle
Ay is a contour enclosing the pole ai, and we obtain at once

A (=1)" o0 (2 o
fdxxx 27nak+2mz " EJZ Re(an)™. (3.7)

A n=1

The second term on the right-hand side of (3.3) is evaluated using the identity
A’ 1 B’ B\" d B\" 1 (B\"
Py (i = |2 (Z) |+ = (= (3.8)
A A? dx [2m \ A? 2m \ A?
and the following Taylor expansion in powers of T(x):

B"(x) o~ T(@2m+n) BX"T(XD)" , n
A2m(x) _§F(2m)1‘(n+l) C(x)2mtn (=)

In terms of the functions Ri(x) and S;(x), we readily get

B(x)m ' 0 (_l)n/i2m+2n 3 2m+n—1 N o
fd A(x )2m —2m§m (%;) (Re(ay)"Si{a)™) .
Ak h=

(3.9)
Assembling (3.7) and (3.9), and using the I'-function identity

r (;) r2m+1) =2"r <m+ 2) r(m+1),

we obtain the following expansion to all orders in A for the renormalized order parameter

ay:
1) f2m+2n 3 2m+n—1 _
G=at ) ((m!))2n|22m (a_ak) (Ri(ax)"Se(a)™) - (3.10)
mn20
m+n>0

As we already noted above, the special case T(x) = 0 is of particular interest, since it
suffices for us to determine the prepotential in all generality. For later reference, we list
here the corresponding expansion for a;,

Z /Tz”’ 3 2m—1

ap = a; + 2mr N ( ) Si(a)™. (3.11)
—~ 2em(m!)* \ day

Notice that this expansion is analytic in powers of A2, as expected from general argu-
ments.

3.2. Expansion of the branch points x,:f in powers of A

We shall now solve the branch point equation A(xk )2~ B(xi) =( in a power series
in A, around a solution @; of C(x) = 0. The problem is conveniently reformulated in
terms of the functions R; and S; introduced in (3.4) and (3.5),
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xE =+ AS(xF)? — PRi(xE). (3.12)

1 . _ _ _ .
Since S} and Ry are analytic for @; — 4; and a@; + m; away from 0, it follows that xki
is an analytic function in A, and admits a Taylor series expansion of the form

Xp =+ Yy (H)"ATE. (3.13)

n=1

We begin by deriving an explicit formula for 5,(6’") in the special case where Ry(x) =0,
ie. T(x) = 0, first. Then, viewing x;  as a function of x(A), and using the defining

equation (3.12), we find
5(m) (=)™ o™ (=1)m=1 gm-1

B e T Se(x(A))?

= m-DiaA o

x(A)

=0
The last expression can be put under the form of a contour integral
-1 m—1 dA 1
om = T 7{ (Sex(D)?,

27ri Am
Co

where Cy is a small contour in the A plane, enclosing the point A = 0 once. Making the
change of variables A — x = x(A) and using A(x) = —(x — ;) Sk(x)~1, the above
contour integral becomes

2w (x — a)ym! (x—a)™|’

Ca,

5 = 1 f{dx[(sk(X)%)’Sk(x)ﬁz__l S0

where C;, is now a contour enclosing x = a; once. Integrating by parts gives at once
the following key formula for 8™ :

1 F) nm—1
5" =— (——) Se(an)?. (3.14)

aay

The expression for the general case, where Ri(x) # 0, is easily read off from (3.14)
by performing the substitution Sk(x)% -— Sk(x)% F ARy (x), which gives for (3.13)

oo m—1 m
e+ A (i> EXACRLEY IACRI (3.15)
m=1

m! \ da;

Identifying powers in A yields the coefficients 8™ for general non-zero Sy and Ry,

m—1 m—n—1
- a ar
8" = Z (m D (—) (Se(@) ¥ "Re(an)") - (3.16)

2n)!In! \ da;
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3.3. Method of analytic continuation

The complete determination of both the quantum order parameters a; and the branch
points xki in terms of exact Taylor series expansions in A was possible with the use
of residue calculations. Clearly, it would be desirable to carry over these methods, as
much as possible, to the calculation of the dual order parameters ap , (and thus to the
prepotential F) given by

ZrzaDk-fdA 2/dx

(note that v/A? = —A for x on the path from x; to x; ). Evaluation of these integrals
is more delicate than for the A-periods, since the end point x, of the integration is
within a distance of order A from the points @, and a;. Thus, naively expanding the
denominator square root in a power series may run into convergence problems.

This difficulty may be circumvented with the use of the following analytic continuation
prescription. We introduce an auxiliary complex parameter £, with |£] < 1, and we define

>|>
(S

%I) (3.17)

’

x(4 -1
2miap x(£) —]gd/\ 2/dx

By l-¢

) (3.18)

i:,|ca [,

We consider this expression throughout the unit disc |£] < 1, and use analyticity at the
origin to expand the denominator square root in a power series in £2,

& T [ (A 1B (B\"
27TlaD,k(f)—22F—(-m§ /dxx(A—iB)(A2> . (3.19)

m=0 2 _
xy
The original quantity ap ; is then obtained by analytic continuation of the function ap 4
to € = 1. (In practice, we shall find that singularities may occur at £ = 1 at intermediate
stages of the calculations, but cancel out in the final form for ap 4; thus, the final analytic
continuations are trivial.)

