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§ 1. Introduction
In some sense the results presented in this paper are a by product of our attempt
to analyse representations of the Sklyanin algebra, that is, the algebra generated by
four elements So, S a, a = 1,2,3, th at satisfy the following homogeneous quadratic
relations:
[ So , 5 a ] _ = iJ / 3 T [ 5 / 3, 5 7 ] + ,

(1.1)

[S a,S 0].=i[S o,Sy]+,

(1.2)

where [yl,.B]± = AB ± ΒA, and a triple of G reek indices α, β, η in (1.1), (1.2)
stands for any cyclic permutation of (1,2,3). The structure constants Ja$ of the
algebra are given by
Jp
Ja
τ
,
(1.3)
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where Ja are arbitrary constants. Therefore, (1.1)—(1.3) define a two parameter
family of quadratic algebras. These relations (1.3) were introduced in [1] as the
minimal set of conditions under which the operators

W a(u)S a®a0

(1.4)

a= 0

satisfy the equation
R 23(u

v)L 13(u)L 12(v)

= L 12(v)L l3(u)R 23(u

υ).

(1.5)

Here σα are Pauli matrices, σ0 is the unit matrix, the functions W a(u) — W a(u | η, τ) ,
α = 0, . .. , 3, depend on parameters η and r in a such way that
W a(u) = ^

L

(1.6)

where θα(χ) = θα(χ | τ) are standard Jacobi theta functions with characteristics
and the modular parameter r, and the function
()

(1.7)

α= 0

is an elliptic solution of the quantum Yang Baxter equation
23

R (u

13

12

v)R (u)R {v)

l2

13

23

= R (v)R (u)R {u

v),

(1.8)

corresponding to the so called 8 vertex model. (N ote that the i? matrix of the
6 vertex model is obtained at the limit τ —> 0.)
In relations (1.5), (1.8) we use the following standard notation of the theory of
the Yang Baxter equation. For a module Μ over the Sklyanin algebra, equation
(1.4) defines an operator in the tensor product Μ ® C2. We denote by L 13(u)
(L 12(u)) the operator in the tensor product Μ ® C2 <g> C2 that acts as L(u) on
the first and third (second) spaces, and acts as the identity operator on the second
23
(third) one. Similarly, R acts identically on Μ and coincides with the operator
(1.7) on the second and third spaces.
It is well known (see, for example, the surveys [2] [4]) that the classification
of discrete quantum systems soluble by the quantum inverse scattering method
reduces to solving (1.5) for the case when R(u) is a fixed solution of the Yang
Baxter equation (1.8). G eneralizations of the Sklyanin algebra, corresponding to
more general elliptic solutions of (1.8) obtained in [5], were introduced in [6], [7].
At present only the simplest finite dimensional representations of the generalized
Sklyanin algebras are known. I t is of great interest to construct representations of
these algebras in terms of difference operators similar to the representations of the
original Sklyanin algebra (1.1)—(1.3) described in [8].
As was shown in [8], the operators S a, a = 0, ... , 3, admit representations in
the form of second order difference operators acting in the space of meromorphic

Representations of the Sklyanin algebra

1103

functions f(x) of one complex variable x. One of the series of such representations
has th e form
(Saf)(x)

=

{l)

9

l "ΐ \

{η/ 2)

"ι \ Χ)

(θα+i (x ~ ίη)/ (χ + τ?)

θα+1 (

χ

ίη)/ ( χ η)).

(1.9)

By a straightforward but tedious computation one can check that for anyr, η, I
the operators (1.9) satisfy the commutation relations (1.1)—(1.3) if the values of the
structure constants are given by
_
Ja

~

Θα+1(η)θα+1(θ)
ΘΙ+1(η/ 2)
•

( L 1 0 )

Therefore, th e quantities τ, η parametrize th e structure constants, and I is th e
parameter of the representation. N ote that Sklyanin's original parameter η intro
duced in [8] corresponds t o the parameter ^ ηin (1.6), (1.7), (1.9) and (1.10).
Let us put / „ = f{nr\ + XQ) and assign to th e operators (1.9) the following
difference Schrodinger operators with quasiperiodic coefficients:
Safn = Alfn+ 1+ BZfn 1.

(1.11)

The spectrum of a generic operator of this form in the space 12(Z) of square inte
grable sequences / „ has a structure of Cantor set type. If η is a rational number,
η = p/ q, then th e coefficients of th e operator (1.11) are g periodic. In general,
g periodic difference Schrodinger operators have q unstable bands in the spectrum.
In § 5 we show th at th e operator So defined by (1.9) possesses th e following
extremely unusual spectral property.
Theorem 1.1. Given a positive integer 'spin' I and an arbitrary η, the operator
So defined by (1.9) has 21 unstable bands in the spectrum. Its Bloch functions are
parametrized by points of the hyperelliptic curve of genus 2ί defined by the equation
2M 1
2

y = R(e) = Π (ε2

e?)·

(1 12)

The Bloch eigenfunctions ψ(χ,± εί) of the operator So at the edges of bands span
a functional subspace that is invariant for all the operators S a • T he corresponding
(4£ + 2) dimensional representation of the Sklyanin algebra is a direct sum of two
equivalent {21+ 1) dimensional representations of the Sklyanin algebra.
Remark. In § 5 we show that there is a unique choice of signs for ε; such that the
Bloch eigenfunctions ^>(χ,ε») induce an irreducible representation of the Sklyanin
algebra. U nfortunately, at present we cannot point out an explicit and construc
tive procedure for splitting th e edges into two parts. We conjecture that ifthe
structure constants (and therefore the parameters ε<) are real, then the irreducible
representation is induced when all the edges of bands are positive, th at is, ε* > 0.
This theorem indicates a connection between representations of th e Sklyanin
algebra and the theory of finite gap integration of soliton equations. (The theory of
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finite gap difference Schrodinger operators [9] [12] was developed in the context of
solving the Toda chain and difference KdV equations.) F urthermore, the assertion
of the theorem implies th at SO is the proper difference analogue of the classical
Lame operator
L = ~ +t(t+l)p(x),

(1.13)

which is obtained from 5o as η —>• 0. Finite gap properties of higher Lame operators
for arbitrary integer values of ί are well known (see [13] and the references therein).
In § 6 we propose a relatively simple procedure for deriving the functional realiza
tion (1.9) of the Sklyanin algebra by difference operators. This approach partially
explains th e origin of these operators. The basic tool is th e key property of the
elementary i? matrix (1.7), which was used by Baxter [14] in solving th e eight
vertex model and which he called a 'pair propagation through a vertex'. A suitable
generalization of this property for an arbitrary spin L operator (1.4) leads to for
mulae (1.9). This approach needs much less amount of computation than the direct
substitution of the operators (1.9) in the commutation relations (1.1), (1.2). N ote
th at this method gives automatically all the three representation series obtained by
Sklyanin and an extra one unknown before.
In [15] th e remarkable connection between the motion ofpoles of the elliptic
solutions ofthe KdVequation (which are isospectral deformations of th e higher
Lame potentials) and th e Calogero Moser dynamical system was revealed. As
was shown in [16], [17], this connection becomes an isomorphism if we consider
the elliptic solutions ofthe Kadomtsev Petviashvili (KP) equation. In [18] th e
methods of finite gap integration of the KP equation were applied to integrate the
motion equations of the elliptic Calogero Moser system in terms of Riemann theta
functions. In [19] these results have been extended to spin generalizations of the
Calogero Moser system.
In this paper we extend this theory to construct elliptic solutions ofthe two
dimensional (2D) Toda chain and its non Abelian analogues. The equations of the
2D Toda chain have the form
^

(1.14)

We consider solutions which are elliptic with respect to the discrete variable n, that
is, solutions of the form
xo,t+,t )

(1.15)

such th at the function
c(x,t+,t ) =exp(<p(x,t+,t ) (p(x q,t+,t ))

(1.16)

is elliptic with respect to th e variable x. We show that in this case the function
exp(y) is given by the representation
= Xi{t+,t.)

Xi

(1.17)
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(a(z\ u>i,u)2) is the standard Weierstrass σ function), and the dynamics of its
poles Xi with respect to the time flows ί + , ί is given by the motion equations
for th e Ruijsenaars Schneider system [20]:
Xi = Σ

xs (V( Xi

Xi

x.)

V(xs

Xi)),

(1.18)

where
ν(χ)=ζ(χ) ζ(χ

+ η),

CO«O = ^ y

(1 19)

This system is th e relativistic analogue of the Calogero Moser model. H amiltonians
generating the commuting (i± ) flows have the form

^

)

"

1

< ««>

with canonical Poisson brackets {pi,Xk} = uik
The method used in the proof of this assertion also enables us to construct
the action angle variables for the system (1.18) and to integrate the system
explicitly in terms of theta functions. Applied to the non Abelian analogue of
the 2D Toda chain, this approach leads to spin generalization of the Ruijsenaars
Schneider model.
This generalized model is a system of Ν particles on the line with coordinates Xi,
and its internal degrees of freedom are described by / dimensional vectors a* = (ai<a)
and covectors bf = (bf), a = 1, . . . ,1. The motion equations have the following
form:
Xi)

V(xj ~ Xi)),

(1.21)

),

(1.22)

xi).

(1.23)

The potential V{x) is given by (1.19) or by its trigonometric or rational degenera
1
1
λ
ι
tions V(x) = (cotha;)" (οοίΙι(χ + η))~ and V(x) = χ~ — (χ η)~ ,
respectively.
To develop a H amiltonian formalism for this system needs special consideration; this
is beyond the scope of this paper.
Let us count the number of non trivial degrees of freedom. The original system
has 27V + 2N I dynamical variables Xi, ii, αι, α, bf. The motion equations are
invariant under the rescaling
Oj

>· XiCti,

bt

4 —bt.

(1.24)

The corresponding integrals of motion have th e form I, = ii — (bfa,i); in order to
fix their zero value we put
± i = (bfat).
(1.25)

1106

I. Krichever and A. Zabrodin

The reduced system is defined by the additional Ν extra constraints ^2abf = 1,
which destroy the symmetry (1.24). Therefore, the phase space of the reduced
system has dimension 2NI. Moreover, the system is invariant under the transfor
mations
l
a 4 * W cn,
b+ > b+W ,
(1.26)
apart from the symmetry (1.24). Here a matrix W G GL(r,R) is restricted only
by the condition th at W preserves the above mentioned additional conditions on
the b,; in other words, W leaves the vector υ = ( 1 , . . . , 1) invariant. Taking into
account (1.26), we see th at the dimension of the completely reduced phase space
Μ is equal to
dimM = 2\ Nl

~

·

(1 27)

In §§ 2 4 we derive explicit representations for general solutions of the system
(1.21) (1.23) in terms of theta functions. It should be emphasized th at the corre
sponding formulae are identical to those obtained in [19] for spin generalizations of
the Calogero Moser model. The only change is that the class of auxiliary spectral
algebraic curves (in terms of which the theta functions are constructed) is different.
These curves can be described purely in terms of algebraic geometry.
With each smooth algebraic curve Γ of genus Ν we associate an iV dimensional
complex torus J(T) (Jacobian of the curve). A pair of points P^ G Γ defines a
vector U in the Jacobian. Let us consider a class of curves th at have the following
property: there exists a pair of points on the curve such that the complex linear
subspace generated by the corresponding vector U is compact, that is, it is an ellip
tic curve £o This means th at there exist two complex numbers 2ωα, Ιπια^/ ωι > 0,
such th at 2ωαΙΙ belongs to the lattice of periods of holomorphic differentials on Γ.
From a purely algebraic geometrical point of view the problem of describing such
curves is transcendental. I t turns out th at this problem has an explicit solution;
moreover, the algebraic equations defining such curves can be written as charac
teristic equations for the Lax operator of the Ruijsenaars Schneider system. In
the case of general position £o intersects the theta divisor at Ν points Zj, and if
we move £o in the direction defined by the vector V+ (V~) tangent to Γ G ./ (Γ)
at the point P+ (P~), then the intersections of £o with the theta divisor move
according to the Ruijsenaars Schneider dynamics. There is an analogous descrip
tion of spin generalizations of this system. The corresponding curves have two sets
of points P^, i = 1, ... , / , such that in the linear subspace spanned by the vectors
corresponding to each pair there exists a vector U with the same property as above.
N ote th at the geometric interpretation of integrable many body systems of
Calogero Moser Sutherland type resides in the representation of these models as
reductions of geodesic flows on symmetric spaces [21]. Equivalently, the models
can be obtained by means of the H amiltonian reduction [22] from free dynamics
in a larger phase space possessing a rich symmetry. A generalization to infinite
dimensional phase spaces (cotangent bundles to current algebras and groups) was
suggested in [23], [24]. The infinite dimensional gauge symmetry enables us to make
a reduction to a system with finitely many degrees of freedom. The Ruijsenaars
Schneider type models and the elliptic Calogero Moser model are contained in the
class of systems described by this procedure.
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A further generalization of this approach consists in considering dynamical sys
tems on cotangent bundles to moduli spaces of stable holomorphic vector bundles
on Riemann surfaces. Such systems were introduced by H itchin in the paper [25],
where their integrability was proved. An attempt to identify th e known many
body integrable systems in terms of the abstract formalism developed by H itchin
was recently made in [26]. To do this, it is necessary to consider vector bundles
on algebraic curves with singular points. It turns out that the class of integrable
systems corresponding to th e Riemann sphere with marked points includes spin
generalizations of the Calogero Moser model and integrable G audin magnets [27]
as well (see also [28]).
N otwithstanding th e fact th at H itchin's approach is of a general nature and
offers a clear geometric interpretation, it cannot be used directly to obtain explicit
formulae for solutions of the motion equations. F urthermore, in general an explicit
form of the motion equations is unknown. We hope that an alternative approach to
H itchin's systems may be based on the approach first suggested in [18] for the elliptic
Calogero Moser system and developed in more detail in this paper. This approach
seems to be less invariant but yields more explicit formulae. In our opinion this
approach has not yet been used in its full strength. Conjecturally, to each H itchin
system one can assign a linear problem having solutions of a special form (called
double Bloch solutions in this paper), in terms of which one may construct explicit
formulae for solutions of the motion equations.
This paper as a whole can be divided into three relatively independent parts.
The structure of th e first part (§§2 4) is very close to that of the paper [19].
F urthermore, to make this paper self contained and to stress the universal character
of the approach suggested in [18], we sometimes use the literal citation of [19]. At
the same time we skip some technical details common for both cases and try to
stress th e specifics of difference equations. In the second part (§ 5) we introduce
and study discrete analogues of Lame operators. Finally, in the third part (§ 6) we
use the concept of the vacuum vectors of L operators to give a simple derivation
of difference operators representing the Sklyanin algebra. Actually, we expect a
deeper connection between the three main topics of this paper, for which reason we
have combined these topics within a single paper; a short discussion on this point
is given in § 7.
§ 2. The generating linear problem
The equations of the non Abelian 2D Toda chain have the form
d+((d.gn)g 1)=gng i1 gn+1g 1.

