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Algebraic-Geometric n-Orthogonal Curvilinear Coordinate Systems
and Solutions of the Associativity Equations

I. M. Krichever UDC 517.9

§1. Introduction

The problem of constructing n-orthogonal curvilinear coordinate systems, or flat diagonal metrics
n
ds? =3 H(u)(du')?,  u=(d},...,u"), (1.1)
i=1

for more than a century since the famous work of Dupin and Binet published in 1810 was one of the most
important problems of differential geometry. Treated as a classification problem, it was mainly solved in
the beginning of the 20th century. The crucial contribution here was due to G. Darboux [1].

In the beginning of the 1980s, it was found that this classical problem has deep connections with the
modern theory of integrable quasilinear hydrodynamic type systems in (1 + 1)-dimensions [2-4]. This
theory was proposed by B. Dubrovin and S. Novikov as a Hamiltonian theory of the averaged (Whitham)
equations for periodic solutions of integrable soliton equations in (1+ 1)-dimensions. Later, it was noticed
[5] that the classification of Egoroff metrics, i.e., flat diagonal metrics such that

8;H? =8:;H?, 8 =0/du’, (1.2)

is equivalent to the classification problem for massive topological field theories. Note that (1.2) implies that
there exists a function ®(u), called a potential of the corresponding metric, such that H?(u) = 8;®(u). We
must point out that the “classical” results in the theory of n-orthogonal curvilinear systems are mainly of
classification nature. It was shown that locally the general solution of the Lamé equations

OkBi; = BirBrj, t#£ ] F#k, (1.3)
0;Bi; + 0;B;i + Z BmiBm; =0, i#7, (1.4)
m#i,j
for the rotation coefficients
Bi; =G:H;[/H;,  i#7, (1.5)

depends on n(n—1)/2 arbitrary functions of two variables. System (1.3), (1.4) is equivalent to the vanishing
of all a priori nontrivial components of the curvature tensor. (Equations (1.3) imply that R;; & =0, and
Eqgs. (1.4) imply R;j,ij = 0 for all other coefficients.)

If we know a solution of (1.3), (1.4), then the Lamé coefficients H; can be found from the linear

equations (1.5), whose consistency is equivalent to (1.3). The Lamé coefficients depend on n functions of
one variable, namely, on the Cauchy data

fi(u') = Hy(0,...,0,4!,0,...,0) (1.6)
for system (1.5). Then we can find flat coordinates z*(u) by solving the linear system
8%c* =Ti;8iz* +T},0,2", (1.7)
8%z* =) Tio;z*, (1.8)
j=1

Department of Mathematics of Columbia University and Landau Institute for Theoretical Physics. Translated from
Funktsional'nyi Analiz i Ego Prilozheniya, Vol. 31, No. 1, pp. 32-50, January-March, 1997. Original article submitted
December 23, 1996.

0016-2663/97/3101-0025$18.00 (c)1997 Plenum Publishing Corporation 25



where the I"fj are the Christoffel coefficients of the metric (1.1),
Tiw = OcHi/H:,  Thi=-HOH/H], i#j. (19)

This scheme is not very effective in constructing n-orthogonal coordinate systems explicitly, and so
the list of known exact examples had been relatively short until a number of new examples were recently
obtained from the Whitham theory. In particular, the author [6] showed that the moduli spaces of algebraic
curves with given jets of local coordinates at the punctures generate flat diagonal metrics.

Quite recently, solutions of (1.3) and (1.4) have been constructed by V. Zakharov [7] with the help of the
“dressing procedure” within the framework of the inverse problem method. Equations (1.3) are equivalent
to the consistency conditions for the auxiliary linear system 0;¥; = B;;¥;, 1 # k. Therefore, any inverse
method scheme can be relatively easily adapted to the construction of various classes of exact solutions of
Eq. (1.3). For example, one can use the dressing scheme or the algebraic-geometric constructions of the
theory of finite-gap solutions of nonlinear equations. The crucial step is to select solutions that satisfy the
constraints (1.4). As was shown in [8], the differential reduction proposed in (7] for solving this problem
in the case of the dressing scheme admits a natural interpretation in terms of the so-called J-problem.

The main goal of this paper is not merely constructing finite-gap or algebraic-geometric solutions of
the Lamé equations (1.3), (1.4) but proposing a scheme that simultaneously solves the complete system
(1.3)~(1.9), i.e., gives both the Lamé coefficients H; and the flat coordinates z*(u).