3.4. Non-renormalization theorems

We are now in a position to prove that the only logarithmic contributions, both in
the dynamical scale A and in the differences a; — a; are those generated by 1-loop
perturbation theory, as given by the second line in (2.1). As our starting point, we use
the expansion (3.19) for ap, and further expand the denominators in A(x) in a power
series in T (x). As a result, each term in this double series is now a rational function in
x: a polynomial in B and in 7, divided by a power of C(x), and for m = 0, a single
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term of the form B’/B. Again, from residue calculus, we have a general expression for
the residues at the simple poles: they are given by contour integrals around that pole

() 1w
/1 - AA ‘S m; x——al27TlA’ Y /1_52%
M(p)(f)
=1L p=

Letting £ — 1, we recognize the residues of the simple poles at 4; as the quantum
order parameters gy, so that

Ny N.
szapk-ijlog(xk +m;) +22allog(xk —-a)
Jj=1 =1
Ne M(P)(l)
+2(Nc--1vf)xk _2;;2;:—1(;5 T (3.21)

Here, as in the remainder of the paper, we have written explicitly in the expression for
2miap x only the contributions of the upper integration bound x, in the integral (3.19).
Evidently, the lower bound x;” contributes a similar term with & replaced by 1, and with
opposite sign. In particular, we observe that we are free to add k-independent constants
to (3.21), since such constants will cancel between the two bounds of integration.

Using the exact result for x, — &, from (3.12), and the fact that x; and a; are
analytic functions of A, with Taylor series coefficients that are rational functions of the
parameters &, it is clear that

Nf N(‘
2miap =210g/f ay + Z(ak + mj) log(ax + mj) - Z(ak —ay) log(ak — a1)2
j=1 1+k
+ power series in A with coefficients rational in a,. (3.22)

The first three terms on the right-hand side arise from the 1-loop contribution to the
effective prepotential.

To see this, we need to clarify the implications of the constraint ZkN=1 ay = 0. The
prepotential F of (2.1) is a function F(ay,...,ay,) of all variables a;, whose restric-
tion to the constraint hyperplane ZkN=] a; = 0 is the prepotential appearing in (2.2).
Written in terms of F(ay,...,ay.), the condition (2.2) becomes

a J
apy=—F(ay,....,an.) — —F(ai,....an.), 2< k<N, (3.23)
day day

Conveniently, such differences occur automatically in expressions of the form (3.17), if
we take into account the contributions of the lower integration bound x;" . Thus, it suffices
to identify the gradient of the prepotential function F, with all variables ay,...,as,
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viewed as independent. Doing so, the first line of (3.22) is readily recognized as a
gradient

_%gz_k Z(a,—am) log (@~ an)” ZZ(al-l-mj) log (a [+m])

I,m=1 I=1 j=1
(3.24)

up to power series in A with coefficients rational in a;. These are exactly the logarithmic
singularities indicated in (2.1), due to perturbative corrections. As for the instanton
contributions themselves, the d-instanton contribution 4 is homogeneous of degree d
in the a;’s, and thus the Euler relation implies

Ne

=1

Since dFy/da; is logarithm-free, so is F,. This completes the proof of the non-
renormalization theorem.

As we worked it out above, the dual order parameters ap; and thus the prepotential
F are a sum of the classical and 1-loop perturbative contributions, plus a power series
expansion in powers of A. Actually, general arguments suggest that the power series
should involve only even powers of A. This fact is not completely obvious from the
construction of ap  in (3.17): while the integrand is even in A, the integration limit x;_
is not even. However, it is clear from the form of the integral in (3.17), that the part of
ap, which is odd in A is obtained by taking the following difference:

’ ’ 7

B_ A_lB_')
B A 2B
/dx

] Y x(7 -
27i (ap x(A) —aD,k(—A))=2/dx

A
Xi

Nl'—‘

=2mi(a; — al).

This linear addition is merely a modification of the classical value of the prepotential,
and is innocuous. Thus, we see that the instanton contributions are purely even in A, as
required by general arguments.

3.5. Expansion of the dual order parameter ap

In this subsection, we shall work out an explicit formula for the dual order parameters
ap, in a series expansion in powers of A. In view of the general arguments* advanced
in Section 2.3, the dual order parameters ap and the prepotential F, when expressed
as functions of the renormalized order parameters a;, are independent of the function
T(x). Thus, henceforth, we shall set T(x) = 0 without loss of generality.

“We have checked the validity of these general arguments by explicit calculation to 1- and 2-instanton
orders; these calculations will not be presented here.
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When T(x) =0, the function A(x) simplifies and is given by
A(x) =C(x).

Our starting point for the calculation of the dual order parameters ap 4 is then the series
expansion of (3.19), which for T(x) = 0 becomes

. - - F(m+%) 2m | C_/ lBI B "
2maD,k(§)_22————”%)“’”“)5 /dxx(c ~ 2§> (E) . (325

m=0

*1

The m =0 terms in (3.25) can be easily integrated, and we find

c' 1B Ne
2/ dx x <E - §§> = (2N, — Nf)x, +212=1:d,log(xk_ —a)
Ny
+Y mjlog(xg +my). (3.26)

m=1

As for the remaining m > 0 terms, it is convenient to perform an initial integration by
parts using the identity (3.8), and rewrite them as

X, X
c’ 1 B’ B\" 1 _ 1 B\"
/dxx(c ) (Cz) = 5% + 2m/dx (Cz) . (3.27)
X Xy
The contribution of the first term on the right-hand side of (3.27) can be summed
explicitly, and we find (cf. Appendix A)
N. Ny

2miap=(2N. — Ny — 2log2)x; +2)_ djlog(xy —a) + Y m;log(x; +my)
I=1 Jj=1

o]