(2.1)

These equations are equivalent to the compatibility condition for the overdeter
mined system of linear problems
d+i/ >n(t+,t ) = 1>n+1(t+,t )

+vn{t+,t )tl>n{t+,t ),

β_ ν η ( ί+ , ί ) = ε η ( ί+ , ί ) ^ η ι( ί+ , ί ) ,

(2.2)
(2 3)

where
cn = 9η9ή ι>

ν

η = {d+gn)g

1

(2.4)
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(gn is an (I x Z) matrix). As in the case of the Calogero Moser model and its
spin generalizations [18], [19], the statement th at the system (1.21) (1.23) and
the pole system defined by elliptic solutions of the non Abelian 2D Toda chain
are isomorphic is based on the fact that the auxiliary linear problem with elliptic
coefficients has infinitely many double Bloch solutions.
We call a meromorphic vector valued function f(x) a double Bloch function if it
has the following monodromy properties:
f(x + 2LJa) = Baf(x),

a = 1,2;

(2.5)

here ωα are periods of an elliptic curve. The complex numbers Ba are called Bloch
multipliers. In other words, / is a meromorphic cross section of a vector bundle
over an elliptic curve. Any double Bloch function can be represented as a linear
combination of elementary functions as follows.
We put

Using the addition theorems for the Weierstrass σ function, it is easy to check that
Φ(χ, ζ) satisfies the difference analogue of the Lame equation
Φ(χ + η,ζ)+ ο{χ)Φ{χ η,ζ)

= Ε{ζ)Φ(χ,ζ),

(2.7)

where
ν

=

'

σ(χ η)σ(χ + 2η)
σ{χ+η)σ(χ)

κ

'

Here z plays the role of a spectral parameter, which parametrizes the eigenvalues
E(z) of the difference Lame operator
Η Ζ )

σ(η)

(σ{ζ η)σ{ζ

The Riemann surface Γο of the function E(z) is a two fold covering of the initial
elliptic curve Γο with periods 2ωα, a = 1,2; its genus is equal to 2.
The function Φ(χ,ζ) is a doubly periodic function of z, th at is,
Φ(χ,ζ + 2ωα) = Φ(χ,ζ),

(2.10)

If χ/ 2η is an integer, then Φ is a well defined meromorphic function on Γο· If χ/ 2η
is a half integer, then Φ becomes a single valued function on Γο . In the general case
when χ is an arbitrary number one can define a single valued branch of Φ(χ, ζ) by
cutting the elliptic curve Γ ο between the points ζ = ± η.
As a function of x, the function Φ(χ, ζ) is a double Bloch function, that is,
Φ(χ + 2ωα,ζ) = Τα{ζ)Φ{χ,ζ),

(2.11)

where the Bloch multipliers are given by
T a(z) =βχρ(2ζ(ωα)(ζ + η))(^ ^ γ"

\

(2.12)
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In th e fundamental parallelogram defined by the sides 2ωαthe function Φ(χ, ζ) has
a unique pole at th e point χ = 0:
Α = ζ(ζ+ η) + ± Ιησ{ζ
~ η\ .
2η σ(ζ+ η)

Φ(χ,ζ) = +Α + Ο(χ),
χ

(2.13)

This implies th at if a double Bloch function f{x) has simple poles at points X{ of
the fundamental parallelogram and has Bloch multipliers B a such that at least one
of them is different from 1, then it can be represented in the form
TV

f(x) = Y / 8&(x xi,z)k x'1'1

(2.14)

t= l

where th e variable ζ and the complex number k are connected by th e relation
2

Ba=T a{z)k ^'\

(2.15)

(N ote th at any pair of Bloch multipliers can be represented in th e form (2.15) with
an appropriate choice of ζ and k.)
Indeed, let χι, i = 1, . . . , m, be poles of f(x) lying in the fundamental domain of
the lattice with periods 2ωι, 2ω2 Then there exist vectors s, such that the function
F(x) = f(x)

^

s

i*( x ~ x^

z)k x/ n

t= l

is holomorphic in χ in th e fundamental domain and it is a double Bloch function
with th e same Bloch multipliers as / . Moreover, any non trivial double Bloch
function, having at least one Bloch multiplier different from 1, has at least one pole
in th e fundamental domain, whence F = 0.
The gauge transformation
f{x)*f{x)

a

= f{x)e *,

(2.16)

where a is an arbitrary constant, does not change the poles of any functions and
transforms a double Bloch function into another double Bloch function. If B a are
the Bloch multipliers for / , then the Bloch multipliers for / are equal to
Βχ =Βχβ2αω\

B2=B2e2au>2.

(2.17)

We say th at two pairs of Bloch multipliers are equivalent if for some α they are
connected by (2.17). N ote that for all equivalent pairs of Bloch multipliers th e
product
Bf2B~ W l = Β
(2.18)
is a constant depending only on the equivalence class.
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The ore m 2. 1. The equations
Ν

dt<Z{x,t) = Φ (ζ + η,ή + Σai{t)b+(t)V(x

Xi

(t))9(x,t),

(2.19)

Ν

have Ν pairs of linear independent double Bloch solutions Φ( β)(α;,ί) and $ffJx,t)
such that they have simple poles at the points Xi(t) and (xi(t) — η), respectively,

Φ

, ,fT

4. 2 ω

t\ — Β

tyi

Φ

t\

\(

+

(τ — 2ti)

t} — F!

Φ / \ (r

t\

(1 91

and have equivalent Bloch multipliers (that is, the quantity
B

\ ?sB2,T

=B

( 2·22)

is independent of s) if and only if Xi(t) satisfy equations (1.21), and the vectors
ai, bf satisfy the constraints (1 25) and the system of equations
xj)
+ib+a^Vixi

Ka^

(2.23)

Xi) + Xtbf,

(2.24)

where \ i = Xi (t) are scalar functions.
Remark. Th e system (1.21), (2.23), (2.24) is 'gauge equivalent' t o th e system
(1.21) (1.23). This means t h at if (xi,ai,bf) satisfy equations (1.21), (2.23), (2.24),
then Xi and th e vector valued functions
ai = cnqi,

bf = hq'1,

q{ = expi / λ<(ί') dt' \

(2.25)

are solutions of th e system (1.21)—(1.23).
The ore m 2. 2. Suppose that equations (2.19), (2.20) have Ν linear independent
double Bloch solutions with Bloch multipliers satisfying (2.22). Then there are infin
itely many such solutions, all of which can be represented in the form
Ν

—\

oft

h 7 ^ φ ί τ — r./ / l • Λ^/ ΐ

Ο 9fi^

Ν

i

x

+ x i(t)

, z)k *l\

V

(2.27)
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where s* is an I dimensional vector, Sj = ( si, a ) , and sf is an I dimensional covector,
=
s
t
( ?) The set of corresponding pairs (z,k) is parametrized by points of the
algebraic curve defined by the equation

s

Ν

R(k, z) = k N + Σ ri{z)k N

1

= 0.

Proof of Theorem 2.1. As we have mentioned, Φ ( 8 ) ( χ, ί) (like an y double Bloch
function) may be written in the form (2.26) with some values of the param eters
zs, k s. Prom (2.22) it follows t h at the param eters zs can be chosen as follows:
zs = z,

s=

l,...,N.

For this value ofζ we substitute a function Φ(χ, t, z, k) of the form (2.26) in equa
tion (2.19). Since any function with such monodromy properties has at least one
pole, it follows t h a t (2.26), (2.23) are satisfied if and only if t h e right and left hand
sides of these equalities have the same singular parts at the points χ = Xi and
χ = Χί η.

C om paring th e coefficients in front of (χ
xisi

2

Χχ)~ in (2.19), we obtain

= ai(b+si),

(2.28)

whence the vector s; is proportional to aj,
Sj, a (t, k, z) = cj(t, k, z)ai, a{t),

(2.29)

and th e vectors Oj, bi satisfy the constraints (1.25). Cancellation of th e coefficients
in front of (x —Xi + η)~ ι gives the conditions
ksi + ]T aibfs^ ixi

χ, η,ζ) = 0.

(2.30)

Taking into account (1.25) and (2.29), we can write (2.30) as th e m atrix equation
for th e vector C = (CJ),
(L (t,z) kl)C = 0,
(2.31)
where I is th e unit m atrix, and the Lax m atrix L(t, z) is defined as follows:
L ij(t,z) = (b+ajW xi Xj ^ z).

(2.32)

F inally, cancellation ofth e poles (x — Xi)~ x gives the conditions
^ {xi xj,z)^ Q,

(2.33)

Taking into account (2.29), we arrive at the motion equations (2.23), where

Ai(i) =

+ (Cfa) " A)ii

Σφ+αι)Φ( Χί

x^zp .

(2.34)
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We can write (2.31) in the matrix form
(dt + M(t,z))C = 0,

(2.35)

where the second operator of the Lax pair is given by
Μφ,ζ)

= { Xi + (Cfa)

A^ Sij

(1

Sirfbfa^ ixi

,z).

Xj

(2.36)

+

Analogously, substituting the vector Φ of the form (2.27) in (2.20), we obtain the
relations
8f(t,k,z) = ct(t,k,z)b?{t),
(2.37)
where the covector C+ = (cf) satisfies the conditions
+

C (L {t,z) kI)
dtC+ + C + M

(+ )

= 0,

(2.38)

( i , z) = 0,

(2.39)
+

the operator L is given by (2.32), and the operator M ^ ' is obtained from (2.36)
by changing Xi(t) to
xuz)%
% .

+aiW xj

(2.40)

Moreover, the covector bf satisfies the motion equation

bf =
The assumption of the theorem implies that equations (2.31), (2.35) and (2.38),
(2.39) have iV linear independent solutions corresponding to different values ofk.
The compatibility conditions for these equations have the form of the Lax equations
L + [M,L] = 0,

L + [M < + > , L ]= 0,

(2.42)

from which it follows th at Xt = \ +.
The function Φ(χ,ζ) satisfies the following functional relations:
Φ{χ

η, ζ)Φ( ν, ζ)

Φ(χ, ζ)Φ( ν η,ζ) = Φ(χ + ν

η, ζ) {
(2.43)

Φ'(χ η,ζ) = Φ(χ

η, z)(V( x) + ζ(η)

Α)

Φ( η, ζ)Φ(χ, ζ),

(2.44)

where the constant A is defined in (2.13). The first relation is equivalent to th e
three term functional equation for the Weierstrass σ function, and the second rela
tion follows from the first one as y > 0.
Using (2.43) and (2.44) it is easy to prove by direct computation the following
lemma, which completes the proof of the theorem.
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Lemma 2.1. L et the matrices L and Μ be defined by (2.32) and (2.36), respec
tively, where a, and bf satisfy (2.23) and (1.25). Then the Lax equations (2.42)
are valid if and only if the Xi{t) satisfy (1.21).
Proof of Theorem 2.2. As we proved above, equations (2.19), (2.20) have TV linear
independent solutions provided th at the equations (2.23), (2.24), th e constraints
(3.9) and th e Lax equations (2.42) are satisfied for some value of the spectral
parameter z. Therefore, by Lemma 2.1, the Lax equations are satisfied for all values
of the spectral parameter z. Thus, for each value of ζthe double Bloch solutions
of equation (2.19) are defined by (2.26) and (2.29), where the Ci are components of
the common solution of equations (2.31), (2.35).
It follows from (2.31) that all admissible pairs of the spectral parameters ζand k
satisfy the characteristic equation

R(k,z) = det(kl

L(t, z)) = 0 .

At the beginning of § 3 we show that this equation defines an algebraic curve Γ of
finite genus. This completes the proof of the theorem.
Remark 1. In the Abelian case (/ = 1) one can use the 'gauge' transformation with
matrix Uij = α,ιδ^ t o represent the operators of the Lax pair in the form
L ff^ ^ x^ ixi Xj v^ ),

(2.45)

These operators are equivalent to the Lax pair derived in [29], [30].
Remark 2. In the Abelian case it is sufficient to require th at only one of the equa
tions (2.19), (2.20) has Ν linear independent double Bloch solutions with Bloch
multipliers satisfying condition (2.22).