At first glance, it seems that our approach is completely different from that proposed in {7, 8]. We
consider the basic multi-point Baker—Akhiezer functions 1(u, @), which are uniquely determined by their
analytic properties on auxiliary Riemann surfaces I', Q € I', and directly prove (without any use of
differential equations!) that under certain constraints on the corresponding set of algebraic-geometric
data, the values z*(u) = ¥(u, Qi) of 1 on the set of punctures on I' satisfy the equations

3 nuadic* (u) 92" (u) = HE (u) 65, (1.10)
k,l

where 7y, is a constant matrix. Therefore, the z*(u) are flat coordinates for the diagonal metric (1.1) with
coefficients H?(u). It turns out that, up to constant factors, the Lamé coefficients H;(u) are equal to the
leading terms of the expansion of the same function ¥ at the points P; on I where ¥ has exponential type
singularities. We must point out that our constraints on the algebraic-geometric data that lead to (1.10)
are a generalization of the conditions proposed in [15] for the description of potential two-dimensional
Schrédinger operators (see also [16]).

In §3, we relate our results to the approach of (7, 8] and show that ¢ is a generating function,

8iyp(u, Q) = hi(u) ¥(u, Q), Hi=cihi(u), &= const,
for the solutions of the system

&Y] =B;%?, 8} =p,Y, BHYI=Ui- Bmi¥s,. (1.11)
mtj
Note that the consistency conditions for this extended linear system are equivalent to (1.3) and (1.4).

In §4, we specify the algebraic-geometric data corresponding to Egoroff metrics and obtain an exact
formula in terms of Riemann theta functions for the potentials ®(u) of such metrics.

As was mentioned above, the relationship between the classification problem for Egoroff metrics and
that for topological field theories was found in [5]. The latter problem for a theory with n primary fields
é1,...,®n can be stated in terms of the associativity equations for the partition function F(zy,...,z,)
of the deformed theory {9, 10]. These equations are the conditions that the commutative algebra with
generators ¢ and structure constants defined by the third derivatives of F',

& F(z)
cum(z) = m, | (1.12)
drdr = cii(z)dm, cf=ckin'™, nEn'™ =6r, (1.13)
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is an associative algebra, that is, satisfies

cfi(2) ckm(2) = () cli(2). (1.14)

In addition, it is required that there exist constants r™ such that the entries of the constant matrix 7 in
(1.13) are equal to

et = 1" crim(2) (1.15)

Conditions (1.14) form an overdetermined nonlinear system for the unknown function F. It turns out

that for any solution of system (1.14), (1.15) for the case in which the algebra (1.13) is semisimple, there
exists an Egoroff metric such that the third derivatives of the partition function have the form

n

Ckim = ZHZ Ou’ Ou’ Gu! ; (1.16)
=1

' 3z 9zl 9zm

The converse is also true. Namely, for any set of rotation coefficients 8;; = Bji satisfying (1.3), (1.4),
there exists an n-parameter family of Egoroff metrics such that the functions defined by (1.16) are the
third derivatives of some function F. (Recall that for any given rotation coefficients there are infinitely
many corresponding flat diagonal metrics.)

In the last section, for each algebraic-geometric Egoroff metric we define a function F such that its
third derivatives have the form (1.16) and satisfy (1.14). Equations (1.14) are a truncated set of the
associativity conditions. At the next stage, we select metrics that additionally satisfy (1.15).

§2. Bilinear Relations for the Baker—Akhiezer Functions and Flat Diagonal Metrics

First, let us present some facts from the general algebraic-geometric integration scheme proposed by the
author {11, 12]. This scheme is based on the notion of the Baker-Akhiezer functions, which are determined
by their analytic properties on auxiliary Riemann surfaces.

Let T' be a smooth genus g algebraic curve with fixed local coordinates w;(Q) in neighborhoods of
n punctures P;, i = 1,...,n,on ', wi(P;) = 0. Then for any set R of [ points Ry, a =1,...,1,
and for any set D of g+ 1 —1 points 71,...,7g4+i-1 in general position there exists a unique function
Y(u,Q|D,R), u=(u1,-..,un), @ €T, such that:

(1°) ¥(u, Q| D, R) treated as a function of the variable Q € I' is meromorphic outside the punctures
P; and has at most simple poles at the points v, (if they all are distinct);

(2%) in a neighborhood of each P;, the function 3 has the form

p=eui (iﬁf(U)wi) o wi=w;(Q); (2.1)

=0

(3%) 9 satisfies the normalization conditions

¥(u,Ra) =1. (2.2)

In the following we often denote the Baker-Akhiezer function by #(u, Q) without explicitly indicating
the divisors D =y, + -+ + vg41-1 and R=R; +--- + Ry.

Explicit expressions of the Baker—Akhiezer functions via the Riemann theta functions were proposed
in {12] as a generalization of the formula found in [13] for the Bloch solutions of ordinary finite-gap
Schrédinger operators.