I'(m+ 2) §2m ¥ <£>m
2 ZF( )F(m+1)2m/dx cz) - (3.28)

m=1

Xy

Next, we expand the rational function B”/C?" into partial fractions. Since N < 2N,
the function B"/C 2m yanishes as x — oo, so that, with suitable coefficients Q(Zm), we
have the expansion

m Ne 2m
m 2"1)
( ) =N o al)p (3.29)

=1 p=1

We now make us of the observation of Section 3.4 on the structure of the logarithmic
terms. For p = 1 in (3.29), the coefficient Ql(;f"’) is just the residue at the pole a; of
B™ /A’ and can thus be expressed as a contour integral around g, so that
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2m c' 1B B\"
2m A (2m) _ I —
AT 2m'f{d”<c 23)(C2> ’

Al

The contributions of these terms to ap y are now easily recognizable,

i r(m+3%) 52'"112'"Q(2,,,)_ 1 ?{d c 1B
r(Orm+1) 2m 28 “omf *\c 2B
— I'(7;T1(

A

1
X| ——=—=-1]| =a —a. (3.30)

1-£5%

Substituting in (3.28), and carrying out the dx integrations, we arrive at the following
formula, basic for our subsequent calculations:

N. Ny
2miap ;= (2N ~ Ny — 2log2)x; +2)_ajlog(x; — @) + Y m;log(xy +m;)
=1 j=1
o I'm+1) £m Ne 2m (2'”) A2m
2y ——2 . 3.31
Zr(%)r(m+1)2m2§ T —apr (330

m=1

The coefficients Q,(;Iz,'") can be obtained from a Taylor expansion of the function S (x)
combined with (3.4), and we obtain the simple expressions

1 a "
(2m) _ 9 (@)™, 332
Qrp Gm—p)1 (a&,) 1(ar) (3.32)

It remains to express the quantities x;” and &;, as well as the coefficients Q(z’") in
terms of the renormalized order parameters a;. The relevant formulas were already
derived in (3.11), (3.13) and (3.14). Carrying out these substitutions in practice is
rather cumbersome however, and will be done in Section 4 for 1- and 2-instanton
contributions, i.e. up to and including corrections of order A*.

4, The 1- and 2-instanton contributions

In this section, we derive explicit expressions for the prepotential, including perturba-
tive (1-loop), 1- and 2-instanton contributions (i.e. up to and including order A%). As
was argued in Section 2.3, without loss of generality, the prepotential can be evaluated
from the curve with T(x) =0, which we assume from now on. Thus, our starting point
is the expansion of (3.31), which we now wish to express in terms of a;, up to and
including order A*. To avoid any confusion of orders of expansion, it is most systematic
(though perhaps somewhat lengthier) to first express all quantities in terms of the pa-
rameters d;, and then convert the expression into a function solely of the renormalized
order parameters ay.
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4.1. Expansion of the branch points x,

Our calculations can be carrted out either in terms of the derivatives at a; of the
functions Si{(x), or, equivalently, in terms of the quantities 6,&'"), defined in (3.13) and
expressed in terms of Sp(x) in (3.14). It turns out that the calculations can be presented
most concisely in terms of 6,&"'). From (3.13), we recall that, to order A%, we have

xk_=ak“/151(¢l)+/1251(¢2)_/-1.36§¢3)+/I43]((4)’

1. 3
ap=a; + E/12’5,?) + §A46,((4). (4.1)

Also, the expansion up to order A3 of powers of X — Gy

_ r_ 82 7 8 1 52,
(x —a) 1+AP'5‘(T)'+ Pw+517(17+1)(w)
5(4) 5(2)6(3) (p+1(p+2) 6(2)
3 p\p P
NI QRPN & RV 3]
x(—l)”A P(oyr (42)

as well as the expansion up to order A% of powers of x; — @, for k # [,

(o @)= a1+ dp =t s P L
X —a =lar —a pflk—dz pak_dl

1 (8(")?
+5P(p + D —t—rss 51)2}] (43)

(ar
will be of particular use.

4.2. Evaluation of the coefficients Q(2'")

A general expression for the residue functions Q,(;IZ)"') in terms of Sy(x) was given
in (3.32). In terms of the functions 6,&"‘), they are easily worked out to low order as
follows:

2m) _ ( s(1)y2m
1;2m _(61 ) ’

(2m) _ (2) ; s(1)\2m—=2
J2m—1 = 2m&; " (] )

02m , =2m8(> (60) "3 + m(2m — 3) (8{2)2(8{") 4,

0Uum  =2ms(® (8{)¥* 4 2m(2m — 4)8{P 8> (8{V)?~5

+%m(2m—4)(2m—5)(6,(2))3(51(1))2"'—6. (4.4)
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4.3. Summation of the series in m

It is convenient to separate the series in m in (3.31) into two terms (I) and (II),
corresponding respectively to the contributions of the poles at d;, [ # k and at ay.

i p(m+ ) §2m (2m) qm
0= ZZF( DI(m+1) 2m ZZ p—1(xy —ayr-t’

m=1 l+k p= 2

el F(m+ ) f2m 2m Q(Z"') A2m
(= 2ZF( DI(m+1) 2m L= p— 1 (xp —a)r="

(4.5)

m=1

We concentrate first on (I). In this case x, — a ~ A, the contributions up to and
including terms of order A* arise only from m < 2, and so we may set £ = | immediately.
We obtain

(2) (4) (4)
1 .. ©Qu 3 ., On
(D= § [ + A4——+—2A4

i 16 (x; —ap? (xp —ap)?