§ 3. The direct problem
It follows from the Lax equation (2.42) that the coefficients of the characteristic
equation
R(k,z) = det(kI L (t,z))=0.
(3.1)
are independent of time. N ote th at they are invariant with respect to the symme
tries (1.24) and (1.26).
Theorem 3.1. The coefficients r^iz) of the characteristic equation (3.1)
Ν

R(k,z) = k N + Yri(z)k N
are independent

i

(3.2)

of t and are given by

r< (z) = φι(ζ) 4 o + (1

Sitl)Iitl8i(z)

+ ^ Ii,.d*z 2p(z

+ »?)), ( 3. 3)
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where
m,i=i l

fori

= l,...,l,
σ { ζ

φ ι [ ζ

+

nn = I 1

for i = I+ 1,... ,N ,

(3.4)

)

η

>
σ(ζ + η)σ(ζ

(ι

In a neighbourhood of the point ζ = η the function R(k,z) can be represented in
the form
ι
R(k,z) = Y[(k + (z + V) ^ 2hi(z
t= l

Ν
+ V)) Y[ {Η + {ζ+ η) λΙ2Ηί{ζ + η)),

(3.7)

i=l+l

where the functions hi(z) are regular in a neighbourhood of zero.
Proof. It follows from (2.10) that the matrix elements L ^ are doubly periodic func
tions of z. Therefore, one can consider them as single valued functions on the orig
inal elliptic curve Γο with a branch cut between the points ζ = ± η. First we show
that the coefficients ri(z) of the characteristic polynomial (3.1) are meromorphic
functions on the Riemann surface Γο of the function E(z) denned by (2.9). (This
means that ri(z) are two valued functions of ζ with square root branching at the
points ζ = ± η.)
This assertion follows from the fact that L(t,z) can be written in the 'gauge
equivalent' form

[
where the matrix elements of L(t,z) have square root branching at the points
ζ = ± η. Moreover, using the explicit formulae
7

l j

n . Λ_
t z
i i )Λ
Τ

[σ{ζ

(*»+ β>)
^ —τ—; —

ajz + Xj Xj)
1 2

η)σ{ζ + η)] / a(x> Xj η)

one can conclude that r2i{z) are single valued meromorphic functions of z, that is,
elliptic functions. Further, r2i+i{z) are meromorphic functions on Γο, which are
odd with respect to the involution To : Γο —> Γο interchanging sheets of the covering
Γο > Γο (this involution corresponds to the change of sign E(z) > —E(z) of the
square root). Thus, the curve Γ is invariant with respect to the involution
τ: f M f,
which covers the involution TQ.

?{k, E) h> ( it, E),

(3.10)
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We denote by Γ the factor curve
Γ: = {Γ/ τ }.

(3.11)

This curve is an N iold ramified covering of the initial elliptic curve
ΓΗ> Γ0

(3.12)

and is defined by the equation
Ν
N

R{K,z)=K +

Y jR i{z)K

N

i

= Q,

(3.13)

i= l

where

We now dwell on the sense of this assertion in more detail. The coefficients Rj (z) of
(3.13) are meromorphic functions of ζ having the following monodromy properties:
Rj(z + 2ωα) = Rj{z)e

2iiMi

>.

(3.15)

The Riemann surface Γ defined by (3.13) is an iV fold covering of the complex
plane. It follows from (3.15) that this surface is invariant with respect to the
transformations

ζ^ζ

+ 2ωα,

Κ^Κε

2ζ( ωα)η

·

.

(3.16)

The corresponding factor surface off over the transformations (3.16) is an algebraic
curve Γ, which is the covering of some elliptic curve with periods 2ωα.
We now prove equality (3.7). The proof is based on the fact that for the expansion
of L(t, z) in a neighbourhood of the point ζ — —η,

( 3 1 7 )

the rank of the leading term is equal to / . The corresponding (N — Z) dimensional
subspace of eigenvectors C = ( c i, . . . ,CAT) with zero eigenvalue is defined by the
equations
Ν

J2cjajta=0,

a = l,...,l.

(3.18)

3= 1

We now go back to the determination of the coefficients in the characteristic equa
tion (3.1). Since the matrix elements of L(t, z) have simple poles at the point ζ = η,
we see that in the case of general position the function rj (z) has a pole of order i
at this point. It follows from (3.7) that at the point ζ = —η the function r, has a
pole of order i for i = 1, ..., / , a pole of order (21 i) for i = I + 1, ... , 21, and a
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pole of order i —21 for i = 21 + 1, . . . , TV, t h at is,
η{ζ)
π(ζ)

2

= {ζ + η) ν ρί{ζ
= {ζ + ηγ/

2 ι
Ρί

{ζ

+ η),

ί = 1, ..., / ,

(3.19)

+ η),

i = l + l,...,N,

(3.20)

where pt(z) are regular functions. U sing these properties of t h e functions fj(z), as
well as their evenness properties, we arrive at the representation (3.3). (N ote t h at
th e function φί(ζ) defined by (3.5) has a pole of order i at th e point ζ — η an d a
zero of order i —2 at th e point ζ = —η.)
Important remark. I t should be emphasized t h a t th e representation (3.7) implies
t h at t h e characteristic equation (3.1) defines a singular algebraic curve. Indeed,
(3.7) implies t h a t (TV /) sheets of th e corresponding ramified covering intersect
at t h e point (z = —η, k = 0). In what follows we keep th e same n otation Γ for an
algebraic curve with th e resolved singularity at this point.
T h e coefficients 7j, s in (3.3) are integrals of motion for t h e system considered.
Th e t ot al number of integrals is equal t o Nl —1(1 — l) / 2, which is exactly half th e
dimension of th e reduced phase space. (It follows from the results of § 4 t h a t these
integrals are independent.)
L e m m a 3. 1. In the case of general position the genus g of the spectral curve Γ
defined by (3.13) is equal to Nl
1(1 + l) / 2 + 1.
Proof. F irst we determine th e genus 'g of th e curve Γ defined by (3.1). By th e
R iem an n H urwitz formula we have 2g — 2 = 2TV + v, where ν is th e number of
branch poin ts of Γ over Γ ο , t h at is, the number of points ζ at which th e equation
R(k, z) = 0 has a double root. This number is equal to th e number of zeros of
th e function dkR(k,z) on th e surface R(k,z) = 0 outside preimages of t h e point
ζ = —η (due to th e above mentioned singularity of th e initial curve). The function
dk R(k, z) has poles of order TV— 1 at preimages of the point ζ = η; moreover, it also
has poles of t h e same order at I preimages of th e point ζ = —η, which correspond
to th e first I factors in (3.7). At the other TV—I preimages of th e point ζ = —η this
function h as zeros of order (TV l)(N
21 1 ) . Therefore, ν = 4ZTV 21(1 + 1). The
curve Γ is a two fold branched covering of th e spectral curve Γ, and th e number of
bran ch poin ts at preimages of t h e points ζ — ± η is equal t o 2TV. In this case t h e
R iem an n H urwitz formula leads to th e relation 2<? —2 = 2(2g — 2) + 2TV, which
proves t h e lemma.
N ot only does th e characteristic equation (3.1) define the spectral curve (3.13),
bu t it also defines two sets of distinguished points on t h e spectral curve. N amely,
using t h e factorization (3.7) of R(k, z) we see t h at th e function k has poles at I
points of t h e set of preimages of t h e point ζ = η (these poles correspond t o t h e
first I factors in (3.7)); we denote them by Pf, i = 1, . . . ,1. Since a meromorphic
function has as many zeros as poles, it follows from (3.14) an d (3.7) t h a t on th e
unreduced spectral curve Γ t h e function k has 21 zeros outside preimages of th e
point ζ = —η. These zeros correspond t o I points Pf, i = 1, . . . ,Z, lying on th e
spectral curve Γ,
k(Ptr) = 0.
(3.21)
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In th e case of general position there is such a point P~ above each zero z~ of th e
function r^(z), different from its apparent zero ζ = η, so t h at

rN (z)=I N , 0 ^ ( ; y J n ^

O

(For I = 1 th e second marked point P f lies above th e point ζ = (N

(3 22)
1)η.)

The ore m 3. 2. Let Φ(ζ, t, P) be a solution of equation (2.19). Then its components
^ a(x,t,P)
are defined on an Ν fold covering Γ of the initial elliptic curve cut
between the points P^ and P~, i = 1,... ,1, and they are meromorphic outside
these branch cuts. In the case when the initial conditions are of general position the
curve Γ is smooth, its genus is equal to g = ΝI —' * ' + 1 , and the function Φ α has
g — 1 poles 7 1 , . . . , 7g i, whose position is independent of x,t. In a neighbourhood
of the points P*, 2 = 1, . . . , I, the function Φ α has the form

(
s=l

(3.23)
where χ™ are constants independent of x, t, and Xj are non zero eigenvalues of the
OO
matrix (bfaj). In a neighbourhood of the points P~ the function Φ α hasthe form

(

s=0

Σχ?(χ,ί)(ζ *Γ)')*ι(Ρ,Ο,Ρ),

(3 24)

where z~ are projections of the points P~ onto the initial elliptic curve; these
projections are defined by (3.22). The boundary values Φο of thefunction Φ α
on opposite sides of the cuts are connected by the relation
φ(+) = φ Μβ2 * * * / " .

(3.25)

Proof. F irst we study analytic properties of the eigenvectors of th e Lax m atrix
defined by (2.31), (2.35).
We denote by Γ* th e curve Γ with cuts between th e preimages P+ of the point
ζ = η and th e preimages Q~ of th e point ζ = η, i = 1, . . . ,N . Let Ρ be a generic
point of th e curve Γ, t h a t is, a pair (Α;, ζ) = Ρ t h at satisfies (3.1); th en th ere exists
a unique eigenvector C (0, P) of th e m atrix L(0, z) normalized by th e condition
c i( 0, P ) = 1. All other components Cj(0,P) are equal t o ∆ ί ( 0 , Ρ ) / ∆ ι ( 0 , Ρ ) , where
∆ί(0, P ) are suitable minors of the m atrix kl L(O,z), and therefore they are
meromorphic on Γ*. T h e poles of Cj(0, P ) are zeros of th e first principal minor
∆ ι ( Ο , Ρ ) = det(kSij

Lij(0,z))

= 0,

i,j > 1,

(3.26)

on Γ*. Therefore, th e position of these poles depends only on th e initial d at a of
the Cauchy problem considered.
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Le mma 3. 2. The coordinates c,(0, P) of the eigenvector C (0, P) are meromorphic
functions on Γ*. The boundary values cf of the functions c, ( 0, P ) on opposite sides
of the cuts satisfy the relation
C+ =

c

e

Ti(si(0) «i(0))/ 7,_

(3 27)

In a neighbourhood of the points Pf the functions Cj (0, P) have the form
(3.28)
where c^
that is,

(t) are eigenvectors of the residue of the matrix L(0,z)

at ζ = —η,

(3.29)
j= i

In a neighbourhood of the points Q~ the functions Cj(0,P) have the form
{0,P) = (ο^ ){0) + Ο{ζ η))(ζ η)^ ^

Cj

χ

^ °^ ^ 2'>\

(3.30)

where cl'~ (t) are eigenvectors of the residue of the matrix L(0,z) at ζ = η.
T h e proof is based on t h e following representation (see (3.8)):
C ( 0, P ) = G ( 0, z) C ( 0, P ) ,

(3.31)

where G(t, z) is defined in (3.8), and (7(0, P) is an eigenvector of th e m atrix L(0, z).
The m atrix elements of L(0,z) are analytic on th e cuts between ζ = ± η, an d
therefore C (0, P) has no discontinuity on the cuts. This proves th e relation (3.27).
Th e representation s (3.28) and (3.30) are direct consequences of th e fact t h a t £ ( 0, z)
has simple poles a t th e points ζ = ± η.
Remark. The vector (7(0, P) is invariant under the involution (3.10). T h at is why
its argument is a point Ρ of th e spectral curve Γ rather th an a point Ρ of the
covering Γ. H owever, this n otation is somewhat misleading, since both factors in
(3.31) are multivalued on Γ, and only their product is well defined.
Le mma 3. 3. The poles of (7(0, P) are invariant under the involution r . T he
number of them is equal to 2NI — 1(1 + 1).
Th e proof of th e lemma is based on stan dard arguments of finite gap integration
theory. N amely, let us consider th e following function of z:

where My, j = 1, . . . ,N , are preimages of z. Since this function does not depend
on th e ordering of the preimages, it is well defined as a function of z. U sing th e
analytic properties ofCj, we see t h at F(z) can be represented in the form

4\

,

(3.32)
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where F is a meromorphic function. This means that F(z) has as many zeros as
poles. The number of its poles is twice the number of zeros of the vector C(0, P),
whereas the number of zeros of F(z) is equal to the number ν of branch points
of the covering Γ over Γ ο defined by (3.1). In the proof of Lemma 3.1 we showed
that ν = 4ΝΙ — 21(1 + 1). The invariance of poles of C(0, P) under the involution τ
follows from the f invariance of equation (3.26), which determines the positions of
the poles. This completes the proof.
Let 7 i , . . . , 7 9 i be points of the spectral curve Γ such that their preimages are
poles of C ( 0, P ) . (N ote th at if Γ is smooth, then the number g = Nl l(l + l)/ 2+l
is its genus.)
We now consider the vector C(t, P) obtained from (7(0, P) by the time evolution
given by (2.35).
Lemma 3.4. The coordinates Cj (t, P) of the vector C(t, P) are meromorphic on Y*.
Their poles are preimages of the points 71, . . . , 7 9 i and do not depend on t. T he
boundary values c^ of Cj (t, P) on opposite sides of the cuts satisfy the relation
c+ = cje*i(xj(t) *A0))/ v,

(3.33)

In a neighbourhood of the points P^ the functions Cj(t,P) have the form
CJ(0,P)

= ($'+\ ί)

where κι and σ?