The Riemann theta function corresponding to an algebraic genus g curve I is the entire function of g

complex variables z = (z1, ..., z,) defined by the Fourier series
H(Zl sy zg) = Z ez’ri(m»z)+7fi(8m,m) ,
meZs
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where B = (B;j) is the matrix of b-periods of the normalized holomorphic differentials w;(P) on T,

Bijzf“)jv fw,-:é,‘j.
b; a;

Here a;, b; is a basis of cycles on T’ with canonical matrix of intersections given by a; -a; = b; - b; =0,
a;-bj = 5,']' .

The vector A(P) with coordinates Ax(Q) = qu wg defines the Abel map.

By the Riemann-Roch theorem, for any divisors D = 71 +- - +7¢4i-1 and R = R, +---+ R; in general
position there exists a unique meromorphic function ro(Q) such that the divisor of its poles coincides with
D and ro(Rg) = éo,s- This function can be represented in the form (see [14] for details)

o1 £a(@) _ [Ty 8(AQ) + Fs)
(@)= fHy Fe(Q) = 0@ + 70) TR, (23)
where
Fy= = A(Rs)~ S A(v)y  Sm=—H— Alygrim) — i A1),

s=1
g+i-1
Zo=Z0—A(Ra), Zo=-X- Y A(n)+ ZA (Ra),
s=1
and ¥ is the vector of the Riemann constants.
Let d}; be the unique normalized meromorphic differential that is holomorphic on T' outside P; and
has the form d2;=d(w} ! + O(wj)) in a neighborhood of P;. This differential specifies the vector V()

with coordinates V,‘(J ) = 2m fbk dQ;.

Theorem 2.1. The Baker-Akhiezer function (u, @|D, R) has the form
’ 0(AQ) + Tr (W' VD) + Z,)
¥ = 2 R+ I V) +z ) (E / "")

Admissible curves. We shall show that algebraic-geometric flat diagonal metrics can be constructed
with the help of the Baker—Akhiezer functions corresponding to algebraic-geometric data of a special class,
which will be referred to as admissible.

An admissible algebraic curve I' must be a curve with a holomorphic involution ¢: I' = T’ that has
2m > n fixed points Py, ..., Pp,Q1,...,Q2m—n, m < n. The local coordinates w;(Q) in neighborhoods
of Pi,..., P, must be odd with respect to o,

w;(Q) = —w;(e(Q)).

The factor curve T'p = I'/o is a smooth algebraic curve. The projection w: I' = I'g = I'/o represents T’
as a two-sheet covering of I'g with 2m branching points P;, @, . In this representation, the involution ¢
is the permutation of the sheets. For @ € I', we write o(Q) = Q°.

It follows from the Riemann-Hurwitz formula that g = 2go — 1 + m, where go is the genus of I'g.

Admissible divisors. Let us choose n—m additional punctures @1 yeens Qn_m on I'g. A pair (D, R)
of divisors on I' is said to be admisstble if there exists a meromorphic differential dQ2g on Iy such that

(a) dQ(P), P € Ty, has m + ! simple poles at the points Q1, ..., Q2m—n, @1 yeees @n_m and at the
points Ro = 7(Ra); '

(b) df is zero at the projection ¥, of the points of D,

d0(¥:) =0,  Fs=m(7).
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The differential d€ can be treated as an even (with respect to o) meromorphic differential on T,
where it has n + 2/ simple poles at the branching points @, ..., Qg,,,_.,. and at the preimages of the
other poles of dQ)y on T'y. Let us denote the preimages of the points Qk by Qam—n+1s--->&@2m,

W(sz—n+i)=7r(Qn—i+1)=Qi, i=1,...,n—m.
The involution ¢ induces an involution o(k) on the set of indices numbering the punctures Qi so that
(Qk) = Qo(xy- We have
olky=k, k=1,....,2m-n, ok)=2m—-k+1, k=2m—-n+1,.

In terms of equivalence classes, admissible pairs (D, R) of divisors can be described as those satisfying
the condition

D+D°~-R-R =K+) (Qj-F).
i=1
Example. Hyperelliptic curves. The simplest example of an admissible curve is the hyperelliptic curve
T defined by the equation

Hzm n(E QJ)H E Qk)
Ht: (E P) ’

Here the P;, Q;, and @k are complex numbers. The genus of ' is g =m — 1. Any set of m +1 -2

points v, # 7.+ and any set of | points form an admissible pair of divisors. The corresponding differential
is equal to

A=

m<n. (2.4)

m+l 2(E ’)’,)
;5" (E - Q) H"""(E Q) [Tami(E - Ra)
As we shall see in the following, the flat diagonal metrics corresponding to hyperelliptic curves are Egoroff

metrics. Moreover, it will be shown in the last section that hyperelliptic curves correspond to the simplest
solutions of the associativity equations.

dQo =

Important remark. Unless otherwise specified, in the following main part of the paper, we assume
for simplicity of the formulas that the divisors R and {Q;} are in general position and do not intersect
each other. We consider the special case R = {@;} at the end of the last section.