4)
Ely ] 46)

16 X, —a

We can now substitute in the expression (4.6) for Q,(;f,'") in terms of the 8, and
expand (x; —a;)~? as in (4.3). The result is

| (5(1>)2 L (6280 1 (61D)2D
(I)Z[—z A3’ k1 24(87)%8;

_ = =2 2
— a al (ax - a) 2 (g —a)

_4(5(1)) (8(1))2 —1—_4 (61(1))4 §J4(8;1))281(2) +§/{451(l)61(3)

+2 G—a)® 16" (@m—ap® 8" @m-a? 4" m-a
4 (87

EPAC )_}_ (4.7)
8 ap — a

We turn next to contribution (II). Here A?"(x; — @) ~P*! ~ A2mP+l 5o that
contributions to 2-instanton order are received from all terms satisfying 2m —3 < p <
2m. (We note that, in particular, all m contribute to any instanton order.) Thus, we have

o0

F(m+ 2) §2m 2m
(I = 22 réHrim+1) 2mA

2m 2i
Qli;Zm) 0 + QI(C;Z"V:I)—I 9 5
Qm—1)(xp —a) "' @m-2)(xp — @)
Qi o
2m— k;2m—3
: 2 -+ ; Ons|. (48
T am N (xp — @)™ " 2m—4)(x, —ag)mt " 3] (48)

Here, we have denoted by 6,, the Heaviside function defined by 6, = 1 for m > 0, and
0,, = 0 otherwise. We may now use the values for Q(z'”) found earlier (4.4), and the
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expansions for (x, —ax) ¥ of (4.2) to arrive at the following formula, valid to order
A* included:

x>

(I =-245")"

m=1

- X rm+H 1
4176 2
HEO Y Do+ 1) 3G =)

35(3) r(m+3) 1
B ZT(%)F(m+1)2m(2m—3)

r'(m+3) 1
F( Y(m+1)2m(2m—1)

m=2

i, G(m+ 1) 1
gA*sLY 2
oA ZF(%)I’(m+1)2m(2m—4)

m=3

Loy, Loy o  1587)°
S B8 + S B8 — 8D — A 50

+—/I46(2)5(3) é 4 (3,((2))3
4 6]((1) 8 (61(‘1))2-

(4.9)
We note that all series in m are now convergent, which is why ¢ has simply been set

to 1. The values of the series that occur in (4.9) have been worked out in Appendix A.
Inserting them in (4.9), we find

(I) = A8V (21og2 — 2) + A% (% - logZ) + A [6,‘3) (—g + 210g2)

@ 525® (243
VO ol (2 - S10g2) + 10007 20007
2 5“) 16 4 4 3,((1) 8 (8(1)2

(4.10)

4.4. Rearranging logarithmic contributions

Our next task is to rewrite the logarithmic terms, which are so far expressed in terms
of x; — 4, in terms of the renormalized order parameters a;. We shall do so in two
stages, first replacing x, by &, and then replacing both a; and &; by a; and a;.

It is convenient to exploit the fact that x; satisfies the branch point Eq. (3.3), and
to rewrite the logarithm terms in (3.19) first as

N, Ny
22 arlog(x, —ap) + Zm, log(x, + mj) — 2(logA)xk
I=1 j=1

= —(HI) - (IV) = (V),
Ny

(1) = ZZ(xk —a) log(xy —a@) — Y _(xg +m;) log(xy +m;)),
1#k j=1
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N
(IV) =2 (@ — a)) log(x; — ),
1#k

(V) =2(x; —ar)log(x, —ay). (4.11)

To evaluate (III), we expand the functions log(x; — 4;) and log(x; + m;) in power
series around log(ay — a;) and log(ay + m;), respectively. We obtain in this way

N,
() = (2N = 2= Np) (x; ~a) +2)_ (& — @) log(a, — @)
I+k
Ny
~ (@ +m;) log(@ +mj) — (x; ~ &) log Se(@)
Jj=1

1, . _ ., - | Y L .
_E(x" — ay) Elogsk(ak) - g(xk —a) Z_Izlogsk(ak)
1(— -)4‘9310 Si(ar) (4.12)
24xk ay 3512 gorlag). .
As before, the derivatives of S;(&;) can be readily expressed in terms of the 6,(6"),

3 2
—log Si(ay) =2—=—
PEn og Si(ax)

(51((1))2’
32 (3) (5(2))2
— log S (@) =4—t— — 62—,
Ja CROLEN R
33 8(4) 5(2)6(3) (5(2))3
— log Si (@) =12—K— — 48% kL 40—k (4.13)
23} G N O R C L

Expanding as well the powers of x; — @ in A, we obtain the following expression for
(III):

Nc
(D) = (2Ne — 2 = Np) (x; — @) +2) (@ — @) log(ax — &)
1+k
Ny 2
=) (@ +m)) log(ax + m;) — 2(x; — &) logs) — 126 + §A3a,§3)
Jj=1
2 2 2) o(3
&) 1/145;(4) 4 125 N3 assY

+A*
5}((1) 2 3 (51(61))2 Sil)

(4.14)

Similarly, expansions for (IV) and (V) in terms of A are easily determined using the
expansions for a; and x, given in (3.12) and (4.1-2). We find for (IV)

3 _
WV)=—A 6Plog(ay —a) —>A*Y 6P log(a; — 4
(Iv) ; 7 log(ay — ap) 7 ; ; log(ay — ap)