+ Ο{ζ+ η))(ζ + η)'χ*Μ χ*»'™βχρ{χί(ζ

+ η) 1ή,

(3.34)

(t) are defined in (3.29). In a neighbourhood of the points Q~

the functions Cj(t: P) have the form
]

Cj(t,P) = {cf (t) + O(z

η))(ζ

η)(«ί(')

Proof. The fundamental matrix S(t, z) of solutions of the equation
(dt+M(t,z))S(t,z)=0,

S(0,z) = l,

(3.36)

is a holomorphic function of ζ outside the cut connecting the points ζ = ± η. By
the Lax equation we have L(t,z) = S(t, z)L(0, z)S~ 1(t,z).
Therefore, the vector
C(t, z) is equal to C(t, z) = S(t, z)C(Q, z), whence it has the same poles as C(0, P).
We consider the vector C(t, P) defined by the relation
C(t,P) = G(t,z)C(t,P),

(3.37)

where G(t,z) is the same diagonal matrix as in (3.8). This vector is an eigenvector
of the matrix L(t,z) and satisfies the equation
(dt + M(t,z))C(t,P) = Q,

Μ = G~ ldtG + G lMG.

(3.38)

The matrix elements of Μ are analytic at the cut between the points ζ = ± JJ. There
fore, C(t, P) is analytic at th e cuts on Γ. Thus, th e multivaluedness of C(t, P) is
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completely caused by t h e multivaluedness of G(t, z), which proves (3.33). Equality
(3.35) follows from t h e analyticity of Μ a t t h e point ζ = η. I n a neighbourhood of
ζ = —η we have
^

^

+ η)°).

(3.39)

Therefore, in a neighbourhood of th e points P + t h e following relation holds:
dtC(t,P) = (^(t,z) + O(z°))C(t,P),
where
1

µί(ί,ζ) = κί(ζ + η)~ +Ο(1)

(3.40)

are eigenvalues of th e m atrix M. This proves (3.34).
Now we proceed directly t o t h e proof of the theorem . From th e initial definition
Ν

Φ(ζ,ί,Ρ) = Y l8j(t,P)i{x xj(t),z)k*''>,

sj(t,P)=cj(t,P)aj(t),

j= l

it follows t h a t t h e solutions Φ of t h e generating linear problem (2.19) are defined
on t h e curve Γ. To show t h at Φ is well defined on t h e spectral curve Γ, we use th e
equality

(3.41)
We recall t h at t h e components of th e vector C are even with respect t o th e
involution f given by (3.10). T h e factor

is f invariant too. Thus, Φ ( ζ, ί, Ρ) is well defined as a vector valued function on
th e spectral curve Γ. At t h e same tim e we see t h at t h e poles of Φ(χ, t, P) coincide
with t h e poles of (7(0, P ) , t h a t is, they are located a t t h e points 7 1 , . . . , 7 9 i
N ote t h at K(P) is a multivalued meromorphic function on Γ with zeros an d
poles (which are nevertheless well defined) a t t h e points P~ an d P f + , i = 1, . . . , / ,
respectively. Therefore, by cuttin g Γ between t h e points P * , i — 1, . . . ,/ , we
can choose t h e bran ch of t h e third factor in (3.42) in such a way t h at Φ becomes
single valued outside these cuts, an d its boun dary values a t t h e sides of t h e cuts
satisfy (3.25). We consider t h e behaviour of Φ in neighbourhoods of t h e points Pf.
In a neighbourhood of ζ = —η we have
σ(ζ + χ + η)
σ(ζ + η)σ{χ)

J _
ζ+ η

w

K

'
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Therefore, in a neighbourhood of th e points P + the following relation holds:

where ki(z) is th e bran ch of k{P) denned by the i th factor of th e representa
tion (3.7). F or i > I th e product of th e second and third factors in (3.44) is regular
in a neighbourhood of P*. Since th e eigenvalues Xj in (3.29) are equal to zero
for i > I, it follows t h at the first factor is also regular in a neighbourhood of P*,
i > I. Therefore, t h e functions Φ α are regular at these points. Similar argum ents
for i = 1, . . . ,/ prove (3.23). N ote also t h at Φι(Ο,Ο,Ρ) in (3.23) has simple poles
at th e points Ρ^ + , i = 1, . . . , /.
1

We consider th e term χβ in (3.23). By th e construction, it does not depend on x.
Substitutin g th e series (3.23) in (2.19), we see t h at this term does not depend on t
either.
The following theorem can be proved by th e same arguments.
The ore m 3. 3. Let Φ + (α:, ί, Ρ) be a solution of equation (2.20).
Then its
+ a
components $ ' (x,t,P)
are defined on an Ν fold covering Γ of the initial
elliptic curve with branch cuts between the points P^~, P~, i = 1, . . . ,1, and are
meromorphic outside these cuts. In the case of general position the curve Γ is
a smooth algebraic curve, its genus is equal to g = Nl — l"+ 1> + 1, and Φ + · α
has (g — 1) poles 7 ^ , . . . , 7^_ i, which do not depend on x,t. In a neighbourhood
of the points P^~, i = 1, . . . , I, the function φ + · α has the form

9+<a(x, t,P)=(

pat

X

+ Σ Xt'ai(x,

t)(z + ηΥ

(3.45)

s= l

)~ 1)~ χ/ ηε ^ ζ+''^ Η^ +'1(0,

0, P ),

where χ$ι are constants independent of x, t. In a neighbourhood of the points P~
the function Φ + · 0 has the form
>a(x,

t, P)

= (z

ζ

ΣΧΓΟΜ )( * *Γ)')* + Ι 1 ( Ο, Ο, Ρ).
s=0

α

The boundary values φ+ > ;(± ) of the function Φ+
are connected by the relation

( 3 ·46 )

'
α

on opposite sides of the cuts

Remark. F rom Theorem 3.2 it follows, in particular, t h at the solution Φ of equation
(2.19) is a Baker Akhiezer function t o within normalization. In §4 we show t h at
this function is uniquely defined by the curve Γ, the poles 7, , the m atrix χο, and
the value a;i(0). All these quantities are defined by th e initial Cauchy data and are
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independent of t. However, it is necessary to emphasize that some of them depend
on the choice of the normalization point ίο, chosen above as ίο = 0 . Given a set
{xi,Xi,ai, bf\ (bf,ai) = ± i\ of initial data, the matrix L is defined by (2.32), the
curve Γ is defined by the characteristic equation (3.1), and equation (3.26) defines
a set of g 1 points 7S on Γ. Therefore, the following map is well defined:

{xuxuaubt | (ft,*) = it} 4{r, flG J{T)},

(3.48)

9 1

ϋ = ΣΑ( 8)+ Χιυ(°\

(3.49)

s= l

where A : Γ —>· J ( F ) is the Abel m ap and i/ *·1' is a vector depending only on Γ
(see (4.13)). T h e coefficients of (3.1) are integrals of th e system (1.21) (1.23). In
§ 4 we show th at th e second part of th e data (3.48) defines angle type variables,
th at is, th e vector D(t) evolves linearly, D{t) — D(tQ) + (t ί ο ) ί / ( + \ if th e point of
the phase space evolves according t o equations (1.21) (1.23). The motion equations
for t h e system considered have th e following obvious symmetries:
a i ; bf > qua, q^bf,

l

au b+ > W~ ah

b+W,

(3.50)

where qi are constants and W is an arbitrary constant matrix. In § 4 we prove that
the data Γ, D uniquely define a point of the phase space to within the symmetry
transformations (3.50).
§ 4. Finite gap solutions of the non Abelian Toda chain
Finite gap solutions of the non Abelian Toda chain were constructed in [31] by
one of the authors. Preparatory to constructing the inverse spectral transformation
for the spin generalization of the Ruijsenaars Schneider model, we recall the main
points of this theory. Since we are working with a continuous variable χ rather
than with the discrete variable n, some minor modifications of the construction are
introduced.
Theorem 4. 1. Let Γ be a smooth algebraic curve of genus g with fixed local coordi
nates Wj,± (P) in neighbourhoods of 21 points Pp, Wjt± (P^) = 0, j = 1, . . . ,1, and
with fixed cuts between the points Pj1. Let 7 1 , . . . , 7 9 + i i be a set of g+ 1 — 1 points
in general position. Then there exists a unique function ψα(χ,Τ,Ρ),
α = 1, . . . ,1,
Τ = {Utj ,± , i = 1,. ·• ,00; j = 1, . . . ,/ }, such that
1°. the function ψα, as a function of Ρ £ Γ, is meromorphic outside the cuts
and has at most simple poles at the points ys (if all of them are distinct);
2°. the boundary values ψα of this function on opposite sides of the cuts satisfy
the relation
(4.1)
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3°. in a neighbourhood of the point P^ the function ψα has the form

(4.2)

(

OO

,

,

OO

ν

Σ C J ' ; ± (z, T)w'ji± ) e x p ( £ w;,± tij;± . w,,± = WJMP),
+

$* (x,T )=S aj.

(4.3)

T h e proof of theorem s of this kind, as well as th e explicit formula for ψα in term s
of Riem ann theta functions, are stan dard in finite gap integration theory. To give
th e corresponding formulae we use th e n otation of [19].
By th e R iem an n R och theorem, if D = ji + • · · + 7 9 + j i is a divisor in general
position, th en there is a unique meromorphic function ha(P) such t h at the divisor
of its poles coincides with D and
ha(P?)

= S aj.

(4.4)

If we fix t h e basis of cycles a?, 6° on Γ with canonical intersection m atrix, th en
this function may be written as follows:

wh ere t h e R ie m a n n t h et a fu n ct io n θ{ζ\ ,.. , zg) = θ(ζγ,... , zg\ B) is defined by t h e
m a t r ix Β = (Bik) of p erio d s of h o lo m o rph ic differentials o n Γ, A(P) is t h e Abel
m ap, Α: Ρ &Γ ^ J(T), and

,

j = l, . . . , Z ,

(4.6)

9 1

52 = X

( 79ι+ 0
s=l

I

9+1 1

Z a = Z 0 A(P+),

Zo = X

Σ
i= l

Α

Μ +Σ

Α ρ

( ^'

j= l

where X is th e vector of Riemann constants. (The derivation of these formulae can
be found in [19].)
Let d n ( l > J ' ; ± ) be th e unique meromorphic differential t h at is holomorphic on Γ
outside th e points P^ , j = 1, . . . , / , and has the following form in a neighbourhood
of these poin ts:
άΩ{'·»± ] = d(wjX + 0{wj, ± ))
(4.9)
with th e normalization condition
/

( i

' ; ± ) = 0.

(4.10)
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This differential defines the vector U^'^

with coordinates

Also let dfl^ be the differential with zero o periods that is holomorphic outside
the points P^ and has the following form in a neighbourhood of these points:

This differential defines the vector U^ with coordinates
/(°> =

1 I dfiW.
2πι/ 6 οο

(4.13)

6

By the bilinear Riemann relations for periods of differentials of the third kind we
have
(
).
(4.14)
Theorem 4.2. Γ/ie components φα of the Βaker Akhiezer function ψ(χ,Τ,Ρ) are
given by the formula

Ζα)θ(υ^χ + ΣΑυ{Α)ίΑ
=

rP
/
Jqo

+ Ζ0)
A = (i,j;± ).

(4.16)

Remark. Note that a single valued branch of φ can be defined only after cutting
the curve Γ between the points Pp, since the Abelian integral Ω^0' has logarithmic
singularities at the marked points.
We now define the dual Baker Akhiezer function. For each set of g +1 — 1 points
in general position there exists a unique differential dQ, such that it is holomor
phic outside the points P * and has simple poles at these points with residues ± 1,
that is,

As well as being zero at the points 7,,
dn ( 7 s) = 0,
this differential is also zero at the other g + 1 — 1 points denoted by 7+ .

(4.18)
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+

The function ψ (χ, Τ, Ρ) is the dual Baker Akhiezer function if its components
ψ ' (χ,ί,Ρ)
satisfy the following conditions.
+ α

1°. The function ψ+'α, as a function of the variable Ρ € Γ, is meromorphic
outside the cuts and has at most simple poles at the points 7+ (if all of
them are distinct).
+ α
±
2°. The boundary values φ ' <( ') of this function on opposite sides of the cuts
satisfy the relation
+ α{ )

Τ,Ρ) = φ · ' (χ,Τ,Ρ)ε

2πίχ

^.

(4.19)

3°. In a neighbourhood of the points Pp the function φ+'α has the form

Σ £g

+ w;±

( *, T)w'ji±

s= 0

exp
'

^

Σ wJ,± U,j.,± , (4.20)
i= \

ξ+^'+(χ,Τ)=δα^.