Theorem 2.2. Let ¥(u, Q|D, R) be the Baker-Akhiezer function corresponding to an admassible alge-
braic curve and an admissible pair (D, R) of divisors. Then the functions =7 (u) = ¥(u, Q;), j =1,
satisfy the equations

) nudiz*d;zt = elhls;, (2.5)
k,l

where the h; = £i(u) are the first coefficients in the ezpansions (2.1) of ¢ at the punctures P;; the
constants €? are defined by the ezpansion

dQe = %(e? + O(w?)) dw? = w;(e? + O(w ) dw; (2.6)
of dQo at P;, and the constants ny are given by

Nkl = Mkbk (1) » M = res dQ% . (2.7)
k

Proof. Let us consider the differential
0P (v, Q) = i (u, Q) 8;¥(u, 7(Q)) d%(r(Q)) -

29



It follows from the definition of the admissible data that this differential for 1 # j is a meromorphic
differential with poles only at the points @, ..., Q.. Indeed, the poles of the first two factors &;%:(u, Q)
and 9;¢(u, o(Q)) at the points v, and o(v,) are canceled by zeros of dQ. The essential singularities
of these factors at P, cancel each other. The simple poles of the product of these factors at P; and P;
are canceled by zeros of d)y treated as a differential on T' (see (2.6)). Finally, d2(!) has no poles at
the points R, and R by virtue of the normalization conditions (2.2). The sum of all the residues of a
meromorphic differential on a compact Riemann surface is equal to zero. Therefore,
(1) _ . .

kz=lr5:ksdﬂij =0, t#£7.
The left-hand side of this equation coincides with the left-hand side of (2.5).

In the case : = 7, the differential dQS,-I ) has an additional pole at P; with residue resp, dQS,1 ) = —e?h?.
That implies (2.5) for i = j and completes the proof of the theorem.

Corollary 2.1. Let {T', P;,Q;, D, R} be a set of admissible data. Then the formula

o BA(R) + X0, (w'VO) + 2.)6(Z0) ,
Hiw) =0 3 ralP) gl st o LRl U0 o (Zw,Ju ) (28)

where ro(Q) is the function defined in (2.3) and

w:»’,-=/:dm, P45, wf= Jim ([ - (@),

defines the coefficients of a flat diagonal metric. The corresponding flat coordinates are given by the
formulas

{
M) = 3 @)zt

k 6(A(Qk) + Z,_l(u‘V(‘)) + Za)8(Z0) _ Qx
()= 8(A(Qr) + Za) (3o (VD) + Zg) © (Z / dfd; )

Conditions for the metric coefficients to be real-valued. In the general case, the above-con-
structed flat diagonal metrics H;(u) and their flat coordinates are complex meromorphic functions of
the variables u'. Let us find conditions on the algebraic-geometric data such that the coefficients of the
corresponding metrics are real functions of the real variables u®.

Let Ty be a real a.lgebrajc curve, i.e., a curve with an antiholomorphic involution 74: I'g = [g, and let
the punctures {Py,..., P,} and {Q,...,Q2m-n} be fixed points of 79. Then 7y induces an antiholo-
morphic involution 7 on I'. We assume that the local coordinates w; at P; satisfy w;(7(Q)) = w;(Q).
Let us assume that the set {Qk} and the divisors D and R are invariant with respect to 7, i.e.,

T(QJ) = QK(]) ’ T(Ra) = Rnl(a)a T(";"s) = Yxa(s)
where the «;(-) are the corresponding permutations of indices.

Theorem 2.3. Let the set of admissible data be real. Then the Baker-Akhiezer function satisfies the
relation

¥(v,Q|D, R) = ¥(u, 7(Q)|D, R),

and formula (2.8) defines a real flat diagonal metric.

The signature of the corresponding metric depends on the involutions «(j) and x;(c). By varying the
initial data, one can obtain flat diagonal metrics in any pseudo-Euclidean spaces RP'9. In general, these
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metrics are singular for some values of the variables u'. To obtain smooth metrics for all u, we have to
impose additional constraints on the initial data. This procedure is quite standard in the ﬁmte-gap theory
and will be considered elsewhere.

§3. Differential Equations for the Baker—Akhiezer Function

In this section, we are going to clarify the meaning of our constraints on the algebraic-geometric data .
in terms of differential equations for the Baker—-Akhiezer functions.
The following statement is a simple generalization of the results of [17], where it was shown in the

case n = 2 that the corresponding Ba.ker—Akhlezer function satisfies a two-dimensional Schrédinger type
equation.