E. D’Hoker et al./Nuclear Physics B 489 (1997) 179-210

198
~ 5(1) (2) 5(2)5(2) 1. 5(2) 5(1) 2
By A L O (o ) (4.15)
= a—a 7 & a i (@—a)
and for (V)

(V) =2 <-/Ia,§” + %/Iza,ﬁ” - A5 + gzi“a,(;‘)) (log A + log8{")

(2)5(3) (3(2))3

- o
+2A26](€2) A36(3) +2A48(4) +A4__ + -

5D 6 oy’ (4.16)

For computational purposes, we had replaced the coefficients ay in front of the log terms
in (3.19) by a;. Upon assembling the expressions we just obtained for (III)-(V), and

recognizing the combinations making up a, from &;, we obtain

N

A - -
(*210g 7~ 2+ Nf> X +2) (x; —an) log(x; — ap)
I=1

Ny
= (xi +my) log(x; +my)

=

=2log2x; —2logA ax + (Ny —2Ne)ag — 2(x; — a)
Ny
+2 (@ - a) log(ay — @) — Y _(a +m)) log(ax +m;)
1%k =1
- - 4 _ -
+ 282 — B8P 10g8" — 3/145,(;‘) log6{" — §A35§3’ + %A“a,ﬁ‘”
2) &3
+/i3(61(<2))2+_'4(6(2))3 _451(c )al(c)
51((1) 2 (5(1))2 5(1)
5D (2) 5(2) _ 5y25
+ Z o Ao, %A“ -("—)—’7 (4.17)
1er M a 1 W 71 (@—a)

In view of the identity

- 28Plogs) — A45<4>1og5<” —2(& — ax) Y log(a — @)
I1+k

Ny
+(ax — ax) Zlog(flk + mj)
j1

the preceding expression simplifies to

Nc
A _ - .
(—210g 7~ 2N, + Nf> x; +2 E (x; —aplog(x; —ayp)
=1
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Ny
- Z(xk‘ + m;) log(x, +mj)
Jj=1
=2log2x; —2logA ar+ (Ny —2No)ay — 2(x; — &)

Ny
+2) (a—a) log(a, — @) — Y _(ai +m;) log(a + m;)
I#k =1
(2)42 (23 (2 (3
728(2) 3 a(3) sy, 3?2 1,87 878
+ A%8% 3/1 8 + = A 8P+ A U + 2/1 @ AT
(1) (2) 5(2)5(2) 1 - 5(1) 25(2)
A3z = “Z( ) - (4.18)
= k—al lkak—at o (- ay)

We now replace a; by ay, using the expansion (3.12). The logarithms expand as

Ny
2 (@ —a)log(@ —a) — Y (a+ my) log(a + m;)
I#k j=1
Ny
=2 (@ —a)loglar—a) = Y (ax+m;) log(ay + m;)
I#k Jj=1

1. 3.
- 5867 (2N. ~ Ny) ~ A8 N~ Np)

(2) (2)y2 (2)y2
A"'Z(a o) 1‘2(5 - (4.19)

a,— ap ai +m;

Altogether, we have

- N,

A
(—Zlog 7~ 2N, + Nf> X, -+ ZZ(xk’ —a))log(x, —a)
I=1

Ny
—Z(xk_ + m;) log(x; + m;)
j=l
=2(log2)x; + (—2log A+ Ny —2N,)ay
Ny
+2) (@~ a)loglar — a)) — Y _(ax +m)) log(ax + m;)
1#k Jj=1
- - 2 (8 2))3 _ (5(2))2
(1) 26(2) | £ 335(3) _ 1 244(4) 74 \Y% 3\%
+248,0 — PoP + S5 A6 +4A CUTAY
—A48(2)6(3) _ l 8(2)6(2) _1_/142 (5( ))2 A 8]9)6[(2)
5}(') 2 ak—al 4 " kak—a, Py ar — a
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5(1))25(2)
-4
+ = A Z e (4.20)

4.5. Assembling all contributions

We are now ready to assemble all the components (4.7), (4.10) and (4.20) of ap .
Several cancellations take place in view of the first group of resummation identities in
Appendix B, and we obtain

2miap;=—(2log2 — 2log A + Ny — 2N;)a;

Ny
-2 (ax—a) log(ar — a) + Y _(ax+m)) log(a + m))
I#k j=1
1. (5(1))2 1. (5(2))2
o A28 A2 i A/ e
2 k Z ap — a ; a — a;
+_7_/I45(4) 114 (6(2))3 5£2)6£3)
167 7% 87 (5D)2 4 500

-426“)(6‘”)2 Ly CON
— (ax —ap? 16 (ar — ap)3

2 3
A"Z (80)26 3 POPS

- —. 4.21
(ax—ap* 4 - a (4.21)

I#k

Our penultimate task, before we are in position to identify the prepotential, is to eliminate
the a;’s, and rewrite the whole expression for ap  entirely in terms of the renormalized
a;’s. We observe in the above that the terms 5,(" ) are written in terms of the a,’s. We
temporarily stress this feature by denoting them by 5,(” )(@), while letting the simpler
notation 61(” ) stand rather for their counterparts 6,(" )(a). The passage from 5,(” )(@) to
5,(” Na) = 5,(” ) is easily worked out for p = 1,2, using the explicit expressions (B.10)
and (B.11) for 8",

(@0 @)= (302 - (a2 - 2y O

m#l 4 — Qm
502y =8 + Lp ) _ pdla7 808D
24 M2 7 &M it a - an
(1)y25(2)
1 (6;7)8;
+— Z Rt (4.22)

Applying (4.22), we can now express ap in terms of the 6,(” ) (a)’s,

2miap = (2log A —2log2 + 2N, — Nf)ax
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Ny
-2 Z(ak —a) log(ar — a1) + Z(ak + m;) log(ay + m;)
1%k =
- 5( 1 1 (5(2))3
2 Z ( A6 4 - A* A A45<4)
- M
1wk Fe A 2 8 (8, )2 16
- 8(2)6(3) _ 8(2) 2 1 6([) 26(2)
—iA“ LoD Spy G L LY
O ; Gk~ — (a— )
82 (8{")? 1 e 6D5@
+ A4 m 1 _ _A4 k ]

+_ZM_L,142.&5”L 3pN a8
4 (ak—a1)2 16 ( .