'

(4.21)

Let h+(P) be a function having poles at the points of the dual divisor
7i~ j··· ;7^)_/ _i and normalized by the condition h+(P*) = S aj. This function
can be written in the form (4.5), where js are replaced by 7+ . By the definition of
dual divisors we have
g+i i

9+1 1

ι

A

Σ Mis) + Σ ^t) = κο+Σ( Α( ρ^+ A( pP)>
β= 1

»= 1

( 4·22)

j= l

where KQ is the canonical class, th at is, the equivalence class of the divisor of zeros
of a holomorphic differential. Consequently, the vector Z£ in the formulae for /i+
is connected with Zo by the relation

Z o + Z+ = 2ft

Ko + Σ( Α(Ρ+)

~ A(Pp)

Theorem 4.3. The components ψ+(χ,Τ,Ρ)
are given by

2X Ko U^%.

(4.23)

of the dual Baker Akhiezer function

(4.24)
where
Ζ+ = Ζ0 2Χ Κ0 υ^ η,

Ζ+ = Ζ+ Α(Ρ+).

(4.25)

The above mentioned results are valid for any algebraic curve having two sets of
marked points. We nowconsider the class of special curves corresponding to the
spin generalizations of the Ruijsenaars Schneider model.
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The ore m 4. 4. L et Τ be a smooth algebraic curve defined by the equation
Ν

R(K, z) = K

N

+ Σ Rii^K"

1

= 0,

(4.26)

j= l

and suppose that the coefficients Rj{z) are meromorphic functions of z, satisfy the
condition
2KMr
Rj{z + 2ωα) = Rj(z)e~ >,
(4.27)
and are holomorphic in the fundamental domain of the lattice with periods 2ωα
outside the point ζ = —η. Suppose also that in a neighbourhood of ζ = —η the
polynomial R has the following factorization:
I

N

ζ + η)),

(4.28)

where the functions Hi(z) are regular in a neighbourhood of ζ = —η. L et φ be the
Baker Akhiezer function corresponding to: (i) the curve Γ, which is the factor of
Γ with respect to the transformation group
z^z

+ 2ωα,

Κ Η* Ke 2^"^,

(4.29)

(ii) the local coordinates Wjt+ = (ζ + η) ίί~ 1 ( 0) near the poles P*,j = 1 , . . . , / , of
the multivalued function Κ = Κ(Ρ), and arbitrary local coordinates Wj,_ near the
zeros Pp of Κ = Κ (Ρ). Then the function ψ satisfies the following relation:
ψ(χ + 2ωα,Τ, Ρ) = φα(Ρ)φ(χ,

Τ, Ρ),

(4.30)

where
ψα(Ρ)

= K{P) 2w"l71eaw'')z.

(4.31)

Th e proof is based on t h e following evident facts. By th e monodromy properties
(4.29), t h e values of φα(Ρ) do n ot change under shifts of ζ by periods of t h e elliptic
curve, t h a t is, ψα(Ρ) is well defined on Γ. Relation (4.30) follows from t h e fact
t h a t its left an d right hand sides have t h e same analytic properties.
Corollary 4 . 1 . L et ψα(χ,Τ,Ρ)
be components of the Baker Akhiezer function
ψ(χ,Τ,Ρ) defined in Theorem 4.4. Then the following representation is valid:
{ )

^

^

\

. (4.32)

Moreover, the dual Baker Akhiezer function has the form
m
1p+(x,T ,P) = Y / sf(T ,P)^{( x

t= l

+ xi(T) V),z)k x/ ".

(4.33)
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The proof of the corollary is identical to the proof of the corresponding assertion
in [19]; in point of fact, this proof has already been presented at the beginning
of § 2, because Theorem 4.4 implies that φ and φ+ are double Bloch functions.
+
(Note that from (4.23), (4.24) it follows that φ has poles at the points χ, η.)
So far it has been assumed that tijC,.± are arbitrary parameters, and φ depends
on these parameters through the form of essential singularity at the points P^. We
now fix the values of these parameters for i > 1 as ij, a; ± = t°Q.± , whereas for i = 1
we put
*1, α; ± = ί± + *?, β ! ± ·
(4.34)
The corresponding Baker Akhiezer function now depends on the variables
(x, t+,t ). For brevity, we denote it by φ(χ, t+, £_, Ρ), skipping the dependence on
the constants T°.
Theorem 4.5. For any choice of the constants T°, the Baker Akhiezer function
ip(x,t+,t ,P)
satisfies the equations
Ο+φ{χ, t + , ί_ , Ρ) = φ(χ + »/, ί+ , i_, Ρ) + υ(χ, t+,t )i>(x, ί+ > ί_, Ρ) ,
(4.35)
d x/ >(x,t+,t ,P)=c(x,t+,t )xl>(x q,t+,t ,P),

d± = d/ dt± ,
(4.36)

where
l

v(x,t+,t ) = d+g(x,t+,t^)g {x,t+,t )

= £+ (χ,ί+ ,ί_)

ξ+(χ + η,ί+,ί ),
(4.37)

1

c(x,t+,t )=g(x,t+,t .)g (x v,t+,t )=d £(x,t+,t ),

(4.38)

and the matrices g and ξ^ are defined by the coefficientsof expansion (4.2)
ga*{x,t+,t )

=^ "( ΐ, ί+ , ί. ) ,

# ( *, «+ , * ) = {£ ?*+ }.

(4.39)

Proof. Equation (4.35) follows from the fact that the function
d+ii>a{x,t+,t ,p)

i/ >a(x + n,t+,t ,p)

has the same analytic properties as φ, except for the normalization condition (4.3).
Therefore, we can write it as a linear combination of the basis functions φ β with
αβ
coefficients ν . These coefficients are determined by comparing the coefficients in
the left and right hand sides of (4.35) at the points PJ'. Hence we arrive at the
first equality in (4.37). On the other hand, expanding φ near the points P^ we
arrive at the second equality in (4.37). Equalities (4.36) and (4.38) are obtained in
a similar way.
Corollary 4.2. The matrix function gn(t+,t ) = g(^ + xo,t+,t_) corresponding
(according to the definition of the Baker Akhiezer functions) to the curve Γ
with fixed local coordinates near the marked points Pj and to the set of points
7i, . . . , 7 s + j_i, is a solution of the 2D Toda chain equations (2.1).
Remark. T h e dependence of gn on t h e variables tij, i = 1, . . . , oo, j = 1, . . . ,/ ,
corresponds t o higher flows of t h e 2D Toda chain hierarchy.
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Theorem 4.6. T he dual Baker Akhiezer function satisfies the equations

(4.40)
sy

if) ( f

/• ι ~f

P i

^^ i b

f τ —
—
| Ύ) /*_!_ /"

P i f * { Ύ ~t — 7 7 / 1 / 1

(4 41 ι

ω/ iere c(x, ί + , ί _ ) , υ( χ, ί + , ί _ ) are ί/ie same as in (4.35), (4.36).
+

Proof. The same arguments as in the proof of Theorem 4.5 show that φ
+
+
equations of form (4.40), (4.41) with the coefficients c , v given by
+

+

1

+;

c ( z, t + , i_ ) = \ ζ '~(χ + 77, ί+ , ί_ ) ] £ ~ ( χ, ί+ , ί_ ) ,
ι&ίτ

t, t

satisfies

(4.42)

— \ P~^~'~ (τ i , i Χ\ ~1β t~^ '~ (*r t , t \

(A A%\

;αί;

where th e matrix elements ξ£'~ = {^ ~ } are determined from (4.20). The
+
coincidence of the coefficients of equations for φ and φ is a consequence ofthe
relation
Ko"1 "]"1 = &(x,t+,t )
= 5( i, t + , i_ ) ,
(4.44)
which follows from the definition of the dual Baker Akhiezer function. To prove
(4.44), we consider the differential φαφ+ι3άΩ, where dil is the same as in the
definition of th e dual divisor 7+ . It is a meromorphic differential on Γ with the
only poles at Pf1, and its residue at the point Pf is given by
res φαφ+β

dil = 6aJ60J.

(4.45)

i

F urther, th e residue of this differential at P~ is given by
τβ8φαφ+βάη

= £ o' j; ~ £ o~ ; / 3 ' j; ~ ·

( 4·46)

For a meromorphic differential t h e sum of th e residues should be zero; therefore,
relation (4.44) follows from (4.45) an d (4.46).
The ore m 4. 7. L et the curve Γ, the marked points Pp and the local coordinates
in their neighbourhoods be the same as in Theorem 4.4. Then the corresponding
algebraic geometrical 'potentials' ν and c in equations (4.35), (4.36) are elliptic
functions of x. In the case of general position they have the form
Ν

».( r rp\ — ST^ n.(T\ b+(TW{T

— τ (Τ\ )

c(x, T)=d [ So(T) + Σ ai(T)bf(T)C{x

(4 47

(T)) ) ,

Xi

(4.48)

where a\ and bf are vectors, and So is a matrix valued function independent of x.
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Proof. By (4.30) the potentials in (4.35) and (4.36) are elliptic functions. It follows
from (4.15) that the poles χ — Xi(T) of the Baker Akhiezer function correspond to
solutions of the equation

θ(u^x

+ Σ U{A)tA + Zo) = 0.

(4.49)

F urther, it follows from (4.8) that for the corresponding solutions (XJ(T), Γ) the
first factor in the numerator of (4.15) is equal to zero for Ρ — P+. On the other
hand, the function ha(P) vanishes at the points P^ , β Φ a. Therefore, the residues
φ°α^(Τ,Ρ) of the function ψα(χ,Τ,Ρ) at the points χ = χ, (Γ) have the following
analytic properties as functions ofP:
1°. they are meromorphic functions on Γ outside the cuts between the points
Pp and have the same poles as φ;
2°. their boundary values φα'\ '(Τ,Ρ) on opposite sides of the cuts satisfy the
relation

< < + ) (τ, ρ) = ψ°*/ \ τ, pyi
3°. in a neighbourhood of the points Pp

< ,(T,P) = wj£Whexp

£ w * ± t s J ; ± *£ ·, a K ± ) ,
^«= i

(4.51)

'

where F ^a are regular functions and

( 4 52)

KjJ°)=°

This means that φ^ i hasthe same analytic properties as the Baker Akhiezer func
tion, except the following one. The regular factor in the expansion of this function
near all the points P* has vanishing leading term. For general χ, ΪΑ there is no
such function, and for the special values (x = Xi(T),T) such a function φίο(Τ,Ρ)
does exist and is unique to within a constant (with respect to P) factor; moreover,
this function is uniquely defined in the general case when Xi{T ) is a simple root
of (4.49). Thus, we can represent φα in the form
φα(χ,Τ,Ρ) =

——+O({x Xi(T ))

).

(4.53)

χ — Χ{ y I j

It follows from (4.53) that for the matrix ξ£(χ, Τ) with matrix elements ξ,^'+{χ, Τ)
the residues p,(T ) of ξ^(χ,Τ), which are defined by the formula

have rank 1. Therefore, there exist vectors a,i(T) and covectors bf(T ) such that
= cn(T)bf(T). Then it follows from (4.30) that the matrix ξ? has th e following
Pi
monodromy properties:
ξ+(χ + 2ω,) = &(χ,Τ)

+ 2C(wi)r,

(4.55)
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where r is a con stan t. Thus, by (4.54) and (4.55) we see t h at ξ* can be written in
the form
JV

ξ{ = bo(T) + 2_^αί{Τ)οΙ(Ι

)ζ{χ

Xi[T)).

(4.56)

Taking into account t h e second equalities in (4.37) an d (4.38), we arrive at t h e
conclusion of th e theorem.
Remark. I n th e Abelian case (I = 1) there is an equivalent representation for c(x)
in th e form of th e product of pole factors (see also (1.17))

C omparing th e coefficients of th e pole term s in (4.48) an d (4.57), we obtain t h e
relations
d+

d^(T)

=

\ Π * ( * < '» + * Μ * < ρ ' > >

σ η)

k

*i

σ

KXi

Xk

t

.

( 4 58)

>

d+d Xi(T ) = d+xi(T )d xi(T )Y l{V(xi xk ) V{xk xi)).

(4.59)

It is easy t o check t h at if t h e dynamics with respect t o t± is given by t h e
H amiltonians σ(± η)Η± , where H± are denned by (1.20), then these relations follow
from th e motion equations.
For equations (4.35) an d (4.36) t h e connection between algebraic geometrical
potentials corresponding to equivalent divisors is well known in th e theory of finite
gap integration. Let D = ji + • • • + 7 9 + ; i and D^ = j \ ' + • • • + 7 J + J _ I ^ et
equivalent divisors, t h at is, there exists a meromorphic function h(P) on Γ such
t h a t D is t h e divisor of its poles, and D ^ is th e divisor of its zeros.
Corollary 4. 3. T he algebraic geometrical potentials v(x,T),
c(x,T) and
( 1)
v^{x,T),
c ( a:, T ) corresponding to the set {r,P*,wjt± (P)}
and to the equiv
alent divisors D and D^ are gauge equivalent, that is,
υ^(χ,Τ) = Ηυ{χ,Τ)Η 1,

c^(x,T ) = Ηα{χ,Τ)Η~\

H aj = h(P+)S aj.
(4.60)

Corollary 4.4. In the case of general position the curve Γ satisfies the conditions
of Theorem 4.4 if and only if it is the spectral curve (3.13) of the Lax matrix L
defined by (2.32), for which Xi, i{ are arbitrary constants, and the vectors ai, bf
satisfy conditions (1.25).
By Theorem 3.2, t h e Baker Akhiezer function Ψ α ( ζ, ί , Ρ ) / Ψι ( 0 , 0 , Ρ ) is con
nected with th e normalized Baker Akhiezer function ipa(x,t,P) by th e relation

(4.6!)

w 0
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where tp(x,t,P) is th e Baker Akhiezer function defined a t t h e beginning of this
section, which corresponds t o th e following values of th e param eters Τ = {tij ± }:
hji+ =t,

iij,± = 0,

(i,j,± )?(l,j,+).