Lemma 3.1. The Baker-Akhiezer function ¥(u QID, R) satisfies the equation
8:0;% = ¢! 61/)+c"6¢, t# 7, (3.1)

where
ci;(u) = 8jhifhi,  clj(u) = Bihj/h;,
and the h;(u) = €}(u) are the first coefficients in the ezpansion (2.1).
Equations (3.1) have the form of Egs. (1.7), which are part of the equations defining the flat coordinates
for the diagonal metric with coeflicients H;(u) = €;h;(u), where the ¢; are constants. Let us now present

additional equations that are satisfied by the Baker—Akhiezer functions and are reduced to (1.8) in the
case of admissible algebraic-geometric data.

Let {I', P;, wj,~s, Ra} be the set of data that defines a Baker~Akhiezer function ¥(u, Q|D, R). Let
us fix a set of n additional points Q1,...,Qn. Then in the generic case there exists a unique function
¢! = ¢(u, Q| D, R) such that

(1') 9 (u, Q), treated as a function of Q € T', is meromorphic outside the punctures P;, has at most
simple poles at the points «v,, and is zero at the punctures Q,, ..., @Qx,

1/)1 (u ’ Qk) =0 >
(2!) in a neighborhood of P;, the function ! has the form

e (Zel,u)w) w; = wi(Q); (32)

=0
(3!) ¥'(u, Ra|D,R) = 1.
Lemma 3.2. The functions y¥(u, Q|D, R) and ¥'(u,Q|D, R) satisfy the equations

3ip — it + > vijd5 =0, (3.3)
J=1
where
h; d;h} ki | g9i g
¢ = —}—, Vi = —h} i + ;;-‘1- TR (3.4)
h,‘ aihl' . .
v‘jzh_,_i‘z}_J" i# 7, (3.5)

and the functions h; = £}, h} = € 0 i = &, and g} = {1 , are the first coefficients in the ezpansions
(2.1) and (3.2).

The proof is standard. Consider the function defined by the left-hand side of (3.3). Equations (3.4)
and (3.5) imply that this function satisfies the first two conditions in the definition of ¢ and is zero at
each R,. Therefore, it is equal to zero.
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Now consider the case of admissible algebraic-geometric d:av,tf‘a.‘. (In that case, the set of the punctures
in the definition of ! is the same set as in the definition of the admissible curves and divisors; i.e.,
Q1,..., Q2m-n are the branching points and Qam—-n+1,:.-, @2n are the preimages of the Qy.)

Theorem 3.1. The Baker-Akhiezer functions ¥(u, QJID, R) and ¥(u, Q| D, R) corresponding to an
admissible set of algebraic-geometric data satisfy Egs. (3.1) and the equations

By =c;op' + ergaﬂb- (3.6)
=
Here the F{i are the Christoffel symbols (1.9) of the metric Hi(u) = €;hi(u).
Proof. The differential
d? = & (u, Q)8j(u, Q) d(m(Q))

is holomorphic everywhere outside P; and P;. The residues of ng?) at these points are given by
resd(? = e?hjdjhi,  1es AP = —e2h;0:h} .
[ J

Therefore, €?h};h; = €2h;0;h}. The last formula implies that the coefficients v;; defined in (3.5) are
equal to T'J; for i # 3.
The differential d2}; has the only pole at P;. Therefore, its residue at this point is zero,

r}gs dQ,lA,- = h} (g,' + 6,"2,') - h,'(g} + Bih}) =0. (3.7)

It follows from (3.7) that the v;; given by (3.4) is equal to T%;.
Note that Egs. (3.6) coincide with (1.8) at the points Q;.
Corollary 3.1. The functions

O, Q) = —— Bitp(u v, ¥ .
\I’i( )Q) h,-(u) at"b( vQ)7 \I’ ( Q) hl( ) ( Q) (3 8)

satisfy Egs. (1.11), where the (B;j(u) are the rotation coefficients (1.5) of the metric H;(u).

The proof of the corollary follows by straightforward substitution of (3.8) into (3.1) and (3.6).
Consider the analytical properties of ¥%(u,Q) and ¥}(u,Q) viewed as functions on the algebraic
curve I'. It follows from the definition of Baker-Akhiezer functions that

(1%) the ¥N(u,Q), N = 0,1, are meromorphic outside the punctures P; and have at most simple
poles at the points v1,..., Yg41-13

(22) in a neighborhood of P;, the function ¥V has the form

TN = wyNlen (6.,+Ec ai).  ws=wi(Q)s (39)

(3%) the functions ¥ vanish at the punctures R,, and the functions ¥} vanish also at the punc-
tures Q;,
ON(u,Ra) =0,  ¥i(u,Q;)=0.