_ 3 _
I=k ax— a;) 4 T aa

!
(4.23)

As was emphasized after Eq. (3.21), we recall that (4.23) incorporates implicitly a
similar, opposite, contribution with the index k replaced by the index 1.

4.6. Integrability conditions and the prepotential

We show now how to use the summation identities in Appendix B and rearrange the
terms so as to exhibit the prepotential. The fact that this can at all be done provides a
powerful check on the final answer. As noted already before (cf. (3.22)) the classical
part together with perturbative corrections F(® is easy to identify,

1 m 2
J-'<°>——(21v Ny — 10g2)Zak—8—W—([§;(al—am)210 (o= o) Af)
N, Ny
~3°S (@ +m;))log (a’+’"f) ) (424

=1 j=1

Next, it follows immediately from the definition of ‘o‘,(f) and the summation identity
(B.3) that the 1-instanton contribution to the prepotential is given by

N,
1 o, e

}'(1) = 877_1/12 § (61(1))2 (4'25)
=1

We shall identify the 2-instanton potential F‘® in several steps. First, we use the

identity (B.8) to rewrite the corresponding terms ag}c as

2miay) = — ‘4 J Z Z (82 (8")? 1 _42 (3282

(g a2 33
1%k m*Lk (a1 — an) o (a—a)
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—ZA hd e S
by Zak_a, iy

e H —a, 1#k
__A4Z 5(2)5(2) 1 _42 (5(1))26(2) B 1 _42 (6(1))4
2 Ha-a — (ar—a)? 16 (ax — ap)3
_ (5(2)) 4 5(2)5(3)
_A4 L 45( ) 74 )
*3 (8{)2 16A 4/1 5,§” (4.26)

Use now the identities (B.5) and (B.6) to exhibit the terms involving 8>’ and (8{?)?
in terms of a derivative with respect to a;. We find

@_ 1 ud B2(sP)? (506 — 152
27naDk—16 ZZ +Z 8 (51 )?)

(@ —am)?

I#k m#*1k I1#k
__A4Z (6(1)) (3(1))2 _42 (5(1))26(2) _1_/I4Z 5,&2)51(2)
— (ar — ar)? — (ar—apn? 2 — a—a
1., (87)° 4+ L jte® _ A43(2)5(3) (4.27)
8" (602 6 &7 |
The identities (B.1) and (B.2) now apply to produce
9 (l)) (5(1))2 3
2ma§)23(- A—=13" Z —r—t o 1 N (V8 - (5,‘”)2)
16 day 1%k maLk (a1 —am) 1%k
A4Z (5(1)) (8(1))2 1 _42 5(2)(5(1))2
oy (ar — a)? oy (ar — a)?
(2)\3 (2) o(3)
1) 18787 3
+34 UL — 4 50 + g A%, (4.28)

The terms in the second row of (4.28) are just the ones occurring in the identity (B.7).
As for the remaining local terms, they are also integrable, in view of the following
simple local identities, which are a direct consequence of their definition (4.2):

5 = (602 +25(8(], (4.29)

19
6 day
578 1(8)% 1.4
40a

8)2. 430
5D 2(5](€1))2 (8, (4.30)

We can now write the 2-instanton contribution to ap ; under the form

N

(1) (1) 2

Dk = 16 dax (a,—a )2 P
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4.7. Summary of result for the prepotential up to 2instanton contributions

We summarize here the main formulas, written in terms of the functions

1% (x +m))

Si(x) = =—=———. 4.32
K (x) . (x = an? (4.32)
The dual-order parameters ap ; are given by
d
apx = —F(a)
6’ak
with
f=f(0) +]_'(l) +f(2) +0(A3(2N‘_Nf))
and
. 1 (@ —a)?
0y _ 2
27 F )_—Z Z(ak—al) log e
1#k
1 Ny N (ar + m;)? N.
ag
+= Z z:(a;c + m;)? log ——~A—J— (log2 — 2N, + Ny) Zai,
1-1 =1 k=1
(4.33a)
1 Al
(1) _ 1 g2N.—N
2miF D = 24NNy S (ay), (4.33b)

=1

N,

. Si(a)) Spay 1 d2s,

2 = L Azum W [ l(( ')_'"()2) OIRICIE 2l(a1) . (433¢)
I1#m a—a =1

The log2 terms can be eliminated by a redefinition of the scale ANC_Z%N’ — ANe—3Ng
upon which the prepotential takes the more familiar form

. 1 ap — a;)?
2771.7:(0)=—Z Z(ak—al)zlog(_“k'/lz—l)
1+#k
Nf N, (a + ) Nc
+= ZZ(ak+m,)2lo M) 4 (2N, - NS al,  (434a)
1_1 k=1 k=1
N
2aiF D = AN N " 5, (4.34b)
=1
N,
. _ Si(ar) Sm(am) 1 <& szl
2miF® = A2AN—ND Lo - Siay == (a) | . (434c
;m (a1 = an)? 4§ 1(ar) a2 1) )

By construction, these contributions to the effective prepotential are invariant under
permutations of the variables a4, and hence are invariant under the Weyl group of
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SU(N,.). It is of course possible, though in general very cumbersome, to rewrite these
results in terms of symmetric polynomials in the a;, such as s; and o, defined in (2.4)
and (2.5). However, the above results are perfectly well defined and invariant as they
stand.