(4.62)

Equality (4.61) yields th e following corollary.
Corollary 4. 5. L et Oj(i), bi(t),
(1.21) (1.23). Then

Xi(t) be solutions of the motion

equations

Ν
1

,t)xo ,

(4.63)

where v(x, t) = v(x, t+ = t, f _ = 0) is the algebraic geometrical potential
corresponding (according to Theorem 4.5) to the normalized Baker Akhiezer
function ψ(x,t,P) constructed from the data (a curve with marked points) obeying
the conditions of Theorem 4.4.
Corollary 4.6. The map
+

(4.64)

where [D] is the equivalence class of the divisor D, is an isomorphism to within the
transformations (3.50).
The corresponding curve Γdoes n ot depend on time, whereas [D] depends on th e
choice < 0 = 0 of th e initial point. Th e following theorem shows t h at this dependence
of [.D(io)] is linearized on th e Jacobian .
The o re m 4. 8. L et Γ be the curve defined by equation (4.28), and let D =
7 i , . . . , 7 s + / _ i be a set of points in general position. Then the solutions of the
system (1.21), (2.23), (2.24) are given by the formulae

Y^ U^ '+\

(4.65)

where

«^" ™

θ(Ζα)θ(Ζ+ )

(4.68)
and qo is an arbitrary point of Γ. Moreover, any solution in general position may
be obtained from solutions (4.65) (4.67) by means of the symmetries (3.50).
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Remark. If the vector Z$ in (4.65) (4.67) is replaced by
(4.69)
then th e corresponding quantities x,{T), a,i(T), bi(T), Τ = {iyi} depend on tA
in accordance with the higher commuting flows of the system (1.21)—(1.23). It
should be emphasized that the points Pp enter symmetrically. For this reason the
dependence of x,(T), a,i(T), bi(T) on the variable t_ = 1~ λ Σ *= ι *i, j; i s described
by th e same equations as for t = t+.
§ 5. Difference analogues of Lame operators
We consider the operator So defined by formula (1.9) for integer ί. Taking into
account th e obvious symmetry —ί «> ί — 1, we see that it is sufficient to restrict
the consideration by the assumption ί € Z+. The finite-gap property of SO means
that the Bloch solutions of the equation
(Sof)(x) = ef(x)

(5.1)

are parametrized by points of a hyperelliptic curve of genus 21.
Any solution f(x) of (5.1) may be represented in the form
ι

f(x) = <ί(χ){θ1(η/ 2))

χ/ η

ΥΙθ^χ

jV),

(5.2)

J= I

where Φ (a;) satisfies the equation
(So9)(x) = 9(x + η)+ c<(x)*(a; η)= εΦ(ζ),

(5.3)

The transformation (5.2) sends Bloch solutions of the first equation to Bloch solu
tions of the second one. To construct the solutions of (5.3), we use the ansatz
similar to the one used for constructing solutions of the linear equation (2.2):

Φ = £ «, · ( *, *, £ ) */ ( * jr , , ζ) **/ ",

(5.5)

3=1

where

Ζ}

~

θί(ζ + Νη)θ1{χ)[θ1(ζ

+

(N ote th at Φι coincides with the function Φ(χ, ζ) given by (2.6), and c\ (x) coincides
with th e function c(x η) defined by (2.8) to within a constant factor.)
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The function Φ((χ,ζ) is doubly periodic in z,
Φ((χ,ζ + 2ωα) = Φ((χ,ζ).

(5.7)

(In what follows we take the periods to be 2u/i = 1 and 2^2 = τ.) For values of χ
such th at χ/ 2η is a half integer, the function Φ^ is single valued on the Riemann
surface Γο of the function E(z) defined by (2.9). For general values of χ one can
select a single valued branch of Φ((χ,ζ) by cutting the elliptic curve Γο between
the points ζ = ± η.
The function Φι(χ, ζ), as a function of x, is a double Bloch function, th at is,
Φι{χ,ζ),

(5.8)

where
(5 9)

(

a (

In the fundamental domain of the lattice the function Φ((χ, ζ) has a unique pole at
the point χ = 0,
( 5

·

η )

Substituting (5.5) in (5.3) and comparing the residues of the left and right
hand sides of the equation at the points ζ = ίη, j = 0, ... , £, we obtain ί + 1 linear
equations
t

Y / L iijSj=0,

i = 0,...,t,

(5.12)

for ί unknown parameters Sj = Sj(z,k,e). The matrix elements Lij of this system
are given by

'
L h2
•
Lij = Sij+iCik

z)^

=k

1

— eSij + Sij ik,

(5.13)

ΗΦ(( 2η, z)k~\
· > 2·
i > 1,

(5.15)

where

h = 01(0) ree c<(aO =

^ γ ί » , ( ^ ) 9 ι {{I + 1)η),

(5.16)
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The overdetermined system (5.12) has non trivial solutions if and only if the rank
of the rectangular matrix L ij is less than i. We denote by l/ °) an d l / 1 ' th e
{I x i) matrices obtained from L by deleting th e rows with i — 0 and i — 1,
respectively. Then the set ofparameters z, k, ε for which equation (5.3) has solutions
of the form (5.12) is defined by the system of two equations
detL ^ =R^ (z,k,e) = Q,

i = 0,1.

(5.18)

Expanding the determinants with respect to the upper row, we obtain

rf}j(s),

(5.19)

3= 1

R w(z,k,e)

e
= k¥i l{e)+Y jk t<S>t{ (j + l) n, Z)r^ j{e),

(5.20)

3= 1

where f{ \ and r\ lj,r\ lj a r e polynomials in ε ofdegrees £—1 and i—j, respectively.
These equations define an algebraic curve Γ realized as an i(l+1)/ 2 fold ramified
covering of genus 2 for the curve Γο , on which the functions Φ^( ^η, ζ) are single
valued. This curve has the obvious symmetry
(z,k,e)^ (z, k, e),

(5.21)

which is a direct consequence of the following general property ofequation (5.3). Let
Φ(χ) be a solution of (5.3) with an eigenvalue ε; then Φ(α;) βχρ(πίχ/ η) is a solution
of the same equation with the eigenvalue —ε, and this transformation corresponds
to the change of sign for k.
N ote th at the function Φ (ζ, ζ, k) is invariant under the transformation k >· k in
(5.5) accompanied by the simultaneous interchanging of sheets of E(z). Therefore,
Γ may be considered as an t{l + l) fold ramified covering of Γ ο .
We nowshow th at this curve is also invariant with respect t o th e following
involution:
).
(5.22)
In fact, let Φ(χ) be a solution of (5.3). Then the function
Φ (a;) = Φ( χ)Α{χ),

(5.23)

where

/ Π|||± Μ,

(5.24)

is also a solution of (5.3). I t is easy to see that if Φ is a double Bloch solution,
then Φ is also a double Bloch solution; moreover, if the Bloch multipliers of Φ are
parametrized by the pair {z,k), then the Bloch multipliers of Φ correspond t o the
pa.ii ( ζ,
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The variable ε, as a function of Ρ € Γ, is a meromorphic function on the curve Γ.
It cannot take any value more than twice, because for a given value of ε the second
order difference equation (5.3) has at most two different Bloch solutions. Since the
involution (5.22) is non trivial, it follows th at the function ε does take a generic
value twice. Therefore, the algebraic curve Γ is a hyperelliptic curve of finite genus g.
Because of the symmetry (5.21) it can be parametrized by the equation
9+1

The involution (5.22) is the hyperelliptic involution that interchanges the sheets of
the ramified covering (5.25).
Now we prove th at g = 21. Prom (5.25) it follows th at there are 2g + 2 fixed
points of the hyperelliptic involution. On the other hand, the number of fixed
points of the hyperelliptic involution (5.22) is equal to the number of preimages of
the second order points ωα G Γο, a — 0, ... , 3 (which are fixed points with respect
to the involution ζ » ζ on Γο ) on Γ such th at the corresponding value of k is
equal to ± ίδα·°θι(η/ 2). Explicitly, from now on we adopt the following notation: 1
ω0 = 0,

ωι =

,

ω2

—τ— ,

ω3 =

.

(5.26)

N ote th at the values of k corresponding to preimages of the point ζ = 0 and
other semiperiods, which are fixed under involution (5.22), are different, since the
involution ζ —» —ζ sends the point ζ = 0 to a point on the other side of the cut
between the points ζ = ± η.
For each fixed point of the hyperelliptic involution there is only one Bloch solu
tion; moreover, this solution has a definite parity with respect to the involution
(5.23), th at is,
Φ(ζ) = vV{ x)A{x),
t/ = ± l .
(5.27)
We now prove that ν — (—1)*.
In fact, equality (5.27) implies th at for χ = η
(5.28)
Comparing this equality with equality (5.3) taken at χ = 0, we see that ν = ( 1)*
if si φ 0. Otherwise, s\ = 0 and Φ( ?7) = 0. From (5.3) it follows th at the
coefficients s\ and s<i in (5.5) cannot be equal to zero simultaneously. Indeed,
let j be a minimal index such that SJ Φ 0. Assume that j > 2. Then the left hand
side of (5.3) has a pole at the point ζ — (j —1)77, but the right hand side has no
pole at this point. Therefore, s2 φ 0 if si — 0, whence equation (5.3) implies that
Φ(0) φ 0. At the same time from equality (5.27) taken at χ = 0 it follows th at
Φ(0) = ( 1)'ι/ φ(0).
This proves the relation ν = (—1)'.
1

T h is notation differs from that adopted in §2.

(5.29)
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In th e case when ζ = ωαand k = ίδα·°θι(η/ 2) the representation of double Bloch
functions in t h e t h e form (5.5) can be written as follows:

where

2

t

Σχί=ω«

(5.31)

L e m m a 5. 1. The hyperelliptic involution of the curve Γ has 2d fixed points, where
d is equal to the sum of the dimensions of the functional subspaces consisting of
functions that have the form (5.30) and satisfy (5.27) with ν = (—1)*.
Proof. As wasshown above, given a pair of fixed points of th e hyperelliptic
involution of th e curve Γ t h at are invariant with respect t o the involution (5.21)
corresponding t o th e change of sign for k, there exists a unique solution of (5.3),
which h as the form (5.30) and satisfies (5.20) for ν = (—1)'. On th e other han d,
th e space of such functions is invariant with respect to th e operator So In fact,
equality (5.28) for ν = ( l) e (in which case it is a consequence of (5.27)) implies
t h at S o * has no pole a t ζ = 0. At the same tim e, So commutes with th e linear
operator (5.23). Therefore, the number of solutions of (5.3) t h at have the form
(5.30) an d satisfy (5.27) is equal t o th e number of eigenvalues £ j, i = 1, . . . ,d,
of th e operator So on these finite dimensional spaces, th at is, it is equal t o th e
sum of their dimensions.
I t is easy t o see t h a t for ω0 = 0 th e dimension of th e space denned in Lemma 5.1
is equal t o (£ — l) / 2 if i is odd, and £/ 2 +1 if I iseven. For the other three points of
second order t h e corresponding dimension is equal t o (£ + l) / 2 if I is odd, and i/ 2
if I is even. Therefore, th e number of fixed points is equal t o Μ + 2, which proves
the relation g = 2£.
L e m m a 5.2. The direct sum of the functional subspaces consisting of functions
that have the form (5.30) and satisfy relation (5.27) with ν = (—l) f is invariant
with respect to the operators S a defined by
(5.32)
(x {l+l)q)ea+l{ x iq) t

moreover, these operators are gauge equivalent to the operators (1.9).
2

T h is condition issimilar to the 'sum rule' in [35].

_
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We omit the detailed proof of the theorem, because it is in perfect analogy with
the proof of Lemma 5.1. Equality (5.28) implies that the operators 5 α Φ have no
pole at χ = 0, as before. At the same time these operators commute with the
transformation (5.23) and keep invariant the set of Bloch multipliers corresponding
to the spaces of functions of the form (5.30). N ote that for α φ 0 the coefficients
of S a are not elliptic; hence they do not preserve each space but only their direct
sum.
Remark. The above described invariant spaces of S a coincide (after the gauge trans
formation (5.2)) with the finite dimensional representation spaces of the Sklyanin
algebra found in [8]. More information on invariant functional subspaces for
Sklyanin operators is contained in § 6.
The variables k and ε are defined by equations (5.18) as multivalued functions
of z. We now consider analytic properties of the double Bloch solutions Φ(ΐ,<5),
Q — (z, k, ε) £ Γ, on the hyperelliptic curve Γ.
Theorem 5.1. Let Γ be an algebraic curve of genus 2i defined by the equation
21+1

y

2=

Π ( ε 2 ε ')'

( 5 · 34 )

where ει are eigenvalues of SQ on the finite dimensional invariant space of functions
of the form (5.30), (5.31). Then the Bloch solution ψ(χ,Ρ) = Ψ ^ , Ρ ^ ^ Ο , Ρ ) of
equation (5.3) is a meromorphic function on Γ outside the cut between the points
P^ at infinity (that are preimages of ε = oo on Γ). Outside the cut, the function
ψ(χ,Ρ) has 2i poles, which are independent of χ and are invariant with respect
to the involution of Γ covering the involution ε —¥ —ε (see (5.21)/ The boundary
values of φ^(χ,Ρ)
on opposite sides of the cut are connected by the relation
ψ(~) ε2πί/ η.