Lemma 3.3. Let ' be a smooth genus g algebraic curve with 2n punctures P;, Q; and with given
local coordinates w;j(Q) in neighborhoods of the punctures P;. Then for any set of g+ 1—1 points v, in
general position there ezist unique functions ¥%(u, Q) and ¥l(u, Q) satisfying conditions (1%)-(3%).

For a given admissible curve I' with punctures P;, Q; and local coordinates w;, the Baker-Akhiezer
functions and the coefficients H;(u|D, R) of the corresponding diagonal flat metric depend on the admis-
sible pair (D, R) of divisors. Two pairs (D, R) and (D', R') of divisors are said to be equivalent if the
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differences D — R and D' — R’ are linearly equivalent, i.e., if there exists a meromorphic function f(Q)
on I' such the divisor (f)e of its poles and the divisor (f)o of its zeros satisfy

(flo=D+R, (flo=D'+R. (3.10)
Lemma 3.3 implies that the following statement is valid.

Corollary 3.2. The rotation coefficients [;;(u|D, R) and Bij(u|D’, R') corresponding to equivalent
pairs of the divisors satisfy the relation

f(P:)Bij(u| D, R) = f(P;)Bij(u| D', R),
where f(Q) is a function satisfying (3.10).
Let us express the rotation coefficients in terms of the functions ¥}(u, Q|D, R) alone.

Theorem 3.2. The rotation coefficients (;j(u) of the algebraic-geometric flat diagonal metric with
coefficients H;(u|D, R) are equal to

Bij(u|D, R) = {fl(uleR)’ (3.11)

where the Ci’jl are the first coefficients in the ezpansions (3.9) of the functions ¥!(u, Q|D, R). The Lamé
coefficients Hi(u|D, R,r') are equal to

Hi(u|D,R)= - da¥}(u,R;|D, R), (3.12)

where

do = %sdﬂo. (3.13)

Qr

Proof. It follows from (1.11) that the functions ¥! satisfy the equation
6.-\1!} = ﬂ.’j‘I’%, i#£7. (3.14)
Equation (3.11) readily follows from (3.9) and (3.14). To prove (3.12), let us consider the differential

4 (u, Q) = ¥i(v, Q)¥(u, Q) d%.
This differential is meromorphic with poles at the points P; and RZ, and

res dQSs) = H;(u).

The residues of this differential at the points R are equal to the corresponding terms in the sum on the
right-hand side of (3.12). The sum of all these residues is zero, which completes the proof of theorem.

§4. Egoroff Metrics

In this section we describe the algebraic-geometric data corresponding to Egoroff metrics, i.e., metrics
with symmetric rotation coefficients 83;; = B;i.

Let E(P) be a meromorphic function on a smooth genus go algebraic curve I'y with n simple poles
at the points P;, 2m — n simple zeros at the points Qi,..., Q2m-n, and n — m double zeros at the
points @1  enns @n_m . The Riemann surface T’ of the function A = /E(P) is an admissible curve in the
sense of the definitions in §3. The function A.= A(Q) is an odd function with respect to the involution
of I'. Viewed as a function on T, it has simple poles at the points P; and simple zeros at the points

Qj, 3=1,...,n. The function A~ defines local coordinates w;(Q) = A~!(Q) in neighborhoods of the
punctures P;.
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Theorem 4.1. Let (D, R) be an admissible pair of divisors on the Riemann surface I' of the func-
tion AM(Q). Then

Bij(u|D, R) = Bi(u| D, R). (4.1)
The potential of the Egoroff metric Hi(u|D, R) is given by
®(u|D, R) = ) _ A(Ra)dat(u, RY), (42)
a=1

where the d, are the residues of dQQo at R, (3.13).

Proof. To obtain (4.1), it suffices to consider the differential A(Q)¥?(u, Q) ¥%(u, o(Q)) dQ0 , which has
poles only at the points P; and P;. The residues at these points are equal to 3;; and —p;;, respectively.
To prove (4.2), consider the differential

A0 = \(Q)¥(u, Q)di%(u, o(Q)) d% -
This differential has poles at the points P; and R, with residues

rgsdQE“ = -H?, rRe:dQS” = doA(Ra)Bith(u, R).
The sum of these residues is zero, which proves (4.2).

§5. Solutions to the Associativity Equations

The equivalence [5] of the classification problem for the rotation coefficients of Egoroff metrics and the
classification problem for massive topological fields does not provide explicit solutions of the associativ-
ity equations. In this section, we obtain explicit expressions for the partition functions of the models
corresponding to the above-constructed symmetric rotation coefficients.