5. Special cases and discussion

In this section, we evaluate some of our results in various special cases discussed in
the literature either directly from the quantum field theory point of view, using instanton
calculations or from the Seiberg—Witten type approach.

5.1. Comparisons with quantum field theory instanton calculations

Results directly from instanton calculations in quantum field theory are available as
follows. For the simplest case of two colors, N, = 2, and Ny < 2N,, various tests
of the exact results of Ref. [1] were performed in Refs. [8,14], while 2-instanton
results were obtained in Ref. [8], and are found to be in agreement with Ref. [1].
For the case of a general number of colors, N, results appear to be available only for
contributions involving just a single instanton, and are found to agree with the exact
results of Ref. [2].

5.2. N.=2 results

A useful check on the correctness of the coefficients in (4.33) is provided by a
comparison with the exact results for N; = 2 and Ny = 0. We set @ = @ = ~ao,
a=a =—a, A= A% and we find from the definition of S; that

1
Si(ar) =5(az) = iz

a?*Si(a) _8*Si(a) _ 3 (5.1
aa% = (9&% = 846" .

Using these results, we find the effective prepotential up to 2-instanton corrections

A4 548

! kil +0(A12)] .

F=-—|2a’log4a® + (2log2 — 4log A — 4)a® —

27 8q2 21046

(5.2)

This result agrees with the expansion of the exact results of Ref. [1] in powers of A,
as calculated in Ref. [6], provided we make the redefinition A2 — A? /2.

It is not much more difficult to incorporate the effects of N matter hypermultiplets.
We shall do this here for Ny = 3; the result for lower values of Ny may then be obtained
by decoupling. We thus find for Ny =3
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A
2miF " = S5 [y + my + m) + mimoms),

A2
2miF @ = 21—023 [a® +a*(m} + m3 +m?) — 3a®(mim? + mim: + mim?)

+5mfm%m§] (5.3)

Decoupling the third hypermultiplet, by letting A3ms = A3, and sending m3 — oo, we
obtain for Ny =2

A2
2aiFD =8—;2[a2 +m1m2],

. A3
2miF?® = 502—516 [a* — 3a*(m} + m3) + Smim}] (5.4)
and decoupling also the second hypermultiplet, letting Aymy = A3 as my — oo, we find
for Ny =1

. A
277'1.7-"“)=8—a12m1,

2miF® = 3a® + 5mj). (5.5)

31068 1~
From the decoupling of the first hypermultiplet, with Aym; = 42, as m; — oo, we
recover the result of (5.2).

We notice that for N, = 2, the expression for the renormalized order parameter a in
terms of the classical value a is readily worked out to all orders with the help of the
expression for &{™,

Ir(m—1) 1
r(-Hrim+1am-"

5%»:) = (=)™ (5.6)

which yields, using (3.11)

- oo F(2m—%) <£>4m
“‘a; 2mp(-Dr(m+12\a;) .7

This sum is easily recognized as the hypergeometric function aF(—j,%;1; A%/a%),
which is the correct expression, as obtained in Ref. [6].

5.3. N. =3 results

We can similarly work out the contributions to the prepotential from 1- and 2-instanton
effects for N, = 3. We have a; + a2 + a3 =0, and it is customary to express the results
in terms of the symmetric polynomials, # and v and the discriminant A

u=—aa —ayaz —aza,, U=aaas, A=4u® — 2707, (5.8)
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The functions Si(a;) are easily evaluated and we have

I} (ax + mj)
[Lerlae —an?

Using (4.33), we find the 1-instanton results

Sk(a) = (5.9)

A
Np=5  20iFD = 2 [~ubo + (2 — 90%) 0y ~ 3uvty + 2lts — oty + 6urs],
A2
Ny=4 2miFV = ﬁ [(2u3 —9v%) — 3uvt) + 2Pty — uts + 6ut4] ,
A3
Np=3  2miF D = Z[-3uv + 2’1 — vt + buts],
(1) A3 o
Ne=2 2miF = 1A [Zu — 9ty + 6ut2] s
AS
Np=1  2miF® = 1 [-9v +6un],

6
Ny=0 2miF®) = VR (5.10)

For the case Ny = 0, these results are in agreement with those of Ref. [6], derived
using Picard-Fuchs equations.
Two-instanton effects may similarly be evaluated. For Ny =0, we find that
9 A12
[ FP = Z—(17u® + 1890* :

2miF 16A3( Tu’ + 18907}, (5.11)
in agreement with Ref. [6]. It is possible to express also the 2-instanton corrections for
Ny > 0 in terms of the symmetric polynomials u, v and t,; the expressions become

quite cumbersome however, and it is much better to leave the results in the original
forms of (4.33).
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Appendix A. Some useful numerical series

In this appendix, we derive the values of the series which are needed in the evaluation
of the dual periods ap ;. Consider the series

> F(m+l) 1
(@) = 7
I Z1"(%)F(m+1)2m—n’ (A.1)

m=q
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where g and n are some fixed integers satisfying 2g > n > 0. Then we have

1
P =log2,  f{P¥ =log2 -+,

4
1
V=1, ff2)=§’
1 1
(2)___ 24 =
f2 5 log +4,
5
(2) e
13 6
9
(3) = 1 2 A2
Ja og +32 (A2)

To see this, we note that £{9 is the value at £ = 1 of the corresponding function

o0

r(m+1%) 1
(q) = 2 2m
S ;F(%)I‘(m-i—l)zm—"f ’

which is easily seen to admit an integral representation. In fact,

n+1 d (q) = F(m+ %) 2m
¢ §(§ ©)= ZF(%)F(m+1)§

1 2 rm+dy
“JE 2 rhrmint
82 ZT()Hrm+1

It follows that

£ g-! !