(5.35)

In a neighbourhood of the points P^ the function ψ(χ, Ρ) has the form
(5.36)
=o
Proof. The coefficients Sj in (5.5) are solutions of the linear system (5.12). We
normalize them by the condition s\ = 1. Then Sj are meromorphic functions on Γ,
whence Φ (as a function of Q £ Γ) is well defined on Γ with cuts between the zeros
and poles of the function
(5.37)
To within a factor of order 0(1), at the edges of these cuts the function Φ has a
singularity of the form
Φ ~ Kx/ n.
(5.38)
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From (5.3) it follows directly that a function Φ with such a type of singularity can
be a solution of (5.3) only if ε = oo at the singular points. On the other hand, in
neighbourhoods of these points we have Κ ~ ε± 1, which proves (5.36). I t is easy
to see th at the number of poles of φ is equal to It. In fact, the poles of φ do not
depend on x, because the poles of Sj are independent of x. F urther, let us consider
the following meromorphic function of ε:
F(e) = (φ(η,Ρι(ε))

φ(η,Ρ2(ε))) 2,

(5.39)

where Ρ%{ε) are two preimages of ε on Γ. This function does not depend on the
ordering of these points, that is, F is a meromorphic function of ε. I t has double
poles at projections of poles of φ, has a second order pole at infinity, and has
simple zeros at the branch points. Since a meromorphic function has as many zeros
as poles, it follows th at the function φ has g poles.
N ote th at Theorem 5.1 could be proved by a direct study of analytic properties of
Φ on the curve Γ represented in the form (5.18). Inasmuch as this alternative proof
is very similar to th e proof of Theorem 3.2, we skip it but present some arguments
explaining why the multivalued function Κ has only one pole and one zero.
For I > 1 the function Φ^(—ίη, ζ) has a pole and a zero of order j at the points
ζ = ± η, respectively. Therefore, k has zeros and poles at all preimages of ζ = —η
(respectively, ζ = η) on Γ. Hence Κ is regular at all these points. The function Φ^
has a simple pole at the point ζ = —Νη. It turns out that at one of the preimages
of this point the function ε (as well as k) has a pole. The corresponding point is
one of th e points at infinity on the curve Γ represented in the form (5.18). The
other point at infinity is one of the preimages of the point ζ = Νη.
Remark. Formulae (1.9) give one particular series of representations of the Sklyanin
algebra found in [8] (called series (a) there). In this series the operator S o has the
finite gap property. It should be noted that in each of the other series there is again
an operator having the finite gap property. In general, the other three operators in
each series do not have this property. Trigonometric degenerations of the difference
operators (1.9) were studied in [32]. In this case So corresponds to soliton solutions
of the Toda chain.
§ 6. Representations of the Sklyanin algebra
In this section we construct representations of the Sklyanin algebra from 'vacuum
vectors' of th e L operator (1.4). The notions of vacuum vector and the vacuum
curve of an L operator were introduced by one of the authors [33] in studying the
Yang Baxter equation by th e methods of algebraic geometry. We recall the main
definitions.
To begin with, we consider an arbitrary L operator L with two dimensional auxil
iary space C 2 , th at is, an arbitrary (2n χ 2n) matrix represented as a
(2 χ 2) matrix, whose matrix elements are (η χ n) matrices Α, , C, D :
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The operators A, 3 , e, D act in a linear space
=ί C n , which is called the
quantum space of the L operator. We emphasize that so far no conditions on L are
imposed. In particular, we do not impose relation (5) and do not imply any specific
parametrization of the matrix elements.
We consider a vector X <g> U € ® C 2 (X €"K, U €C2) such that
L(X®U) = Y®V,

(6.2)

where Υ e "K and V 6 C 2 . Relation (6.2) means that the indecomposable
tensor X <g> U is transformed by L into another indecomposable tensor. Written in
components, this relation has the form
L%XjU0 = Y lVon

(6.3)

where the indices α, β (respectively, i, j) enumerate the basis vectors of C 2 (respec
tively, !K), and summation over repeated indices is implied.
Assume th at (6.2) holds. Then the vector X is called the vacuum vector of
the L operator L . Multiplying (6.2) from the left by the covector V = (V2, —Vi)
orthogonal to F , we obtain
(VLU)X = 0.
(6.4)
Here VL U is an operator in
with matrix elements VaL'^Up. Conversely, assume
that (6.4) holds. Then relation (6.2) holds, where the vector Υ is uniquely deter
mined by the vectors U, V, X.
In th e particular case "K = C 2 relation (6.2) was the starting point for
Baxter [14] in constructing a solution of the eight vertex model. In the papers on
integrable lattice models of statistical physics this relation is called 'pair propaga
tion through a vertex'. In the context of the quantum inverse scattering method [2]
the equivalent condition (6.4) is more customary. It defines the local vacuum of the
gauge transformed L operator (this explains the terminology introduced above). In
general form the relation (6.2) first appeared in [33].
Prom (6.4) it follows th at the necessary and sufficient condition for the existence
of vacuum vectors is written as
det(VLU) = 0.

(6.5)

P uttin g U2 = V2 = 1 for simplicity and using (6.1), one may write (6.5) in the more
explicit form
det(UiA + 'B U1V1e V1V)=O,

U2 = V2 = 1.

(6.6)

This equation defines an algebraic curve in C 2 called the vacuum curve ofthe
L operator L . Thus, the family of vacuum vectors is parametrized by points of the
vacuum curve, that is, by pairs (i/ i,Vi) satisfying (6.6). In general the space of
vacuum vectors corresponding to each point of the curve is one dimensional.
Now assume that
= C 2 and the operator L satisfies (1.5) with some matrix R.
In this case the vacuum curve has genus 1, that is, it is an elliptic curve E o.
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This curve is parametrized by points ζ of a one dimensional complex torus with
periods 1 and r.
Fixing a suitable normalization (for example, putting second components of all
the vectors equal to 1), one may consider the components of the vectors U(z),
V(z), X{z), Y(z) as meromorphic functions on E o having at most two simple poles.
With this normalization the right hand side of (6.2) must be multiplied by a scalar
meromorphic function h(z). By the Yang Baxter equation we have [33]
(6.7)
where η and η' are some constants. Therefore, the basic relation (6.2) can be
written in the form [33]
L{X{z) ® U(z)) = h(z)Y(z) ® V(z) = h{z)x(z + | ) ® u(z

|).

(6.8)

Let
χ (respectively, Du) be the divisor of poles of the meromorphic
vector X(z)
(respectively, U(z)), and let M(D) be the space of functions
associated with an effective divisor D, that is, functions having poles at points
of D of order no higher than the multiplicity of the corresponding point in D.
For divisors of degree 2 on elliptic curves, this space is two dimensional in general
position, so that dimM (D x) = dimM(Du) = 2, and components of the
vectors X, U form bases in these spaces. Further, the functions Xi(z)Ua(z),
i,a = 1,2, form a basis in the space M(£>x + Du)· Equality (6.8) implies that
the functions h(z)Xi(z + ^)Ua(z —^ ) form another basis in this space, and the
matrix L connects the two bases. The divisors of poles of the left and right hand
sides of (6.8) must be equivalent, that is, must be equal modulo periods of the
lattice. Since under the shift by η'/ 2 the divisor of poles of a function having two
poles is shifted by η', it follows that
η' η = Μ + Ντ,

Μ,Ν € Ζ.

(6.9)

The vectors X(z), U(z) are doubly periodic; therefore, there are four different cases:
η' = η + 2ωα,

(6.10)

where ω0 = 0, ωι = 1/2, ω2 = (τ + 1)/ 2, ω3 = τ/ 2 (see (5.6)).
The Baxter parametrization of the L operator is based on the relation (6.8). In
fact, the equivalence class of the pole divisor of X(z) may differ from that of U(z)
only by a shift on £ 0 . The value of this shift is identified with the spectral parameter
of the L operator. By means of a 'gauge' transformation one may represent £ in the
form (1.4). With this parametrization one can write (6.8) in terms of ^ functions.
To do this, it is convenient to use another normalization, specifically, the one in
which the vectors are entire functions of ζ (in this case they are cross sections of
certain line bundles on E o).
We introduce the vector
(6.11)
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Its components form a basis in the space of second order ^ functions θ(ζ) with
monodromy properties θ(ζ + 1) = θ(ζ), θ(ζ + τ) = exp(—2πιτ — 4πίζ)θ(ζ). They
have two zeros in the fundamental domain of the lattice with periods 1, r. F urther,
we put
X(z) = Q(z),

(6.12)

£/(z) = !/ *( *) = θ ( z ± i ( « + ! ) )

(6.13)

(for each choice of the sign). Then we may write (6.2) in the form [14], [2]:
(α)

£ (Μ)Θ(ζ)<8> Θ f z ± i ( « + !) " )

(6.14)

where
t

ig£ = gf = βχρ(± 2πίζ

g^ |^ )

+ πί(υ,+ ^γ^)\ ,

(6.15)

(6.16)

(see (1.4) and (1.7)). N ote that the operator L^(u) = aaL(u), where L(u) is given
by (1.4) with SO = σα and the matrix product is performed in the auxiliary space,
satisfies the relation (1.5) lRLL = LLR' with the same Λ matrix (1.7) for each
α = 0, . . . , 3. The scalar factor in the right hand side of (6.14) is determined from
the condition that L{j]j2) is proportional to the permutation operator in C 2 <8> C 2 .
One may verify (6.14) directly, by using identities for ^ functions (see the Appendix
to this section).
Remark. Given an elliptic curve, one can consider the vector X(z) to be an even
function on this curve, X(—z) = X{z). This is why we introduce the parametriza
tion (6.11), for which the function X(z) is even from the very beginning. Then the
equality corresponding to the minus sign in (6.14) follows from the similar equality
with the plus sign (it is enough to make the change ζ > ζ). However, in Baxter's
approach it is useful to deal with both equalities.
We now turn to the case of arbitrary spin. Consider the L operator of the form
(1.4)
(u)S 0 + W 3 (u)S 3
W , (u)5i iW 2 (u)S 2
T( ,s (W 0
w
{
\W
Wi(u)Si + iW 2{u)S 2
W 0(u)S 0
W 3(u)S 3 ) '
'>
where

and S a are generators of some algebra (at this stage the commutation relations (1.1),
(1.2) are not imposed). In what follows we generalize formulae (6.8) to obtain an
explicit functional realization of these generators.
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P reparatory t o formulating the main result of this section, we need some more
preliminaries.
We are interested in the general form of representations in terms of difference
operators. For this reason in what follows we take for the quantum space of the
L operator (6.17) the space of meromorphic functions of one complex variable z.
The generators S a act on elements of this space (that is, on functions X(z)) as
follows:
S a:X(z)^ {S aX)(z).

(6.19)

We consider the following generalization of (6.8) and (6.14):
o = 0 , . . . , 3 . (6.20)
Here ζ €£o, UT = (U\, U2), £ is a parameter, ga(u) are scalar functions independent

of z, and
(6.21)
(note that U^1 coincides with (6.13) for £ = 1/2). As before, L(u) acts on U± as a
(2 χ 2) matrix, while the action of each matrix element of L(u) on X(z) is defined
by (6.19). We have written (6.20) in terms of the covector UT , since the action
of the operator (6.19) on a function from the left is equivalent to the action of the
corresponding matrix (representing this operator in a fixed basis) from the right on
the covector formed by components of the function with respect to the basis. In
what follows we show that for I = 1/2 relation (6.20) coincides with the conjugated
equality (6.14).
At present we cannot suggest anyexplicit description of the vacuum curve of
the L operator (6.17). Moreover, we do not know any direct argument establish
ing th e equivalence between (6.20) and the 'intertwining' relation (1.5) for L{u)
(taken together with the Yang Baxter equation for R(u)). However, it follows
from Theorem 6.1 proved below th at relations (6.20) imply Sklyanin's commuta
tion relations on S a, and therefore L{u) should satisfy (1.5). We stress once again
th at our arguments are in a sense inverse to Sklyanin's original approach (see also
the papers [34], [35], where some formulae for vacuum vectors of the higher spin
XYZ model are obtained). Namely, the starting point is relation (6.20), and no
conditions on S a are implied. It turns out th at within this approach the Sklyanin
algebra for S a (together with its functional realization) is reconstructed.
The main result of this section is the following assertion.
T h e o r e m 6.1. Let the operator L{u) be given by (6.17), where S a are some opera
tors in the space of meromorphic functions X[z) of one complex variable z. Suppose
that relations (6.20) hold for a = 0, that is,
( r^

(6.22)
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where U± (z) is defined in (6.21), ί is a parameter, and go{u) is a scalar function
independent of z. Then S a are difference operators of the following form:
(S aX)(z)

λ

0

(6 23)

( 2 z | r )

where λ is an arbitrary constant. Conversely, if the S a are defined by (6.23), then
(6.22) holds, where
go(u) = 2\ e1{u + eV\ T).
(6.24)
Remark, (a) Using transformation properties of the vector Q(z) under shifts by
half periods ωα, it is easy to see that for α φ 0 relations (6.20) follow from (6.22);
(b) if X{z) is an even function, then the two relations (6.22) are equivalent.
Proof. Relations (6.22) give a system of four linear equations for four unknown
functions (S aX)(z) occurring in the left hand side of (6.22). More explicitly,
we have
(6.25)