Theorem 5.1. Let ¥(u,Q|D, R) be the Baker-Akhiezer function defined on the Riemann surface T
of the function A(Q) and corresponding to an admissible pair (D, R) of divisors. Then the function
F(z) = F(u(z)) defined by the formula

Fu =_( Z iz (u) ' () — Z,\(R (u, RZ)),

k,l=1

where (nk1) is the constant matriz defined in (2.7), the constants d, are defined in (3.13), and
zk(u) = 1/)(“’ Qk)a yk =d¢'(u7 Qk)/d>‘1

satisfies the equation

83F( H? Ou' Ou' Ou'
Bzkdglogm K™ T Z ¢ 9z* Bzl Bz™ (5.1)
Moreover, the functions
m Ou* Ou’ Oz (5.2)

Gkt = dz* 3z' O’
i=1
satisfy the associativity equations (1.14).

Proof. Consider the functions

o) )
¢>k=5'x—k, ¢H=—8:ck6:v"
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In a neighborhood of P;, they have the form

b= Do 00, b= 28 B s (h, 1 0.
Therefore,
' o 4%
Ckim = Ztesdﬂk my A% im = $k(u, Q) pim(u, Q7) R

=1
By the definition of z¥, we have ¢i(u, Qm) = Skm, éri(u, Qm) = 0. Therefore, the differential dQx,m
outside the punctures P; has a pole only at Q;. Hence,

Y A %
NG = ~gee (et oQ0) 5 (69)

Ckim = —res dSk; 1m = — res dim(u, o(Qr))
Qux Qe

Near @y, we have

P(u,0(Q)) =2"® — y"®x 1 O(N?)

and
d) 1 2
o = = (& + mA + O(X7)) .
Therefore,
res1/)(u o‘(Qk)) —_— = 171:1:"(") Nk y"(k). (5.4)
It follows from the definition of F that

a3 — o(k) - ] 6ya(l) da 31.5(“, Ra)
2 pak F=my” T+ Z”"’ 9z MRa) 0zF

Constider the differential
dfo

a0 = 2 y(u,0) 1

It has poles at @; and RZ with residues

do  O%(u, RY)

8y k k (5)
fngQ( )= =mz"" = SzF + 81,08y (27 7®) — ey M, 1;%5ko ==

MRo) Ozt

Therefore,

i ay"(') de O%(u, Ry)

1 _ o _ o(k) _ 1 _o(k)

Z"’x Z MR 6aF =Y T

Finally,
7] 1
T F =y ® _ 2 plges),

The latter equality and Eqs. (5.3) and (5.4) imply (5.1).

Lemma 5.1. The Baker-Akhiezer function (u, Q|D, R) defined on the Riemann surface T of the
function \(Q) and corresponding to an admissible pair (D, R) of divisors satisfies the equations

o " . 0
FWy =2 Z Kl 5om Ym =0. (5.5)

m=]
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Proof. Consider the function i defined by the left-hand side of (5.5). Outside of the punctures P;
it has poles only at the points of the divisor D and is equal to zero at the points Q;. It follows from
the definition of cJj that in the expansion of ¥ at the points P;, the meromorphic factor is O(A™1).
Therefore, it follows from the uniqueness of the Baker-Akhiezer function that zz = 0.

The associativity equations (1.14) for the functions cj; are the consistency conditions for the sys-
tem (5.5). The proof of the theorem is complete.

Remark. Equations (5.5) can be rewritten in the vector form:

o ~ ~ ~ 0
LeB=2Y e, B= b 9

System (5.6) with symmetric coefficients ¢Jj = ¢J} was introduced in [5] as an auxiliary linear system for
the associativity equations (1.14).

Now we shall consider the special case of our construction in which the divisor R coincides with the
divisor 2 of the punctures Q;. It was mentioned in the remark preceding Theorem 2.2 that the assumption
that R does not intersect 2 was adopted only for simplicity of the formulas.

For the case in which R = 2, admissible divisors D are defined as follows. A divisor D =y, +--- +
Yg+n—1 is said to be admissible if there exists a meromorphic differential d2g on Iy with poles of the
order 2 at the points Qi,...,Q2m—n and poles of the order 3 at the double zeros of E(P) such that
dQo(m(vs)) = 0. The differential dQd treated as an odd differential on I' has the form

d0% = ;—% (mi + O())

at the punctures Qx, k = 1,...,n (where A(@Q:) = 0). In our special case, the flat coordinates are no
longer defined by the values ¥(Qx) (which are all equal to 1). Instead, we must use the subsequent terms
of the expansion.