1 r'{m+3)
(9) =& —— - T A3
Y€ ‘fo/ n+1 1—n? gf(%)r(m‘{‘l)n &

which is an absolutely convergent integral for 2qg > n. These integrals for £ =1 can be
evaluated explicitly by a change of variables to 1 = 2¢(1 + t2) "1, We find, e.g.,

1
fr(,z)(l)=2_"+1/dtt—"+3(t2+3)(1+t2)n_3,
0

which easily leads the values indicated in (A.2) for f(z) (2) f(z), and f§2) (and
hence f, (D and b My For f, it is somewhat faster to make the change of variables
=+/1 — u2, which leads to the integral of a rational fraction

1
du 1 3
(1) =/m [1 —u = u(l —u?) — 51 —u2)2] .
0

This works out to the value given in (A.2).
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Appendix B. Summation identities

The identities we need concern the sums over [ # k of expressions involving (a; —
a;) 7P, and are of two types. The first leads to local terms involving only the 5;6")’5,
while the second leads to total derivatives with respect to a; of expressions which
ultimately make up the prepotential. The identities of the first type of interest to us are
the following:

2
/R P S B S B.1
Z (ak—al)2+ a—a| D \sd ] (B.1)
l#k i '
G R SN C )
2 |Ga—a " G- a? |~ G0 TR T 6

To show these identities, we observe that the pole expansion for B(x)/C?(x) can be
rewritten as

Si(a Sj(a 1
Z [ 1(ap) " l(al)] - TR (Sk(x) — Se(ay) — S,’c(&k)(x—flk))-

— a2 — A
— (x—ap) X —da

Letting x — & gives (B.1). Taking a higher order Taylor expansion for S;(x) and
letting again x — &y after differentiation gives (B.2).
The identities of the second type depend on the explicit forms for 6,2‘” . They are

(D)
54 s 1o Y, (B3)
1=x & T 26“ I+k
Z (5(1))4 _ 1 8 Z (6(1))4 (BA)
— (a —a)3 66 (ax — ap?’ ’
5025 ()2
Z!:( ] )512 +2( ! ) - ;aa Z( (2))2 (BS)
— | (a—a) ar—aq a
5(1) 4 5(1) 25(2) 5(1)5(3) 3
>, o) 3+3(’ PO 4% =—— "5V, (B.6)
— (ay — ar) (ax —ap) ar —a Lt
(1)y25(2) (D20 5(1)y2 (1)y2 ¢ 5(1)y2
Z 2(5, )5k2 _4(5, )2 (8, 3) _9 (8,5 2) . (BT
—~ | (ax—a) (ay —ay) dar A (ax —ar)
»> 3D (8")? A (84)2(8(")?
Giis (a—an)(ar—an)  8day {7 <o, (a1 - ap)?
I (a)HEM)?
2 (ax— a3

I1+k
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1 3
81( )5§ ) -1 (5;1))2
ay — a; 2 ak-al'

Ik Ik
(B.8)
We begin by establishing (B.4). The left-hand side of the identity can be rewritten as
! [ (@ + mp)? > [T (ar + my)?
i (ax — a)’ [[pwi(a@ — an)* o (i~ az) nsiila —am)*

This is the same as

LYY A Ly ety
6c7ak (ak—az)ﬁﬂm,e,,k(a:—am)“ 64~ (a— ay)?

I#k I+k I+k

as claimed. The identity (B.3) is proven in the same way. Next, we note that for [ # k

9_<(p [ 1 0
9 s 2 syp b .
s T - Dlag  \a—a ) (B

For p =1, this follows by direct calculation from the explicit formula for 6,(”

N 1
LT Gy
a — Qi Hm#l,k(al — ap) .

6,“) - (B.10)
The case of general p follows next from the definition (B.9) for 6,(” )| which expresses
8,(” ) in terms of 5}1) . The identities (B.5), (B.6), and (B.7) are now easy to establish,
simply by differentiating the right-hand side, and applying (B.9).

Finally, we consider (B.8). We may use first the identity to eliminate 6(2 in favor

of 81,
5(2)(5(1))2 5(11))2(51(1))2
;g;,( t—am)(ak—al) ;;( a; — am)*(ay — ar)
8082 1. (8)?
+ _— . B.11
m—a liga-a ( ‘

The double sum in the right-hand side can be rewritten as

(1)) (5(1))2 (5}((1))2(6;1))2
ZZ( a;— ap)*(ax — ap) Z (ax — ap)?

I+k m#l I+k
oy e
ot (e —an)(a —a)

The second term above can now be recognized as a total derivative

5(11))2(5§1))2 _ 6(1)) (5(1))2
ZZ( a; — an) (ay — ay) 4é’akZZ

2
—a
I#k m#l [#k m*l (ar— an)

3
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where we made use of the symmetry in [ and m of all the expressions involved. The
identity (B.8) follows.
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