Uf(z){L 12(u)X)(z) + U± (z){L 22(u)X)(z) = go(u)U± (z τ ίη)χ(ζ ± J ) ,
1

(6.26)

where (L ap(u)X)(z) are expressed in terms of (S aX)(z) by (6.17). We fix go{u)
as given by (6.24). Solving this system, we arrive at formulae (6.23) (all necessary
identities for ^ functions are presented in the Appendix to this section). This proves
th at the representation (6.23) is equivalent to (6.22), (6.24).
Corollary 6.1. Suppose that L(u) is an operator of the form (6.17) that
satisfies (6.22). Then L(u) satisfies the 'intertwining' relation (1.5), where the
R matrix is given by (1.7).
The proof follows from the identification of (6.23) with formulae (1.9) for
the representations of the Sklyanin algebra by putting 2z = x, X(x/ 2) = f(x).
The constant λ is not essential, since the commutation relations (1.1), (1 2) are
homogeneous.
Remark. Prom the technical point of view, solving system (6.22) is much simpler
than the direct substitution of (6.23) in the commutation relations. The amount
of computations in the former case is comparable with that in the latter one if we
identify only the coefficients in front of f(x ± 2η).
We now consider equality (6.20) for a = 1,2,3.
L e mma 6 . 1 . Define the transformation
generators by the following
relation:

aaL(u + ωα) = ha{u) £

Sb ι—> ya{Sb),

a, b = 0 , . . . , 3 , of the

^ ± i M l l y a ( S 6 ) ® ab,

(6.27)
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where ho(u) = hi(u) = 1, h2(u) = ih3(u) = βχρ( *ψ ίπη). Then the operators
ya, a = 0, ... , 3, are automorphisms of the algebra generated by Sb
The proof follows from th e fact th at the operators aaL(u + ωα), a = 0, . . . , 3,
satisfy th e 'intertwining' relation (1.5) with the .R matrix given by (1.7), since th e
matrices σα are c number solutions of (1.5). Comparing the left and right hand
sides in (6.27), we see th at th e explicit form of y a is given by (here θα{§) = θα(%|τ))

S 0,S 1,S 2,S 3) ^ [ g^S,,

^ |y5 0 ,

^ | j 5 3 ) ^ | y 5 2 J , (6.28)
,

(6.29)
(6.30)

and y 0 is the identity transformation. These automorphisms were considered by
Sklyanin in [8].
Shifting u —> u + ωα in (6.20) and applying these automorphisms to (6.23), we
obtain for b = 0, ... , 3 :

χ (θα+1 (2«

^IJ

ω6)Χ (ζ + I )

0 α + ι( 2ζ

ίη

ub)X («

|

Note that if ^ is an arbitrary complex parameter, then formulae (6.31) are reduced
to (6.23) by the formal change £ >· I +1^/ 77. However, as is shown below, if the
operators (6.31) are restricted to invariant subspaces, then they yield non equivalent
finite dimensional representations of the Sklyanin algebra.
Now assume that I 6 | Z + . In this case one may identify X(z) with a cross
section of some linear bundle on the initial elliptic curve £o · Repeating the argu
ments presented after formula (6.8), we conclude that the degree of this bundle is
equal to 4£. By the Riemann Roch theorem for elliptic curves, we see that in the
case of general position the dimension of the space of holomorphic cross sections
of this bundle is equal to 4£. It is convenient to identify these cross sections with
^ functions of order 4£. We consider the space T ^ of even ^ functions of order A£,
that is, the space of entire functions F(z), ζ ζ C, such that F(—z) = F{z) and
F(z + l) = F(z),
F(Z + T) =exp( 4£niT 8£niz)F(z).

(6 32)
' '

K

By analogy with [8] it is easy to verify that the space 7%t is invariant under the
action of the operators (6.31) for b = 0 and 6 = 1, while for 6 = 2 and 6 = 3 the
invariant space is exp(—πίζ2/ η)Τ^ (. It is known that dim J ^ = 2^ + 1 provided that
£ € |Z+. Restricting the difference operators (6.31) to these invariant subspaces,
we find four series of finite-dimensional representations.
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G enerally speaking, these representations are mutually non equivalent. This
follows from the analysis of values of the central elements
3

K0 =
a= 0

of the Sklyanin algebra, where the constants Jj are defined in (1.3) and (1.10).
Their values for representations (6.31) at 6 = 0, ... , 3 are given by
(6.34)
K2 = 4<?i ((£ + 1)η + ub | τ)θλ{ίη + ω6 Ι τ).

(6.35)

The arguments given above lead to the following assertion.
T h eo rem 6.2. The Sklyanin algebra (1.1), (1 2) has four different series of finite
dimensional representations indexed by the parameter b = 0, 1, 2, 3. Representa
tions of each series are indexed by the discrete ('spin') parameter I € | Z + . They are
obtained by restriction of the operators (6.31) to the invariant (2^+1)-dimensional
functional subspaces 7^( for b = 0, 1 and βχρ( πίζ2/ η)Τΐ( for 6 = 2, 3. For general
values of the parameters these representationsare mutually non equivalent.
Let us compare these representations with those obtained by Sklyanin in [8]. For
6 = 0 and b — 3 we reproduce series (a) and (c), respectively. These representations
are self adjoint with respect to the real form of the algebra studied in [8]. The other
two series (corresponding to b = 1 and b = 2) in general are not self adjoint. We
first consider the case 6 = 1 . For rational values of η, η = p/ q, and special values
of £, I = (q — l)/ 2 mod q, these representations are self adjoint and are equivalent
to some subset of representations of series (b). 3 To the best of our knowledge, the
series corresponding to the case 6 = 2 was never mentioned in the literature (though,
in a sense, it is implicitly contained in Sklyanin's paper). Another outcome of our
approach is the natural correspondence between different series of representations
and points of order 2 on the elliptic curve.
It is natural to surmise that representations of the last two series become self
adjoint with respect to other real forms of the algebra. A real form is defined by an
anti involution (* operation) on the algebra. It should be noted that classification
of non equivalent real forms of the Sklyanin algebra and its generalizations is an
interesting open problem.
Concluding this section, we would like to note that, after a suitable discretization,
the variable ζ in (6.20) and (6.13) may be identified with the statistical variable
('height') in IRF type ('Interaction Round a Face') models [36]. This follows from
the well known correspondence between the vertex and IRF type models, if we
take into account that the transformation connecting these models is constructed
3
T h e whole family of representations of series (b) found in [8] has three continuous parameters.
These representations are self adjoint and exist only if η — p/ q. In this case all of them have
dimension q. They are obtained by restriction of the operator (6.31) to a finite discrete uniform
lattice.
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in terms of the vacuum vectors (for the explicit form of this transformation in the
case of higher spin models see [35]).
Finally, it seems instructive to carry out a detailed analysis of the trigono
metric and rational limits of the constructions presented in this section. Some
particular related problems have already been discussed in the literature. In the
recent paper [37] the vacuum vectors for the higher spin XXZ type quantum spin
chains are constructed. The vacuum curves of trigonometric L operators have been
described in [38]. In the simplest case they are collections of rational curves inter
secting at two points. Trigonometric degenerations of the Sklyanin algebra, which
are in a sense 'intermediate' between the initial algebra and the standard quantum
deformation of the algebra gl2, are studied in [32].
Appendix to § 6
We use the following definition of the ^ functions:
0!(z | r) = £

exp LIT(k

+ 1)* + 2m ( z + I ) (fc + 1) \

Θ2(ζ | r ) = Υ ] β χ ρ ( π ί τ ( ΐ ΐ + )
2
fcez
^
03(z | τ) = ^exp(mrk 2
fcez
T)

=

(

+2niz(k+
l

)) ,
''

(6.36)
(6.37)

+ 2nizk),

(6.38)

+ 2πί ( Z + I) ) •

( 6·39)

For t h e reader's convenience we recall here t h e definition of t h e σ function used
in §§ 2 4:

M^fH^}

(640)

We now cite t h e identities used in t h e computations.
The first group of identities (the addition theorems) is given by:
r) 0 3 ( y | r ) = 0 4 ( ζ + y \ 2r) 0 4 ( x

y | 2r) + Θχ{χ + y | 2τ)θι(χ

y \ 2r ) ,
(6.41)

r)04(2/ | τ) = 0 3 (x + y | 2r) 0 3 ( x

y \ 2r)

Θ2(χ + y \ 2Τ)Θ2(Χ

y | 2r) ,
(6.42)

y | 2T ) + 0 2 (x + y \ 2τ)θ2{χ

y | 2r ) ,
(6.43)

{χ | τ)θ3( ν

| τ) = 0 3 (x + y | 2r) 0 3 ( z

{Χ | τ)θ2{υ | τ) = 0 3 ( z + y | 2r)0 2 (a; y\ 2r)+

0 2 (x + y | 2τ) 0 3 ( ζ

y \ 2τ),
(6.44)

(a: | τ)βι(ΐ/ | r ) = 0 3 (x + y | 2r) 0 2 ( x y\ 2r)

Θ2(χ + y \ 2r) 0 3 ( x

y \ 2r ) .
(6.45)
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It is convenient to write out explicitly their simple consequences
y | 2r), (6.46)
04 (χ Ι r)0 3 (y | r) 04 (y | r)0 3 ( ι | τ) = 2Θ1 (χ + y | 2τ)θλ (χ y | 2r), (6.47)
e3(a; | τ)03(ι/ | r) + 04(2/ | r)04(a: | r) = 2θ3(χ + y \ 2τ)θ3(χ y \ 2r), (6.48)
2/ | 2r). (6.49)
Θ3(χ | τ)03(|/ I r ) 0 4 (l/ | τ)0 4 (ζ | r) = 202(x + y
Θ4(Χ Ι τ)θ3(ν I r) + 04(2/ | τ)θ3{χ | r) = 204(z + y \ 2τ)θ4(χ

The second group of identities is given by
20! {χ I 2r)04(2/

r)+<
(6.£

203 (a;

r

) + (,,(£+ » |T ) e 2 ( a:
(6.51)

(6.52)
r

)'
(6.53)

20 2 (χ Ι 2τ)02(?/

Particular cases of these identities are given by
20i (z | τ)0 4 (* Ι τ) = 02 (θ I 0 0 i (z | T ),

(6.54)

202(* I r)0 3 (* | τ) = 02 (θ | £

(6.55)

Two more identities are given by

| I) = 04(0 |

r),

(6.56)

r).

(6.57)

§ 7. Concluding remarks
This work elaborates upon the following three subjects.
(I) The dynamics of poles for elliptic solutions to the 2 non Abelian Toda
chain.
(II) Difference analogues of Lame operators.
(Ill) Representations of the Sklyanin algebra in terms of difference operators.
We now outline the results.
The poles move according to equations of motion for spin generalizations of
the Ruijsenaars Schneider model; the action angle variables for the latter
are constructed in terms of some algebraic geometrical data.
One of the generators of the Sklyanin algebra, represented as a difference
operator with elliptic coefficients, has the 'finite gap' property that is a
motivation for the analogy with Lame operators.
Starting from the notion of vacuum vectors of an L operator, a general sim
ple scheme for constructing functional realizations of the Sklyanin algebra
is suggested.
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We would like to explain why these three themes are more intimately connected
than seems possible at a first glance.
With each problem (I)—(III) a distinguished class of algebraic curves has been
associated. In case (I) these are spectral curves Γ for the L operators of the
Ruijsenaars Schneider type models; in case (II) we deal with the spectral curve
Γ" for the Lame difference operator S o (a generator of the Sklyanin algebra); in
case (III) the representations are defined on cross sections of certain line bundles
on a vacuum curve £ of the elliptic higher spin L operator (1.4). It has been shown
that the curves Γ and Γ" are ramified coverings of the initial elliptic curve. The
characteristic property (6.20) for the vacuum vectors suggests that the same should
be true for £, that is, £ is a ramified covering of the initial elliptic curve £o (that
is, of the vacuum curve of the spin 1/ 2 L operator).
The connection between points (I) and (II) is similar to the relation between
elliptic solutions of KP and KdV equations. Specifically, the elliptic solutions of
the Abelian 2D Toda chain, which are stationary with respect to the time flow
t+ + i_, correspond to isospectral deformations of the Lame difference operator So,
which is the Lax operator for the ID Toda chain. In other words, the hyperelliptic
curves Γ" form a specific subclass of the curves Γ. A similar reduction in the
non Abelian case yields spin generalizations of Lame difference operators. Their
properties and a possible relation to the Sklyanin type quadratic algebras remain
to be figured out.
Apart from the apparent result that the construction proposed in § 6 provides
a natural source of Lame like difference operators, we expect deeper connection
between points (II) and (III). Specifically, the spectral curves Γ" are expected to be
very close to the vacuum curves £. Conjecturally, they may even coincide, at least
in some particular cases. At the moment we cannot present any more arguments
and leave this as a further problem.
Finally, we would like to note an intriguing similarity between the basic ansatz
(2.26) for a double Bloch solution of the generating linear problem and the func
tional Bethe ansatz [39]. Indeed, in the latter case the wave function (with sep
arated variables) is sought in the form of an 'elliptic polynomial' [ j 1 7 ^ ~ zj)>
where the roots Zj are subject to Bethe equations. Similarly, in the former case we
deal with α ratio of two 'elliptic polynomials' (see (5.30)). The only difference is
that we parametrize this function by residues at the poles rather than zeros of the
numerator. This may indicate a non trivial interplay between Calogero Moser type
models (and more general Hitchin systems) and quantum integrable models solved
4
by means of the Bethe ansatz.
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T h e recently observed formal resemblance [40] between Bethe equations and motion equations
for discrete time Calogero—Moser like systems may be a particular aspect of this relation.
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