Theorem 5.2. Let ¢(z, Q|D, 2) be the Baker-Akhiezer function defined by an admissible divisor D
on the Riemann surface of \(Q). Then the function F(z) = F(u(z)), where

Flu)= 3 3 me* )y @),
k=1

Nk = resg, A2 dQo, and the z¥(u) and y*(u) are defined from the expansion
b =1+ +35(w) 3 + O(N),

is a solution of the associativity equations (1.12)-(1.15), t.e., satisfies Egs. (5.1); the functions cf; defined
in (5.2) satisfy (1.14) and the additional relation

n

Z Crtm(u) = ki - (5.7)

m=1

Proof. The proof of the fact that the functions z* are flat coordinates for the diagonal metric with
Lamé coeflicients H; = ¢;hi(u), where h;(u) is the leading term in the expansion of the corresponding
Baker-Akhiezer function at the puncture P;, is just the same as in the general case. The proof of the other
statements of the theorem but the last one is also almost identical to that in Theorem 5.1. Equation (5.7)
is a consequence of the following statement.
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Lemma 5.2. The Baker-Akhiezer function 3 corresponding to the data specified by the assumptions
of Theorem 4.3 satisfies the equation

= 5.8
sy (53)
=1
The two sides of (5.8) are regular outside the punctures P; and have the same leading terms in their

expansions at Pi. Therefore, they are identically equal to each other by virtue of the uniqueness of the
Baker-Akhiezer function. Equation (5.8) at @, gives

2. 9z™

— ou? =1

Hence,

i Out Ou’
chlm(u) ZH?B ¥ 50 = -
m=1 =1

The proof of the theorem is complete.

Exact theta function formulas for the partition function F' can be obtained by substituting the corre-
sponding expressions for the Baker-Akhiezer function.

Example. Elliptic solutions. Let us consider the simplest elliptic curvilinear coordinates and solutions
of the associativity equations that correspond to n =11 =3, m = 2 in the example of §2.

Consider the elliptic curve I' with periods 2w and 2w’, Imw'/w > 0. In this representation, we identify
the punctures P; with the half-periods w;; i.e.,

P=w=w, P=w=uw, Po=w=—-w-uw.
The punctures Q; are the points of the fundamental parallelogram @, =0, Q2 = 20, @3 = —20. In the

case g = 1, any divisors D and R form an admissible pair. The corresponding differential d€2 has the
form

__o(z—w)o(z —w)o(z +w +w') ! a(z —vs)o(z +7s) ;
Ao = mo o(z)o(z + 20) 0(z — 20) ;[=Il o(z — R,)o(z + R,) dz,

where o(z) = o(z|w,w’) is the classical Weierstrass o-function. The residues
res dQp = 1, res dfdo =12
=0 z=%2g

are the coefficients of the flat metric ds? = n;(dz')? + n2(dz?)(dz®). The Baker—Akhiezer function has
the form

I
o) =] o(z ~ R,) [ 3 ra ;’((z" fga;a’zs)) exp(Qu, z) — u, R,,))] , (5.9)

=1 a=1

z) = ul(((z =w) +n) + «*({(z — ) +7') + W ({(z +w + ) =0 = 7'),
— - r_ ' _ Hfg: o(Ra —1s)
C(Z) = y N= C(w), n = C(w )1 Ta = H3¢:U(Ra —Ra) :

In the general case, where Ry # Q;, the values of 1 at Q; give an expression of the flat coordinates:

! =(u,0), z° =¢(u, z0), z°=1v(u,—z).

37



The corresponding Lamé coefficients are given by

" U - R,
GEREDEE v i
o(w'+U — Ry
Hg(u —622 (w/ R )a’( ))eU'I ’

2 a(w+w +U - Ra) ( ~Un=Uy')
H“(“)‘e“z o(w +w' — Ry)a(U) '

The elliptic solutions of the associativity equations correspond to the Baker—Akhiezer function given by
(5.9) with I =3 and R; =0, R; = z9, R3 = —29. Let us give the corresponding formulas for the simplest
Baker-Akhiezer function

u.z) = a’(z+s) eﬂ(u,z)
v = e

The coefficients of the expansions

¥ =1/z +2'(u) +y'(w)z +O(2),
b=+ W)z - 20) +O((z = 20)?), % =2° +4*(u)(z +20) + O((z + 20)°)

define the solution

F=z'y' - 1% +2%y%) (5.10)

of the associativity equations. We have
z! = ((U) - p(w)u' — p(w)u? — p(w +w')u?,
2_a’(:o:o-¥-U) 3 a(U - z) B
T = O'(ZO)O'(U) epr(u, 20)7 z = U(—ZO)U(U) epr(u’ ZO)

and

v = 2 - (O Y lplenu) + 3 (Zp(w. )

v =) (60 + U) — ¢la0) Zp(zo—w.)u)

0 = 20 (C(0+ 1)+ o)~ Yl ).
1=

The function F = F — 3(z')? has the same third derivatives as F. Therefore, on substituting the
expressions for z* and y* into (5.10), we obtain the following formula for the simplest elliptic solution of
the associativity equations:

F=—Z p(U) - —(p(U) Pz ))(C(Zo —U) = {2+ V) = D plz0 -—wa)u‘)-

=1
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